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1 Lecture 1. The complex numbers viewed as
R? with a vector product

1.1 Vector products

The system of complex numbers is just the real plane R? with a special vector
product. To set it in context, let’s look at vector products more generally.
Let n be a positive integer, and let R™ be the set (or vector space) of real

n-vectors. Members of R" are lists (z1,...,2,) of n real numbers. We have an
addition rule (x1,...,2) + (y1,---,Yn) = (x1 + Y1, - -, Tn + Yn), and a rule for
scaling a vector by a real number, s (z1,...,2,) = (s21,...,ST,).

Definition 1.1. A vector product on R" is a binary operation x on R™. So
for each pair of inputs x, y € R™, we have xxy € R™. We require that x should
be distributive (on both sides):

x*(ay +bz) = axxy + bx x 2,
(ax+by) xz = axxz + by x z.

Vector products are very easy to construct. Take the standard basis vectors
for R™:
e = (0,...,0,},0,...,0), ji=1,...,n.

For each pair (j, k), decide what you want e; x e to be (it can be any vector in
R™). Then define

(r1€1 + -+ zpep) x (y1€1 + -+ yney) = ijyk(ej *eg).
ik
Example 1.2. In R?, let’s define e; xe; = e, e; xey = €] + €3, €3 €] = 3ey,
ey x ey = 0. Then

(z1€1 4+ T2€2) % (Y1€1 + Y2€2) = T1Y1€1 + T1Y2(€1 + €2) + 3T2Y1€2

= (x1y1 + z1y2)e1 + (21y2 + 3z2y1)es.



With such a profusion of vector products, we need a reason to single one out as
special. There are several possible criteria, and we’ll only mention a couple.
The norm (or length) of a vector x € R" is

x| :=/2? + -+ 22 € Ryy.

Definition 1.3. A vector product x on R" is norm-preserving if the norm of
the product is the product of the norms:

xxyl = x|yl

Definition 1.4. x is unital if there is a vector 1 € R” such that
lxx=x=x*1,

for all x € R".

Theorem 1.5 (Hurwitz, 1898). If x is a norm-preserving, unital vector product
on R™ then n =1, 2, 4 or 8, and in some orthonormal basis for R™, x is

e the ordinary product on R;
o the complex product on R?;
o the quaternion product on R%; or
e the octonion product on RE.

Here are the specifications of these special products:

n | Name and notation | Standard basis Products of basis vectors

1 | real numbers R l=¢; 1-1=1

2 | complex numbers C | 1 = ey, i = eg, 1-1=1,1i=i=4-1,i-i = —1

4 | quaternions H 1=-e1,i=ey, 1-1=1,1-i=1=1-1,

j=e3, k=ey 1-j=j=35-1,1-k=k=k-1,

ici=j5-j=k-k=-1
ij=k=—j-i,
Jrk=i=-k-j,
k-i=j=—1-k

8 | octonions O (it’s complicated...)

Each of these products has its own special properties, and is worth studying
in its own right. (In this course, we’ll study the complex product.)

There is also an interesting vector product on R?, the cross product x, which
is not norm-preserving (in fact x x x = 0 for all x € R3). It is interesting for
a different reason: it is rotation invariant. That is, if R is a rotation of R? by
some angle about some axis then R(x) X R(y) = R(xxy). This property makes
it relevant to scientific applications, because physical laws should look the same
no matter how we rotate our coordinate axes.



The cross product is related to the quaternion product. If we take our
standard basis for R? to be {4, j, k}, then the cross product is the vector product
defined by

ixi=jxj=kxk=0, ij=k=—ji, jhk=i=—kj, ki=j=—ik

We can write any quaternion as (a,x) where a = al € R and x = x1i 4+ z2j +
x3k € R3. Then in the quaternions we have

(0,x)-(0,y) =(—x-y,x xy).

There is also an interesting vector product on R”, related to the octonions in
the same way that the cross product is related to the quaternions.

1.2 The complex numbers
We now focus our attention on the norm-preserving vector product on R2.

Definition 1.6. The system of complex numbers C is the plane R? equipped
with the vector product given by

1.1=1, leimi=i-1, i-i=—1,
where 1 =e; = (1,0) and i = e3 = (0,1).

