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Abstract. We establish cosection localization and vanishing results for
virtual fundamental classes of derived manifolds, combining the theory
of derived differential geometry by Joyce with the theory of cosection
localization by Kiem-Li. As an application, we show that the stable
pair invariants of hyperkähler fourfolds, defined by Cao-Maulik-Toda,
are zero.
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1. Introduction

The study of coherent sheaves and vector bundles on Calabi-Yau mani-
folds has been a long-standing subject of interest in mathematics and theo-
retical physics.

From the point of view of enumerative geometry, the virtual counts of
coherent sheaves on Calabi-Yau threefolds are known as Donaldson-Thomas
invariants and were first introduced by Thomas [Tho00]. He showed that
moduli spaces of stable sheaves admit a perfect obstruction theory [BF97]
and thus a virtual fundamental cycle [BF97, LT98]. These moduli spaces
enjoy many rich structures and the invariants and their generalizations and
refinements have been extensively studied (for a far from exhaustive list of
references, cf. [Beh09, JS12, KS10, BBJ19, BBD+15, Oko19, KLS17, Sav20,
KS21]).

Suppose now that W is a smooth, projective complex Calabi-Yau fourfold
(meaning that its canonical bundle is trivial, KW

∼= OW ) and X a proper
moduli scheme parameterizing stable sheaves on W with fixed determinant.
In this case, the deformations and (higher) obstructions for a sheaf E on W
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are controlled by the groups

Ext1(E,E)0, Ext2(E,E)0, Ext3(E,E)0

and thus the natural candidate complex for a perfect obstruction theory has
three terms, making the results of [Beh09, LT98] and the theory of virtual
fundamental cycles not directly applicable.

In order to define Donaldson-Thomas invariants, Cao-Leung [CC14] first
suggested a gauge-theoretic approach, which produces invariants in certain
cases. Later, in their seminal paper [BJ17], Borisov-Joyce generalized this
approach to define invariants in great generality, making crucial use of the
fact that X is the truncation of a (−2)-shifted symplectic derived scheme
[PTVV13] and using the theory of derived differential geometry [Joy]. The
virtual fundamental classes they define are thus of differential and not alge-
braic nature and depend on a choice of orientation, which exists by [CGJ20].
In [OT20, OT], Oh-Thomas develop a definition strictly within the realm of
algebraic geometry and prove that their virtual fundamental cycle coincides
with the class of Borisov-Joyce.

Computing Donaldson-Thomas invariants and invariants of Donaldson-
Thomas type for Calabi-Yau fourfolds has attracted significant interest re-
cently, cf. [CK18, CK20, CKM19, CKM20, CT19, CT21, Cao20, CMT22,
CMT18].

One of the most important methods in handling such invariants in alge-
braic geometry has been the localization of virtual fundamental cycles by
cosections introduced by Kiem-Li [KL13].

The purpose of this paper is to establish cosection localization and van-
ishing results for the virtual fundamental class appearing in the context of
Borisov-Joyce, which will aid in working with these invariants, and at the
same time enhance our understanding of virtual classes in the context of
derived differential geometry. To do so, we combine the theory of derived
manifolds by Joyce [Joy] with the analytic and topological versions of cosec-
tion localization by Kiem-Li [KL07, KL13, KL20]. The corresponding alge-
braic theory for the virtual fundamental cycle constructed by Oh-Thomas
has recently been developed by Kiem-Park in [KP20]. We expect that our
localized virtual fundamental class coincides with the one constructed by
Kiem-Park under the appropriate comparison result proved in [OT].

Statement of results. Here we give brief statements of our main results.
These fall into three categories depending on the assumptions made: van-
ishing of the virtual fundamental class in the presence of a surjective weak
real cosection, localization by a real cosection, and localization by complex
cosections which “come from geometry”.

We have the following vanishing result.

Theorem (Theorem 4.3). Let X be a compact, oriented d-manifold with a
continuous family of surjective R-linear maps σx : h1(TX |x) → R and un-
derlying topological space X. Then its virtual fundamental class is zero, i.e.
[X ]vir = 0 ∈ Hvir.dim.(X).

This statement is essentially already embedded in the literature, following
from the definition of the virtual fundamental class of X given in [Joy].
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More generally, when a d-manifold admits a real cosection, we may local-
ize the virtual fundamental class to its degeneracy locus.

Theorem (Theorem 5.3). Let X be a compact, oriented d-manifold with un-
derlying topological space X, equipped with a real cosection σ : h1(TX |X)→
RX (cf. Definition 4.1). Let X(σ) be the locus where σ is not surjective
and i : X(σ)→ X be the inclusion map. Then the virtual fundamental class
localizes to X(σ), i.e. there exists a cosection localized virtual fundamental
class [X ]virloc,σ ∈ Hvir.dim.(X(σ)) satisfying

i∗[X ]virloc,σ = [X ]vir ∈ Hvir.dim.(X).

In [BJ17], the virtual fundamental class of a (−2)-shifted symplectic de-
rived scheme (X , ωX ) is obtained by truncating X in a suitable way to pro-
duce an associated d-manifold Xdm and then taking its virtual fundamental
class. In this setting, using the above theorems gives the following vanishing
and localization results for cosections on X that are non-degenerate with re-
spect to the symplectic form, since we can show that such cosections induce
cosections on Xdm which are surjective on their non-degeneracy locus.

Theorem (Theorem 4.6, Theorem 5.3). Let (X , ωX ) be a proper, oriented
(−2)-shifted symplectic derived scheme with a cosection σ : TX |X [1] → OX
(cf. Definition 4.4).

If σ is non-degenerate on X , then the virtual fundamental class vanishes,
i.e. [Xdm]vir = 0 ∈ Hvir.dim.(X).

More generally, the virtual fundamental class localizes to the degeneracy
locus X(σ) of σ, so that there exists a cosection localized class [X ]virloc,σ ∈
Hvir.dim.(X(σ)) satisfying

i∗[X ]virloc,σ = [X ]vir ∈ Hvir.dim.(X),

where i : X(σ)→ X denotes the inclusion.

As a corollary, we obtain the vanishing of stable pair invariants of hy-
perkähler fourfolds.

Corollary (Theorem 7.2, [CMT22, Claim 2.19]). Let Pn(W,β) be the moduli

space parameterizing stable pairs I = [OW
s−→ F ] on a hyperkähler fourfold

W satisfying [F ] = β ∈ H2(W ), χ(F ) = n. If β 6= 0 or n 6= 0, then the
virtual fundamental class is zero, i.e. [Pn(W,β)]vir = 0.

Finally, when a derived manifold X and a cosection σ satisfy conditions
bringing them closer to being complex analytic or obtained from analytic or
algebraic data, we show that can localize the virtual fundamental class by the
cosection in a more explicit way of algebraic flavor (Theorem-Definition 6.7).

Layout of the paper. In §2, we provide necessary background on d-
manifolds, (−2)-shifted symplectic schemes and their relationship. §3 con-
tains material on the topological definition of normal cones and the virtual
fundamental class of a d-manifold. In §4 we establish vanishing results for
surjective real cosections and in §5 we treat the general case of real co-
sections making use of the results of §4, especially for their application in
derived symplectic algebraic geometry. In §6 we study complex cosections
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coming from geometry in more detail. Finally, in §7 we obtain the vanishing
of stable pair invariants of hyperkähler fourfolds.

Acknowledgements. The author would like to greatly thank Dominic
Joyce, Young-Hoon Kiem and Richard Thomas for helpful conversations
related to this work. He would also like to thank the anonymous referee for
their comments and suggestions for improvement.

Notation and conventions. For topological purposes, we work with Borel-
Moore homology and singular (co)homology with integer coefficients. These
are equal for compact spaces and afford us the necessary flexibility to work
with fundamental classes of (non)compact spaces. We refer the reader to
[Bre97, Ive86] for a comprehensive treatment.

We work with the theory of C∞-schemes and derived manifolds developed
by Joyce [Joy]. In analogy to usual smooth manifolds, our C∞-schemes will
be separated, second countable and locally fair, meaning that their under-
lying topological space is Hausdorff, second countable and they are locally
modelled by the spectrum of a finitely generated C∞-ring. By definition,
such C∞-schemes can be the underlying scheme of a d-manifold. Unless
otherwise stated, the underlying topological spaces of C∞-schemes and d-
manifolds are assumed to be Euclidean Neighbourhood Retracts (ENR) for
simplicity. This is automatically the case for the complex analytic spaces or
algebraic schemes appearing throughout the paper.

