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1 Classification problems in differential topology

1.1

Smooth manifolds and their classification

The central problem addressed by differential topology is the classification, up to diffeomorphism, of
smooth manifolds. An ideal solution would look like this:

)

2)

3)

4

1.2

We can write down a collection {X;};e; of smooth connected manifolds of a particular dimen-
sion (perhaps satisfying some other constraints, such as compactness or orientability), which
represents all diffeomorphism types without any redundancy.

When someone hands us a description of a manifold M, we can decide to which of the standard
manifolds X; it is diffeomorphic by computing certain invariants. If M is described by a finite
set of data—such as a set of polynomial equations with rational coefficients—we can ask for an
algorithm for this determination.

When someone hands us two manifolds, M and M’, we can compute invariants that decide
whether or not they are diffeomorphic (again, there is an algorithmic version of this statement).
We understand what kinds of families of manifolds, all diffeomorphic to a fixed manifold M,
are possible. For instance, we understand the homotopy type of the topological group Diff M of
self-diffeomorphisms. (This problem is less precisely defined than the others.)

Dimensions 2 and 3

For compact smooth surfaces, complete solutions are available. The first invariant is orientability, and
we state the solution only in the oriented (and connected) case:

)

(2,3)

4)

For each integer g > 0, there is a standard surface ¢, which can be described—for instance—as
the connected sum of the sphere S and g copies of the 2-torus 77.

The Euler characteristic x(M) is a complete invariant of M. It can be computed algorithmically

from any reasonable description—for instance a polyhedron underlying the topological space M ;

or from an atlas such that all multiple intersections of charts are contractible or empty; or from
the monodromy data describing M as a Riemann surface with a holomorphic map to S%. One
has y(M) =2 — 2g.

[7] We describe the groups Diff™(3,) of orientation-preserving self-diffeomorphisms. The

identity component is denoted by Diff"(3,), and the group of components (the mapping class

group) is T Diff+(§]g).

(a) The inclusion SO(3) — Difft(5?) is a homotopy equivalence.

(b) Writing 7> = R?/Z2, the inclusion 7% — Diff"(7?)y (where T? acts on itself by trans-
lations) is a homotopy equivalence, while g Diff *(T?) = SLy(Z) (via the action of the
mapping class group on H{(T?;Z) = 7?).

(c) For g > 1, Diff 7 (X,)o is contractible. The mapping class group is an infinite group which
acts with finite stabilizers on a certain contractible space (Teichmiiller space).

A solution which is almost as complete is known for the far more intricate case of compact 3-manifolds,
thanks to the vision of W. Thurston in his geometrization conjecture, and its realization via Ricci flow
by R. Hamilton and G. Perelman, with contributions from others. The fundamental group is, very
nearly, a complete invariant.
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1.3 Higher dimensions: limitations

In higher dimension, and in the non-compact case, the desiderata (1-4) are in general overambitious:

e A basic invariant is the fundamental group 7;(M); when one presents M as an n-dimensional
handlebody (closely related to a presentation as a CW complex) one obtains a group presentation
for m (M) (finite when M is compact). For compact manifolds of dimension n > 4, any finite
presentation of a group can arise in this way. Deciding whether a finite presentation presents
the trivial group is an algorithmically unsolvable problem; so it is not algorithmically possible to
decide simple connectivity of arbitrary compact n-manifolds encoded as handlebodies.

e The success with manifolds of dimension 2 and 3 stems from the existence (with some provi-
s0s), and uniqueness (ditto), of ‘optimal’ Riemannian metrics (metrics whose isometry group is
transitive, say). In high dimension, there is no known class of metrics for which one can expect
simultaneous existence and uniqueness, and there are strong senses in which no such class of
metrics can exist [21].

e Any attempt to handle non-compact manifolds, even simply connected ones, must deal with the
fact that there are uncountably many diffeomorphism-types. (There are only countably many
compact diffeomorphism types.)

1.4 Higher dimensions: revised goals

Focus on the compact case. Assume there is an isomorphism 7 (M) = G with some standard group
G. Most basic is the simply connected case, where one assumes 71 (M) trivial, and we shall do that
henceforth.

In some cases, such as that of simply connected compact 5-manifolds [1], or homotopy n-spheres for
(conservatively) 5 < n < 18 [11], solutions to (1-3) are available.

In a much wider range of cases, the framework of surgery theory (e.g. [13, 14]) gives conceptual
answers to the following questions:

(a) Given the homotopy type of a finite CW complex (simply connected, say), when is it realizable
as the homotopy type of a compact manifold of prescribed dimension n > 5?

(b) Given a compact, simply connected n-manifold M, what are the diffeomorphism types of
manifolds homotopy-equivalent to M ?

Surgery theory also has something to say about problem (4), but I will not discuss that.
The solution to (a) takes the following form:

To be realizable by a compact n-manifold, a simply connected homotopy type must be a Poincaré space
of dimension n (that is, its (co)homology satisfies Poincaré duality); it must admit a tangent bundle
(that is, a rank n vector bundle T related in a certain way to the underlying homotopy type); and when
n is a multiple of 4, T must obey the Hirzebruch index theorem (this amounts to the vanishing of a
certain integer invariant; there is a related vanishing condition in 7./2 when n is 2 mod 4).

The solution to (b) is closely related to that of (a): one enumerates possible tangent bundles 7'; for each
of them, there is a finite set of possible manifolds, which can be understood via ‘surgery obstructions’.
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1.5 4-manifolds
The greatest mystery in differential topology is the following broad question:

Question 1.1 What is the classification of simply connected, compact, 4-dimensional smooth mani-
folds?

It turns out that a 4-dimensional simply connected Poincaré complex, up to homotopy equivalence, can
be neatly encoded in a unimodular matrix, that is, a b x b symmetric matrix Q (for some b > 0) with
integer coefficients and determinant 1. These matrices are to be considered up to integral equivalence,
meaning replacement by M QM for M € GLy(Z). The integral equivalence class of matrices is called
the intersection form, since—in the case of a smooth 4-manifold X—it encodes algebraic intersection
numbers of oriented surfaces embedded in X.

The more precise version of the question is this:

Question 1.2 (i) Which unimodular matrices Q arise as intersection forms of compact, 4-dimensional
smooth manifolds?

(ii) How can we enumerate the diffeomorphism-types of 4-manifolds representing a given Q ?

Freedman [8] showed, in epochal work from the early 80s, that the classification of simply connected
compact topological 4-manifolds, up to homeomorphism, is precisely the same as that of the underlying
homotopy types, save for a subtlety concerning a Z /2 -valued Kirby—Siebenmann invariant (see Theorem
8.3).

In the smooth category, the existence of a tangent bundle imposes a mild constraint on Q:

Theorem 1.3 (Rokhlin) Suppose X is a simply connected 4-manifold whose intersection form is
represented by a matrix Q with even diagonal entries. Then the signature of Q (the number of positive
eigenvalues minus the number of negative eigenvalues) must be divisible by 16.

Divisibility by 8 is true as a matter of algebra.

In the early 1980s, S. Donaldson, then a graduate student, discovered a more drastic constraint [5]:

Theorem 1.4 (Donaldson’s diagonalizability theorem) Suppose X is a 4-manifold whose intersection
form is positive-definite. Then the intersection form is represented by the identity matrix.

The proof used gauge theory, namely, analysis of a moduli space of solutions to a non-linear PDE with
gauge symmetry, the instanton equation.

In subsequent years, 4-manifold invariants (Donaldson or instanton invariants) were developed which
showed that there can be infinitely many diffeomorphism-classes of smooth 4-manifolds within one
simply connected homotopy type (or equally by Freedman, homeomorphism type).

In 1994, Witten [22], building on his joint work with Seiberg in string theory, introduced a new pair of
equations, the Seiberg—Witten (SW) equations, with 4-dimensional gauge symmetry. These equations
are a little harder to grasp than the instanton equations, but are in fact much more convenient—in
particular, their spaces of solutions have stronger compactness properties. In a flurry of activity, the
mathematicians who had been working on instantons switched their attention to the SW equations.
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Not only could they rapidly re-prove the known results (such as the diagonalizability theorem), they
obtained many new ones. Over the subsequent decade, the SW equations led to huge progress on
4-manifolds, on the geometry of complex surfaces, and on symplectic 4-manifolds. This course will be
an introduction to those ideas.

Around the year 2000, Floer theoretic invariants for 3-manifolds were introduced, based on the SW
equations (monopole Floer theory [12]) or on an equivalent formulation in symplectic topology (Hee-
gaard Floer theory [?]). Such methods have led to progress in contact geometry, most spectacularly
the Weinstein conjecture in dimension 3 [?], in the relations of knot theory to 3-manifold topology via
Dehn surgery (e.g. [?]), and even on an old problem in high-dimensional topological manifold theory
[?]. There is a whole constellation of related theories (monopole, Heegaard, instanton, etc.), but for
several major results the only known proofs go via SW theory itself.

Known results give an answer to (i) which is nearly, but not quite, complete. As for (ii), SW invariants
distinguish many diffeomorphism-types, but we do not know when they are complete invariants, and
we do not have a way to capture all diffeomorphism-types within a homotopy type. A solution to (ii)
will need truly new ideas.

This course

For the first few weeks, we will study background on 4-manifolds and in differential geometry. We will
then carry out the analysis of the SW equations that forms the foundation for the theory. We then turn
to applications to 4-manifold topology and to symplectic geometry.
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2 Review: The algebraic topology of manifolds

2.1 Cup products

If X and Y are CW complexes, their product X x Y is again a CW complex (its cells are products
of those from X and from Y). The cellular cochain complexes (with Z coefficients) are related by a
Kiinneth isomorphism

C*(X x Y) = C*(X) @ C*(Y)

(map of cochain complexes). The diagonal map A: X — X X X , x — (x, x) is not cellular (it does not
map the k-skeleton to the k-skeleton), but it can be homotoped to a cellular map &, which induces a
map of cochain complexes

0" C*"(X x X) — C*'(X).

Composing, one gets a cochain map
U: C*(X) ® C*(X) = C*(X x X) s C* ().
On cohomology, this defines the cup product
U: H*(X) @ H*(X) — H*(X),
which is in fact an invariant of X (since it can be realized invariantly in the singular cohomology), and is

associative and graded-commutative (i.e. xUy = (—1)‘x||y | yUx). This makes H*(X) a graded, graded,
unital, commutative ring (e.g. [15]).

The snag with this construction is that the homotopy from A to § makes the cup product non-explicit.
One can instead work with singular cochains, in which case there is no need for such a homotopy, but
the Kiinneth isomorphism becomes more cumbersome.

For geometric and computational purposes, it is useful to have more transparent models of the cup
product. In the case of smooth manifolds, several such models are available:

e Cech cohomology (in which cup product is given by an explicit formula, and which in the case
of compact manifolds is finite and built from essentially combinatorial data);

e De Rham cohomology (in which cup product is realized as wedge product of forms);

e Oriented submanifolds (when available) and Poincaré duality, for which cup product corresponds
to intersections of transverse representatives.

We shall discuss the first two now, and the third after reviewing Poincaré duality.

2.1.1 Cech cohomology

Any open covering of a manifold M admits a refinement which is a good covering U = {U,}i¢s, that
is, a locally finite covering by open sets U; such that for every J C I, the intersection U; := ﬂje U
is either empty or contractible. Any two good coverings admit a common refinement, hence a common
good refinement. One can demonstrate the existence of good coverings refining given coverings by
either of the following methods: (i) embed M in R", and consider intersections with M of very small

balls in RY, centered at points of M; or (ii) via geodesic balls for a Riemannian metric.

Take an open covering U = {U,}ic;. Define a k-simplex to be an injection o: {0, 1,...,k} — I such
that Uy (0),... o(k) 1S non-empty; let Si be the set of k-simplices. For 0 < i < k, define 0;: Sy — Si—1
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by saying that 0,0 is the result of deleting o (i) (i.e., 0;o(j) = o(j) for j < i while 0,0(j) = o(j+ 1) for
j=>1i). The Cech complex, with coefficients in the ring A, is the sum C*(X, W;A) = Do Ck(X, U;A)
where -
Cix,wA) = A
Sk

It comes with the differential §: C¥ — C*T!, given by
k

Em(e) =Y (~D)F'n@d0).
i=0

One has 6 o § = 0; we write H*(M, U, A) for the resulting cohomology groups. A refinement of U to
another covering 'V results in a chain map C*(M, V;A) — C*(M,U;A), which is a quasi-isomorphism
provided that both coverings are good. It follows that H*(M;A) = H*(M,U;A) is independent of the
good covering U. In fact, C*(X,U;A) is quasi-isomorphic to the singular cochain complex S*(X;A)
(as one can see the fact that both are acyclic resolutions of the constant sheaf [20]).

The formula for the cup product on the Cech complex is as follows: for a € C% and 3 € C?, one has
a U B € ¢’ in a notation which I hope is self-explanatory,

(U B)(0) = a( beginning(o)) - B(end(0)).

(Graded commutativity on cohomology is not manifest in this model!)

2.2 De Rham cohomology

The de Rham complex Q2*(M) is the differential graded algebra (DGA) formed as the direct sum of the
vector spaces QX(M) of k-forms. It has the differential d, the exterior derivative. The wedge product
of forms Q4(M) x QP(M) — Q4FTP(M) is associative and graded-commutative, and d is a derivation.

The relation between Cech and de Rham can be understood through the total complex of a double
complex which contains both C*(M,U;R) and Q*(M), namely, the Cech—-de Rham complex D* =
Tot é‘*(M ; Q2°(M)) [3]. The outcome is that there is a complex D* and a pair of canonical chain maps

C*(M,U;R) —s D* «— Q*(M),

both quasi-isomorphisms; hence H*(M;R) = H} (M) canonically (and in fact, naturally with respect
to smooth maps). There is a product on D* which is respected by the two quasi-isomorphisms, so
H*(M;R) = Hjp(M) as R-algebras.

2.3 Poincaré duality

2.3.1 The fundamental homology class

Two basic features of the algebraic topology of topological manifolds X (of dimension n) are the
following theorems:

Theorem 2.1 (seee.g [15])

'Over Z, or indeed Z/p, no such functorial commutative DGA is available for computing cohomology; the
Steenrod squares obstruct it.
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(i) Vanishing: One has Hy(X) = 0 for k > n, and also for k = n when X is connected but not
compact.

(ii) Fundamental class: One has H,(X) =2 7 when X is compact, connected and orientable.

In the closed, orientable case, a choice of orientation for X determines a generator [X] for H,(X), called
a fundamental class. For an orientation-preserving homeomorphism f: X — Y, one has f,[X] = [Y];
when f reverses orientation, fi[X] = —[Y].

If X is given as a CW complex with cells of dimension < n and one cell e, of degree n, one necessarily
has Je,, = 0 in the cellular complex C.(X), with [e,] is a fundamental class.

The fundamental class defines a map H"(X;R) — R, given by evaluating cohomology classes on
[X]. In the case of smooth manifolds and de Rham cohomology, it is a fact that the evaluation map
Hpp(X) — R is the integration map fX.2

2.3.2 Cap product and Poincaré duality

Degree-reversed homology H_.(X) is a graded module over the cohomology ring, via the cap product
N: H'(X) @ Hj(X) = H;(X).

In cellular (co)homology, this is defined via the cellular approximation ¢ to the diagonal A: X — X xX:

N: C*X) © Co(X) 2% o (x) @ C.(X) © C.(X) 229 ¢, (x).

If f: X" — Y™ is a smooth map of manifolds, and X is closed and oriented, then the resulting map
“NflX]: HRp(Y) — HRR(Y) = R is given by

[n] NflX] = /f*n
X
for n € Q*(Y) with dn = 0.

The Poincaré duality theorem [15] says that for X a closed and oriented topological manifold of
dimension n, the map

Dy =-NI[X]: H'(X) = Hy—«(X)
is an isomorphism.

We shall write DX for the inverse isomorphism.

2.3.3 Intersection of submanifolds

Suppose that X", Y*7 and Z"" 7 are closed, oriented manifolds, and f: ¥ — X and g: Z — X a pair
of maps. We then have cohomology classes
cy = DX(AIYD) € H'(X), ¢z = D¥(g.[Z]) € HI(X),
and a cup product
cy Ucz € HPT9(X).

This has the following geometric interpretations: let f* be a map homotopic to f and transverse to g,
meaning that whenever f(y) = g(z) = x, say, one has 7,X = Df'(T,Y) + Dg(T.Z). Such an f’ always

*To prove assertions such as this one, it is helpful to generalize them to the non-compact case. For that purpose
one must work with compactly supported cohomology and compactly supported differential forms.
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exists, according to standard transversality theory. Then the fiber product P = Yy X, Z is naturally a
closed, oriented manifold of dimension n — (p + ¢), equipped with a map ¢ = (', g): P — X. This
defines a class

cp = D¥(¢u[P]) € H'T(X),

and one has
cp =cy Ucy.

In particular, when f and g are embeddings, P is their intersection, and ¢ its embedding in X.

Intersection of submanifolds gives a geometric realization of the cup product, but it has a limitation:
not every homology class is representable by a submanifold, or even by a smooth map from another
manifold. Codimension O classes, ¢ € H"(X), are representable by maps from a manifold (several
disjoint copies of X)), but not embedded submanifolds. Two important classes of homology classes that
are realizable by embedded submanifolds are the following:

e Codimension 1 classes, elements of H,_;(X) = H'(X). Indeed, the map X,S'1 - H'(X;Z)
sending the homotopy class of f: X — S! to f*w (where w € H'(S') is a generator) is bijective.
The Poincaré dual to f*w is represented by a hypersurface H; = f~!(¢), where ¢ is a regular
value (the normal bundle to H, is identified with 7,S', hence is oriented; this, with the chosen
orientation of TX, determines and orientation for H,).

e Codimension 2 classes, elements of H,_»(X) = H?*(X). Indeed, the map [X,CP*®] — H?*(X)
sending [f] to f*c is bijective: here ¢ € H>(CP>) = Z is the generator which restricts to
the point class in H>(CP') = Hy(CP')). One can represents the homotopy class f by a map
g: X — CPV for a finite N; then f*c is Poincaré dual to g~!(D), where D is a hyperplane in
CP" to which g is transverse.