We write a typical complex number as z. In more detail, we write it as
x1 4 yi (but we drop the 1 and write x + yi). We denote the product by a dot
or by juxtaposition, just as with real numbers. We have by the distributive law

(21 + y11) - (22 + y2i) = z122(1%) + Y192 (i%) + 2192 (1 - 4) + 2291 (i - 1)
(122 — y192) + (T1Y2 + T2y1 )i.

For example,
(1+i)?=(1—1)+2i = 2i.

A historical remark. In the 18th and 19th Centuries, and also in substan-
dard 20th Century texts, complex numbers were sometimes introduced as fol-
lows. We know that the square of any real number is non-negative. In particular,
there is no real number x such that x> = —1. Nevertheless, let’s introduce an
““maginary number’ i whose defining property is that i = —1. We’ll go on doing
algebra with sums x +yi using the same rules that we use with the real numbers,
except that i2 = —1.

With this ‘definition’, complex numbers appear to be fictitious. The texts
promised that if we suspend our disbelief, we would find complex numbers useful
in solving problems about real numbers.

From a modern perspective, there’s no need to suspend disbelief. I told you
exactly what i is: it’s the vector (0,1) € R%. And I told you what i> means:
it means that we use a certain vector product on R2. Complex numbers are a
mathematical entity on just the same footing as the real numbers.



2 Lecture 2: algebra in C

2.1 Real and imaginary parts

Definition 2.1. If z = x + yi € C, we call the real number = the real part
of z and denote it Rez. We call the real number y the imaginary part and
denote it Im z.

Warning: the imaginary part is y, not yi. For example, Im(7 + 9¢) = 9.

2.2 Algebraic properties of the complex product
Lemma 2.2. The product on C is unital. In fact, 1z = z = z1 for all z € C.

Proof. Write z = x +yi = 21 + yi. We have 1z = 1(x1 + yi) = 2(1)? + y(1i) =
xl + yi = z. Similarly, z = z1. O

Lemma 2.3. The complez product is commutative (z122 = z221) and associative
(2122)253 = 2’1<ZQZ3).

Sketch of proof. Use the distributive law to convince yourself that if these prop-
erties are true when z1, zo and z3 are all equal to 1 or ¢ then they are true always.
We have 1i = il: this gives commutativity. We have 1(1i) = i = (12)i, and we
can check seven more equations of the same kind. These give associativity. [

Remark. A more conceptual method of proof is to observe that C with its com-
plex product can be identified with a structure that is manifestly commutative
and associative. This is indeed possible: let R[z] denote the set of all formal
polynomial expressions with real coefficients, ag + a1z + - -- + aqz?. We can
add and multiply polynomials in the ‘obvious’ way, and the multiplication is
associative and commutative. Now let R[x]/(2% + 1) denote the same polyno-
mials, now written [ag + aix + - - - + agz?], but now a polynomial of the form
f(x)(z? +1) counts as 0: [f(z)(z? +1)] = [0]. Add and multiply as before. We
can identify C with R[z]/(2? 4+ 1) by mapping 1 € C to the polynomial [1], and
i to [z]. Note that [2?] = [(z* + 1)] + [-1] = [0] + [-1] = [-1].

Let’s look at C with the structure we know about (most of it, anyway —I
mentioned a norm-preserving property last time, and we’ll return to that soon).
There’s addition and multiplication, and we have special complex numbers 0
and 1. In fact, C is an example of a commutative algebra over R. That means

e We have a copy of R inside C (namely, complex numbers of form x + 0i).
This copy of R is closed under addition and multiplication', and these
structures are the usual ones for R.

e Addition in C is associative and commutative: (z1+22)+23 = 21+ (22+23),
and z1 + 29 = 29 + 21.

e ( is neutral for addition: z +0 = z.

INot true of the imaginary line iR.



e Multiplication is associative and commutative: (z122)z3 = 21(2223)
e 1 is neutral for multiplication: 1z = z.

e 0z=0.

e Addition distributes over multiplication.

Other algebraic properties follow from these, e.g. (—1)z 4 z = 0.

2.3 Complex conjugation

Definition 2.4. The conjugate of the complex number z = = + yi is the
complex number Z = z — yi. Complex conjugation is the function C — C given
by z — Z.