All algebraic and derived schemes are defined over the field of complex
numbers C. Classical and derived algebraic schemes and complex analytic
spaces are separated and of finite type. The reader can consult [Toë14] for
more general background on derived algebraic geometry and shifted sym-
plectic structures or [BJ17] for the necessary material for our applications.
X will typically denote a derived scheme and ωX a (−2)-shifted symplectic

form on X . X will typically denote a d-manifold and XC∞ its underlying
C∞-scheme. X will always denote the underlying topological space of X or
X and sometimes, by abuse of notation, the classical truncation of X as
well. In that case, Xan denotes the complex analytic space associated to
classical truncation X of X . These distinctions will be explicitly stated or
should be clear from context throughout the paper. In general, we typically
use the notation XC∞ when we need to use the existence of quasicoherent
sheaves on a C∞-scheme, whereas we only consider homology groups of the
underlying topological spaces.

2. Background on D-Manifolds and (−2)-Shifted Symplectic
Derived Schemes

In this section, we collect some requisite background and introduce ter-
minology that will be used in the rest of the paper.

2.1. C∞-schemes and d-manifolds. The main references for the theory
of C∞-schemes and d-manifolds are the books [Joy19] and [Joy] by Joyce.
Here we give a brief informal account of their structure.

Roughly speaking, under the conventions of this paper, a C∞-scheme is a
locally ringed space that is locally isomorphic to the (real) spectrum of the
C∞-ring C∞(Rn)/I, where I is an ideal of smooth functions on Rn. There
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is a theory of (quasi)coherent sheaves and vector bundles on C∞-schemes,
which resembles that of sheaves on algebraic schemes.

D-manifolds form a theory of derived differential geometry being analo-
gous to quasi-smooth derived or dg-schemes. Their local structure is given
as follows.

Definition 2.1. [Joy, Example 1.4.4] A principal d-manifold X = SY,E,s
is determined by the data of a smooth manifold Y , a smooth vector bundle
E → Y and s ∈ C∞(E) as follows: Its underlying C∞-scheme XC∞ is
the affine scheme obtained as the spectrum of the C∞-ring C∞(Y )/I, where
I = (s) is the ideal generated by the section s. The higher data are given by

the morphism E∨|XC∞
s∨−→ I/I2 of OXC∞ -modules, so that the underlying

topological space X is the zero locus of the section s. The tangent complex
(or virtual tangent bundle) of X is the two-term complex

TX = [TY |XC∞
ds−→ E|XC∞ ]

where for any choice of connection ∇ on E∨, ds is the restriction to XC∞
of ∇s : TY → E.

In general, every d-manifold X is locally equivalent to a principal d-
manifold. When X is compact (i.e. its underlying topological space is
compact), Joyce proves a Whitney embedding theorem, which in particular
implies that this is true globally. Since we will be fundamentally interested
in compact d-manifolds in this paper, this allows us in practice to consider
the case of principal d-manifolds, which are a considerable simplification.

Theorem-Definition 2.2. [Joy, Theorems 4.29, 4.34] Let X be a compact
d-manifold. Then X ' SY,E,s where Y is an open subset of some Euclidean

space RN . We refer to this equivalence as a presentation of X as a principal
d-manifold. The virtual dimension of X is then equal to N − rkE.

In analogy with the case of quasi-smooth derived schemes or schemes with
a perfect obstruction theory [BF97], we give the following definition.

Definition 2.3. The obstruction sheaf of X is the coherent sheaf ObX :=
h1(TX ) ∈ Coh(XC∞), where TX is the tangent complex of X .

Finally we mention that there is a notion of orientation for a d-manifold
X , which in the case of a principal d-manifold SY,E,s roughly amounts to
an orientation of the determinant line bundle detTX . As in the case of
manifolds, compact, oriented d-manifolds admit a virtual fundamental class.

Theorem 2.4. [Joy, Section 13] Let X be a compact, oriented d-manifold
with underlying topological space X. Then there exists a virtual fundamental
class [X ]vir ∈ Hvir.dim.(X). Moreover, [X ]vir only depends on the bordism
class of X .

2.2. (−2)-shifted symplectic derived schemes. In this subsection, we
establish some terminology and describe local structure results that will
be used in the rest of the paper. For an introduction to derived algebraic
geometry, we refer the reader to [Toë14]. Shifted symplectic structures were
introduced in the seminal paper [PTVV13].
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In a nutshell, a derived scheme X is locally modelled by the (derived)
spectrum SpecA where A is a commutative differential (negatively) graded
C-algebra. A (−2)-shifted symplectic structure on X is given by a 2-form

ωX : TX ∧ TX −→ OX [−2]

which is non-degenerate and is equipped with extra data that make it closed.
A (−2)-shifted symplectic scheme is a pair (X , ωX ) consisting of a derived

scheme X and a symplectic structure on it. There is also an appropriate no-
tion of orientation on a (−2)-shifted symplectic scheme (cf. [BJ17]). Given
the above, we introduce the following terminology.

Definition 2.5. The obstruction sheaf of X is the sheaf ObX = h1(TX |X).
The obstruction space of X at a point x ∈ X is the vector space Ob(X , x) =
h1(TX |x).

In particular, the symplectic form ωX induces a family of non-degenerate
quadratic forms qx : Ob(X , x)→ C.

We conclude this subsection with a local description of (−2)-shifted sym-
plectic schemes that will be essential later on. In [BBJ19], the local structure
of (X , ωX ) around every point x ∈ X is described by charts in Darboux form
as follows.

Theorem-Definition 2.6. [BBJ19, Example 5.16] Let x ∈ X be a point
of a (−2)-shifted symplectic derived scheme (X , ωX ). Then there exists a
Zariski open neighbourhood U = SpecA→ X around x such that:

(1) (A, δ) is a commutative differential graded algebra, whose degree zero
part A0 is a smooth C-algebra of dimension m, with a set of étale
coordinates {xi}mi=1.

(2) A is freely generated over A0 by variables {yj}nj=1 and {zi}mi=1 in
degrees −1 and −2 respectively.

(3) Let ωA be the pullback of ωX to SpecA. There exist invertible ele-
ments q1, ..., qn ∈ A0 such that

ωA =

m∑
i=1

dzidxi +

n∑
j=1

d(qjyj)dyj .

(4) The differential δ is determined by the equations

δxi = 0, δyj = sj , δzi =

n∑
j=1

yj

(
2qj

∂sj
∂xi

+ sj
∂qj
∂xi

)
where the elements sj ∈ A0 satisfy

q1s
2
1 + ...+ qns

2
n = 0.

We let V = SpecA0, E the trivial vector bundle of rank n whose dual has
basis given by the variables yj and F the trivial vector bundle whose dual
has basis given by the variables zi. We refer to all of the above data as a
derived algebraic Darboux chart for X at x.

At the classical level, the truncation U = h0(U) ⊂ X is equipped with the
following data:

(1) A smooth affine scheme V of dimension m.
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(2) A trivial vector bundle E on V of rank n with a non-degenerate
quadratic form q which is given by

qu(y1, ..., yn) = q1(u)y21 + ...+ qn(u)y2n

on each fiber of E over u ∈ U .
(3) A q-isotropic section s ∈ Γ(E) whose scheme-theoretic zero locus is

U ⊂ V .
(4) A three-term perfect complex of amplitude [0, 2]

G := TU |U = [TV |U
ds−→ E|U

t−→ F |U ].

such that qu gives a non-degenerate quadratic form on each obstruc-
tion space h1(G|u) = Ob(X , u).

We refer to the data (V,E,G, q, s) as an algebraic Darboux chart for X
at x.

By working in the complex analytic category, since the functions qj are
non-zero at x, by possibly shrinking V around x, they admit square roots
qj = r2j and after re-parametrizing yj 7→ yj

rj
we may assume that qj(u) = 1.

We then refer to the data (V,E,G, q, s) as an analytic Darboux chart for
X at x.

Different Darboux charts glue and thus are compatible through appro-
priate data of homotopical nature. These compatibilities are important,
however we will not need them explicitly. Knowing that they exist and that
local constructions play well with them (which is ensured by the results we
quote) will be sufficient for our purposes.

2.3. From (−2)-shifted symplectic schemes to d-manifolds. Consider
a (−2)-shifted symplectic derived scheme (X , ωX ). Let X = h0(X ) be its
classical truncation and, by abuse of notation, we write X for the underlying
topological space as well.

In this subsection, we briefly recall the main results of [BJ17], where the
authors produce a (non-uniquely determined) d-manifold Xdm associated to
(X , ωX ) and thus a virtual fundamental class [Xdm]vir ∈ H∗(X).

In order to construct a d-manifold starting with a (−2)-shifted symplectic
derived scheme, it is necessary to take appropriate (real smooth) truncations
of Darboux charts.

Definition 2.7. [BJ17, Definition 3.6] Let (V,E,G, q, s) be data of an an-
alytic Darboux chart for X at the point x. We say that a real subbundle
E− ⊂ E is q-adapted if for all u ∈ U the following conditions are met:

(1) im(ds|u) ∩ E−|u = {0} ⊂ E|u.
(2) t|u(E−|u) = t|u(E|u) ⊂ F |u.
(3) The image of the linear map

Πu : ker(t|u) ∩ E−|u −→ ker(t|u) −→ h1(G|u) = Ob(X , u)

is a real maximal negative definite vector subspace of Ob(X , u) with
respect to the quadratic form Re qu.