In both these cases, the bijectivity of the relevant map is an instance of the bijection H"(X) =
[X, K(Z,n)], where the Eilenberg—MacLane space K(Z,n) is characterized as having vanishing ho-
motopy groups mK(Z,n) (k > 0) except that 7,K(Z,n) = Z. The circle S' is a K(Z, 1), since its
fundamental group is Z and its universal cover is contractible, while CP*> is a K(Z,?2) (it is simply
connected, so my = Hy = 7Z by Hurewicz; higher homotopy groups vanish by the exact sequence of
the fibration ST — $*V*1 — CPV).

Codimension 3 classes are not realizable, in general, as discovered by R. Thom [19] For instance, the
10-dimensional compact Lie group Sp(2) has cohomology H*(Sp(2)) = A[x3,x7], the exterior algebra
on generators of degrees 3 and 7. The class x3 is not realizable by an embedded submanifold [2].
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3 The intersection form

4 The cup product in middle dimensional cohomology

Suppose that M is a closed, oriented manifold of even dimension 2x. Its middle-degree cohomology
group H"(M) then carries a bilinear form, the cup-product form,

H'M) x H'M) - Z, (x,y)+— x-y:=eval(xUy, [M]).

The cup product x U y lies in H*"(M), and eval denotes the evaluation of a cohomology class on a
homology class.

The cup-product form is skew-symmetric when # is odd, and symmetric when r is even.

Lemma 4.1 x -y is equal to the evaluation of x on DxYy.

Proof Under the isomorphism Hy(X) = Z sending the homology class of a point to 1, one has
x-y=@@UyNXI=xNNIXD= (x,Dxy). =

As we saw in Lecture 2, the cup product, when interpreted as a pairing on homology H,(M)xH,(M) — Z
by applying Poincaré duality to both factors, amounts to an intersection product. Concretely, if S and S’
are closed, oriented submanifolds of M, of dimension » and intersecting transversely, and s = DM[S],
s’ = DM[S'], then

xesNs’
where ¢, = 1 if, given oriented bases (ej,...,e,) of T,S and (¢},...,¢)) of T,S', the basis
(e1,...,en,€,...,e,) for TyM is also oriented; otherwise, e, = —1.

Notation: For an abelian group A, we write
(1) A= A/Ators
for the largest torsion-free quotient of A.

The cup product form necessarily descends to a form on the free abelian group H"(M)'. We shall denote
the latter form by Qy,.

Proposition 4.2 The cup-product form Qy; is non-degenerate, i.e., the group homomorphism
H'"(M) — HomH"(M"),Z), x+ (yr>x-Y)

is an isomorphism.

Proof By the lemma, an equivalent assertion is that evaluation defines a non-degenerate pairing of the
torsion-free quotients H"(X)' and H,(X)'. This is true as a matter of homological algebra: it is a weak
form of the cohomological universal coefficients theorem. |

If we choose an integral basis (e1, . .., e,) of H"(M)', we obtain a square matrix Q of size b x b, where
b = b,(M), with entries Q;; = ¢; - ¢;. It is symmetric or skew symmetric depending on the parity of n.
Non-degeneracy of the form Q is equivalent to the unimodularity condition det Q = +1.
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Proposition 4.3 Suppose that N is a compact, oriented manifold with boundary M, and i: M — N
the inclusion. Let L = imi* C H"(M;R). Then (i) L is isotropic, i.e., x -y = 0 for x,y € L; and (ii)
dimL = 1 dim H"(M;R).

Proof (i) We have i*u - i*v = eval(i*(u U v), [M]) = eval(u U v,i,[M]). But i,[M] = 0, since the
fundamental cycle of M is bounded by that of N.

(i) (I follow the proof in [15].) There is a commutative diagram with exact rows as follows:

i*

H"(N;R) H'(M;R) —% B (N, M;R) -~ H"\(N;R) — > - - .

lDN iDM Dl iDN

s Hy (N, M R) 2= H(MR) — = H,(N;R) ——= Hy(M,N:R) — - --

The top row is the cohomology exact sequence of the pair (N, M), the bottom row the homology exact
sequence of the same pair; and the vertical maps are duality isomorphisms: Dj, is Poincaré duality, the
remaining vertical maps Poincaré—Lefschetz duality (which we have not reviewed). Fix a complement
K to L in H"(M;R). We shall show that dim K = dim L.

From exactness of the top row, we see that L = ker §, so K =2 im§ = kerg. But ker g = kerp = im ,,
so K = imi,. Real cohomology is dual to real homology, and i* is dual to i,. Thus imi* is the
annihilator of keri,, and dimim* = dimimi,, i.e. dimL = dimK. O

4.1 Symmetric forms over R

We concentrate now on the case where 7 is even, so Oy is symmetric.

Definition 4.4 A unimodular lattice (A, o) is a free abelian group A of finite rank, together with a
non-degenerate, symmetric bilinear form o: A x A — Z.

Ou 1s a unimodular lattice.

Recall that given a symmetric bilinear form o on a real finite-dimensional real vector space V, there is
an orthogonal decomposition

V=RoV oV,

where R = {v € V : o(v,-) = 0} is the radical, and where o is positive-definite on V' and negative-
definite on V. The dimensions dim V* are invariants of (V, o), and together with that of R they are
complete invariants.

We define the signature 7(A) of a unimodular lattice (A, o) to be that of A ® R, and the signature of
M to be that of Qyy.

The fact that this 7(M) is an invariant of a closed oriented manifolds (of dimension divisible by 4)
immediately gives the

Proposition 4.5 A 4k-dimensional closed oriented manifold M admits an orientation-reversing self-
diffeomorphism only if its signature vanishes.
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Theorem 4.6 (a)LetY be aan oriented cobordism between 4-manifolds X, and X, (i.e., Y is a compact
oriented 5-manifold with boundary Y, together with an oriented diffeomorphism 0Y = —X; 11 X, ).
Then X, = TX, -

(b) Conversely, if Tx, = Tx, , an oriented cobordism exists.

Proof (a) By the proposition above, the cup-product form of —X IT X, admits a middle-dimensional
isotropic subspace. It follows, as a matter of algebra, that 7(—X; II X;) = 0. But the cup-product form
Q_x,11x, is the orthogonal sum of Q_x, = —Qx, and Qx,, so 7(=X; 1 X») = 7(X3) — 7(X1).

(b) [Sketch.] It follows from Thom’s cobordism theory that the group {2; of cobordism classes of
closed oriented d-manifolds, under disjoint union, is isomorphic to the homotopy group 7. M SO(k)
in the ‘stable range’ where k is reasonably large. Here M SO(k) is the Thom space of the universal
vector bundle E SO(k) — B SO(k) over the classifying space for the Lie group SO(k). Note that the
homology group H;4x(M SO(k)) is isomorphic (by the Thom isomorphism) to H;(B SO(k)); so there
are Hurewicz maps 2y — H;B SO(k), and in particular map 4 — H4(BSO(k)) =2 Z. Thom proves
that (2; = 0 for d < 3 and that {24 — Z is an isomorphism. The signature homomorphism 7: 4 — Z
is surjective, since 7(CP?) = 1, and therefore an isomorphism. O

4.2 Characteristic vectors

Having examined Q) over R, we turn next to an aspect of its mod 2 arithmetic.

Definition 4.7 A characteristic vector ¢ for a unimodular lattice is an element ¢ € A such that
c-x=x-x mod?2 forall x € \.

Lemma 4.8 The characteristic vectors form a coset of 2A in A.

Proof Let A\ = A ®y (Z/2). Itis a Z/2-vector space of dimension d, with a symmetric pairing (-, -),
still non-degenerate. The map A — A given by z — (z,2) is Z/2-linear, and so by non-degeneracy can
be represented as (z,z) = (¢, z) for a unique element ¢ € A. The characteristic vectors ¢ are precisely
the lifts of ¢ to A. m|

Definition 4.9 A unimodular lattice (A, o) is called even if 0 is characteristic, i.e., if (x,x) is always
even; otherwise the lattice is called odd. The property of being even or odd is called the type of the
lattice.

Lemma 4.10 For any two characteristic vectors ¢ and ¢’, one has o(c,c) = o(c’, ¢’) modulo 8.

Proof Write ¢/ = ¢ + 2x. Then
o(cd,c) = o(c,c) + 4(o(c,x) + o(x,x)),

and o(c,x) + o(x, x) is even. O

Theorem 4.11 (Hasse-Minkowski) A unimodular form o on a lattice A = 7", which is indefinite
(i.e. neither positive- nor negative-definite) is determined, up to isomorphism, by its rank r, signature
T €Z,andtypet € 7/2.
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This is a deep and powerful result which we will not prove; see [18]. The key point is to find an isotropic
vector, i.e. a vector x # 0 such that o(x,x) = 0. It suffices to find an isotropic vector x in A ® Q; and
according Hasse—-Minkowski’s local-to-global principle for quadratic forms over Q, for existence of
such an isotropic vector it is necessary and sufficient that there are isotropic vectors in A ® R (to which
indefiniteness is clearly the only obstruction) and in A ® Q, for each prime p. Quadratic forms over
the p-adics Q, can be concretely understood, and it turns out that (when the rank is at least 5) there is a
p-adic isotropic vector as soon as the form is indefinite (additional arguments are needed for low rank).

Let I denote the unimodular lattice Z with form (x,y) — xy; let I = —I . Part of the statement of
Hasse—Minkowski is that, if A is odd and indefinite, it is isomorphic to a direct sum
rly @ sl_

for suitable r and s. To prove this, one uses an isotropic vector to find an orthogonal direct sum
decomposition A =1, & 1_ @ A’. Then I, & A’ and I_ & A’ have lower rank than A, and both are
odd. One of them is indefinite, so one can proceed by induction on the rank.

The classification of odd indefinite unimodular forms has the following

Corollary 4.12 In any unimodular lattice, any characteristic vector ¢ has o(c,c) = 7 mod 8. In
particular, the signature of an even unimodular lattice is divisible by 8.

Proof The form rl; & sI_ has characteristic vector ¢ = (1,..., 1), for which one has ¢ = 7. Thus
for any characteristic vector one has ¢> = 7 modulo 8. By the classification, the corollary holds for
odd, indefinite unimodular forms. We can make any unimodular form odd and indefinite by adding 7
or I_, which has the effect of adding or subtracting 1 to the signature. If ¢ is characteristic for A then
¢ @ 1 is characteristic for A @ I+, with (¢ ® 1)*> = ¢ £ 1, so we deduce the corollary for A. O

The basic example of an even unimodular form is the lattice U = Z? with (a, b)> = 2ab. Its matrix is

ol

To classify even indefinite unimodular forms one proceeds as follows. Suppose A and A; are indefinite,
unimodular and even, of the same rank and signature. One uses the existence of an isotropic vector to
prove that A; = U@ A/ for even unimodular lattices A’. From what has been proved about the odd case,
one knows that A\ &1y ¢ 1 = A, &1 $1_, and with some work one deduces that A| U = A, @ U,
i.e.,that Ay = A,.

4.3 The Ej lattice

There is an important example of a positive-definite even unimodular form of rank 8. This is the form
Esg arising from the Eg root system (or Dynkin diagram). Start with the lattice 78 (standard inner
product). Let I C Z? be the sub-lattice formed by x € Z? with x - x even. Then Eg is formed from T
by adjoining the vector %(81 + - -+ 4 eg). Since this vector has length-squared 2, Eg is even.

Exercise 4.13 (1) Let A be a lattice in R” (with inner product inherited from R") and A’ C A a
sub-lattice of finite index [A : A’]. Show that the determinants of the matrices representing these

lattices are related by
det A = [A: A']det A'.
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(2) Show that [Z8 : T] =2 and [Es : T'] = 2.
(3) Deduce that det Eg = 1.
Eg has basis (vq,...,vg) where
vi=egp1—e¢ (1<i<6), vi=1(e1+e)— 22+ +er), vs=er+e
Onehas v, - vi =2;vi-vy=vy-v3=---=v5-v = —1; v7-vp = —1; vg-v; = 0. All the other

pairs are orthogonal. (One usually depicts this situation via the Eg Dynkin graph.)

We typically prefer to use the negative-definite version —FEg. This has basis (v, ..

., vg) and matrix

-2 1 1 1
1 =2 1
1 =2 1
1 -2 1
—Es = 1 -2 1
1 -2
1 -2 1
L I =2 ]
The direct sum
rU & s(£Ejg)

is even unimodular of rank 2r + 8s and signature +8s. By Hasse-Minkowski and the fact that the
signature of an even unimodular form is divisible by 8, we see that every indefinite even unimodular
form takes this shape.

4.4 Topological examples

It is straightforward to write down an example of a 4k-manifold with cup-product form H: one can
simply take S* x S?*. In particular, in 4 dimensions we have $? x §2.

In 4 dimensions, it is also easy to come up with an example with cup-product for 7, : one can take CP?,
with its orientation as a complex surface. One has H>(CP?) = Z, the generator ¢ being the Poincaré
dual to any projective line L C CP?. Any two such lines, L and L', if distinct, intersect positively
at a single point, so /- ¢/ = 1. We can get I_ as intersection form by taking —CP? (i.e. reversing
orientation).

Next time, we shall use characteristic classes of the tangent bundle to prove the following

Proposition 4.14 Let X be a smooth quartic complex surface in CP?. Then X has even intersection
form of rank 22 and signature -16.

Thus from Hasse-Minkowski, we deduce that X has intersection form
3U @ 2(—Ey).

It is not a simple task to write down an integral basis for H,(X), let alone to calculate the intersection
form explicitly, so Hasse—Minkowski is a convenient shortcut.
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5 The intersection form and characteristic classes

5.1 Cohomology of 4-manifolds

The homology and cohomology of a closed oriented 4-manifold look like this—the two columns are
related by Poincaré duality isomorphisms:

HX)=2=17-1 HiX)=Z=17-[X]
H'(X) = Hom((X), Z) H3(X)

H*(X) = Hom(Hy(X), Z) & Hy(X)ors. Hy(X)

H(X) Hi(X) = m(X)®

H*(X) Ho(X) =Z = Z - [point]

All these groups are determined by 7y and H?. The cohomology ring includes the cup-product form
Ox.

However, a moment’s reflection makes clear that there is further structure to consider—for instance,
the form of the cup product H' ® H> — H?>, the relation of integer to mod p cohomology, and how
the Hurewicz map m(X) — H(X) fits into the picture (according to a theorem of Hopf, its cokernel is
isomorphic to H*(Bm(X)).

In the simply connected case, the situation simplifies to the following:

HX) =72=71 Hi(X)=7=17"[X]
H'X) =0 Hy(X) =0

H*(X) ~ 7¢ Hy(X) = 74

HX)=0 Hi(X)=0

H*'X) =7 Ho(X) = Z = Z - [point].

The the cup-product form Qx on H*(X) fully determines the ring H*(X) and the module H,(X). All
mod p or rational cohomology classes are reductions of integral ones, and the Hurewicz map 7, — Hj
is an isomorphism.

Conclusion: When X is simply connected, Qy is the only (co)homological information we can find.

5.2 Characteristic classes

The next 4-manifold invariant we will study is the tangent bundle 7X — X viewed as a distinguished
rank 4 vector bundle. We look especially at its characteristic classes. While they will prove disappointing
as tools for distinguishing 4-manifolds, they are very helpful both in in computing the intersection form

Ox.

5.2.1 Stiefel-Whitney classes

(See e.g. [9].) For any finite-rank vector bundle V — X over an arbitrary space X, there are Stiefel—
Whitney classes wi(V) € H(X; Z)2), for i > 0, with wy = 1, vanishing for i > 0. The total
Stiefel-Whitney class is

w(V) =wo(V) + wi(V) + wa(V) +--- € H'(X;Z/2).
Among such assignments, they are uniquely characterized by the following properties:
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e Foramap f: Y — X, one has w;(f*V) = f*wy(V).

e wi(V)=0fori>rankV.

e wUdV)=wlU)Uw(V).

e For the tautological line bundle L — RP!, whose fiber over the line A € R? is A, one has
wi(L) #0 € H(RP;Z/2) = 7Z)2.

Short exact sequences of topological (or smooth) vector bundles over paracompact Hausdorff spaces
necessarily split, e.g. by taking orthogonal complements with respect to a Euclidean metric. Thus the
formula for W = U @ V (the ‘Whitney sum formula’) is applicable as soon as one has a short exact
sequence 0 - U - W =V = 0.

The Stiefel-Whitney classes have the following two properties:

(1) For path-connected spaces X, under the standard isomorphism H'(X;Z/2) = Hom(m(X), Z/2),
w1(V) maps to the orientation character of V. For an orientable vector bundle one therefore has
w1(V) = 0—in particular, wi(TM) = 0 for orientable manifolds M.

(2) When M is a closed, smooth n-manifold, and V has rank r, the top Stiefel-Whitney class
w(V) € H"(M;Z/2) is Poincaré dual to the class in H,_,(M;Z/2) of the zero-locus of a
transverse-to-zero section s: M — V. (Hence, in the oriented case, w, is the mod 2 reduction of
the Euler class.)