Complex conjugation C — C is a sensible thing to write down because it’s a
symmetry of C as a real commutative algebra. That is, it respects addition and
multiplication, 0 and 1, and it does nothing to the copy of R inside C.

. ’ 21+ 29 =21+ 22, Z122 = 2122

el1=1, 0=0.
e If e RCC then z = .

These are easy to check. For instance,

z122 = (z1 + y18) (T2 + yoi) = (172 — Y1y2) + (v1y2 + T2y1)i
= (172 — y1y2) — (T1Y2 + T2y1)i
= (71 — y19) (T2 — Y2i)
= Z1%29.
Notice also that ) .
Rez = 5(2 +2), Imz= —%(z - 2z).

Now we come to an absolutely crucial property of complex conjugation—one
you must learn to use with great frequency! First a definition:

Definition 2.5. For z = x + yi, write |z| = /22 + y? € R>o. We call |z| the
norm or modulus (two other names are length or magnitude) of 2.

Geometrically, if we think of z as a point (z,y) € R?, |2 is its distance from
the origin.
Here’s the key property:

Indeed, 22z = (z + yi)(x — yi) = 2% + 3 = |2]2.
I’ll call this the z-z-bar identity. Here’s a first example of the z-z-bar identity
in use:



Lemma 2.6. The product on C is norm-preserving: |zw| = |z||w].

Proof. We have

lzw|? = (2w)ZW = zwzw = 2Zww = |z|*|w|*.

Taking non-negative square roots we deduce that |zw| = |z| |w]. O

2.4 Reciprocals

In a real commutative algebra, a reciprocal for an element z is an element z~!
such that 27!z = 1. Only non-zero elements can have reciprocals, since w0 = 0
for any w. In general, z might not have a reciprocal, but it if has one it’s unique:
say wz = 1 and w'z = 1; then w = 1w = (W'2)w = w'(zw) = W'l = w'(wz) =
w'l=w'.

Proposition 2.7. If z=x +yi € C, z # 0, then the complex number

is a reciprocal for z (we denote it by z~! or 1/z).

Proof. By the z-z-bar identity, we have

11,

O

A real commutative algebra in which every non-zero element has a reciprocal
is called a field, or more precisely, an extension field of R to emphasize that it
contains the real numbers. So C is an extension field of R.

Example 2.8. We have i1 =i/|i|? = (—i)/1 = —i.

Example 2.9. Let’s compute (1 +i)~1. We have |1 +i|?> = 2,80 (1 +4)"! =
(1—i)/2 = (1/2) - (1/2)i.

Example 2.10. Let’s compute (z +4)~!, assuming z = x + yi # i. We have

z+i2=(+)z+i)=(+)(z+i)=(+i)(z-i)=22—i(z—2)+1=
22 +y? -2y +1. So

1 zZ—1 T —y—1

z4+i  zZ2—i(z—2)+1 :x2+y2—2y+1+x2+y2—2y+1l'

Advice when doing algebra with complex numbers. It is possible but inadvis-
able to do calculations such as the last one by immediately writing z = = + iy
and working with x and y. By doing so, you lose all the power of the complex
number system. It’s much better to work with z itself until just before the
end. In this example, the methods aren’t too different, but as we continue, the
difference between the methods will become large.



2.5 Ordering

There is one important structure which is available in R but not in C. Namely,
in R we have a notion of inequality <, and for any x, y in R, exactly one of
three options holds: x < y; y < x; or © = y. Moreover, if 1 < 22 and 2 < 23
then 1 < x3. Such a notion < is called a total order. It’s possible (exercisel)
to find a total order on C.

But it turns out that any such order will behave badly from an algebraic
point of view. In R, < is ‘compatible with addition and multiplication’:

(i) fzx<ythenzx+ 2z <y+z
(i) If 0 < z and y < z then zy < zz.

If we ask for an ordering of C which is compatible with addition and multipli-
cation, we run into a contradiction: since i # 0, we must have either 0 < ¢ or
i < 0. Say 0 < i. Then by (ii) we have 0> < i2, i.e., 0 < —1. This implies
that 0 < 1 (using (ii)) and that 1 < 0 (using (i)), but only one of these two
possibilities is allowed—a contradiction. If 0 < 7 we find similar trouble.