Here is a (very) brief outline of the steps involved in the construction of
the d-manifold Xdm.
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Construction 2.8.

(1) (X , ωX ) admits a cover by derived algebraic Darboux charts, which
are compatible in a suitable homotopy-theoretic sense.

(2) The classical truncation of these charts gives a cover of X by analytic
Darboux charts.

(3) For each such chart (V,E,G, q, s) at a point x ∈ X, up to possible
shrinking of V around x, there exists a q-adapted E− ⊂ E. Fix any
such choice and let E+ = E/E− and s+ = s mod E−.

(4) Using the compatibility data between the derived algebraic Darboux
charts, the principal d-manifolds SV,E+,s+ glue to a d-manifold Xdm
with underlying topological space Xan.

Moreover, orientations of (X , ωX ) are in bijection with orientations of
Xdm. Thus a proper, oriented (X , ωX ) gives rise to a compact, oriented

d-manifold Xdm and a virtual fundamental class [Xdm]vir ∈ H∗(X).
A priori, depending on the choices of q-adapted subbundles E− ⊂ E, there

are many possibilities for the d-manifold Xdm produced by this process.
However, it is shown in [BJ17] that all such d-manifolds have the same
bordism class and therefore must have the same virtual fundamental class.
We record this in the following proposition.

Proposition 2.9. [BJ17, Corollary 3.19] The virtual fundamental class
[Xdm]vir ∈ H∗(X) associated to a proper, oriented (−2)-shifted symplectic
derived scheme (X , ωX ) is independent of any choices involved in the con-
struction of the d-manifold Xdm and thus canonical.

3. Normal Cones and Virtual Fundamental Classes

In this short section, we first briefly recall a topological version of the
algebraic intrinsic normal cone [BF97] and its basic properties, following
[Sie99, Section 3]. We then use the normal cone to give an alternative
definition of the virtual fundamental class of a compact, oriented d-manifold
X , which is equivalent to the one given in [Joy].

3.1. Topological and homological normal cone. Let Y be an oriented,
topological manifold of dimension N and E a topological vector bundle on Y
with projection map q : E → Y . Let furthermore s be a continuous section
of E with zero locus X = Z(s) ⊂ Y .

For any ` > 0, let p` : Y ×R` → Y be the projection and define a section
s` ∈ Γ

(
Y × (R`\{0}), p∗`E

)
by the formula

s`(y, v) = |v|−1 · s(y).

Let Γs` ⊂ p∗`E denote the closure of the graph of s` in p∗`E.

Theorem-Definition 3.1. [Sie99, Definition 3.1, Proposition 3.2] The topo-
logical normal cone C(s) ⊂ E associated to s is defined as

C(s) = Γs` ∩ (E × {0}).(3.1)

This is independent of ` and satisfies:

(1) C(s) = limt→∞ Γt·s, where C(s) and Γt·s are considered as closed
subsets of E.
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(2) C(s) lies over X and q(C(s)) = X.

The long exact sequence in homology gives

HN+`(C(s)) −→ HN+`(Γs`) −→ HN+`(Γs`) −→ HN+`−1(C(s))

and therefore for large enough ` the two outer homology groups vanish and
the homology class

(s`)∗[Y × (R`\{0})] ∈ HN+`(Γs`)

gives rise to a fundamental class

[Γs` ] ∈ HN+`(Γs`).(3.2)

Here we have chosen an orientation of R`. This choice will not affect the
homological normal cone, defined below.

Let δ0 ∈ H`
{0}(R

`) be Poincaré dual to {0} ⊂ R` and q` : p
∗
`E → R` be the

projection.

Theorem-Definition 3.2. [Sie99, Definition 3.3, Proposition 3.4] The ho-
mological normal cone associated to s is defined as

[C(s)] = [Γs` ] ∩ q
∗
` δ0 ∈ HN (C(s)).(3.3)

It is independent of ` and satisfies [C(s)] = [Γt·s] ∈ HN (E) for any t 6= 0.

Remark 3.3. The homological normal cone should be regarded as the fun-
damental class of C(s). This is motivated by the fact that formula (3.1) can
obviously be equivalently written as C(s) = Γs` ∩ q

−1
` (0).

Finally, we remark that the topological normal cone is compatible with
the intrinsic normal cone used in complex algebraic geometry. Suppose
that Y is a complex manifold, E is a holomorphic vector bundle and s a
holomorphic section. Let I be the ideal sheaf of X in Y . The normal cone
of X associated to s is then defined as

CX/Y = SpecOX
(
⊕n≥0In/In+1

)
and is a closed subcone of the vector bundle E. Here Spec is used to stand
for MaxSpec, so that as a topological space the points of CX/Y correspond
to maximal ideals.

Proposition 3.4. [Sie99, Proposition 3.5] CX/Y = C(s) ⊂ E and [CX/Y ] =
[C(s)] ∈ HN (E).

3.2. Virtual fundamental class. Let now X be a compact, oriented d-
manifold with underlying topological space X and virtual dimension n.

By Theorem-Definition 2.2, X is equivalent to a principal d-manifold,
meaning that there exists an open subset Y ⊂ RN , a smooth vector bundle
E on Y of rank r and a smooth section s of E whose zero locus is X.

Moreover, we may assume that Y retracts onto X and

f∗ : Hn(X)→ Hn(Y )

is an isomorphism, where f : X → Y is the inclusion map and n = N − r.
The line bundle L = ΛrE ⊗ΛNT ∗Y is oriented. Since ΛNT ∗Y admits an

orientation by the definition of Y , this is equivalent to a choice of orientation



10 MICHAIL SAVVAS

of the bundle E. We may therefore further assume that E is oriented. This
choice of orientation does not affect the virtual fundamental class below.

By a small perturbation of the section s of E, we get a section s′ of E
intersecting the zero section Y transversely. Thus its zero locus X ′ is a
compact, oriented smooth manifold. Write f ′ : X ′ → Y for the inclusion.

Definition 3.5. [Joy] The J-virtual fundamental class of X is defined as

[X ]virJ = (f∗)
−1 ◦ f ′∗[X ′] ∈ Hn(X).(3.4)

It is shown in [Joy] that the J-virtual fundamental class is independent
of all choices involved and only depends on the bordism class of X .

Remark 3.6. The assumption that Y retracts onto X and the pushforward
f∗ induces an isomorphism on homology uses the fact that X is assumed to
be a Euclidean Neighbourhood Retract (ENR). This is however not strictly
necessary in order to define [X ]virJ , as is explained for example in [BJ17,
Subsection 2.6.5].

Using the homological normal cone, we can also define a virtual funda-
mental class as follows.

Definition 3.7. The BF-virtual fundamental class of X is defined as

[X ]virBF = 0!E|X [C(s)] ∈ Hn(X).(3.5)

The next proposition shows that the two definitions are equivalent. In
particular, the BF-virtual fundamental class is well defined and independent
of any choices made above.

Proposition 3.8. [X ]virJ = [X ]virBF .

Proof. By (3.4) and (3.5), we need to show

f ′∗[X
′] = f∗0

!
E|X [C(s)] ∈ Hn(Y ).(3.6)

By the Cartesian diagram

E|X

��

g // E

��
X

f
// Y

we have (cf. for example [KL20, Equation (2.23)])

f∗ ◦ 0!E|X = 0!E ◦ g∗.(3.7)

By Theorem-Definition 3.2, g∗[C(s)] = [Γs] ∈ HN (E) and for a small
perturbation s′ of s we have [Γs] = [Γs′ ] ∈ HN (E). Therefore

0!E g∗[C(s)] = 0!E [Γs′ ] = f ′∗[X
′] ∈ Hn(Y )(3.8)

since s′ is taken to be transverse to the zero section of E.
Combining (3.6), (3.7) and (3.8) completes the proof. �

From now on, we write [X ]vir for the virtual fundamental class of the
d-manifold X .
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Remark 3.9. The construction of [X ]vir does not strictly require that X
is compact, but rather the existence of a presentation X ' SY,E,s or more
generally of a closed embedding of X as a d-manifold into a smooth manifold.
The compactness of X implies both of these conditions and simplifies our
arguments, so we have opted to assume it here and subsequently in the paper
to facilitate the exposition.

Remark 3.10. Suppose that Y is a complex manifold and E and s are
holomorphic. Since the homological normal cone [C(s)] coincides with the
normal cone [CX/Y ] by Proposition 3.4, it is clear by Definition 3.7 that the

virtual fundamental class [X ]vir coincides with the definition of the virtual
fundamental cycle in [BF97].

4. Vanishing for Surjective Real Cosections

Let X be a d-manifold whose truncation is the C∞-scheme XC∞ . We
typically denote the underlying topological space by X.