Example 5.1 We compute w(7(RP")). To do so, let V = R"t! so RP" = PV. A point of RP" is a
line A C V, and
T\PV = Hom(\, V)/ Hom(A, M)

canonically. Let L — PV be the tautological line bundle, and V — PV the trivial bundle with fiber V.
Since Hom(A, A\) = R - id}, there is a short exact sequence
0 — R — Hom(L,V) = T(PV) — 0.
We have Hom(L, V) 2 L* ® --- ® L* (n+ 1 summands).
Let H € H'(PV;Z/2) = 7Z/2 be the non-trivial element. We find
w(TPV) = (1 + HY".

Tangent bundles of 4-manifolds

Theorem 5.2 (Wu) For X a closed 4-manifold, (wf + wp)(TX) is the characteristic element of
H*(X;Z/2),ie. uUu= (W} +wa)(TX) Uu forall u € HX(X;Z/2).

Proof Thisis aninstance of Wu’s theorem about Stiefel-Whitney classes w(7X) of closed n-manifolds,
which says that Sqv = w(TX) where v = ) v; is the class which represents the Steenrod square Sq'
with respect to the cup-product form: Sqix,,_,- = v; Ux,—; [16]. When n = 4, these conditions says
that v = 1 + v; + vp; that vi = wy; and hat v, is the characteristic element. Wu’s formula then gives
W% + wy is characteristic. See J. Milnor and J. Stasheff, Characteristic classes. O

Corollary 5.3 On a simply connected, closed 4-manifold, (i) wo(TX) is fully determined by the
intersection form Qy ; and (ii) wo(TX) = 0 if and only if Qyx is even.
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The top Stiefel-Whitney class w4(7X), when evaluated on [X], counts the zeros of a vector field mod
2. Hence w4(TX)[X] is the mod 2 Euler characteristic Y(X) € Z/2: no new information beyond Qy.

Theorem 5.4 (Hirzebruch—Hopf) On a closed, oriented 4-manifold one has w3(TX) = 0.

In the simply connected case, this theorem is trivially true: H3X:Z /2) =2 H{(X;7Z/2) = 0. In general,
according to Wu’s formula and the fact that w, = v,, one has

1
w3 = Sq wa,

and Sq'x is the Bockstein operation 5 measuring whether x has a lift to Z-coefficients. Thus the
theorem says w, has an integral lift. This form will be critical to us, since existence of an integral lift
of wy is the obstruction to a Spin®-structure.

5.2.2 Chern classes

For any finite-rank complex vector bundle £ — X there are Chern classes c;(E) € H*(X;Z),i>0,
co = 1, vanishing for i > 0. The total Chern class is c(E) = 1 + c1(E) + c2(E) + - - - € H'(X).
They are uniquely characterized by the following properties:

e Foramap f:Y — X, one has ¢;(f*E) = f*ci(E).

e ¢i(E)=0fori>rankE.

o c(E®F)=c(E)Uc(F).

e For the tautological line bundle L — CP' (whose fiber over the line A C C? is \), one has
eval(ci(L), [CP']) = —1 (here we use the complex orientation of CP").

The top Chern class c¢,(E) of a rank r vector bundle over a manifold X is Poincar’e dual to the [Z]
class of the zero-locus of a section s: X — E. In other words, ¢,(E) is the Euler class e(ERr) of the
underlying real oriented vector bundle.

Example 5.5 The Chern classes of T(CP") can be computed by a formally identical argument to the
one we used to compute w(T(RP")). The result is

«(T(CP") = (1 4+ H)"t!,
where H = —ci(L) € H>(CP") is the hyperplane class.

The topological line bundles over X form a group Pic(X) under tensor product ®—the (topological)
Picard group. The first Chern class defines a homomorphism

c1: Pic(X) = HX(X; 7).
That
ci(L1 ® L) = c1(Ly) + c1(Lp)

is clear (when X is a manifold, which includes the ‘universal’ case CPV) from the zero-locus interpre-
tation.

Theorem 5.6 c¢;: Pic(X) — H*(X;Z) is an isomorphism.
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Proof Both Pic(X) and H?(X;Z) are homotopy classes of maps to CP>, a space which is simulta-
neously the classifying space BU(1) for line bundles and the Eilenberg—MacLane space K(Z,?2). The
universal line bundle L — B U(1) is the tautological bundle L — CP*°, whose Chern class ¢{(L) = —H
is also the universal degree 2 cohomology class. a

Theorem 5.7 For a complex vector bundle E — X regarded as a real vector bundle Eg, wy;(ER) is
the mod 2 reduction of c;(E) while wyi1(Er) = 0.

Proof We have w(Egr @ Fr) = w(Er)W(FRr), and c(E ® F) = c(E)c(F); thus the two assertions are
compatible with direct sums. They are also compatible with pullbacks. By the splitting principle [16],
any complex vector bundle is the pullback of a sum of line bundles. Thus it suffices to treat the case
of a complex line bundle. But then it suffices to treat the case of the universal line bundle, i.e. the
tautological line bundle A — CP°°. One has w;(A) = 0, so it suffices to show that wy(\) # 0. But the
restriction of A to RP> ¢ CP?> C CP™ is the complexification ¢ ® C = ¢ @& i¢ of the tautological line
bundle ¢ — RP?. Thus wy(\)|gp = wi(£)* # 0. i

An almost complex structure J on a manifold X** is an endomorphism of TX such that J> = —id. It
makes T7X a complex vector bundle, with i acting via J. Complex manifolds are, of course, almost
complex.

An almost complex manifold (X, J) has Chern classes
ci(TX,J) € HY(X).

The top Chern class ¢,(TX,J) € H?'(X), evaluated on the fundamental class [X] to give an integer, is
(up to sign) the Euler characteristic y(X).

Example: complex hypersurfaces. Let X C CP" be the complex hypersurface cut out as F = 0
for a homogeneous polynomial F of degree d (smoothness is guaranteed if we assume that there is no
point where F' = 0 and 0;F = 0 for all ).

We recall two principles from complex analytic geometry: first, a hypersurface D in a complex manifold
M defines an invertible sheaf Oy (D), the sheaf of meromorphic functions with simple poles along D.
We can equally view this sheaf as the section of a holomorphic line bundle £p. Second, the restriction
Lp|p is identified with the holomorphic normal bundle Np, /M-

In the case of ", a holomorphic line bundle is determined by its degree (or first Chern class), since
H'(©) = 0. Thus Op:(X) = O(1)®?, where O(1) is the dual to the tautological line bundle O(—1). So
we have Ny /pn = (O()|x)®¢. Let H = ¢1(0(1)) € H*(P"), and let & = H|x. Then c(Nxpn) = 1 +dh.

From the short exact sequence 0 — TX — T(P")|x — Ny /e — 0 and the formula for ¢(TP"), we
deduce
c(TX)(1 +dh) = (1 + )",
ie,for 1 <j<n,
n+ 1)\ ;
Cj(TX) + de_1(TX)h = < ] )h]

Thus
ci(TX) = (n+ 1 — d)h,
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and (3)ur formula recursively determines the higher Chern classes. For the case of complex hypersurfaces
in P°,
cl(TX) = (4 — d)h,  c2(TX) = (d* — 4d + 6)I°.
Now, DP’[X] = dH € H*(P?), so
ex(TX)[X] = d(d* — 4d + 6).
This is just the Euler characteristic x(X), so
Y(X) = d(d* — 4d + 6).

It follows from the Lefschetz hyperplane that hypersurfaces in a projective space CP" for n > 3 are
simply connected. So b1(X) = 0. With n = 3, we then get

byX) = xX)—2=d> —4d*> + 6d — 2.

5.2.3 Pontryagin classes

The Pontryagin classes of a real vector bundle V — X are defined as follows:
pi(V) = (=De2i(V ® C) € HY(X).
They satisfy the naturality property p;(f*V) = f*pi«(V).

In the case of an oriented 4-manifold X, the only non-trivial Pontryagin class of 7X is p((TX) €
H*X)="Z.

Lemma 5.8 For a closed oriented 4-manifold X, the integer p1(TX)[X] € Z depends only on the
oriented cobordism class of X .

Proof If Y is a cobordism from X; to X», one has TY|x, = 7X; & R. Consequently p;(TY|x,) =
p1(TXy). Thus pr(TX)[X1] = p1(TY)[X1] = p1(TY)[X2] = p2(TX2)[X2]. O

Lemma 5.9 For an almost complex manifold X, one has p(TX) = (c% —20)(TX, J).

Proof Let V be a complex vector space, V its conjugate (the same space, with i now acting by the old
action of —i), and VR the underlying real vector space. Then there is a C-linear isomorphism

VRQC=VaV.
This generalizes to complex vector bundles V — X:

VRRCXVaV.
Thus

PIVR) = —c2(VR ® C) = —c2(V B V) = —c2(V) — c2(V) — c1(V)er (V).
In the case where V is a direct sum \; & - - - @ A, of line bundles, one has V = Al @ - @ A With
l; = c1(N\), one then has ¢(V) = [[(1 + £) and ¢(V) = [](1 — £), so that ¢j(V) = (—1Yc;(V). The
splitting principle [] implies that the identity cj(V) =(— l)icj(V) remains true even when V is not such
a direct sum. Hence
Pi(VR) = c1(V)? = 2¢2(V).

The lemma follows by applying this formula to V = TX. a
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Example 5.10 When X = CP”", one has ¢1(TX) = (n + 1)k and c(TX) = %n(n + K2, so
pi(TX) = —(n+ D,

In particular,
puT(CP%) = —31%.

Theorem 5.11 (Hirzebruch signature theorem) For a closed oriented 4-manifold X , one has p1(TX)[X] =
37(X).

Proof We have seen that the signature 7 defines an isomorphism {24 — Z of the cobordism group
with Z. By the lemma, X — p;(TX)[X] is another such homomorphism, so we need only compare
them for one example with non-zero signature. In the case of CP?,7=1 and p1(TX)[X] = 3. O

Example: Complex hypersurfaces We are now in a position to compute the intersection form for a
degree d complex hypersurface X; in CP>:

Theorem 5.12 For d > 2, the intersection form of X, is indefinite, and is characterized up to
equivalence by the facts that

by(Xy) = d° — 4d* + 6d — 2,
1
T(Xg) = _g(d +2)d(d - 2),
type (Xy) =d mod 2.

We already computed b>. We have p1(TXy) = (c% —20)(TX)[X4] = (4 — d*)dh?, and so 7(X) =
%pl(TX)[X] = %(4—d2)d. The type is determined by w,, which is the mod 2 reduction of ¢; = (4—d)h.

Example 5.13 A K3 surface is a compact complex surface with b; = 0 and ¢;(7X) = 0. Quartic
hypersurfaces X C P? are examples of K3 surfaces. From our formulas, we have

by(X) =24, 1(X)=—16, type(X) = even.

By Hasse—Minkowski, then,
H*(X) = 3U @ 2(—Eg).
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6 Tangent bundles of 4-manifolds

The aim of this lecture is to show how, for a closed, simply connected 4-manifold X, w,(7X) measures
non-triviality of the tangent bundle over 2-skeleton, while 7(X) and x(X) then measure non-triviality
over the 4-skeleton.

6.1 Vector bundles and obstruction theory

A good reference for this section is A. Hatcher’s Vector bundles and K-theory.

6.2 Obstruction theory

Obstruction theory addresses the following problem:
Suppose E — X is a topological fiber bundle. When does it admit a section s: X — E?

We shall assume X is a simply connected CW complex, with k-skeleta X*, starting from X° = {x},
and that F is the fiber of E over x. The strategy is to construct s over X* by induction on k. To this
end, it addresses the following question:

k

Suppose s is a given section over X*. When can we extend it to X*+1?

Suppose ®: (D*F! §%) — (XK1 X*) is the inclusion of an (k + 1)-cell, and ¢ = ®|g: ¥ — X its
attaching map. We have a section ¢*s* of ¢*E — X*. Now, ¢*E — S is a trivial bundle, with a
canonical-up-to-homotopy trivialization, because it extends to ®*E — D*t1. So one can think of ¢*s*
as a map X* — Eq ) to the fiber over ®(0), defined up to homotopy.

A homotopy class of paths in X a basepoint x to ®(0) defines an isomorphism mEg) = mF, and
since X is simply connected, this isomorphism is canonical. Thus s* determines an element of 7 F .

Running through the (k 4 1)-cells, we get a map
{(k + 1)-cells} — m(F),
i..e., a cellular cochain

oftl e N (X T (F)).

The key results of obstruction theory are as follows

o Oftl

is a cocycle.
e Its cohomology class o**! = [o**1] € H*1(X; m; F) depends only on the homotopy class of s*.
o If oFf! = 0, one can extend s* to s**1.

o If mi(F) = 0 for i < k, then the primary obstruction o**! € H*(X;mF) is an invariant
o*T1(E) of the fiber bundle.

e The above assertions are valid also when 71 (X) is non-trivial but acts trivially in 7;(F) for i < k.
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6.2.1 The Stiefel-Whitney classes as primary obstructions

Let E — X be a rank n euclidean vector bundle, and let V;(E) — X be the associated fiber bundle
whose fiber is Vi (Ey), the Stiefel manifold of orthonormal k-frames in E,. The typical fiber is V;(R").

Using the homotopy exact sequence of the fibration V;_(R") — Vi (R") — Vi(R") = S"=1, one shows
that the first non-vanishing homotopy group of Vi(R") is m,_. Moreover,

7 ifn—kisevenork = 1;
7]2 else.
Thus the primary obstruction to a section of Vi(E) — X is a class
o e H RN X i VR™).

These amount to characteristic classes for rank n bundles,

‘ H'" % (X, 7), n—kevenork=1;

0,(E) € 1
H'"*1(X;7/2), n—koddandk > 1,

except that in the Z-cases one should think through what data are needed to pin down the sign of the
isomorphism 7,_;(R") — Z. For the case k = 1, the necessary datum is an orientation for E; the
resulting class 0,11 € H'(X;Z) is the Euler class e(E) (one can take this as the definition of e(E)).

In all cases, there is a class 6’,‘1 e H" 1, Z/2), by reducing mod 2.

Tn—k Vie(R") = {

Theorem 6.1 X(E) = w,_;(E).

The reduced class ﬁﬁ(E) can be defined regardless of 7 (X), and the conclusion still holds.

6.3 Vector bundles over a 4-manifold

The following is a case of Theorem 6.1:

When the vector bundle E — X has rank 4, wy(E) is the obstruction of{(E) to finding 3 linearly
independent sections of E over X°.

Corollary 6.2 Over a closed, oriented 4-manifold X, wo(TX) is the obstruction to trivializing TX over
the complement of a point x € X.

Proof Fix a Riemannian metric g in 7X. Choose a CW decomposition for ¥ = X \ {x}.

We can find 3 orthonormal vector fields v;, v, and vs over the 2-skeleton Y?. The line bundle
¢ = (vi,va,v3)t — Y? is trivial, since wi(TY) = 0, so it is spanned by a fourth unit vector field vq4.
We can extend this trivialization over Y3, because the obstruction lies in H>(Y; m, SO(4)) = 0. We use
here the fact that 7 SO(4) = 0, which is true because the universal cover of SO(4) is S x 3, or as an
instance of the theorem that m,(G) = 0 for any Lie group G (see J. Milnor, Morse theory).

If there are any higher-dimensional cells, we can extend over those skeleta since H(Y;m_;SO4) =0
for i > 3. O

Theorem 6.3 Suppose X is a closed, oriented 4-manifold, and that T and T’ are oriented rank 4 real
vector bundles with wo(T) = wa(T') = 0. Then T ® R = T’ & R if and only if pi(T) = p(T").
Moreover, T = T’ as oriented bundles if and only if, in addition, e(T) = e(T") € HYX:Z).
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Lemma 6.4 There is a rank 4 vector bundle E — S* with pi(E)[S*] = —2 and e(E)[S*] = 1.

Proof S$* is diffeomorphic to quaternion projective space HP!, which carries the tautological quater-
nionic line bundle A — HP! (whose fiber over an H-line A is A\. Let E be the dual Hompy(A, H),
viewed as a rank 2 complex vector bundle. When we write homogeneous coordinates [X : Y], X
and Y are sections of E. Thus the locus X = 0 (a point) is Poincaré dual to e(E) = c(E). Hence
e(E)[S*] = 1, while pi(E)[S*] = (¢} — 2c2)(E)[S*] = —2. ]

Proof of the theorem A ‘Pontryagin-Thom collapse map’ isamap f: X — S*, of degree 41, with the
property that, for some x € X, f is smooth near x with D,f anisomorphism and ! (f(x)) = {x}. These
are easy to construct: fix a closed neighborhood B of a chosen x and a diffeomorphism ¢: B — D*.
Compose with the projection D* — D*/0D* followed by a suitable homeomorphism D*OD* — $*.
Fix such an f.

Since wy(T) = 0, T can be trivialized away from X. Consequently, there is a vector bundle U — §*
and an isomorphism f*U = T. Thus f*p1(U) = p1(T) and f*e(U) = e(T). Thus it will suffice to show
that p;(U) determines U & R, and that (p;(U), e(U)) determines U.

The stabilized bundle U & R — S$* is trivial over the two hemispheres Dy of S*, and over the
equator S> these two trivializations differ by a map g: §> — SO(5), the ‘clutching map’, whose class
[v] € 73 SO(5) is well-defined up to homotopy. Conversely, any v: S3 — SO(5) determines a rank 5
bundle V., — S*.

The Pontryagin class determines a homomorphism p; : m3(50(5)) — Z, [y] — pl(Vw)[S“]. Taking E
as in Lemma 6.4, one has p|(E & R)[S*] = —2, s0 p1 is a non-trivial homomorphism. Now, SO(5) is
a connected, simple Lie group, and as such, 73 SO(5) & Z. Hence the homomorphism p; is injective.
This proves that p;(U) determines U & R.