Upshot: there isn’t an algebraically-sensible ordering of C. Don’t write
z < w for complex numbers z and w, unless they happen to be real.

3 Lecture 3: Geometry of C

Warning: these notes are woefully lacking in pictures. Almost everything in
them should have an accompanying picture!

A complex number z = x + yi has cartesian coordinates (z,y) € R2. Its
distance from the origin is |z| = /22 +y? > 0. For z and w in C, the real

number |z — w| represents the distance between them.
Example 3.1. The solutions to the equation
|z —i| =2

are those complex numbers z whose distance from i is 2 (a circle). We can write
out this equation as

d=lz—i*=(z—i)(z—i) =22 —1+i(z—2) = (2 +y* + 1) — 2y,

ie., 22 +y? — 2y = 3, or 22 + (y — 1)? = 4, which would be the more familiar
way to represent this circle.

Example 3.2. Problem. Identify geometrically the locus of complex numbers
z whose distance from 0 is 3 times their distance from i. Solution: these are the
solutions to

|z — i = 3]z].

Squaring and using the z-z-bar identity, we get the equivalent (why?) equation

zZ—iz4+1z+1=9zz,



i.e.,

i 1
z+ -(2—2)—=-=0.
2z 8(z 2) 5
Now ‘complete the square’, writing this equation as
i 11
TRl T8 e
ie. )
n i 9
z4+-| =—
8 64

which represents a circle, center —i/8, radius 3/8.

3.1 Polar coordinates

Let C* = C\ {0}. On C* we have polar coordinates (r,§), where r € R and
0 € R mod 27Z. Notice that r = |z|, the modulus of z. The angle 6 is called
the argument of z, and denoted arg z. It is measured counterclockwise from the
real, positive axis.

Note: By Z, I denote the integers. The notation R mod 27Z means the sys-
tem of real numbers, modified so that two real numbers are considered identical
if they differ by an integer multiple of 2.

In the following examples, the argument is evident from a picture:

Example 3.3. argi = [r/2] (by the square brackets, I emphasize that we are
working modulo 27; we also have argi = [—2467 + /2], for instance).

Example 3.4. arg(—1) = [n].
Example 3.5. arg(1 — i) = [37/4].

Example 3.6. We have arg(z) = —arg(z) and |z| = |2|. (Complex conjugation
is reflection in the real axis.)

The relation between the cartesian and polar coordinates on C* is as follows
(let z = z 4 yi):
x=rcosf, y=rsiné.

In the other direction,

r=|z|=+va?+y? tanf =y/x € [—o0,0].

Warning: If arctan(a) denotes the unique solution ¢ to tan¢ = a with ¢ €
(=7/2,7/2) and = > 0 then we have § = arctan(y/z). But if < 0 this can’t
be right. I recommend that you find # by drawing a picture and thinking it
through, not by memorizing a formula. What is definitely true is that if you
know rcos @ and rsin@ (for > 0) then 6 is uniquely determined.

So: for z € C*, we have

z=x+yi=r(cosf +isind).



3.2 De Moivre’s theorem

We know that |z1||z2| = |z122|: that is, the modulus multiplies when you multi-
ply complex numbers.

Theorem 3.7 (‘argument adds’). For z1, zo € C* we have

arg(z122) = arg(z1) + arg(z2).
Proof. Write r1 = |z1], 72 = |22|, [01] = arg 21, [f2] = arg z2. Then

2122 = r1(cos 01 + isin 61)ro(cos O + isin O)
= r1ra [(cos 61 cos @y — sin 6 sin f3) + i(cos 61 sin O3 + sin 6, cos 63)]
= rirg[cos(01 + 02) + isin(6y + 62)],

using the angle-addition formulae for sine and cosine. Hence [01+602] = arg(z;122).
O

In particular, if |z| = 1 then multiplying a complex number by z rotates it
counterclockwise by arg z. For instance, multiplication by i is rotation by w/2.

If we don’t assume |z| = 1, then multiplying by z means you first rotate by
arg z, then you scale by |z|.