To simplify notation, we will write RX to denote both the trivial line
bundle on XC∞ as an OXC∞ -module and the trivial real line bundle on the
topological space X.

In this section, we introduce the appropriate notions of cosections that
will be considered throughout the paper and prove vanishing theorems for
the virtual fundamental classes of d-manifolds and (−2)-shifted symplectic
schemes in the presence of a surjective or non-degenerate cosection respec-
tively, which constitutes the simplest possible scenario.

Besides setting up notation, we treat the case of surjective cosections sep-
arately from the general case, which is the subject of Section 5, for two
reasons. The first is technical and has to do with the fact that to prove
vanishing we don’t need to work with normal cones nor employ homological
considerations for intersections or the topology of the vanishing locus of a
cosection. This simplifies the arguments and also allows us to prove a van-
ishing result for not just surjective real cosections of d-manifolds, but for the
relaxed version of surjective weak real cosections. The second reason is that
for the purposes of applying the theory to (−2)-shifted symplectic derived
schemes, the surjective case (Theorem 4.6) plays an important role as the
first step in the proof of the general case (Theorem 5.8). We therefore elect
to treat it separately in order to clarify the argument for the convenience of
the reader.

4.1. Localization by surjective real cosections of d-manifolds. Let
X be a d-manifold with underlying C∞-scheme XC∞ . We give the following
definition.

Definition 4.1. A real cosection is a morphism σ : ObX → RX of coherent
sheaves on XC∞.

A weak real cosection is a collection of linear maps σx : ObX |x → R for
x ∈ X that vary continuously, i.e. for any open subset U ⊂ X and C∞-
vector bundle EU on U with a surjection pU : EU → ObX |U of sheaves on
UC∞ the linear maps σx ◦pU |x : EU |x → R define a continuous map of vector
bundles EU → RU .
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A (weak) real cosection is surjective if the corresponding morphism(s) in
its definition is (are) surjective.

Remark 4.2. Clearly a real cosection induces data of a weak real cosection.

We then have the following vanishing theorem.

Theorem 4.3. Let X be a compact, oriented d-manifold of virtual dimen-
sion n with a surjective weak real cosection. Then

[X ]vir = 0 ∈ Hn(X),

i.e. the virtual fundamental class of X is zero.

Proof. By Theorem-Definition 2.2, X is equivalent to a principal d-manifold.
Therefore, we have an open subset Y ⊂ RN , a smooth, oriented vector
bundle E on Y of rank r and a smooth section s of E with X being its zero
locus, which define an embedding of C∞-schemes XC∞ → Y .

The tangent complex of X is given by

TX = [TY |XC∞
ds−→ E|XC∞ ]

and hence we have a surjection p : E|XC∞ → ObX . By the definition of weak
cosection, the maps σx ◦ p|x : E|x → R for x ∈ X vary continously and thus
induce a continuous surjection of vector bundles

σ ◦ p : E|X → RX .(4.1)

Keeping the same notation around (3.4), with f : X → Y denoting the
inclusion of X inside Y , we have by definition that

f∗[X ]vir = e(E) ∩ [Y ] ∈ Hn(Y )

where e(E) denotes the Euler class of E.
After possibly shrinking Y around X, since X is compact, we may assume

that the surjection (4.1) extends to a continuous surjection E → RY . Since
E has a trivial quotient, e(E) = 0 ∈ Hr(Y ) and we obtain

[X ]vir = (f∗)
−1 (e(E) ∩ [Y ]) = 0 ∈ Hn(X).

�

4.2. Vanishing for (−2)-shifted symplectic derived schemes. We can
give the following general definition of a cosection for any derived scheme
X .

Definition 4.4. A cosection is a morphism σ : TX |X [1]→ OX in Db(CohX).
We say that σ is surjective if the morphism h0(σ) : ObX → OX is surjective,
or equivalently if the collection of C-linear maps σx : Ob(X , x)→ C for every
x ∈ X are surjective.

Now suppose that ωX is a (−2)-shifted symplectic form on X . We say
that σ is non-degenerate if the induced quadratic form q∨x on Ob(X , x)∨ is
non-degenerate on the image of σ∨x for all x ∈ X. In particular, σ must be
surjective.
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Remark 4.5. When X is quasi-smooth so that TX |X is a perfect complex
of amplitude [0, 1], the above definition of a cosection coincides with the
standard definition for schemes with perfect obstruction theory, as h1(TX |X)
is the obstruction sheaf of the perfect obstruction theory LX |X → LX on X,
in the sense of Behrend-Fantechi [BF97].

According to our discussion in Subsection 2.3, a (−2)-shifted symplectic
derived scheme (X , ωX ) gives rise to an associated d-manifold Xdm. When
(X , ωX ) is moreover proper and oriented, there is a well defined virtual fun-

damental class [Xdm]vir ∈ H∗(X) in the homology of the underlying topo-
logical space X.

We then have the following theorem, saying that cosection localization
applies to the setting of non-degenerate cosections, implying the vanishing
of the virtual fundamental class.

Theorem 4.6. Suppose that a proper, oriented (−2)-shifted symplectic scheme
(X , ωX ) admits a non-degenerate cosection σ. These data give rise to a d-
manifold Xdm with an induced surjective real cosection and hence a vanishing
virtual fundamental class, i.e. [Xdm]vir = 0 ∈ Hvir.dim.(X).

Proof. We use the terminology introduced in Subsection 2.3.
By Proposition 2.9, we are free to make any choice of q-adapted E− ⊂

E for an analytic Darboux chart (V,E,G, q, s) around a point x ∈ X in
Costruction 2.8.

Since TX |U is isomorphic to the complex G, σ is determined by a mor-
phism E → OU and for every u ∈ U we have the factorization

σu : Ob(X , u) ⊂ E|u/ im(ds|u) −→ OX |u
and hence the projection

E|u −→ E|u/ im(ds|u) −→ OX |u
is surjective. Therefore we get a surjective morphism E|U → OU , which
up to possible shrinking of V around x, extends to a surjective morphism
σE : E → OV .

The dual σ∨E : OV → E∨ restricts to σ∨x at x, as the differentials of the
complex G vanish at x by construction. Thus, since σ is non-degenerate, we
may assume, up to further shrinking of V around x, that the image of σ∨E
is non-degenerate with respect to the quadratic form q∨ on E∨.

Taking the orthogonal complement of the image and dualizing, we get a
q-orthogonal splitting E = OV ⊕ ker(σE), such that q is non-degenerate on
each summand. After re-parametrizing analytically, q is equal to

qv(z) = y21 + y22 + ...+ y2n

on each fiber over v ∈ V , where y1 is the coordinate on the fiber of the first
trivial summand OV and y2, ..., yn are the fiber coordinates of the summand
ker(σE).

We now take E− to be the direct sum of the imaginary parts of each
individual summand. E− is easily seen to be q-adapted around x ∈ X (it
is obviously q-adapted at x and being q-adapted is an open condition by
[BJ17]).
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Then, for u ∈ X close to x, the subspace im Πu ⊂ Ob(X , u) must project
onto C through σu non-trivially since it is maximal negative definite with
respect to Re qu as E− is q-adapted (see Definition 2.7). But, by the choice
of E−, im Πu consists only of imaginary vectors and therefore its projection
to C is contained in iR ⊂ C, so we must have σu(im Πu) = iR. This implies
that σu induces a surjection

σ+u : Ob(X , u)/ im Πu −→ R.

For every such u ∈ X, the conditions in Definition 2.7 imply the existence
of an exact sequence

TV |u
ds+−−→ E+|u −→ Ob(X , u)/ im Πu −→ 0.

Since Xdm is locally equivalent to the principal d-manifold SV,E+,s+ , the

maps σ+u : ObXdm |u → R vary smoothly and, in particular, give a surjective
real cosection for Xdm. Thus, by Theorem 4.3, we get the desired vanishing
[Xdm]vir = 0 ∈ H∗(X). �

5. Localization by Real Cosections

Keeping the notation of the previous section, let X be a d-manifold whose
truncation is the C∞-scheme XC∞ and whose underlying topological space
is X. Let σ : ObX → RX be a real cosection on X (cf. Definition 4.1).

In this section, we use the intersection pairing in Borel-Moore homology
in order to localize the virtual fundamental class [X ]vir to a class [X ]virloc,σ ∈
H∗(X(σ)), where X(σ) is the degeneracy locus of σ, i.e. the locus of points
x ∈ X for which σ|x is equal to zero (or more generally possibly undefined).
To do this, we first establish the appropriate necessary cone reduction crite-
rion and then adapt the construction first introduced in [KL07] and [KL13,
Appendix]. We finally obtain a corresponding cosection localization formal-
ism for (−2)-shifted symplectic derived schemes, combining the results of
this section with the proof of Theorem 4.6.

5.1. Cone reduction by real cosections. In this subsection, we verify
that the arguments of [KL13, Section 4] go through in our context.