The clutching function for U itself lies in 73 SO(4). Now, SO(4) has universal cover SU(2) x
SUQ) =2 §% x $3 (as we shall discuss in depth later), so 73 SO(4) = Z2. We have a homomorphism
(p1,e): m3S0O(4) — Z>. For the bundle E constructed above one has (pi,e) = (—2,1). And
pU(TSH[SH] = 37(S% = 0, while e(TSH[S*] = x(5*) = 2. Since (—2,1) and (0,2) are linearly
independent in R?, (p1, e) is an injective homomorphism. |

Note: We shall not prove it, but the theorem is true under the assumption wo(T) = w,(T”), even if these
classes are non-zero. This sharper result has the

Corollary 6.5 Suppose that X and X' are simply connected, closed oriented 4-manifolds, and f : X' —
X a degree +1 homotopy equivalence. Then f*TX = TX'.

Proof f defines an isometry of Qxs with Qx, and these intersection forms determine w;, p; and e.
O
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7 Rokhlin’s theorem and homotopy theory

7.1 Rokhlin’s theorem
Theorem 7.1 (Rokhlin) If X is a closed oriented 4-manifold with wo(TX) = 0 then 16 divides 7(X).

We have seen that the signature of an even unimodular lattice is divisible by 8. For instance, Eg has
signature 8. So the content is that the integer 7(X)/8 is even. The statement is sharp, since we have
seen that a quartic surface X4 C CP? has signature —16.

By the Hirzebruch signature theorem, Rokhlin’s theorem is equivalent to the assertion that 48 divides
p1(X) == pr(TX)[X].

Our present purpose is to sketch a proof of the logical equivalence of Rokhlin’s theorem with a statement
in homotopy theory:

Theorem 7.2 The following assertions are equivalent:
(i) If X is a closed oriented 4-manifold with w,(TX) = 0O then 48 divides p1(X).
(i) ms(S°) = 7/24.

Note that 7g(S°) is a stable homotopy group: for k > 5, the groups 73, x(S) are isomorphic via the
suspension homomorphisms.

The theorem is also due to Rokhlin. There is a précis in M. Kervaire and J. Milnor Bernoulli numbers,
homotopy groups and a theorem of Rohlin, 1960.

That 73(S°) = Z/24 can be proven by methods internal to homotopy theory; Adams’s work on the
image of the J-homomorphism is particularly relevant. For instance, in A. Hatcher’s book draft Vector
bundles and K-theory, one finds a K-theoretic proof that |7g(S>)| > 24.

On the other hand, one can also prove Rokhlin’s theorem using differential geometry, and deduce the
fact about 773+k(Sk). Indeed, we will see later that —7(X)/16 has an interpretation as the quaternionic
index of the Dirac operator.

7.2 The Pontryagin—-Thom construction

References: R. Thom, Quelques propriétés des variétés différentiables; J. Milnor, Topology from the
differentiable viewpoint.

Consider closed k-dimensional manifolds M* embedded in R¥*™ where m > k + 1.

Definition 7.3 e A normal framing for M is a trivialization ¢: Ny — R of the normal bundle
(usually it is the homotopy class of ¢ that matters).

e A framed cobordism from a normally framed manifold (M, ¢g) to a normally framed manifold
(M, ¢1) is a compact manifold P**! with boundary OP = My I1M;, with an embedding j: P —
R¥*™ % [0, 1], transverse to the boundary {0, 1} x R¥ and such that M; = j~ (R x {i})
for i € {0, 1}; together with a framing ® of Np which, on M;, agrees with ¢;.
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Existence of a framed cobordism defines an equivalence relation (it is transitive since one can concatenate
cobordisms, and symmetric since one can flip the direction of [0, 1]). The equivalence classes form an
abelian group Qimmed under the operation of disjoint union. The identity element is represented by the
empty framed manifold, or by any boundary of a framed manifold.

There is a homomorphism
PT: Tt ( Sm) N Qiramed )

Given a smooth representative f of [f] € mr+m(S™), choose any regular value x € R™ C §" =
R™ U {co}. Then M = f~!(x) C R¥*™ is a closed k-manifold, and the standard basis for R™ pulls
back via f to define a normal framing ¢ for M. The class PT[f] = [M, ¢] is well defined in Q}‘mmed,
since given two regular values xo and xj, one can connect them via a regular path in S”.

Theorem 7.4 PT is an isomorphism.

(Properly speaking, the Pontryagin—Thom construction is really the construction of the inverse map.)

7.3 The J-homomorphism

The J-homomorphism
Ji': e SO(m) — (™),
is defined as follows. Regard S*™ as 9(DKt! x D™y = (§k x D™) U (D*! x §™~1) (the two parts
meet along Sk x §m=1). Given 0: (S, %) — (SO(m), I), we want to define
JE@): ($F x D™y U (DM x s — D™ /oD™.
To do so, extract from 6: SK — SO(m) the family of linear isometries 6,: (D™,0D™) — (D™, dD™)

parameterized by x € S¥. Collectively these define a map S* x D" — D™ /OD™. Tt sends S¥ x §"~! to
the basepoint . Together with the constant map (D*T! x §"~1) — «, this prescription defines Ji0).

We consider the stable range k > m + 1, in which the inclusion SO(m) — SO(@m + 1) induces an
isomorphism on 7, and in which suspension g4, (S™) — Tg4m+ LS 1Y is an isomorphism. These
isomorphisms intertwine J;" with J,'C”Jr], so we really just have one ‘stable J-homomorphism J; for
each k.

The stable J-homomorphism has a geometric meaning, as follows.

The framings for S* inside R form a group under an operation of connected sum (facilitated by
insisting that the framing is standard over a chosen disc inside S%). The identity element comes from
is the framing of S* C R¥T!. On the other hand, the framings also form a torsor for 7, SO(m); and
indeed, these decscriptions are compatible, so that one can simply say

{framings of S* ¢ R¥™} = 7, SO(m).
Via the Pontryagin-Thom construction, J;" then amounts to a map

J]l:li {framings of Sk C Rk-‘rm} N Qiramed.
Proposition 7.5 J* maps a normal framing ¢ of S* to the framed cobordism class [S*, ¢].

Exercise 7.6 Prove the proposition.



32 T. Perutz

7.4 Framed 3-manifolds and their bounding 4-manifolds

We now take k = 3 and m = 5. The homomorphism
J3 = J3: 13 S0(5) — Qe
sends normal framings of S* C R® to framed cobordism classes of 3-manifolds in R®.

Theorem 7.7 J3 is surjective.

sketch In this proof we freely use the notion of spin cobordism (i.e. cobordism of manifolds with a
‘trivialization of wy’). We invoke the fact that the spin cobordism group Q7" is trivial. Thus, given
a normally framed 3-manifold (M, ¢), one can find a compact oriented 4-manifold P C R8 x [0, 1]
with oriented boundary P = —S3 II M, such that wo(TP) = 0. The obstructions to extending ¢
to a normal framing ® for P lie in HTY(P,M;7;SO(5)). When i = 1, the obstruction is exactly
wo(TP). Wheni > 1, the obstruction group vanishes. Thus we can find a framing ®, and it defines a
representative (S°, ) for [M, ¢]. O

Noting that m3 SO(5) = Z, J3 is a surjection
J3: Z = 13 SO(5) — m3(S°) — 0.
Now we come to the relation with Rokhlin’s theorem.

Proof of Theorem 7.2 (ii) = (i): Here we assume that 7g(S°) = Z/24.

Then kerJ; = 247. Suppose X C R’ is a closed oriented 4-manifold with wo(TX) = 0. We saw in
Lecture 5 that we can trivialize T(X — B), where B is a ball. Hence we can find a trivialization ® of the
normal bundle v to X — B inside R?. There is an obstruction o*(v, ®) to extending ® to X, lying in
H*(X; 73 SO(5)) = H*(X;Z) = 7. The integer o*(v, ®) is exactly the homotopy class of ®|5B when
viewed as an element of 73 SO(5) = Z. Thus o(v, ®) is an element of ker J3 = 247.

In a lemma from Lecture 5, we constructed a complex vector bundle £ — $* with ¢(E) = 1. This
vector bundle arose as the tautological line bundle over HP!. Thus E, being a quaternionic line bundle,
has a clutching function g € m3(SU(2)). Since c3(E) = 1, the clutching function of E is a generator
for the infinite cyclic group m3SU(2).

Lemma 7.8 The clutching function for E & R generates 73 SO(5).

Proof The clutching function for E @ R? is deduced from £ by means of the composite of inclusions
SUQ2) — SO(4) — SO(6). But there is a commutative diagram of inclusions of Lie groups

SU(2) — SO®)

L

SUB3) ——= SO(6)
so it also deduced by means of the other composite SU(2) — SU(3) — SO(6). Since g generates
mSU(2), it suffices to show that SU(2) — SU(3) and SU(3) — SO(6) induce isomorphisms on 73.
The first of these assertions is easy to deduce from the homotopy exact sequence of the fibration
SU@) — SU@3) — S°. In general, in a simply-laced, simple Lie group G, the map SU2) — G,
integrating a map of Lie algebra su(2) — g corresponding to a simple root of G, induces an isomorphism
on 73.> The inclusion of SU(n) in SO(2n) (for n > 3) respects simple roots—it corresponds to the
evident inclusion of Dynkin diagrams—and so induces an isomorphism on 73. |

3 At present, I don’t have a convenient reference for this point.
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Since the clutching function for E @ R generates m350(5)), and pi(E ® R) = —2¢y(E) = —2, we
deduce that
p1(X) = 20 (v, 1).

But then 48|p;(X), as required.

(i) = (ii)): Now suppose we know Rokhlin’s theorem. Take a normally framed 3-sphere (S3, 9)
representing a class a € kerJ; = Z. There is ta normally framed 4-manifold (P, ®) bounding (S°, ¢).
Let X = P Ug D*. Then w,(X) = 0—adding a 4-ball does not affect degree 2 cohomology—so by
Rokhlin, p(TX)[X] = 48r for some r € Z. On the other hand p;(TX)[T] = +2a, so a = 24r, and
kerJ; C 247Z. The example of the quartic surface, with p; = —48, shows that 24 € kerJ;. So J3
induces an isomorphism

J3: LJ247 — m3(S%).

7.5 Background: Relative homotopy groups

This material, which is preparatory for the next lecture, is covered in Hatcher’s Algebraic Topology.

If A is a subspace of X, x € A is a basepoint, and n > 1, m,(X,A,x) (or just m,(X,A)) denotes the
set of homotopy classes of maps (D", 9D", x) — (X, A, x). It includes a distinguished element e, the
unique homotopy class of a map D" — A. For n > 2, there is a ‘collapsing map’ ¢: D" — D" vV D",
and this makes 7,(X,A, x) a group, with identity e, under the operation [f] * [g] = (f V g) o c. For
n > 3 it is abelian.

The relative homotopy groups are functorial, and have the following properties:
e The inclusions A — X and (X, () — (X,A) define maps in a long exact sequence
c o A X) = (X, X) = T A, ) D 1(A)

in which @ is defined by restriction from D" to §"~'. The sequence becomes non-abelian
(- = mX) = mX,A) = m(A) — m1(X) — ...) and then ends with an ‘exact sequence of
pointed sets’ (X, x) = (X, A, x) = mo(A,x) = mo(X, x).

e There are Hurewicz maps h: 7,(X,A,x) — H,(X,A), mapping [f] to f.[D",0D"] (the image
under f, of the fundamental class of (D", 9D")). Hurewicz maps intertwine the homotopy and
homology exact sequences of the pair (X,A).

e There is a notion of (X,A) being an n-connected pair. It means that for all i < n, every map
(D', 0D") — (X, A) is homotopic (as a pair) to a map (D', OD') — (A, A). Equivalently, for all
Xo €, one has m;(X,A,xp) =0 for 1 <i<n and my(A, x) — m(X, xg) is onto.

e There is a relative Hurewicz theorem: If (X,A) is (n — 1)-connected, n > 2, and A non-empty
and simply connected, then H;(X,A) =0 for i < n and h: m,(X,A) — H,(X,A).

7.6 Appendix: Effect on 7; of Lie group homomorphisms

Proposition 7.9 Let G be a connected, simple Lie group. Then m3(G) = 7.
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Here 73(G)’ is the torsion-free quotient. In fact, m3(G) = Z; as uniform (rather than case-checking)
proof of the latter fact is due to Bott, and uses Morse theory on loop-spaces (cf. [?]). We will prove the
weaker version using Chern—Weil theory, as follows:

Proof We may assume G compact, since every Lie group deformation-retracts to a maximal compact
subgroup. We may assume G simply connected, since the universal cover is again a compact, simple
Lie group with the same homotopy groups as G.
Recall that m,(G) = O (this can be proved using Bott’s method, see [?], or via Whitehead’s lemma that
H?*(g;R) = 0). So G is 2-connected; its classifying space BG is therefore 3-connected. Thus, using
Hurewicz,

m3(G) = m(G) = Ha(BG),

and by universal coefficients,
H*BG) = H4(BG)" =~ m3(BG)".

It suffices, then, to show that H*(BG)' =2 Z, or equivalently that H*(BG; C) = C.
The Chern—Weil homomorphism
cwg: Clgl® — H*(BG;C)
maps a G-invariant polynomial p on g to the cohomology class of p(Fv), where Fvy is the curvature
of a connection V in the universal principal G-bundle EG — BG. We assign a degree d polynomial

degree 2d in C[g]®, whereupon cwg preserves degree. We quote the fact that it is an isomorphism of
graded algebras.

Note that (C(g)®)4, the degree 4 part, consists of G-invariant quadratic forms on g. Since G is simple,
all such forms are multiples of the Killing form. Therefore H*(BG) = C. |

Suppose now that ¢: hh — g is a Lie algebra homomorphism between simple Lie algebras. We define
the Dynkin index ind ¢ by

(0(x), p(x))g = (ind @) - (x,X)y, x € b.
(the ratio is well-defined since the space of invariant symmetric bilinear forms on a simple Lie algebra
is 1-dimensional).

Theorem 7.10 Let H and G be connected, simple Lie groups, and ®: H — G a homomorphism. Let
¢: h — g be the corresponding Lie algebra homomorphism. The map
¢t m3(H) — 73(G)

amounts to a homomorphism Z — 7, and so is given by multiplication by d for some d € Z
(determined up to sign). One has
d = ind(¢9).

I believe this theorem is due to E. B. Dynkin. A reference for a closely related discussion is Atiyah—
Hitchin—Singer, Self-duality in four-dimensional Riemannian geometry.

The integer d describing the effect on 74 can be characterized in two additional ways:

e (B¢)*: H(BG) — H*(BH), which is the map Z — Z dual to the one on 7rg, is multiplication
by +d.
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o ¢*: ((C[g]G)4 — (C[h1H)4 maps the integer lattice in ((C[g]G)4 to d times the integer lattice in
(C[h1")4.
(Here the integer lattices are those defined by H*(BG) and H*(BH).) The latter holds because the
Chern—Weil homomorphism is natural: there is a commutative diagram

*

Clgl® — %~ Cruy
H*(BG: C) 2% H*(BH. C)

Now, the bases for (C[g]%)s and (C[H]*)4 given by (-, -)g and(-, ), have the property that ¢*(-, )y =
(ind @)(+, -)y. Thus to assert that d = ind ¢ for all ¢ is equivalent to asserting that there is a universal
constant ¢ for which (-, -) represents ¢ times a generator of the integer cohomology H*(BG).

Lemma 7.11 When G is simply connected and simple, H*(BG) is generated by the class

1
CW¢G (hvlﬂlg> .

Here kg is the Killing form (i.e., kg(§) = tr(ad§ o ad §)), and K the dual Coxeter number; that is,
hY = 1/kq(0), where 0 is the sum of the simple roots of g.
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8 Realization of unimodular forms by 4-manifolds

8.1 The theorem of Whitehead on 4-dimensional homotopy types

J. H. C. Whitehead’s 1949 paper On simply connected 4-dimensional polyhedra classifies the homotopy
types of simply connected 4-dimensional CW complexes in terms of cohomological data. There are
subtleties related to the torsion which can, in general, appear in H>, and which Whitehead handles
via Pontryagin’s refinement of the mod n cup-square operation. But in the case of simply connected
4-manifolds, as we have seen, the intersection form governs every aspect of the cohomology, and the
result is particularly simple to state:

Theorem 8.1 Suppose that X and X' are closed, oriented, simply connected 4-manifolds. Then any
isometry Hy(X) — H,(X') of their intersection forms is induced by a degree 1 homotopy equivalence
X—X.

The proof we shall present is from J. Milnor and D. Husemoller’s book Symmetric bilinear forms.

We approach the theorem via a construction of simply connected, 4-dimensional CW complexes. Take
a wedge sum \/}_, S of 2-spheres. It is a 2-complex with one O-cell and n 2-cells. Now let Xy be the
complex obtained by attaching a 4-cell via f: S° — Vi, 5%

n
Xp = <\/ 52> s D*.
The homotopy type of f is determined by the class of f in 73(\/ S?).

Since the cellular cochain complex is purely even, one has H2(Xf) =7", H4(Xf) =7, H”dd(Xf) =0.
The cup product H> x H> — H* therefore takes the form of an n x n symmetric matrix Or.

Lemma 8.2 The map f + Qy defines an isomorphism
n
7r3(\/ $H) = {n x n symmetric matrices over Z}.

When n = 1, we recover the well-known fact that 73(S%) = Z via the Hopf invariant, and it is instructive
to recall one of the proofs of that fact:

Embed $2 = P! into P? in the usual way. Then Hy (P2, Py = 0 for k < 3, while Hxs(P%,P') = Z.
By relative Hurewicz, the first non-trivial relative homotopy group coincides with the first relative
homology group. Thus (P2, P!) is 3-connected, and m4(P2, P') = H4(P2,P') = 7.

The Hopf fibration S' — §° — P° gives a long exact sequence of homotopy groups, showing that
m4(P?) = 0 and m3(P?) = 0; by the homotopy long exact sequence of the pair (P2, P'), one has
ma(P?,P') = m3(P').