Corollary 3.8 (de Moivre’s theorem). For each n € Z, we have
(cos @ +isin @)™ = cosnb + isinnb.

Proof. Case 1: n > 0. We reach (cosf + isin#)™ by starting at 1 and then
rotating by 6, n times. So we rotate overall by nf. Thus (cosf + isinf)".1 =
(cosnf + isinnd).1.

Case 2: n = 0. We define 20 = 1 for each z € C*. So when n = 0, de
Moivre’s theorem says 1 = cos 0 + 4 sin 0, which is correct.

Case 3: n < 0. Write n = —p. By definition,

(cos@ +isin @)™ = [(cos @ + isin g)p]—l 7

which by case 1 is
[cos pf + isinpf] " .

1

This is the reciprocal of a complex number z with |z| =1, s0 27+ = Z, i.e.,
[cos p0 + i sinpf] " = cos pf — i sin ph = cos nf + i sinnd.
So the formula checks. O



3.3 Roots

We can use the ‘argument adds’ theorem to solve the equation

2" =1
for each positive integer n. For any solution z, we must have |z|* = 1, so
|z] = 1; and we must have [nargz] = [0], i.e., nargz = 27k for some k € Z. So

arg z = 2wk /n. Modulo 27, the possible arguments are
0, 2n/n, 3w/n,...2r(n —1)/n.
So the n solutions are

2mj 2j
COSﬂ+iSinﬂ, 7=0,...,n.
n n

Example 3.9. The cube roots of 1 are 1, cos2n/3 + isin27/3 = f% + i@,

cosdm /3 +isindr/3 = —1 —i¥3.
More generally, we can solve

2" =w

where w is given. Take § € R with [f] = argw. One solution is
0 0
z = |w|'/" (cos — +isin ) .
n n

If 2z is a solution and (™ = 1 then z( is another solution. So we have n solutions
(all different unless w = 0) given by

0 0 2m 27j
|w|1/” (cos+isin> (cosm—i—isinm>7 j=0,...,n.
n n n n

A simple case is that of square roots: the solutions of 22 = w are given by

6 6
+|w|*/? (0052 + isin 2) .

Example 3.10. For any complex numbers a # 0, b and ¢, we can solve the
quadratic equation az? + bz + ¢ = 0. We complete the square:

b c b c b b 4ac — b?
2 2 2 2
a +b+— +7 +7 =a +7 +7—7 = Qa —’—7 —’—7
@ rhETe=a (Z a” a) <(Z Qa) a 4a2> <(Z 2a) 4a? > ’

so az? +bz+c=0iff (2 + %)2 = %. Knowing how to take complex square

roots, we arrive at the usual quadratic formula,

L —b+Vb% — dac
n 2a '

10



Theorem 3.11 (‘fundamental theorem of algebra’). Take a polynomial p(z) =
agz®+ag_12*+ - +ag, where d > 0 and ag # 0 (i.e., p has positive degree d).
The coefficients a; are complex. Then there is a complex number z, such that
p(z1) = 0.

We'll prove the theorem later in the course. We can factor out z — 27, writing
p(z) = (2 — 2z1)q(z) where ¢ is a polynomial of degree d — 1. If d — 1 > 0 we can
then find a root of ¢, and repeat the process. So we deduce that

p(z) =a.(z—2z1)(z — 22) - (2 — z4).

Corollary 3.12 (Gauss). Let f(z) = agz®+---+ag where a; € R, aq # 0 and
d>0. Then f = g-h, where g and h are real polynomials and g is either linear
(9(z) = x — 1) or irreducible quadratic (g(x) = x? + bz + ¢ with b* — 4c < 0).

Proof. Regard f as a complex polynomial function f(z) whose coefficients hap-
pen to be real. By FTA, it has a complex root z;. If z1 is real, we’re done.
Notice that z; is again a root, since

0=f(21) = agzf + -+ +ag=aqz{ + - +a = aqZi + -+ + ao.
So if 21 is not real then (z — 21)(z — Z1) is a factor of f(z). We have
(z—21)(z — 21) = 22 — 2Re(21)2 + | 21|

Writing b = —2Rez; and ¢ = |21]?, we have b? — 4c = 4((Re21)? — |1]?) =
—4(Im 21)2 < 0. O

11