Let Y be a smooth manifold of dimension N , E a smooth vector bundle
on Y and s a smooth section of E with zero locus X = Z(s) ⊂ Y . Locally,
let s1, ..., sr ∈ C∞(Y ) be the components of the section s and y1, ..., yN
coordinates on Y .

Now consider the principal d-manifold X = SY,E,s determined by the
above data. Write p : E|XC∞ → ObX for the projection morphism. We have
the following cone reduction statement (cf. [KL13, Corollary 4.5]).

Proposition 5.1. Let σ̄ : ObX → RX be a morphism of coherent sheaves
on XC∞. Let X(σ) be the locus where σ̄ ◦ p is zero and U(σ) = X −X(σ)
its complement, where σ̄ ◦p is surjective. Then C(s) is contained entirely in
the kernel bundle E(σ) = ker(σ̄ ◦ p) = E|X(σ) ∪ ker(σ̄ ◦ p)|U(σ).

Proof. Let c = (x, e) ∈ C(s). We need to show that if x /∈ X(σ), then
c ∈ ker(σ̄ ◦ p)|U(σ). As X(σ) is closed in X, by shrinking around x we may
assume that σ := σ̄ ◦ p : E|XC∞ → RX is surjective and extends to a smooth
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surjective map E → RY on Y and that we have fixed a connection ∇ giving
the tangent complex of X , ds : TY |XC∞ → E|XC∞ .

We have by definition σ|XC∞ ◦ ds|XC∞ = 0. This implies that for every
variable yj of Y

(5.1)
r∑
i=1

σi
∂si
∂yj

= O(s)

where O(s) stands for a linear combination of the functions s1, ..., sr with
coefficients smooth functions, and σi are the components of σ.

Fix ` = 1 and c1 = (x, 0, e) ∈ C(s) ⊂ p∗1E. By the definition of C(s), we
have a sequence (yk, vk) ∈ Y × R such that, as k →∞, yk → x, vk → 0 and
for i = 1, ..., r

(5.2) lim
k→∞

si(yk)

|vk|
= ei.

Take any continuous path f(t) = (γ(t), ζ(t)) : [0, ε) → Y × R such that
f(0) = (x, 0), f is differentiable on (0, ε), ζ(t) is positive and strictly in-
creasing on (0, ε) and there exists a sequence tk → 0 in (0, ε) such that
f(tk) = (yk, vk).

By re-parametrizing we may assume that ζ(t) = t and tk = vk = |vk|.
(5.1) gives then for t 6= 0

r∑
i=1

σi(γ(t))
∂si
∂yj

(γ(t))γ′j(t) = O(s(γ(t)))

and hence by summing over j = 1, ..., N

r∑
i=1

σi(γ(t))
d

dt
si(γ(t)) = O(s(γ(t))).

It is immediate that

d

dt

r∑
i=1

σi(γ(t))si(γ(t)) =

r∑
i=1

ai(t)si(γ(t))

for some continuous functions ai(t), smooth on (0, ε). We integrate to get

r∑
i=1

σi(γ(t))si(γ(t)) =

∫ t

0

r∑
i=1

ai(λ)si(γ(λ))dλ.

Evaluating at tk and dividing by tk gives

r∑
i=1

σi(yk)
si(yk)

tk
=

1

tk

∫ tk

0

r∑
i=1

ai(λ)si(γ(λ))dλ

so letting k →∞ it follows by (5.2) that

σ(e) =
r∑
i=1

σi(x)ei =
r∑
i=1

ai(0)si(x) = 0

which is what we want. �



16 MICHAIL SAVVAS

5.2. Cosection localization for d-manifolds. Let us first recall very
briefly the intersection pairing in Borel-Moore homology. For more details,
we refer the reader to [Ive86] or [Bre97].

Let W be a smooth oriented manifold of dimension d. Then, for any two
closed subsets Z1, Z2, there exists a (bilinear) intersection pairing

∩ : Hi(Z1)×Hj(Z2) −→ Hi+j−d(Z1 ∩ Z2).(5.3)

It has a concrete geometric interpretation when W is real analytic and Z1, Z2

are closed real analytic subsets of W , given for example in [Gin98, Section 1]
(cf. also [IP19, Appendix A.9] for a short treatment of the pairing).

Let now X be a compact, oriented d-manifold of virtual dimension n. By
Theorem-Definition 2.2, X is equivalent to a principal d-manifold SY,E,s.
We fix a choice of such presentation

(5.4) X ' SY,E,s.
Thus we have an embedding XC∞ → Y , given by the data of an open

Y ⊂ RN , a smooth, oriented vector bundle E on Y of rank r, a smooth
section s of E with X being its zero locus and a surjection p : E|XC∞ → ObX .
We have n = N − r.

Write σ′ for the composition σ ◦ p : E|XC∞ → RX and U(σ) = X −X(σ),
the locus where σ′ is surjective.

Up to possible shrinking of Y , we may take σ′Y : E → RY to be a smooth
extension of σ′ to the ambient space Y with degeneracy locus Y (σ′Y ) and
complement U(σ′Y ) = Y − Y (σ′Y ).

We now assume that the degeneracy locus X(σ) is a Euclidean Neigh-
bourhood Retract (ENR). In particular, this implies that since X(σ) is a
closed subset of X, there is an open neighbourhood V of X(σ) in X that
retracts onto X(σ) and such that the natural map

H∗(X(σ)) −→ H∗(V )(5.5)

induced by the inclusion morphism is an isomorphism.
σ′|X−V is then surjective on the closed subset X − V of Y and extends

smoothly to the open neighbourhood U(σ′Y ). Following [KL07], after choos-
ing a metric on E, we can pick a smooth section σ̌Y ∈ C∞(E) that is a
small perturbation of the zero section of E and moreover satisfies that the
composition

σ′|X−V ◦ σ̌Y |X−V(5.6)

is nonzero everywhere on X −V . We denote the image of σ̌Y inside E by ξ.
We now have homology classes

[C(s)] ∈ HN (C(s)) and [ξ] ∈ HN (ξ).

The latter exists due to the fact that ξ is diffeomorphic to Y , which is an
oriented manifold. Clearly, being a section of a vector bundle, ξ is a closed
subset of the smooth manifold E.

By Proposition 5.1, C(s) is contained in E(σ) = E|X(σ) ∪ ker(σ′)|U(σ),
so by the definition of the section ξ, we deduce that C(s) ∩ ξ maps diffeo-
morphically under the bundle projection q : E → Y to a closed subspace of
V .
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With these in place, we may apply the homological intersection pairing
(5.3) to the closed subsets C(s) and ξ of the smooth, oriented manifold E of
dimension N + r and the homology classes [C(s)], [ξ] respectively to obtain
a class

[C(s)] ∩ [ξ] ∈ HN−r(C(s) ∩ ξ) = Hn(C(s) ∩ ξ).(5.7)

Hence, pushing forward via q, the class (5.7) gives rise to a homology
class in Hn(V ) and hence, applying the isomorphism (5.5), to a class

[X ]virloc,σ := [C(s)] ∩ [ξ] ∈ Hn(X(σ)).(5.8)

By standard homological arguments, one may easily verify that [X ]virloc,σ

is independent from the choice of extension σ′Y and section σ̌Y . By [KL07],
it satisfies that

i∗[X ]virloc,σ = [X ]vir ∈ Hn(X)

where i : X(σ)→ X is the natural inclusion map.
We moreover have the following proposition.

Proposition 5.2. [X ]virloc,σ is independent from the choice of presentation
X ' SY,E,s and thus well defined.

Proof. Suppose that X ' SY1,E1,s1 ' SY2,E2,s2 . By [Joy, Theorems 1.4.8,
4.9, 4.34], up to possibly shrinking Y1 around X, we may reduce to the case
of an equivalence in the following standard form: we have a submersion

f : Y1 → Y2 and a morphism of vector bundles f̂ : E1 → f∗E2 such that

f̂ ◦ s1 = f∗s2. The morphism of tangent complexes

TY1 |X
ds1 //

df

��

E1|X

f̂
��

f∗TY2 |X
d(f∗s2)// f∗E2|X

(5.9)

is a quasi-isomorphism on fibers over x ∈ X and thus we must have that

E1|X
f̂−→ f∗E2|X is surjective, so after further possible shrinking of Y1, we

may assume that f̂ is surjective.
This situation can be locally described as follows: Let N1 = dimY1, N2 =

dimY2 = N1−p, y1, ..., yN1 be local coordinates for Y1, y1, ..., yN2 local coor-

dinates for Y2 and E1 = f∗E2⊕RpY1 be a splitting for f̂ . Then, with respect

to this splitting, we have s1(y1, ..., yN1) = (s2(y1, ..., yN2), yN2+1, ..., yN1).
Let i1 : X → Y1, i2 : X → Y2 be the inclusion maps. They satisfy i2 = f◦i1

and fit into a commutative diagram

X

i2   

i1 // Y1

f
��
Y2.