Proof of the lemma. Let P = (P?)*". Embed \/" P! into (P')*" as the subspaces where all but one
coordinate is a basepoint * € P!. Embed (P')*" into P as the product of the standard embeddings
P! — P2, Ttis easy to check that Hy(P,\/" P') = 0 for k < 3, and that Hy(P) — Hy(P,\/" P!).

By the Kiinneth formula in cellular homology, H*(P) is free abelian with basis {ei Ueé Hi<ij<ns
where ¢/ € H*(P) is the pullback of the generator of H?(P?) via the ith projection. And H*P) =
Hom(Hy(P),7Z).



Smooth 4-manifolds and the Seiberg—Witten equations 37

Now, m4(P) = [[" m4(P?) = 0, and likewise m3(P) = 0, so m4(P,\/ P') = m3(P). And by relative
Hurewicz, m4(P, \/ P') =y Hy(P, \/ P!). Hence we have an isomorphism 73(P) = Hy(P), [f] hy.

We get an isomorphism 73(P) — {n X n symmetric matrices} by mapping f to the matrix Qf with
entries (Qy);j = (¢' U €, hy). What remains is to show that Oy = Qy.

The composite s3 i> V Pl P represents a class in m3P = 0; being nullhomotopic, it extends to a
map D* — P. Thus the inclusion \/ P! < P extends to a map 7: Xy — P. The fundamental class
[X¢] € H4(Xr) maps under 7 to 1.[X¢] = hy, while the classes n*e' represent the evident cellular basis
for H2(Xf). We have

(Op)j = (" U, by = (n*(e' U ), [Xe]) = (n*e',n"e, [Xr]) = (Qp)y-
O

We can now prove Whitehead’s theorem. It applies even to topological 4-manifolds, where the
conclusion we shall prove is that the isometry of forms is induced by a weak homotopy equivalence.
In fact, compact topological manifolds have the homotopy type of finite CW complexes—a much
deeper fact than its specialization to smooth manifolds—so these weak equivalences are homotopy
equivalences.

Fix a basepoint x € X and a closed 4-ball B not containing x. Let Xy = X \ B. Notice that Xj is simply
connected with H»(Xp) = H»(X). By simple connectivity, the Hurewicz map m(Xo,x) — H2(Xp)
is an isomorphism. Choose a basis (ey,...,e,), for H»(Xo), and represent e; as (57)«[S?] for a map
sit (82,%) = (X, x). Assemble the s; into a map s: \/" 52 = Xo.

Observe next that s: \/" S — X, induces an isomorphism on H, —after all, both spaces have homology
only in degrees 0 and 2. By Whitehead’s theorem, s is a weak homotopy equivalence.

Now, X = X, U D*—the resulting of attaching a 4-cell to Xj. Replacing X, by its homotopy-equivalent
space \/" S%, we see that X ~ X; for some f € 73 \/" S?. We can take the homotopy equivalence to
map the basis vector e¢; € Hy(X) to the ith cell e; € Ha(Xy). Thus Qx = Q. So Qx determines Qf
and therefore, by the lemma, f. Hence Qx determines the homotopy type of X;, and therefore of X.

8.2 Topological 4-manifolds

Any topological manifold M has a Kirby—Siebenmann invariant (M) € H*(M;7/2). It is an obstruc-
tion to finding a piecewise linear (PL) structure on M; in dimensions > 4, it is the only obstruction
(see R. Kirby, L. Sibenmann, Foundational Essays on Topological Manifolds, Smoothings, and Trian-
gulation or Y. Rudyak’s survey Piecewise linear structures on topological manifolds). Since smooth
manifolds admit PL structures, it also obstructs smoothing M.

In the case of a closed 4-manifold, one has (M) € Z/2. It is known that PL structures on 4-manifolds
admit unique smoothings, but that vanishing of (M) is not sufficient for a PL structure to exist.

Theorem 8.3 (M. Freedman) Let Q be a unimodular form.

e (O arises as the intersection form Qx of a simply connected, closed, oriented topological 4-
manifold X.

e Any automorphism of Q is realized by an oriented self-homeomorphism of X.

e If Q is even, then k(X)) = 0 and X is unique up to homeomorphism.
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e If Q is odd, there are exactly two non-homeomorphic realizations of Q, say Xo and X, where
the subscript is i = k(X;) € 7Z/2. Thus the manifold X is not smoothable.

The proof of the theorem is a highly intricate development of the notion of a ‘Casson handle’, and
the only complete reference seems to be Freedman’s original paper The topology of four-dimensional
manifolds (J. Diff. Geom., 1982).

Recall that any odd, indefinite unimodular forms are of shape m/ @ nl_. The latter form is realized
by a connected sum m(CP?)#n(CP?) of m copies of CP? with its complex orientation, and n copies
of CP? with its other orientation. Any even, indefinite unimodular form is (up to an overall change of
sign) of shape rU @ s(—Eg). According to Freedman’s theorem, there is a topological 4-manifold M
with intersection form Eg, and we can then realize rU & s(—Eg) by the connected sum

r(S* x S?)#sM.

There is also a multitude of definite unimodular forms, all represented by topological 4-manifolds.

8.3 Realizing unimodular forms by smooth 4-manifolds

In what follows, X is always a closed, oriented, smooth 4-manifold.
The following questions are key:
(1) Which indefinite unimodular forms are represented as intersection forms Qx ?
(2) Which definite unimodular forms are represented as intersection forms Qx ?
For question (1), the answer is immediate in the odd case, so the question is really about even forms.

Rokhlin’s theorem in combination with Freedman’s shows that there are topological 4-manifolds which
admit no smooth structure: the Eg-manifold M, for instance. An even indefinite intersection form must
(up to a sign) take the shape

rU + s(—FEg), r>0,s>0;
Rokhlin says that s is even when the form comes from a smooth manifold.

Question 2 was settled using gauge theory.

Theorem 8.4 (S. Donaldson, 1981) If Qx is definite and H(X) has no 2-torsion then Qx is diago-
nalizable over 7.

Being diagonalizable, Qx is then represented by 4/, where [ is the identity matrix.

Donaldson proved this theorem using instanton gauge theory, but Kronheimer reproved it using the
Seiberg—Witten equations, and in doing so sharpened it:

Theorem 8.5 (P. Kronheimer, 1994) If Qx is definite then Qx is diagonalizable over 7.
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The spin case. We now return to realization of even forms. For this is natural to assume w,(7X) = 0
(in the simply connected case, evenness is equivalent to vanishing wy ).
The diagonalization theorem has the following

Corollary 8.6 If wo(TX) = 0 and Qyx is definite then by(X) = 0.

We turn now to the indefinite case. Set
Qrs=rU+sEs, r>0,s¢cZ.
We can allow s negative. By Rokhlin, s must be even to be realizable.

Theorem 8.7 (Donaldson) Assume Hi(X) has no 2-torsion and wy(TX) = 0. If Qx = Q, 2 with
t #0, then r > 3.

Again, Kronheimer was able to remove the assumption on H;(X).

It follows that if a K3 surface X is smoothly a connected sum X;#X,, then one of the summands has
by = 0. By contrast, X is topologically the sum of 3 copies of S x S and 2 copies of the —Eg-manifold
M.

Exactly which forms Q, »; are realizable? Notice that if ¢ < 0, we have r = b*(X), the dimension of a
maximal positive-definite subspace in H>(X;R).

By taking a connected sum of # K3 surfaces and u copies of S? x S2, we can realize Q3¢ 4-u,2: for any
u > 0. Notice that Q3|42 has rank by = 2(3|¢| + u) + 16[¢| = 2(11¢ + u), and signature 7 = —16¢.

50 11 11
u
by=|—+- > —|rl.
o= (g +5) 1= g0
Conjecture 8.8 (The 11/8 conjecture) If wy(TX) = O then
11
by(X) > §!T(X)\-
Equivalently, if Qx = Q,.2; then r > 3|t|.

It is known that to prove 11/8 it suffices to do so in the simply connected case.

The conjecture is open, but there has been substantial progress towards it. The theorem of Donaldson
(plus Kronheimer) quoted above proves it when |#| = 1. It is also known when [¢| = 2 [M. Furuta, Y.
Kametani, H. Matsue, 2001], but not (to my knowledge) when |z| = 3. However, one has Furuta’s 5/4
theorem:

Theorem 8.9 (M. Furuta, 1997) If wo(TX) = O then
5
br(X) > 1|T(X)| + 2.
Equivalently, if Qx = Q, then r > 2|t| + 1.

Several proofs are known, but all have at their core the same strategy, which is to utilize refinements
of Seiberg—Witten theory. SW theory produces a closed, oriented manifold M of solutions to the
SW equations inside an ambient space B*. ‘Standard’ SW theory involves studying this manifold,
and produces invariants from its fundamental class [M] € H,(B). Refined SW theory produces says,
roughly speaking, that as a regular level set of a smooth map, M should comes with a normal framing
(as in the Pontryagin—Thom construction), and uses this idea to set up invariants of a homotopical
nature. Furuta’s theorem specifically depends on ‘Seiberg—Witten KO-theory’.*

*No proof is known using Donaldson theory, nor Heegaard Floer theory.
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Conclusion: Gauge theory offers a solution to the problem of realizing unimodular forms by smooth
manifolds, except for a question mark regarding the forms Q, »; with 2|¢f| +2 < r < 3|f| and |¢| > 3.

For the complementary uniqueness question—of enumerating diffeomorphism-types of simply con-
nected 4-manifolds Y in the homotopy type of a fixed manifold X—gauge theory can frequently
distinguish infinite collections of diffeomorphism-types, but for no X has it supplied a complete an-
swer.



Part II. Differential geometry
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8 Self-duality: linear-algebraic aspects

This lecture is based on [6, chapter 1]. It is about oriented inner product spaces, chiefly of dimension
4. These will arise as cotangent spaces of manifolds. Today’s material will, almost in its entirety,
generalize to vector bundles, and in particular to cotangent bundles of manifolds.

8.1 Self-duality
8.1.1 The Hodge star

In general, an inner product g on a finite-dimensional vector space V, with an orthonormal basis

(v1, .-, Vn), induces O(V)-invariant inner products on the exterior products A*V (with orthonormal
basis {Vil VANERRIVAN Vik}i1<"'<ik ).
Fix an orientation for V', and assume that (vy, . .., v,) is an oriented basis. Let vol = v{A---Av, € det V.

The bilinear form A: A¥V x A""¥V — A"V = det V is non-degenerate. Hence it is valid to define the
Hodge star
x: AfV — ARy

as the unique linear map such that

aAxB = (o, B)vol, «,B e ArV.
It has the following properties:

e The symmetry of the inner product implies graded self-adjointness,
aA*f = (D0 canB.

o For I € () a k-clement subset of {1,...,n}, think of / as an ordered k-tuple (i, ..., i) by
prescribing i; < --- <. Set vy = v;; A--- Av;. Then
(2) * V= 0(17 IC)VIC,

where I° = {1,...,n} \ I, and o(I, I°) is the sign of the permutation (/, 1) of {1,...,n}.
e From (2) we see that x is an isometry.

e Itis clear from (2) and the SO(V)-equivariance of x that xx = I, where the sign depends only
onnand k. But xx (v A--- Avp) = *x(Vggpt A - Avy) = (= DF=Ry Ao Ay, s0
xok = (= DKO=h,
e When one conformally rescales the inner product, replacing (-,-) by A(-,-) for A > 0, then
(A" Y2y;, ..., A" Y2y,) is an orthonormal basis for the new product. From this we see that

Knew = Aki(n/z) *old -

8.1.2 2-forms in 4 dimensions

When n = 4 and k = 2, one has an isometry of order 2

*x € O(A%V), **=id,
which depends only on the conformal class of the inner product. The £1 eigenspaces of * define an
orthogonal splitting into 3-dimensional vector spaces of self-dual and anti-self-dual forms:

1 1
ANV=ATVOAV w=wr4w = ST+ 0w + (0 = .
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The subspaces AT = ATV depend only on the conformal class of the inner product. A* has basis
(@i Wy, wy) = (i) *, 1), (v14)™)
= (3012 £v34), 3(vi3 £va2), (vig £ v23).
If we permute the v;, the wji are permuted via the familiar epimomorphism #: S4 — S3—the action
of S4 on the three splittings of {1,2,3,4} into 2 sets of 2—whose kernel is the Klein 4-group. Note
that # sends transpositions to transpositions, and so preserves the sign of permutations. Thus A™ and
A~ inherit orientations from V. Using the metric inherited from A%V, one sees that the action of O(V)
on V induces actions on A% permuting or preserving A* according to the sign of the determinant, and

therefore defining
AE: SO(V) — SO(A%)

Lemma 8.1 Unit-length, decomposable 2-forms 1 = uAv € A*V correspond bijectively with oriented
2-planes P C V, by mapping P to its oriented volume form volp.

Proof The inverse map sends 7 to the plane P C V formed by vectors v with v A n = 0, with the
orientation such that > 0. |

Lemma 8.2 There is a short exact sequence of Lie groups
+ —
1= {£1} — SO(v) 2227 s0(A+) x SO(A™) — 1.

Proof If A € ker(A*, A7), so A acts trivially in A*, then it also acts trivially in A2V. Hence, by the
previous lemma, A preserves every 2-plane. It therefore preserves the intersection of any two 2-planes,
hence preserves every line, hence is scalar; so A = +1.

We have dim SO(4) = 2dim SO(3) = 6. The corresponding map of Lie algebras (i.e., the derivative
D;(\T,\7)) is injective, since ker(A\™, A7) is discrete, hence surjective because of the equality of
dimensions. Thus the image of (A, A7) contains the identity component of SO(3) x SO(3), which is
the whole group. a

Hence
SO(4)/{j:I} = SO@3) x SO3).

8.1.3 Equivalence of conformal structures with maximal positive-definite subspaces

Let V be 4-dimensional. Then A?V carries the intrinsic symmetric pairing

g: N>V x A’V — detV
defined by wedge product: ¢(n) = nAn. Anelement of GL(V) of determinant —1 induces an isometry
(A%V,q) — (A?V, —q), so g has neutral signature. Once one orients V, ¢ has a well-defined sign, and

then has signature zero. The choice of a conformal structure [g] = R~ - g defines the maximal positive
subspace AT, and the maximal negative subspace A~ which is exactly (AT)L.

We consider the map
o: conf(V) — Grs(A*V)*, olg] = A;

from the space of conformal structures (an open set in (Sym? V*)/R, ) to the Grassmannian Gr3(A%V)
of 3-planes, or more precisely, to its open set Gr3(A2V)T of positive-definite 3-planes.
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Proposition 8.3 ¢ is bijective.

Proof SL(V) acts transitively on conf(V), so a choice of inner product g gives us an identification
SL(V)

SO(V,g)’

The Lie group SO(A?V, g) has two components: given 4 € SO(A%V, g), one has a map A; — A;

given by h: A; — A%V followed by orthogonal projection A>V — A;f; this map may preserve or

conf(V) =

reverse orientation. The identity component SO(A?V, g)o acts transitively on Gr3(A?V)* with stabilizer
SO(A;) x SO(Ay), so
SO(A%V
Grap2yyt = _ 2o Vodo

SO(Ag) x SO(AL)

The action of SL(V) on 2-forms defines a representation
p: SL(V) — SO(A%V, ¢)o.
As we saw in the proof of Lemma 8.2, one has ker p = 4-I. Now, SL(V) has dimension 4> — 1 = 15,
while SO(A?V, ¢) has complexification SO(6, C) and so has dimension (g) = 15. Therefore Dp is an
isomorphism of Lie algebras, and it follows that p defines a short exact sequence
1 — £ — SL(V) & SO(A?V, g)p — 1.

p maps SO(V, g) to SO(A;) x SO(A,") by the 2-fold cover (AT, A7), and therefore induces a diffeo-
morphism

SLV) _ SLW)/+1 = SO(A?V, 9)o
SO(V,g) SO(V,9)/+1 " SO(Af) x SO(Ag)’

Since it preserves the natural basepoints, and is SL(V)-equivariant, this diffeomorphism coincides with
our map conf(V) — Grz(A2V)*. O

8.1.4 Conformal structures as maps A~ — A™

Fix a reference metric go, defining the splitting A2V = Ag @ A, . Let A~ be another negative-definite
3-dimensional subspace of A2V. Its intersection with Aar is trivial, so it projects isomorphically to
A, . Therefore
A =T,
the graph of a uniquely determined linear map m € Hom(A, A(')|r ). For a # 0 € A, one has
0> g(a + m(e) = a* + m(a)* = ]a\z — \m(oz)\2

so the graph T, is negative-definite if and only if m has operator norm |m| < 1. Thus

Proposition 8.4 The map m — T, identifies maps A, — A('f , of operator norm < 1, with
Gr3(A%V)~.

Lemma 8.5 If A= = T, then its orthogonal complement A" is I, the graph of the adjoint map

m*.

Proof For a4 € Ag, one has

(ar + m ap) ANMa- +ma_) =ay Ama_ +m*ay ANa_ = glag,ma_) — gm*ar,a_) =0.
O
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This gives a representation of conformal structures as linear maps.

We can compute the components of o = oy + «_ with respect to the new decomposition A2V =
I, eI}, Write
o = (7+m7)—|—(ﬁ—|—m*ﬁ) €L @ Ly,
SOﬂGA(T and v € A, . Then
ay =B+my, a_=~v+m'p,
SO

may —a_ =m'm—1Iy, oy —ma_=(A—mm")}p.

Now, mm* and m*m have operator norm < 1, so m*m — I and I — mm™ have vanishing kernel and so
are invertible. Thus
v=m'm—D""m*ay —a),

B =—mm") Yoy —ma_).