It follows that the projection

f̂ : E1 −→ f∗E2,
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restricted to X via pullback by the inclusion i1, induces a projection map

f̂ |X : C(s1)→ C(s2) which makes C(s1) into a vector bundle over C(s2).
By restricting to X and using the inclusion C(s2) ⊂ E2|X (cf. Theorem-

Definition 3.1), we also have a commutative diagram

f∗E2

��
C(s2)

j2
//

j1
;;

E2.

Now, let σ′Y2 : E2 → RY2 be a smooth extension of the composition σ ◦
p2 : E2|XC∞ → RX . Then, by (5.9), σ′Y1 := f∗σY2 ◦ f̂ is a smooth extension
of the corresponding composition σ ◦ p1 : E1|XC∞ → RX .

Pick a splitting f̌ : f∗E2 → E1 of f̂ . Moreover, let σ̌Y2 be a smooth section
of E2 as in (5.6). Then, up to rescaling f̌ , the composition σ̌Y1 := f̌ ◦ f∗σ̌Y2
also satisfies the same properties in regards to the cosection σ′Y1 .

Using the splitting, write E1 = f∗E2⊕E3 so that f̂ is the projection onto
the first factor and f̌ is the inclusion of the first factor.

We then have by definition

C(s1) = C(s2)⊕ E3|X
where C(s2) is a closed subspace of f∗E2 via the embedding j1 and

σ̌Y1 = f∗σ̌Y2 ⊕ 0.

The intersections C(s1) ∩ ξ1, C(s2) ∩ ξ2 are closed subspaces of V , using
Lemma 5.1 and the construction of ξ1 and ξ2, and we see that they must be
equal.

Under this identification it is routine to verify that the properties of the
intersection pairing imply that

[C(s1)] ∩ [ξ1] = [C(s2)] ∩ [ξ2] ∈ Hn(X(σ))

where we have suppressed the pushforward to V and the isomorphism (5.5)
on homology. �

If X(σ) is not an ENR or more generally does not admit a neighbourhood
V in X satisfying the above properties, we may still perform the construction
with the following modifications, following [BJ17, Subsection 2.6.5]: Instead
of V , we consider a sequence of open neighbourhoods

V1 ⊃ V2 ⊃ V3 ⊃ ...

of X(σ) in X satisfying

∞⋂
i=1

Vi = X(σ).(5.10)

The above construction gives a sequence of homology classes for i =
1, 2, . . .

[X ]virloc,σ,i ∈ Hn(Vi)
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compatible under restriction from Vi to Vi+1 and hence an element

[X ]virloc,σ ∈ lim←−
i≥1

Hn(Vi).(5.11)

Borel-Moore homology satisfies Milnor’s continuity axiom (cf. for example
[IP19, Appendix A]) and hence

lim←−
i≥1

Hn(Vi) = Hn(∩∞i=1Vi).(5.12)

Combining (5.10), (5.11) and (5.12), we again obtain a localized homology
class

[X ]virloc,σ ∈ Hn(X(σ)).(5.13)

Summarizing our discussion, we may now give the following definition.

Theorem-Definition 5.3. Let X be a compact, oriented d-manifold of vir-
tual dimension n and σ : ObX → RX a real cosection. Then the cosection
localized virtual fundamental class [X ]virloc,σ of X is defined by (5.8) (and more

generally by (5.13) when X(σ) is not a Euclidean Neighbourhood Retract)
and satisfies

i∗[X ]virloc,σ = [X ]vir ∈ Hn(X)

where i : X(σ)→ X denotes the inclusion.

Remark 5.4. In order to define the cosection localized virtual fundamental
class, we do not need a globally defined cosection σ on X , but only a sur-
jective cosection σU(σ) : ObU(σ) → RU(σ) defined on the open sub-d-manifold
U(σ) of X whose underlying topological space is an open subset U(σ) inside
X. We will use this observation in Subsection 5.3.

Remark 5.5. The above definition generalizes the statement of Theorem 4.3
when one only considers cosections of d-manifolds (and not weak cosections).

Example 5.6. Let Y ⊂ RN be the open unit disk, E an oriented, rank N
vector bundle on Y , s the zero section of E and X ' SY,E,s so that the
underlying topological space is X = Y . Consider a cosection σ : E → RY
whose zero locus Y (σ) is the origin, viewed as a smooth manifold.

Clearly C(s) = Y ⊂ E is the zero section. Let V be a disk of sufficiently
small radius ε centered at the origin 0 . By trivializing E ∼= RN×RN around
0, we write y = (y1, ..., yN ) for the coordinates of Y and e = (e1, ..., eN ) for
the fiber coordinates of E. Then we may assume that σ is the map

σ(y, e) = y1e1 + . . .+ yNeN .

We can split σ away from 0 using the section σ̌ : RV → E|V defined by

σ̌(y) =


(y, y|y|) if ε

2 < |y| < ε

(y, 2εy) if |y| ≤ ε
2

After smoothing and extending σ̌ to Y (and possibly rescaling), we have a
splitting and obtain a section ξ of E as the graph of σ̌.
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It is then immediate that [C(s)] ∩ [ξ] = ±[0] ∈ H0(Y (σ)), where the sign
is determined by the orientation of E and hence

[Y ]virloc,σ = ±[0] ∈ H0(Y (σ)).

5.3. Cosection localization for (−2)-shifted symplectic derived schemes.
The methods developed in this section together with the strategy employed
in the proof of Theorem 4.6 allow us to significantly generalize its statement.
Before we proceed, we introduce a bit of terminology.

Definition 5.7. A meromorphic cosection on a derived scheme X is a co-
section σ defined on an open derived subscheme U(σ) of X .

When X is (−2)-shifted symplectic with symplectic form ωX , we say that
σ is non-degenerate if it is a non-degenerate cosection of the (−2)-shifted
symplectic derived scheme

(
U(σ), ωU(σ)

)
, where ωU(σ) := ωX |U(σ). If U(σ)

is the underlying topological space of U(σ), we use the notation X(σ) =
X − U(σ) for the locus where σ is not defined or degenerate.

We are now in position to generalize Theorem 4.6.

Theorem 5.8. Let (X , ωX ) be a proper, oriented (−2)-shifted symplectic
derived scheme of virtual dimension n with a meromorphic non-degenerate
cosection σ. Then there exists a cosection localized virtual fundamental class
[Xdm]virloc,σ ∈ Hn(X(σ)) satisfying

i∗[Xdm]virloc,σ = [Xdm]vir ∈ Hn(X)

where i : X(σ)→ X is the inclusion map.

Proof. Since X(σ) is a Zariski closed subset of X, it is an ENR and therefore
there exists an open neighbourhood V of X(σ) that retracts onto X(σ) such
that the natural map

H∗(X(σ)) −→ H∗(V )

induced by inclusion is an isomorphism.
We may now follow the same strategy as in the proof of Theorem 4.6 to

associate to (X , ωX ) a d-manifold Xdm together with the data of an open
sub-d-manifold W whose underlying topological space W is contained in
U(σ) and is an open neighbourhood of X − V inside U(σ) and a surjective
real cosection σW on W.

Theorem-Definition 5.3 and Remark 5.4 then imply the existence of a
localized virtual fundamental class [Xdm]virloc,σ in Hn(X −W ) and hence in

Hn(V ) ∼= H∗(X(σ)), which is independent of all choices involved and thus
well defined and satisfies the required properties. �

6. Localization by Complex Cosections

As usual, let X be a compact, oriented d-manifold, XC∞ the associated
C∞-scheme andX the underlying topological space. In this section, we study
a certain kind of complex cosection that has similar properties to a cosection
for an algebraic scheme with perfect obstruction theory. This allows us to
localize in a more robust and systematic way of algebraic flavor compared
to the previous section.
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Similarly to the case of real cosections, we write CX to denote both the
trivial complex line bundle on XC∞ and the trivial complex line bundle on
X.

Definition 6.1. A complex cosection is a morphism σ : ObX → CX of
sheaves on XC∞.

The motivation behind the results of this section is the following observa-
tion: Suppose that X is a complex projective scheme equipped with a perfect
obstruction theory with cosection σ. Then, writing as usual i : X(σ) → X
for the inclusion, there is a cosection localized virtual fundamental cycle
[X]virloc,σ ∈ H∗(X(σ)) satisfying i∗[X]virloc,σ = [X]vir ∈ H∗(X), defined by an

explicit formula in [KL13] which utilizes the blowup of X along X(σ).
In [Joy, Section 14.5], Joyce defines a truncation functor from schemes

with perfect obstruction theory to d-manifolds, which acts functorially on
their virtual fundamental classes. Applying this functor to X, one gets a d-
manifold X with an induced complex cosection σ and a virtual fundamental
class, which is thus automatically naturally localized by the cosection σ by
an explicit formula (see equation (6.9) and Theorem-Definition 6.7 below for
the formula in our context).

One can then ask how close a d-manifold X with a complex cosection σ
can be to a truncation of an algebraic (or complex analytic) scheme with
a perfect obstruction theory with cosection to admit this more robustly
described cosection localized virtual fundamental class.

As we will see, a sufficient set of holomorphicity assumptions regarding
the topology of X and the cosection σ is given by the following setup. From
now on in this section, we proceed to make these assumptions.

Setup 6.2. We say that X and σ come from geometry if:

(1) X admits the structure of a complex analytic space Xan inducing a
structure of a C∞-scheme on X, denoted by Xan

C∞.
(2) There exists a closed embedding Xan ↪→ W , where W is a complex

manifold.
(3) There exists a closed embedding of C∞-schemes Xan

C∞ ↪→ XC∞.
(4) The locus X(σ), where σ is not surjective, is a complex analytic

closed subset of Xan.
(5) The image of σ|Xan

C∞
is an OXan

C∞
-submodule of CX generated by an

ideal I ⊂ OXan whose zero locus is X(σ).

We briefly clarify the above conditions.
In (1), if Xan is analytically locally described as the vanishing locus of

holomorphic functions f1, ..., fr defined on a polydiscD in CN , Xan
C∞ is locally

described by the spectrum of the C∞-ring C∞(D)/(Ref1, Imf1, ...,Refr, Imfr).
Clearly holomorphic transition functions between such charts induce smooth
transition functions so that we obtain a C∞-scheme.

In (5), if I is locally generated by a set of holomorphic functions f1, ..., fr
on Xan whose common zero set is X(σ), we consider the OXan

C∞
-submodule

of CX = RX ⊕ RX generated by the pairs

(Ref1, Imf1), (−Imf1,Ref1), ..., (Refr, Imfr), (−Imfr,Refr)
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of functions on Xan
C∞ . (5) requires the image of σ|Xan

C∞
to be locally of this

form for some choice of generators of I.
Therefore, Setup 6.2 essentially says that X and the cosection σ are deter-

mined by complex analytic data up to possible thickening of the underlying
C∞-scheme.

Remark 6.3. By design, if Xan is a complex analytic space with an em-
bedding Xan →W into a complex manifold and a perfect obstruction theory
with holomorphic cosection σan, then the d-manifold X obtained by applying
the truncation functor in [Joy, Section 14.5], and its induced complex cosec-
tion σ satisfy the conditions of Setup 6.2. The same holds for a complex
scheme X endowed with the same data.

By Theorem-Definition 2.2, X is equivalent to a principal d-manifold
SY,E,s. We fix a choice of such presentation

(6.1) X ' SY,E,s.
Thus we have an embedding XC∞ → Y , given by the data of an open

Y ⊂ RN , a smooth, oriented vector bundle E on Y of rank r, a smooth
section s of E with X being its zero locus and a surjection p : E|XC∞ → ObX .

Write σ′ for the composition σ ◦ p : E|XC∞ → CX and U(σ) = X −X(σ),
the locus where σ′ is surjective. Let

E(σ) = E|X(σ) ∪ ker
(
σ′|U(σ)

)
.

Write j : E|X(σ) → E(σ) for the inclusion.

In order to localize [X ]vir, we need to use an appropriate notion of reso-
lution of the cosection, as in [KL13] and [KL20].

Definition 6.4. We say that a proper map ρ : X̃ → X of topological spaces
is a σ-regularizing map with respect to the presentation (6.1) if:

(1) ρ|ρ−1(U(σ)) : ρ−1(U(σ)) → U(σ) is a homeomorphism. Write D for

the complement of U(σ) in X̃.
(2) The pullback ρ∗σ′ : ρ∗E|X → C

X̃
factors through a surjection

ρ∗E|X → L(6.2)

where L is a complex line bundle on X̃ together with a continuous

section t ∈ Γ(X̃, L∨) whose zero locus is D.

We write ρ(σ) : D → X(σ) for the induced map. Moreover let E′ be
the kernel bundle of the surjection (6.2). We get an induced commutative
diagram of topological spaces

E′ //

ρ′

��

ρ∗E|X

��
E(σ) // E|X .

(6.3)

We say that a σ-regularizing map satisfies homological lifting if any ho-
mology class γ ∈ Hi(E(σ)) can be written as

γ = j∗α+ ρ′∗β(6.4)

for homology classes α ∈ Hi(E|X(σ)) and β ∈ Hi(E
′).
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The next proposition shows that when X and σ come from geometry,
there exists an induced σ-regularizing map that satisfies homological lifting.

Proposition 6.5. Suppose that the conditions in Setup 6.2 hold and we
have fixed a presentation (6.1). Then there exists an induced σ-regularizing

map ρ : X̃ → X that satisfies homological lifting.

Proof. By parts (1) and (2) of Setup 6.2, we have a closed embedding Xan →
W . In particular, at the level of C∞-schemes we get an embedding

Xan
C∞ −→WC∞ .(6.5)

By definition, pulling back E from Y via the embedding XC∞ → Y gives
a vector bundle E|XC∞ on XC∞ .

By part (3) of Setup 6.2, we can further pull it back to a vector bundle
E|Xan

C∞
on Xan

C∞ . Pulling back σ′ gives a cosection

E|Xan
C∞
−→ CXan

C∞
.(6.6)

At the topological level, both vector bundles E|XC∞ and E|Xan
C∞

give the

vector bundle E|X on the underlying topological space X.
The existence of the embedding (6.5) and the bundle E|Xan

C∞
implies (for

example, by the argument in the proof of [Joy, Theorem 4.34]) that there ex-
ists an open neighbourhood V of X in W such that E|X extends to a smooth
vector bundle EV on V . Moreover, using parts (4) and (5) of Setup 6.2
and the cosection (6.6), up to shrinking V , we may extend the cosection
σ′ : E|X → CX to a smooth morphism of vector bundles

σV : EV −→ CV .

Let τ : Ṽ → V be the blowup of V along X(σ) with exceptional divisor

DV and set X̃ = Ṽ ×V X with induced proper morphism ρ : X̃ → X.

For two such choices V1, V2 and blowup maps τ1 : Ṽ1 → V1 and τ2 : Ṽ22→
V2, let their intersection inside W be V12 = V1 ∩ V2 and τ12 : Ṽ12 → V12
be the blowup of V12 along X(σ). For i = 1, 2, since X(σ) ⊂ V12 is a
closed embedding and V12 is open in both V1 and V2, we have diagrams with
Cartesian squares

X̃ //

ρ

��

Ṽ12 //

τ12

��

Ṽi

τi

��
X // V12 // Vi

and therefore ρ is independent from the choice of neighbourhood V .
We now have a complex line bundle L = O

Ṽ
(−DV )|

X̃
and a morphism

τ∗σV : τ∗EV → OṼ (−DV )

whose restriction to X̃ gives a surjection

ρ∗σ′ : ρ∗E|X −→ L.

We thus see that ρ : X̃ → X is σ-regularizing.
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By construction, the diagram (6.3) gives rise to a commutative diagram

E′ //

ρ′

��

τ∗EV

��
E(σ) // EV .

(6.7)

Then the proof of [KL20, Lemma 2.3] applies verbatim to this setting and
implies that ρ satisfies homological lifting. �

Remark 6.6. If we have two closed embeddings Xan →W1 and Xan →W2

of Xan into complex manifolds W1 and W2, a standard argument using the
diagonal embedding Xan → W1 ×W2 and the projections W1 ×W2 → Wi

for i = 1, 2 shows that the map ρ is independent from the particular choice
of closed embedding Xan → W and thus determined canonically by the rest
of the data of Setup 6.2.

What is essential is that such an embedding exists. This is true automat-
ically for example when Xan is quasi-projective.

Given a σ-regularizing map ρ : X̃ → X satisfying homological lifting, by
[KL20] we have a localized Gysin map

0!E|X ,σ : H∗(E(σ)) −→ H∗−r(X(σ))(6.8)

given by the formula

0!E|X ,σγ = 0!E|X(σ)
α− ρ(σ)∗

(
e(L∨, t) ∩ 0!E′β

)
(6.9)

where γ ∈ Hi(E(σ)) and we have written γ = j∗α + ρ′∗β for some α ∈
Hi(E|X(σ)) and β ∈ Hi(E

′).

By the proof of [KL20, Theorem 3.2], the Gysin map 0!E|X ,σ is independent

from the particular choice of α and β.
If i : X(σ)→ X denotes the inclusion, it is shown in [KL13, Corollary 2.9]

that it satisfies

0!E|X ◦ j∗ = i∗ ◦ 0!E|X ,σ : H∗(E|X)→ H∗−r(X).

Now, by Proposition 5.1, C(s) is contained in E(σ) and therefore by the
definition (3.3) it follows that we obtain a class

[C(s)] ∈ HN (E(σ)).