8.2 2-planes

We consider the null-cone Ny C A%V of the wedge-square form ¢, i.e. the space of 2-forms 1 with
q(n) = 0.

Lemma 8.6 Ny is the space of decomposable 2-forms u A v.

Proof Certainly g(u Av) = 0. Any w € A%V can be thought of as a skew form on V*, and as such its
rank is 0, 2 or 4. If w Aw = 0 but w # O then the rank is 2. In this case, there is a 2-dimensional space
K., C V of vectors x such that w A x = 0. Then w is necessarily a volume form for K,,,. O

Lemma 8.7 Fix an inner product g in V. Then a 2-form w € A?V with |w|*> = 2 is decomposable if
and only if |w| =1= |w™|.

Proof One has
w=lwtP —w ), |w]? =Wt P+ w

Since w is decomposable if and only if w A w = 0, the lemma follows. |

There is a map -
Gray(V) = (Ny \ {0})/R,

from the Grassmannian of oriented 2-planes in V to rays in the null-cone, sending K to an oriented
volume form wg for K. We already observed that oriented 2-planes correspond bijectively with
decomposable 2-forms, so by the first of the two foregoing lemmas, this map is bijective. Thus by the
second lemma of the pair we deduce

Proposition 8.8 There is a diffeomorphism E—ivrz(V) — 8% x §%, mapping K to the self-dual and
anti-self-dual parts of wg .
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9 Self-duality in 4 dimensions: Hodge-theoretic aspects

9.1 The Hodge theorem
9.1.1 The co-differential

For an oriented Riemannian n-manifold (M, g), and x € M, the inner product on T; M determines
the Hodge star operator x: AKT*X — A"“KT*X. It amounts to a map of vector bundles x: AKT*X —
ARTHX.

We define the co-differential 4*: Q&' — QF, by
d* _ (_1)k+1 *71 dx = (_1)k+1(_1)k(n7k) *xdx = (_l)nk+1 *d *.

Here d is the exterior derivative. From the facts that d> = 0 and **> = =+[ it follows that (d*)? = 0.

9.1.2 The co-differential as formal adjoint

Assume now that M is compact. One then has the L?-inner product on X, :

(a1, 02)2 = / ¢(an, az)vol,.
M

Stokes’s theorem implies the ‘integration by parts’ formula | ydanfB = —(— 5 f y aNdB for a € 0k,
and g8 € QX,,_k_l. Taking 3 = *7v, where v € QX! this implies that

/ g(da, y)vol, = (—1)"“/ g(a, % 'd x y)vol,.
M M
That is d* is the formal adjoint to d:

<d0[7/8>L2 = <a,d*ﬁ>L2.

9.1.3 Harmonic forms

On any oriented Riemannian manifold (M, g), the Hodge Laplacian on k-forms is
A=dd* +d'd=(d+d): Q-
and the space of g-harmonic k-forms is
9—({; = ker A.
Plainly ker(d + d*) C J{]g. Reverting now to the assumption that M is compact, the identity
(@, Aa) 2 = [ld*al72 + [ldal7,
shows that inﬁ C ker(d + d*), i.e, that
Hy = ker(d + d*).
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9.1.4 Variational characterization.
Ifne J—C’; then dn = 0, so n represents a cohomology class [7].

Lemma 9.1 A harmonic form n strictly minimizes L? -norm among representatives of its cohomology
class.

Proof We have
I+ dvl72 = Inllzz = lldv 7> + 2(n,dv) = [ld72,
so 1) + d~y has strictly larger L?-norm than 7 unless dy = 0. a

Consequently, there is at most one harmonic representative of a fixed cohomology class.

Lemma 9.2 If ) minimizes L*> norm among forms 1/ = 1 + d~ then d*n = 0. Thus if 1 is also
closed then it is harmonic.

Proof The minimization property implies that 4 | o lln + tdv||2, = 0. Thatis, 0 = 2(n,dv)2 =
2(d*n,~)2. Taking v = d*n, we see that d*n = 0. ad

9.1.5 The theorem

Notice that kerd is precisely the L?-orthogonal complement to im d* in X/, since if « is orthogonal
to imd* then (dov, 8);2 = (o, d*3);2 = 0 for any 8, whence ||do||7, = 0, so da = 0.

Theorem 9.3 (The Hodge theorem) There are L?-orthogonal decompositions
Qf, = kerd ® imd*.
and
kerd = 3§ @ imd.
Hence the quotient map kerd — HX (M) = kerd/imd defines an isomorphism
Hy = Hpp(M).
These assertions are proved by working with suitable Hilbert spaces of forms (the disadvantage of the
L? inner product on €%, being that its norm is incomplete). The relevant analysis will be described
later in the course; but schematically, the argument is as follows:
e One works with Hilbert spaces of forms of Sobolev class L2, for integers £ > 0; one then has a
bounded linear map § = d & d*: L%H(A*) — L%(A*).
e ¢ is formally self-adjoint, meaning that (dc, 8);2 = (o, §5) 2.
e The step is to prove an elliptic estimate (Garding’s inequality),

Inllz,, < € (ll5nllzz + iz

which implies that § is Fredholm—in particular, its image is closed—and that its cokernel is the

kernel of the formal adjoint §.
These points will be stated precisely later in the course, though we will not prove the elliptic estimate.
Thus L%(A*) =H, ® imd. Since imd C imd + imd*, one has L%(A*) = H, ®imd ®imd". The
elliptic estimate also implies that J(3 = kerd consists of forms of class My L% = C*°. One takes the
intersection over ¢ of the spaces L%(A*), with their decompositions H; & imd @ imd”*, to obtain the
theorem.
A sample reference is [10].
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9.2 Self-dual and anti-self-dual harmonic forms

Now let (X, g) be a closed, oriented, Riemannian 4-manifold. The bundle of 2-forms A% = A2T*X
decomposes under the Hodge star:
A =AY @A

+

We write Qg,t for sections of A;t. The whole of the previous lecture applies to Ay ; for instance,

conformal structures on X are equivalent to maximal positive-definite sub-bundles of A?, by mapping
[¢] to A;. However, our focus now is on harmonic forms.

One has
d* = —xdx: Q% — Q).
Hence, for a 2-form 7,
n € ker(d + d*) & *n € ker(d + d).
Hence, if one takes a harmonic 2-form n € Hé(X), its components nt € QF(X) are again harmonic.
Thus we have a decomposition
I = HT ©H,

into self-dual and anti-self-dual harmonic 2-forms. Notice that [, n A7 = ||17||i2 > 0 when n #
0 € H;, while [ywAw = —|lw|}, <0 when w # 0 € H,;. Thus H} and K, are positive- and
negative-definite subspaces for the wedge product quadratic form. They are maximal such subspaces,
since the complement one another. Thus

dim 3 = b= (X),

where b*(X) denotes the dimension of a maximal positive- or negative-definite subspace in H 2(X;R).

9.3 The self-duality complex

Consider the sequence of operators
n
00y 4ol i af —o.
Here dTa = (da)™ = %(1 + x)da.. We can regard this sequence as a cochain complex (€*, d), where

&0 =05, &' = Oy and & = Q.

Theorem 9.4 The cohomology spaces of this complex are as follows:
H(&) = Hpp(X):
H'(&) = Hpp(X):
H2(&) < 3 (X).
Proof H'(&) = Q% by definition. If o € Q2 then we can write da = dta+d~ o, and [, do Ada =
ld*all?, = [[d~allZ,. But [ydoAda = [, d(aAda)=0,s0
la*al7. = lld~ ez

Hence kerd* = kerd™ = kerd, and we see that H'(€) = H}x(X).
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As for H*(€), it is easy to check that J—C; is L?-orthogonal to im d*. Hence the composite
+ + + /i gt
Hy = Qp — Qg /imd
is injective. The point is to show that it is also surjective. Take w € 7, and use the Hodge theorem to
write it as

W = Wharm + do + xd 3,

the three components being respectively in {2, imd and im d*. These Hodge components are unique.
Since *w = w, we see that xWherm = Wharm and da = df so

W= Wharm + 2d o € U—C; @ imdT.

9.4 The derivative of the period map

Let Cx be the space of conformal structures on our 4-manifold X. Precisely, fix an integer r > 3, and
let Cx be the space of Riemannian metric of class C", modulo positive functions f > 0 also of class
cr.

Once a reference conformal structure [go] € Cx is chosen, Cx can be identified with an open set in a
Banach space. Namely, it is is the space of C" maps m: A~ — A" with |m,| < 1 for all x € X. The
resulting smooth Banach manifold structure is independent of [go]. The tangent space to Cx at [go] is
the space of all bundle maps m: A~ — AT,

Lemma 9.5 Consider the map star: Cx — C"(X, Hom(Ag(, A)Z()) sending [g] to xg. Its derivative at
[go] is given by

D[go]star(m):2[ 0 m ]

-m 0
asamap AT OAT - AT AT
Proof Take oo € A™. Let [g;] be the conformal structure with bundle map tm, and %; = *[g,. Then
A7 =Ty, s0
*(a_ +tma_) = —a_ — tma_.
Differentiating with respect to ¢, at t = 0, we get
Dstar(m)(a—) + *xom(ag) = —ma_,

ie.,

Dstar(m)(a_) = —2mac_.

This handles the first column of the matrix; the second is obtained similarly by writing A" = T
O

In this context, the period map is the map
P: Cx — Gry-oHpr(X),  [8]— Hy

mapping a conformal structure to its space of ASD harmonic forms, viewed as a subspace of the fixed
space Hpp(X).
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The reference conformal structure [go] in Cx has a neighborhood identified with an open neighborhood
of the origin in C"(X, Hom(A™, A™). The Grassmannian has a neighborhood of H{~ = ng_O identified
with Hom(H ~, H™) (by taking graphs), so near [go] we think of P as a map

P: C"(X,Hom(A",A7)) — Hom(3H ", H™),
defined near the origin.
In particular, the tangent space to the Grassmannian at P[gq] is Hom(H~, H™), so the derivative of P

is a map
DigP: C"(X,Hom(A™,A")) — Hom(H ", H™).

Proposition 9.6 (Dg, P)(m): H™ — H* is the map
o = m(a_)hurm7

where pam: QT — HT is the projection arising from the L? -orthogonal decomposition QF = imd ™ @
Ht.

Proof Let g, be the conformal class whose corresponding bundle map is tm, |t| < 1, and *, its Hodge
star. Think of P as a map C"(X,Hom(A~, A") — Hom(H~, H™), defined near the origin. Then, for
o~ € H™, we have a closed 2-form o, = a~ + P(g,)(a™) € I'p(g,). This form is cohomologous to a
closed, g;-ASD form; say

o, +do, € H, .
‘We have
_ da; n
(DiggPYm)(a™) = y =feH".
t =0

Differentiating the relation
A+ *)(a; +do) =0
at t = 0, using our computation of the derivative of star, we find
—2m(a”) + (1 +*0)(€ + ¢) = 0,

where ¢ = (d/dt)|;—o¢;. That is,
£ =m(a) —dTo.
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10 Covariant derivatives

10.1 Covariant derivatives in vector bundles

Let E — M be a complex vector bundle over the manifold M, equipped with a hermitian product (-, -).
We write I' for the vector space of C°° sections of a vector bundle—so I'(M, E) means the space of
sections of £ — M.

Definition 10.1 A covariant derivative, or connection, in E is a C-linear map
V:TM,E)y = T(M, T*M ® E),
obeying the Leibniz rule
V({s)=df @ s+fVs, feC®M,C), seC®M,E).

It is called unitary if
V(s1,52) = (Vs1,52) + (51, Vs2).

Lemma 10.2 Covariant derivatives are local operators: (Vs)(x) depends only on the germ of s near x.

Proof If s; and s, agree on a neighborhood U of x, take a function x € C°°(M), supported in
U, x = 1 near x. Then ys; = xs2. The Leibniz rule then shows that V(xs;)(x) = (Vs;)(x), so
(Vso)(x) = (Vs)(x). o

Example 10.3 In a trivialized line bundle C — M, a connection amounts to a map C*(M) —
C>®(M,T*M) satisfying the Leibniz rule. The exterior derivative d is an example of a connection,
called the trivial connection. If the trivialization is unitary, i.e. (-, ), is independent of x € M, then d
is a unitary connection.

Example 10.4 In a higher rank trivial line bundle V — M, with fiber the vector space V, we still have
a trivial connection d:

d=dR1y: C°M,CRV)— C°M, T"M R V).

The difference V — V' between covariant derivatives in E is C°°(M)-linear; indeed, it is any section

of the vector bundle 7*M & End E. Thus the space of covariant derivatives C(E) is an affine space:
C(E) = V + Q}(End E).

If V and V' are unitary, V — V' is a section of T*M ® u(E), where u(E) is the Lie algebra bundle of

skew-hermitian endomorphisms of the fibers E,. Thus the space of unitary covariant derivatives is

C(E, () = V + QL w(E)).

Example 10.5 In the case of a trivialized bundle V — M, covariant derivatives take the form
d+A, Ae€C®M, T°"M ® EndV).

Covariant derivatives are first-order operators. Since every vector bundle is locally trivial, and
V is a local operator, we can always represent V locally in the form V = d + A. Hence covariant
derivatives are first-order operators, in the sense that (Vs)(x) depends only on the 1-jet of s at x, i.e.
on s(x) € E, and on ds(x): T.\M — TynE.
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Pullback. Connections pull back: if f: N — M is a smooth map, and V a connection in £ — M,
then there is a connection f*V in f*E — N. A section of f*F takes the form f*s, where s is a section
of E. We put (f*V)(f*s) = (Df* @ f*)(Vs).

One has (g o f)* = f* o g*, as usual.

Existence. We can now verify that (unitary) connections exist in any (hermitian) vector bundle
E — M. Let {U;} be a locally finite open cover such that E|y, is trivial. Then a connection V;
exists in E|y, (since it exists locally). Let {p;} be a partition of unity subordinate to the cover. Let
Vs =", piVis. Then

V(-9 => (pfVis+ pidf @) =fVs+df @s,

so V is a connection. The same construction works for unitary connections.

10.2 Curvature

A connection V in E defines a ‘coupled exterior derivative’
dy: QNE) —» QM Y(E),
which for k = 0 is just given by dy = V. The rule is
dv(n®@s) = (=1YnAVs+dn®s, scC®M,E), necQ,.
This again obeys the Leibniz rule, since for functions f, one has
dv(fn®s) = (=D AVs+fdn@s+{df A @s=fdy(n®s)+df A s).

Lemma 10.6 dy odv: Qj(E) — Q/’{4+2(E) is linear over the algebra 23,
Proof For n c O,
dy 0dy(n ® s) = dy((—1)*n A Vs +dn @)
=nAdyodys+ (—Drdn A Vs + (=D ldn A Vs
=nAdy odys.

We define the curvature
Fy € Q3,(End E)
to be the endomorphism-valued 2-form such that dy odys = Fy ®s. In the case of unitary connections,
Fy € Qﬁ,,(u(E)). By construction,
F f*v = f*F V-
Of course, the trivial connection d, in the trivial bundle, is flat, F; = 0, because d?=0.
To repeat: In this formulation, curvature is defined as the obstruction to c12v =0.
A covariant derivative in E induces one in End E; its coupled exterior derivative is
dv: Q% (EndE) — Q5N (EndE), (dva) = [dy, al.
Taking note of the sign that appears when we apply dy to As, we see that
Fyia=Fy+dvA+ANA.
Here AAA combines the composition of endomorphisms with the wedge product of forms. In particular,

in a trivial bundle, one has
Fogian=dA+ANA.
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Example 10.7 In the case of a line bundle L — M, the 1-form A is valued in End C = C. Similarly
Fvy is a complex 2-form. In this case, the antisymmetry of the wedge product shows that

FV+A == FV +dA

For unitary connections, A and F4 are iR-valued.

It is instructive to write the formula Fy44 = dA + A A A in local coordinates (xy, . ..,x,) on M. Then
A =) Ardxy, where Ag is an r x r matrix, and the curvature is Fyiq = > J Fdx; N\ dxj, where
0A;  0A;
Fi=—2 — — 1+ [A, A
' 8)6,' 8xj [ ' J]

For a vector field v, write V,: I'(M,E) — I'(M, E) for the contraction of V with v. Note that
V5, = fV, for functions f.

In the case of the coordinate vector field 0; = 0/0x;, we will abbreviate the notation to V;s = Vy,.
Then, in our local trivialization, V; = 0; + A;, and

[Vi, V)l = [0; + Ai, 0; + Aj] = Fy,
so that we arrive at a second interpretation of the curvature: its components measure failure of commu-

tativity of covariant partial derivatives.

From this formula follows a more general one:

Lemma 10.8 For vector fields u and v, one has
FV(ua V) = [vua vv] - v[u,v]-

Proof The right-hand side is evidently R-bilinear in u and v. It is actually C°°(M)-bilinear, since for
functions f, one has
[Viu, Vil = fTVu, Vil + df (n)V,,
while [f, uv] = flu, v] — df (v)u, so that
Viuyl = fViuy — df )V

Once one knows that both sides are C°°(M)-bilinear, it suffices to see that they agree for coordinate
vector fields, which we have already established. a

So: curvature measures the failure of V to preserve brackets.

Lemma 10.9 (Bianchi identity) dvFv = 0.

Proof In local coordinates,
dvFy =Y [Vi, Fil dyg

= [Vi, [V}, Vil dxij
ik
=2 Z (IVi, [V}, Vil + [V, [Vi, VAT + [V, [Vi, Vi) dxjje = 0.

i<j<k
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10.3 Gauge transformations

Definition 10.10 A gauge transformation u of a vector bundle E — M is a bundle automorphism
u: E S E,

i.e., a fiberwise linear isomorphism covering idy,. Gauge transformations form a group Gz. When E
is given as a hermitian vector bundle, gauge transformations are taken to be fiberwise unitary.

There is a bundle of Lie groups GL(E) C End E, with fibers GL(E,); and G is the group of its sections.
However, GL(E) is not a principal bundle: it does not admit any natural action by GL(r, C). If one picks
a basis (eq, ..., e,) for Ey, then an automorphism of E, amounts to an invertible matrix U € GL(r, C).
Changing the basis conjugates U by the change-of-basis matrix. Hence, if Pr — M is the principal
bundle of frames of E, then

GL(E) = Pe XqLi,0) GL(r, ©),
the bundle associated with the left action of GL(r, C) on itself by inner automorphisms, g-h = ghg™'.
Gauge transformations act on covariant derivatives, by V — u*V:

W*V)(s) = uV(u's).

Certainly F,«v = u*Fy = uFyu~': this is an instance of the fact that curvature is compatible with
pullbacks.

Lemma 10.11 We have
w'V =V — (dyuu".

In a trivialized bundle,
w(d+A) =d— (dwyu" +udu".
Proof We have
Vs = V(uuils) = (dvu)(ufls) + uV(uils).

Thus
W*V)s = uVu's) = Vs — (dyu)us).

This gives the first formula, of which the second is an instance. |

10.4 Flat connections

Theorem 10.12 (flat connections are integrable) If V is a flat connection in E — M then, near any
point of M, there is a local trivialization of E in which V is the trivial connection d.

This is an immediate consequence of

Proposition 10.13 Let H = (—1,1)" C R". Suppose V is a (unitary) connection in the trivial bundle
R" — H such that Fy; = 0. Then there is a (unitary) gauge transformation u such that u*V is trivial.
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Proof We have V =d + A = s + ) _ A, dx; for (skew-hermitian) matrix-valued functions A;: H —
EndC”. Assume inductively that A; = 0 for 1 < i < p (the initial case, p = 0, is a vacuous
assumption). The flatness assumption Fj; = 0 says that 9;A; — 0A; +[A;,A;] = 0. Thus for 1 <i <p,

aiAp+1 =0:

Ap11 is independent of (xq,...,x,). We claim that there is a gauge transformation u = u, | such that
u*V =d+ > B;dx; where B; =0 for 1 <i < p+ 1. From this claim the proposition follows.

Now,
Bi = —(Quu~" + uAju,
so what we want is a solution to the system of ODE for matrix-valued functions
ou=0, i=1,...,p;
Op1u +uApy1 = 0.

The equation Op41u + uA,+1 = 0 is a linear ODE in the variable x,.1, with coefficients varying
smoothly in the parameters (x,42,...,x,)—and independent of (xi,...,x,). If we impose the initial
condition that u(x) = I when x,;1 = 0, the solution is unique, smooth as a function of x, and
independent of (xp, ..., xp), as required.

Finally, we address unitarity, assuming the A; are skew-hermitian. We want u()u(x)! = I. But
8p+1u(x)u(x)T = (8p+1u)uT + u8p+1uT = —MAp+1MT — uA;:JrluT = —u(Aps1 —l—A;H)uT =0,

and so from unitarity of u(x) when x,,; = 0 we deduce unitary for all x. a

10.5 Flat connections are local systems

A connection V in a vector bundle E can be given by the following data.
First, we define E by specifying an open cover {U,} of M. We take E to be trivialized over U, , and
we give transition functions 7,5: Usg — GL(r, C), forming a cocycle:
Taf = Tﬁ_al, TaB © T8y © Tya = 1.
Over U,, we have V = d + A, , where
Aq € Qp (EndC").

Thus the connection amounts to the collection of 1-forms {A,}. They must obey the transformation
rule

Ag = Ta8A0TEa — (dTap8)T8a-
We saw last time that a flat connection is locally a trivial connection. Thus we can take A, = 0. The
condition on the transition functions is then
drap =0,
i.e., that 7,4 is locally constant.

A vector bundle with a system of locally constant transition functions is called a local system. Thus a
flat connection determines, and is determined by, a local system.

A vector bundle with flat connection can be is equivalent to a vector bundles with locally constant
transition functions, also known as local systems.
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11 U(1)-connections

11.1 Connections and gauge transformations in line bundles

Let L — M be a hermitian line bundle. Let A, be the space of unitary connections,
AL =V +iQ),.

Note that 2}, has the structure of a topological vector space (it is a Fréchet space, its topology defined
by a sequence of C"-norms), and so Ay, is an affine Fréchet space. Let Gy be the group of unitary gauge
transformations. Since an automorphism of a 1-dimensional hermitian vector space is a unit scalar, one
has

S =C>(M,U(1).)
G also has a C*° topology, and acts continuously on A; . Introduce the orbit-space

Br=Cr/9L.

It is by no means obvious that this quotient space is Hausdorff. It turns out that it is—we can identify
it quite concretely with the product of a b;(M)-dimensional torus and an affine Fréchet space. We
establish this picture now.

11.1.1 Chern-Weil theory

Let V € A;. Then:

o Fy € Q*(M;iR) is closed, i.e., dFy = 0.
Indeed, in a local trivialization we can write V = d + A, with A an imaginary 1-form, and
Fy = dA is locally exact.

o The closed 2-form iFv represents a class cp € H%R(M) independent of V.
Indeed, for a € Ql,(iR), we have Fy., = Fy + da.

e There is a universal constant \ € R such that cy, is the image in H%R(M ) of Ac1(L), where ci(L)
is the Chern class.
The pullback formula f*Fy = Fy«y shows that ¢r+; = f*cz, matching the fact that f*c|(L) =
c1(f*L). Every line bundle is the pullback of the tautological line bundle Ay — CPV, for
some N, viaamap f: M — CPN. So it suffices to show that cAy = Aci(Ay). Moreover,
H2R(CPY) = H2(CP'), and Ay|cp = Ay, so it suffices to show that ¢y, = Acj(A;). And
HIZJR((CPl) = R, generated by c;(A), so there is some A such that cx = Aci(A).

To find the constant A, it suffices to check one particular line bundle over CP!. To do so, it is useful to
take the point of view that V is encoded as a 1-form on the unit circle bundle; one can then proceed as
in Bott—Tu, Differential forms in algebraic topology, Ex. 6.44.1. The result is that

1
ci(L) = g[iFv]-
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11.1.2 Structure of B,

Gauge transformations u act on Ay by
WV =V — (duyu".
Observations:

e The action is semi-free: let U(1) C G, be the group of constant gauge transformations. Then
U(1) acts trivially, but the resulting action of G /U(1) is free.

e One has
mSy = H'(M: Z)
(homotopy classes of maps from M to the circle).

e The identity component G; consists of maps u = ¢S where € € C°(M,R). We have (¢%4)*V =
V — id¢. Hence the choice of V defines an identification

AL/S? 2 i(S /dy).
e Let 8 denote the ‘Coulomb gauge slice’,
§={V+ia:da=0}
an affine Fréchet space. By the Hodge theorem, Q1,/d)9, = ker d*. Thus projection
S — AL/S]
is a homeomorphism.

e The component group 7G5, = H Y(X;Z) acts on Ap /91 (equally, on 8;), and we next work out
how this works. We have u*V =V — (dwu~! = V — d(logu). The closed 1-form d(log u)
represents the class of u in H'(X;Z). There is a unique cohomologous form, d(log u) + d¢, with
V + d(logu) 4+ d€ € 8; being both closed and co-closed, d(logu) + d¢ € ﬂ{é. Thus we have

H'(M;R) "
H\(M;Z)

The ‘Picard torus’ P = H'(M;R)/H'(M;Z) is diffeomorphic to (S")*'®, while imd* is a
Fréchet space.

BLgS/Trong md*.

e The curvature is gauge-invariant (since U(1) is abelian), and so defines an affine-linear map
iF:8 — iFy +imd C Q3,, iFvi,=iFy — da.

Suppose we are interested in gauge-orbits connections with the same curvature as V. These
form the subset

P x {0} C P x imd*,

since imd* Nkerd = 0. Thus the gauge-orbits of U(1) connections of prescribed curvature
(any representative of —2mici(L)) form an affine copy of the Picard torus. When by(M) = 0,
the gauge-orbit is a single point.
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11.2 U(1)-instantons

Definition 11.1 Let X be a 4-manifold equipped with a conformal structure. A Yang—Mills instanton,
or anti-self-dual connection, in the hermitian vector bundle £ — X, is a connection V € Ag such that

(Fy)t =0.
Here (-)T is the self-dual projection 3(1 + %), mapping Q*(u(E)) to QF (WE)).
One has
WFy)t = wFouHt = uFéu_l,
so Gg preserves the instantons.

The equation (Fy,4)" = 0 amounts to a first-order differential equation for A. Donaldson theory is
the study of this equation; the focus is largely on the case of rank 2 bundles.

Our purpose here is to understand a simple case, that of instantons in line bundles L — X, where X is
compact.

Criterion for existence. The form (i/27)Fvy represents the integral cohomology class c¢i(L). If V
is an instanton then (i/27)Fy is both closed and ASD, hence harmonic. Thus

ci(L) € Hy(Z) := 3y N H*(X;Z).
(Here H*(X;Z) C HIZ)R(X) denotes the lattice of integer classes—a copy of H*(X;7Z) /torsion.) Con-

versely, if cj(L) € J-C[;](Z) then, letting w be the harmonic representative of ¢1(L)—so wt = 0—one
can find a connection V with Fyy = —2miw, and this is an instanton.
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12 Instantons in U(1)-bundles

12.1 Instantons in U(1)-bundles

In lecture 11, we introduced the notion of an instanton, a unitary connection V over an oriented
Riemannian 4-manifold (X, g) with a conformal structure [g], such that F $ = (0. We began the study
of instantons in line bundles L — X. We take X to be compact.

So far we have given a criterion for existence of an instanton in L, namely, that ¢{(L) € HLZ)R(X ) lies in
the intersection 3, (Z) of the integer lattice with the classes of closed, ASD 2-forms. Next we discuss
uniqueness.

Suppose first that V is an instanton in L. Then another connection V + ia is an instanton if and only if
a € ker(d™: Qy — Q).
Recall the self-duality complex £*,
0 0% %ol ©5af o

We computed its cohomology, showing that
kerdt  kerd h

dQy a0y dQy
Recall that A, /G5 is identified with QL /dQY, by mapping [V + ia] to [a].
Let J; = V + kerd* C Ay be the subspace of instantons. Then we see

91/S5 = Hpp(X).
The component group mGy, then acts, with quotient
Hpr(X)

9./G =P = PRZT
L/3t 2mH) (X Z)
so the moduli space of instantons modulo gauge is the Picard torus.

H'(&) = = Hpp(X), H* &)= - =3},

One sees from this description that I /G, is a manifold, with tangent space H LI)R(X). It is worthwhile
thinking through why, intrinsically, this is so. Let’s work in the slice 8 = V + kerd*. We have
Jp N8 =V + ker(d* @ d™). Let us look at how the self-duality complex, and the operator d*, appear
with respect to the Hodge decomposition:

0 1 Le]
) e 38
A
QL a0
d*

0% 4 g+l
Note that d*Q} is the space Q) of functions f of mean zero [, fvol = 0. The map d*: Q} — QJ is
an isomorphism, as is d*: d*Q% — dT Q). Thus we view d* @ d* as an operator
ded Q' - e qf,
and see that
ker(d* @ d") = H},, coker(d* @dt)=H].
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Thus the instanton moduli space J;.G, = (I, N 8)/mpGyL is cut out as the zero-set of a smooth map
which is not a submersion (unless b1 (X) = 0), but whose derivative has finite-dimensional cokernel of
constant rank b1 (X), and has tangent space J—C[lg].

In finite dimensions, clean level sets of smooth maps are submanifolds, by virtue of the inverse function
theorem. In infinite dimensions, the inverse function theorem is available provided one works with
Banach manifolds. For this reason (among others) it is customary to set up the problem we have been
discussing in the framework of Sobolev spaces (and Hilbert manifolds). We will return to this point
later.

12.1.1 Generic non-existence

9{&] is the intersection of a fixed lattice in HLZ)R(X) with a b~ (X)-dimensional subspace—a subspace
which one might expect to be ‘random’, inasmuch as it varies with the conformal structure. Thus,
provided that the subspace has positive codimension, one expects that the intersection will typically be
Zero.

A precise result on these lines is as follows:

Theorem 12.1 For k < b™(X), and for any family of conformal structures {[g;]},cr parameterized
by a smooth compact k-manifold T, there are perturbations [g,] to this family, arbitrarily close to [g;]
in the C" -norm induced by metrics on T and X, such that

%E@](Z) =0 forallteT.

Recall that we regard the space Cx of conformal structures (of class C" for some r > 3) as a Banach
manifold by picking a reference conformal structure [go] and identifying Cx it with an open subset
of the bundle maps m: A~ — A*. The correspondence takes m to the unique [g] € Cx for which
A [gl=T,.
The derivative of P is a linear map

DigP: C"(X, Hom(Ap;, Al))) — Hom (3, 3,
and we found that

(DgP)(m)(a-) = m(a—)harm-
It is this result that is key to the proof.
Any non-zero class ¢ € H3x(X) defines a closed subset
Se={HeGr :ceH} CGr.

If H € S., H' is a subspace complementing to H, and m: H — H' a linear map, then the graph T,
lies in S, if and only if ¢ € kerm. Hence S, is a submanifold with tangent space

TySe = {1 € Hom(H, H') : u(c) = 0}

and normal space

o)

(Ns)u = TuGr~ /TuS. — H',  [u] — u(o),

so the codimension of S, is b (X).

Lemma 12.2 P is transverse to the submanifold S, C Gr™.
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Proof We must prove is that if P[g] € S. then im D, P spans the normal space to S, in Gr™ at
the point H{~[g]. Unravelling the definitions, and applying our formula for DP, this means that if
a” € CH[;] represents the class ¢ then, for any a+ € U—C[Jg], one can find a bundle map m: A= — AT
such that

m(Q” harm = at.

If this were not the case, there would be forms a® € U-Ci] such that ot which is L?-orthogonal to
m(Q harm, for any m:

0= (a®, m(a harm)z = (o, m(@™))2  Vm.
Suppose then that there is some point x € X where a*(x) # 0 and o~ (x) # 0. In a small geodesic
ball B around x, we can choose m so that mg(a™)|p = a™|p. Choose a cutoff function y, supported

in B, non-negative and identically 1 on %B. Set m = xmyg (a bundle map defined on X but supported
in B). Then

(ot ma ) = /X\aﬂzvolg >0,
B

contradiction. Certainly o~ and o™ are non-zero, and so each of them must vanish on some open set.

The lemma now follows from the following unique continuation principle: namely, a harmonic form
vanishing on an open set vanishes everywhere. This is an instance of a general unique continuation
principle for elliptic equations, due to N. Aronszajn (A unique continuation theorem for solutions of
elliptic partial differential equations or inequalities of second order, 1957). O

Proof of the theorem. It follows from the lemma that, for any non-zero ¢ € HLZ)R(X), P~I(S.) C Cx
is a submanifold of codimension b (X). This is by an application of the inverse function theorem,
which is valid for smooth maps between Banach spaces. It is here that is becomes significant that we
choose to work with C" conformal structures.

Now take our manifold 7 of dimension k < b*(X) and C” family of conformal structures g;, t € T.
This family defines a smooth map G: T — Cx. Consider the space § of maps T — Cx which lie
within a fixed distance of G with respect to the C” metric induced by Riemannian metrics on 7 and
on X. For any non-zero class c, there is an open, dense set U, C G of maps G, transverse to P! (Se).
Since P~1(S,) has codimension b (X) > dim 7, this means that im G misses S..

Let ¢ vary over all classes in the integer lattice H*(X; Z)' with ¢-¢ < 0 to obtain a countable intersection
() U of open dense subsets, representing maps G that miss all integer classes. By the Baire category
theorem, applied in the complete metric space G, this intersection is dense. |
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13 Differential operators

13.1 First-order differential operators

Let E and F be real vector bundles over M. Let Dy(E, F) be the vector space of zeroth-order differential
operators, that is, the C°°(M)-linear maps I'(M, E) — I'(M, F). There is a ‘symbol’ isomorphism

o’ Do(E, F) — I'(M, Hom(E, F)),

mapping the operator L to the well-defined bundle map e — (Ls),, where s € I'(M, E) is any section
such that s(x) = e.

Definition 13.1 A first-order linear differential operator from E to F isan R-linearmap D: I'(M, E) —
I'(M, F) such that, for all functions f € C>°(M), the commutator [D, f] is C°°(M)-linear.

The first-order linear operators form a vector space D (E, F) D Dy(E, F).

Example 13.2 A covariant derivative V: I'(M,E) — I'(T*M ® E) is a first-order linear differential
operator. For any f, one has [V, f]s = df ® s.

The definition can be recast in terms of jet bundles.

Define J'E to be the vector bundle of 1-jets of sections of E. A point of (J'E), is a pair (x, [s]), with
X € M, s the germ near x of a section of E, and [s] is its 1-jet: [s1] = [s2], when (i) (s; — s2)(x) =0
and (ii) s; — s is tangent to O at x (that is: the derivative Dy(s; — s2): TxM — T, oE maps to the
zero-section TyM C Ty oE).

There is a short exact sequence
0> T"M®E —J'EE—0.
Any section s € I'(M, E) defines a section j's € I'(M,J'E). For functions f, one has the Leibniz rule
£G's) = j'(fs) = df (%) @ s(x) € TM ® E, C J\E.

Definition 13.3 A first-order jet-operator is amap D: I'(M,E) — I'(M, F) of the form
(Ds)(x) = L(jls), L eT'(M,Hom(J'E, F)).
These form a vector space D(E, F)je; = I'(M, Hom(J'E, F)).