We are now in position to explicitly define the cosection localized virtual
fundamental class of X .

Theorem-Definition 6.7. Let X be a compact, oriented d-manifold of vir-
tual dimension n and σ : ObX → CX a complex cosection, satisfying the
conditions of Setup 6.2. Then the cosection localized virtual fundamental
class of X is defined by the formula

[X ]virloc,σ := 0!E|X ,σ[C(s)] ∈ Hn(X(σ)).

It satisfies

i∗[X ]virloc,σ = [X ]vir ∈ Hn(X).
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Finally, we have not addressed the potential dependence of [X ]virloc,σ on the

presentation (6.1) of X as a principal d-manifold, i.e. on the data Y , E, s.

Proposition 6.8. [X ]virloc,σ is independent from the choice of presentation
X ' SY,E,s and thus well defined.

Proof. Firstly, the σ-regularizing map ρ : X̃ → X by construction can only
a priori depend on the choice of closed embedding X ↪→ W and of an open
neighbourhood V of X inside W . By the proof of Proposition 6.5 and
Remark 6.6, it is independent of these choices and thus independent from
the particular choice of presentation.

Suppose now that X ' SY1,E1,s1 ' SY2,E2,s2 . As in the proof of Proposi-
tion 5.2, up to possibly shrinking Y1 around X, we can write this equivalence
in the following standard form: we have a submersion f : Y1 → Y2 and a

morphism of vector bundles f̂ : E1 → f∗E2 such that f̂ ◦ s1 = f∗s2. The
morphism of tangent complexes

TY1 |X
ds1 //

df
��

E1|X

f̂
��

f∗TY2 |X
d(f∗s2)// f∗E2|X

is a quasi-isomorphism on fibers over x ∈ X and thus we must have that

E1|X
f̂−→ f∗E2|X is surjective, so after further possible shrinking of Y1, we

may assume that f̂ is surjective.
Using the notation of diagram (6.3), we have an induced diagram with

Cartesian squares

E′1

ρ′1
��

f̂ ′ // (f∗E2)
′

��

f ′ // E′2

ρ′2
��

E1(σ)
f̂(σ) // (f∗E2)(σ)

f(σ) // E2(σ)

E1|X(σ)

i1

OO

f̂ |X(σ) // (f∗E2)|X(σ)

OO

f |X(σ) // E2|X(σ)

i2

OO

where the horizontal arrows are smooth and the vertical arrows proper.

Write ĝ′ = f ′ ◦ f̂ ′, g(σ) = f(σ) ◦ f̂(σ) and g|X(σ) = f |X(σ) ◦ f̂ |X(σ) for the
(submersive) compositions of the horizontal arrows.

Using base change for Cartesian squares with vertical arrows that are
submersions and proper horizontal arrows (cf. for example [KL20, Equa-
tions (2.12), (2.23)]), the local description of the equivalence SY1,E1,s1 '
SY2,E2,s2 given in the proof of Proposition 5.2 implies that in the notation
of (3.2) we have

(s1,`)∗[Y1 × (R`\{0}] = ĝ∗(s2,`)∗[Y2 × (R`\{0}]

where ĝ is the composition E1
f̂−→ f∗E2 → E2.
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It thus follows from the definition of the cones [C(s1)] and [C(s2)] and
Proposition 5.1 that

[C(s1)] = f̂(σ)∗[C(f∗s2)] = f̂(σ)∗f(σ)∗[C(s2)] = g(σ)∗[C(s2)]

and therefore if
[C(s2)] = (i2)∗α2 + (ρ′2)∗β2

in the notation of (6.4), we will have

[C(s1)] = (i1)∗α1 + (ρ′1)∗β1

where
α1 = (g|X(σ))

∗α2, β1 = (ĝ′)∗β2.

By the usual functoriality properties of Gysin maps (cf. for example
[KL20, Section 2.4]), we obtain

0!E1|X(σ)
α1 = 0!E2|X(σ)

α2, 0!E′1
β1 = 0!E′2

β2

so the formula of the localized Gysin map (6.9) immediately implies that

0!E1|X ,σ[C(s1)] = 0!E2|X ,σ[C(s2)]

as we want. �

Remark 6.9. In general, given a cosection σ on X , it is not clear if it
is possible to endow the locus X(σ) with a natural choice of structure of a
d-manifold.

This is intuitive from the point of view of complex analytic spaces with
perfect obstruction theory, as a cosection does not necessarily induce a perfect
obstruction theory on its vanishing locus.

7. Application: Vanishing of Stable Pair Invariants of
Hyperkähler Fourfolds

Let W be a smooth, projective Calabi-Yau fourfold. In [CMT22], the
authors study the stable pair invariants of W and claim that they vanish
when W is hyperkähler, anticipating the existence of a cosection localization
theory for d-manifolds. In this section, we prove their claim using the theory
developed in the previous parts of the paper.

A stable pair on W is the data of

(F, s), F ∈ CohW, s : OW −→ F

where F is a pure one-dimensional sheaf on W and s is surjective in dimen-
sion one.

Fix β ∈ H2(W,Z) and n ∈ Z. Then the moduli space Pn(W,β) is a projec-
tive scheme which parameterizes stable pairs viewed as two-term complexes

I = [OW
s−→ F ] ∈ Db(CohW )

satisfying [F ] = β and χ(F ) = n.
By [CMT22, Lemma 1.3], X = Pn(W,β) is the truncation of a (−2)-

shifted symplectic derived scheme X , which admits a choice of orientation.
Writing I = [OW×X → F] for the universal stable pair and πX : X ×W →
X,πW : X ×W →W for the projection maps, we have

TX |X = RHomπX (I, I)0[1]
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so that at a point x = [I] ∈ X we have Ob(X , x) = Ext2(I, I)0 and the
quadratic form qx = qI induced by the symplectic form coincides with the
Serre duality pairing.

Suppose now that W is hyperkähler with holomorphic symplectic form
η. Then, using the Atiyah class of I and the symplectic form, it is shown in
[CMT22] that X admits a strong cosection, whose associated weak cosection
is non-degenerate.

We briefly recall the construction for the convenience of the reader.
Let

At(I) ∈ Ext1(I, I⊗ π∗WΩW )

be the relative Atiyah class of I. We then get morphisms

∧At(I)2

2
: TX |X [1] = RHomπX (I, I)0[2] −→ RHomπX

(
I, I⊗ πWΩ2

W [2]
)

[2]

y η : RHomπX

(
I, I⊗ πWΩ2

W [2]
)

[2] −→ RHomπX (I, I[2])[2]

tr : RHomπX (I, I[2])[2] −→ RHomπX (OX×W ,OX×W [2])[2] = OX ⊕OX [−4]

Projecting onto OX , their composition gives a cosection

σ : TX |X [1] −→ OX
which at the point x = [I] ∈ X corresponds to a morphism

σx = σI : Ob(X , x) = Ext2(I, I)0 −→ H4(W,OW ).(7.1)

We have the following proposition.

Proposition 7.1. [CMT18, Proposition 2.9] [CMT22, Proposition 2.18] Let
W be a smooth, projective hyperkähler fourfold and X a connected scheme.
Let I be any perfect complex on X ×W and write I|x = I for x ∈ X. Then
if ch3(I) 6= 0 or ch4(I) 6= 0, σI is surjective and:

(1) If ch4(I) 6= 0, σI admits a qI-orthogonal splitting and qI is non-
degenerate on H4(W,OW ).

(2) If ch4(I) = 0 and ch3(I) 6= 0, let κW ∈ H1(W,TW ) be the Kodaira-
Spencer class dual to ch3(I). Similarly to the above, we obtain a
second strong cosection

τ : π∗WκW ◦ (∧At(I)) : TX |X [1] −→ OX .
The map σI ⊕ τI is surjective and admits a qI-orthogonal splitting
such that qI is non-degenerate on H4(W,OW ) ⊕ H4(W,OW ) with

matrix

(
0 2
2 0

)
. In particular,

(7.2) σI + τI : Ext2(I, I)0 −→ H4(W,OW )

admits a qI-orthogonal splitting and qI is non-degenerate on H4(W,OW ).

Using the proposition, it is immediate by Definition 4.4 that if n 6= 0, the
cosection σ for Pn(W,β) is non-degenerate, and if β 6= 0, the cosection σ+τ
given pointwise by (7.2) is non-degenerate.

Therefore by Theorem 4.6 we immediately get the following vanishing
result for stable pair invariants on hyperkähler fourfolds, which is precisely
[CMT22, Claim 2.19].
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Theorem 7.2. Let W be a smooth, projective hyperkähler fourfold and
Pn(W,β) the moduli space of stable pairs with n 6= 0 or β 6= 0. Then
[Pn(W,β)]vir = 0.
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stabilization for sheaves of vanishing cycles. J. Singul., 11:85–151, 2015. With
an appendix by Jörg Schürmann.
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