In local coordinates (xp, ..., x,), and in local trivializations of E and F, first-order jet operators take
the form
- 0
?3) (Ds)g = BZ P;B(x)a—xi% + Zﬁ: Qap(¥)ss.
N

The short exact sequence for J'E induces a short exact sequence of vector spaces
symb

0 — I'(M,Hom(E, F)) = Dje(E, F); —— I'(M,Hom(T*X ® E, F) — 0.
The map symb, the ‘principal symbol’, is simply restriction to T*M ® E C J'(E).

Theorem 13.4 First-order jet operators are identical to first-order differential operators.

Lemma 13.5 D(E, F)j; C D1(E, F).
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Proof Suppose that D = Lo j' € DI(E,F )jer- Then D is R-linear (since L and j' are); and, for
functions f and g, one has

[D,fls = L{df ®s)

and
[D,f1(gs) = Loj'(fgs)) — f L' (g5))
=Lo (df @ gs+f o' (gs)) —fL(' (g9))
=sLo (df ®s)
= g[D, f1(s),
ie. [[D,f],g] =0, as required. O

Our aim is now to prove the reverse inclusion, D{(E, F) C D(E, F)je;. Given D € D(E, F);, define
op(f) = off py € (M, Hom(E, F)).
Note that [D, fg] = f[D, g] + [D, f]g, from which it follows that
op(fg) = f op(g) + g op(f).

Lemma 13.6 Let D € D(E, F);, and suppose that f(x) = 0 and df, = 0. Then o})(f)x =0.

Proof Note that /' € mﬁ, where m, C C°°(M) is the maximal ideal of functions vanishing at x. So
we can write f = Y, gih;, where g;(x) = hi(x) = 0. But then o(f) = Y gioh(h) + hioh(9)i), so
ab(f)x = 0. i

Also, oh(c)y = 0 when c is a function that is constant near x. Thus o} (f) really only depends on
df (x) € T*xx (recall that df(x) stands for the class of f — f(x) in m,/ m)zc). In view of this observation,
we shall from now on write

oh(x;€) € Hom(E,, F,), £ € TrX,
to mean o ),(f), where df(x) = €.

The bundle map J}): T*X — Hom(E, F) is called the principal symbol of the first-order differential
operator D. (There is no clash here: when D is a jet operator, o}, = symb,,.)

Note that J'E = J}, ® E , where J}, = J'R is the bundle of 1-jets of functions; and that J}, = T*M &R
(the second summand is given by the constant functions). Thus From the lemma, it follows that op(f),
depends only on the 1-jet jL(f) € (JZ},,)X.

Bearing in mind that Hom(J'E, F) = Hom(J},, Hom(E, F)), we can think of o}, as defining a bundle
map J'E — F, and hence a jet operator o), o j!. The following lemma is then a tautology:

Lemma 13.7 D — ¢}, 0! is a zeroth order operator.

But since zeroth order operators are jet operators, this shows that D(E, F) C D(E, F);e;, completing
the proof of the theorem.
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13.2 Higher-order operators

One can recursively define an nth-order linear differential operator D: I'(M, E) — I'(M, F) to be an
R-linear map such that, for all functions f, [D,f] is an (n — 1)th order linear differential operator.
These form a vector space D, (E, F). Their union D(E, F) is a filtered vector space.

One can also define the bundle J"E of n-jets of sections of E (in which sections of E are considered
modulo the relation of having the same nth order Taylor expansion); and the map j*: I'(M,E) —
I'(M,J"E) taking a section to its n-jet at each point. One defines D,(E, F)j,; as the space of operators
s = L(j"s) for L € I'(M,Hom(J"E, F)), and shows, much as before, that D,,(E, F) = D,(E, F)je;.
Truncation of jets defines a short exact sequence
0 — Sym"(T*X)® E — J'E — J"'E — 0,
and restricting nth order jet operators to Sym” T*X ® E defines the symbol isomorphism
o Dnu(E, F)

Dn—1(E, F)
The principal symbol is compatible with composition: if D: I'(E) — I'(E") has order m and,
D': T(E") — T'(E"”) has order m’, then D o D’ is an (m + m’)th order operator and

— T(M, Hom(Sym"(T*X) ® E, F)).

/ /
= oy oo}

The composition on the right is the tensor product of two operations: multiplication in the graded
ring Sym*(7*X) of homogeneous polynomial functions on T¥X, and composition Hom(E', E") x
Hom(E, E') — Hom(E, E"). Thus, taking E = F, the principal symbol defines a graded ring isomor-
phism

o' :gr'DEE) T (M, Sym*(T*X) ® EndE) .

13.3 Examples of symbols

Example 13.8 For the exterior derivative d: Q% — QS‘{H ,one has [d,f]s = df A s. Therefore
ohE) = EN-T A — AR

Example 13.9 For a coupled exterior derivative dy : Q§(E) — Q§+1(E), one again has [dvy,flw =
df Nw, so

oy (O =N Ay QE - AT 9 E.
Note that Jtliv o J},(S) = 0, consistent with the fact that dzV = Fy A - is a zeroth-order operator, so
has vanishing principal symbol.

Example 13.10 Formal adjoints. Suppose that M is compact and that £ and F have euclidean
metrics. Let D*: I'(F) — I'(E) be a first-order linear differential operator that is formally adjoint to
D:T'(E) — I'(F):

<t, DS>L2(F) = (D*t, S>L2(E)'
Then, for functions f, one has

<t7 [f) D]S>L2(F) = <[D*7f]a S>L2(E)7
so [f,D]* = [D*,f] and
Th(§) = —(ah(E)*.
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Example 13.11 dJd*: Q’)‘(“ — QK has symbol given by the negative of contraction,

Op(§) = —1g A —: ARTE 5 Ak
(check using bases). The formal adjoint to the coupled exterior derivative, dy, = £ xdy*: QNE) —
QX(E), has symbol

03 (&) = —1e A —: AXTHE) — AK(E).
Example 13.12 The Hodge Laplacian A = dd* + d*d has symbol
TAE (@) = —1e(E N ) = EA (1) = —[¢fa
The covariant Laplacian acting on Q(E),
Ay = d*vdv + dvd*v

likewise has symbol

oA, &) = —|¢[fid.

13.4 Elliptic operators

Definition 13.13 (i) An elliptic operator is a linear differential operator D € D, (E, F) such that for
all x € M and all non-zero { = df(x) € Ty M, the symbol map

OYE O = L DL f € Hom(Ex Fy)
is an isomorphism. '
(ii) A generalized Laplacian is an operator A € D,(E, E) such that o (¢, &) = —|¢|?idg. Equivalently,
one has %[[A,f],f] = —|df|?.
(iii) A Dirac operatoris an operator D € D, (E, E) such that D? is a generalized Laplacian. Equivalently,
op(§)’ = —[¢|ide.
Generalized Laplacians V are evidently elliptic. While V may not be formally self-adjoint, the fact
that the symbol is self-adjoint implies that A — A* € D(E,E).
Likewise, Dirac D operators are elliptic, with D — D* € Dy(E, E).

Example 13.14 On a Riemannian 4-manifold X, the operator d* @ d*: Q' — Q'@ Q;," has symbol
a'©: A" 5 A’ AT, am —at+ENa)T.

This map takes R¢ isomorphically to A° and &+ isomorphically to A, hence is an isomorphism. So

d* @ d™ is elliptic.

Example 13.15 The Laplacian on Q@ and the covariant Laplacian on Qﬁ,,(E) are generalized Lapla-
cians.

Example 13.16 d* @ d: Q1 — €y is a Dirac operator, since its square is the Laplacian A. Similarly,
ds, @ dy : Qy(E) — Q%(E) is a Dirac operator.
The symbol op of a Dirac operator D € D (E, E) squares to the symbol of the generalized Laplacian
D?, and therefore satisfies the Clifford relation
op()? = —[¢]%.
The cotangent space T*X,, with its inner product g, defines a Clifford algebra
(T*X,),
the associative algebra with unit 1 generated by T*X, and subject to the relation & - ¢ = —|£|?1. The
symbol ¢ = o}, extends to a representation of the Clifford algebra
o: cl(T*X,) — EndE,.
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14 Analysis of elliptic operators

14.1 Fredholm operators

Let B, and B, be separable Banach spaces, and £(B, B;) the Banach space of bounded (equivalently,
continuous) linear maps 7: By — B; with the operator norm. If 7 € L£(By, B») is bijective, then it is
invertible. Moreover, the invertible operators form an open set in £(B1, B).

Definition 14.1 a Fredholm operator from Bj to B, is a bounded linear map 7: By — B, with
finite-dimensional kernel and cokernel. The index of a Fredholm operator is

indT = dimker T — dim coker 7.

To say that T has finite-dimensional cokernel is to say that there is a finite-dimensional space F C B;
with F +1imT = B;. In this case, im 7" admits a finite-dimensional complement C.

Lemma 14.2 If T is Fredholm then its image is closed.

Proof Let C be a complement to im 7. Being finite-dimensional, C is closed. Consider the map
T': (B/kerT)® C — By, T'([x],c) =Tx+c.

T’ is bounded and bijective, hence an isomorphism of Banach spaces. Therefore it takes closed sets to
closed sets. But T'(By/ ker T & 0) = T(B). O

Proposition 14.3 T € L(By, B,) is Fredholm if and only if it is invertible modulo compact operators:
that is, there exists P € L(By, By) such that TP — I and PT — I are compact.

Proof If T is Fredholm, we can write By = ker T@ B/ and B = im7T&C. Themap T’ = T’B’, : B —

im 7T is a bounded bijection, hence an isomorphism. Define P: imT @& C — B; by P(y,c) = T'"'(y).
Then (TP — I)(y,c) = —c, and (PT — I)(k,x') = —k, so both TP — I and PT — I have finite rank and
are therefore compact.

Conversely, if PT — I = K is compact, and (x;) is a bounded sequence in ker T, then 0 = PTx; =
(I + K)x;, and (passing to a subsequence) Kx; — y (say); so x; — —y, and 7y = 0. So kerT is
finite-dimensional. If TP —I = K’ is compact, then im P contains im(/ + K”), so it suffices to show that
I + K’': B, — B has finite-dimensional cokernel. Now, K’ is the norm-limit of finite rank operators;
so we can write [ + K’ = J + F where J is invertible and F has finite rank. Rewrite this again as
J+F =J '+ JoF) to see that it suffices to treat the case where K’ has finite rank. But im(/ 4+ K”)
contains the finite-codimensional space ker K’, so I + K’ indeed has finite codimension. |

Proposition 14.4 The following are equivalent for T € L(By, By):
(i) T is Fredholm of index zero.
(ii) T =J + F where J is invertible and F has finite rank.

(iii) T =J + K where J is invertible and K is compact.
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Proof (i) = (ii). Since the kernel and cokernel of T have the same dimension, we can find a map
f: kerT — B, whose image represents coker 7. Since ker T is finite-dimensional, there exists a
projection 7: By — kerT. Set F' = —f om. Then F has finite rank and T — F is invertible.

(ii) = (i): Take T = J + F with J invertible, F finite rank. Then J~! is an inverse modulo compact
operators, so by the previous proposition, 7 is Fredholm. To show that T has index zero, we can reduce
(as in the foregoing proof) to the case T = I + F: B — B. Let A be a (finite-dimensional) complement
to ker F, and let A’ = A + im F. Let B’ C B be a complement to the finite-dimensional subspace A’.
Then I + F sends A’ to itself and B’ to itself—in the latter case, as the identity map. Thus we have
B = B'®A’ with A’ finite-dimensional and I + F = idg @ f, for some f € L(A’,A’). But the the kernel
and cokernel of I 4 F are the kernel and cokernel of f, hence have the same dimension. Thus the index
is zero.

(i) = (iii): Finite rank implies compact.
(iii) = (ii) There is some € > 0 such that J + L remains invertible whenever ||L|| < e. But K is a

norm-limit of finite rank operators, so one can write K = F + L with F finite-rank and ||L|| < €. Then
T=F+J+L). O

From the proposition we deduce:

Corollary 14.5 The Fredholm operators J(By, By) form an open set in B(B1, B,), and the index
ind: F(B1,By) > Z
is a locally constant (equally, continuous) function.

14.2 Sobolev spaces and elliptic estimates

There are many references for Sobolev spaces and elliptic estimates; an appropriate one is L. Nicolaescu,
Lectures on the geometry of manifolds.

14.2.1 Sobolev spaces

Let U be an open subset of R". We consider the space C2°(U;R") of compactly supported R"-valued
functions. Fix a real number p > 1 and an integer kK > 0. We have the ¥ norm

= (] Wvol)l/p,

Fllpe = > 1D llp-

loe| <k

and the Sobolev L} norm

. . ok
,where 1 <i;--- <i <n,and D“ 0

Here « is a multi-index (i1, . . ., i) of size k = |« = om, o,

There is also the C* norm,

e =Y sup IDf.

|| <k

Suppose now that M is a compact, oriented n-manifold, and £ — M a real vector bundle of rank r.
Choose a finite open covering {U;} for M, smooth embeddings U; C R”", a partition of unity {p;}
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subordinate to the cover, and trivializations 7;: E|y, — R”. We can then define a Sobolev norm on
I'(M,E) by

Islpe = Z pi(7i © 5)||p,k
i

defined using the coordinates on U;. The Sobolev space L} (E) is defined to be the completion of I'(E)
in the Lf{’ norm. It is a Banach space; when p = 2, a Hilbert space.

While the Sobolev norm depends on various choices, different choices give rise to equivalent norms
and so to identical Sobolev spaces. There is an alternative, and equivalent, approach based on choices
of metrics in 7X and E, and of a connection V in E.

We can also define a C* norm, on C¥(M, E):

Isllexs =D loicrio )l -
i
It follows from the Arzela—Ascoli theorem, and the mean-value inequality in R", that the inclusion
CH1 — C* is compact: every bounded sequence (s,) in C'*! has subsequence that converges in C'.
The basic facts about Sobolev spaces are these:

e Sobolev inequality: Define the scaling weight in n dimensions as
wik,p) =k — .
p

This is the weight with which, on R”", || Df ||, transforms under a dlilation x — rx when |a| = k.
If

k>1 and w(k,p) > w(l,q)
then there is a bounded inclusion of Sobolev spaces
L;— L.

e Rellich lemma: If & > [ and w(k, p) < w(l, g), the inclusion L’,: — L;] is compact. In particular,
the inclusion

p
Lk+ 1

— L}
is compact.
e Morrey inequality: Suppose / > 0 is an integer such that
I <wp,k).
There is then a constant C such that | - ||, x < C|| - ||, and therefore a bounded inclusion
LY(E) — CU(E).
e Smoothness: One has
() L(E) = CZ(E).
k>ko
(Indeed, C°°(E) certainly lies in the intersection of Sobolev spaces, and is dense therein since
it is dense in any one L. ; but a Cauchy sequence in ﬂkz ko LY (E) has bounded derivatives of all
orders, so its limit is C°°.)
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14.3 Elliptic estimates

Let D: I'(M,E) — I'(M, F) be a differential operator of order m over a closed, oriented, Riemannian
manifold (M, g). The basic point is that D extends to a bounded linear map between Hilbert spaces:
D: L}, (E) — Li(F).

Theorem 14.6 (elliptic estimate) If D is elliptic of order m, one has estimates on the L,% Sobolev
norms foreach k > 0:

[sll2k4m < Ci (1 Dsll2x + IIs]lk) -

Moreover
[[s[12e+m < Cil|Dsl|2,x
for s € (ker D)+ (L? orthogonal complement).

We will not prove the theorem, but we will note some important consequences (all of the first inequality,
not the second):

Theorem 14.7 If D is elliptic of order m, with formal adjoint D*, then
(i) Weyl’s lemma holds: If s € ker D C L2(E), then s is C*.
(i) The unit ball in ker D C L2,
(iii) im D is closed in L*(F).
(iv) imD = (ker D*)* (L2 orthogonal complements).

(E) is compact, and hence ker D is finite-dimensional.

(v) One has coker D = ker D*, finite-dimensional.

Proof (i) The elliptic estimate tells implies that s € ker D lies in (>, L7 = C*.
(i1) If s; is a bounded sequence in ker D then, by the elliptic estimate,

[sill2m+1 < const;
s0, by compactness of the inclusion, there is a subsequence that converges in L2 to a limit s.,. Since
D is a bounded operator L2, — L?, one has || Dss||;2=0, s0 Dss = 0.
(ili) We may assume m > 0. Take a sequence (;) in imD C L*(F), converging to t».. Say t; = Ds;.
Take a basis (xy,...,x;) for kerD. We may modify s; (adding multiples of the x;) to make it [?-
orthogonal to all the x;; thus s; 1 ker D in L.
There are now two possibilities: (s;) is a bounded sequence in L,i(E), or it is not. If it is bounded then,
by compactness of the inclusion into L2, it has a subsequence which converges in L?. Passing to this
subsequence, we have ||s; — sj||2 k+m < C(||t; — tj|l2.k + ||5i — 5j1/2). 80 ||si — Sjl|2,k+m — 0 as i,j — oo.

Then (s;) is a Cauchy sequence, hence has a limit s, and Dso, = too, SO foo € iImD.

On the other hand, if (s;) is unbounded then we can pass to a subsequence with |[[s;||2,, — oco. Let
8i = si/||sillzm. Then D$; = t;/|si]l2,n — 0. Since (§;) is a bounded sequence in L2, it has a
convergent subsequence (by the case just considered). Its limit § is a unit vector in (ker D), yet
D5 = 0: contradiction.

(iv) Suppose s € L,zn(F ) is L? -orthogonal to im D. Then D*s is L? -orthogonal to L*(E),ie. D*s =0
in L?. Thus (im D) = ker D*. In general, for a subspace A of a Hilbert space, one has A*+ = A.
Since im D is closed, one has im D = (ker D*)*.

(v) D is again elliptic, so ker D* is finite-dimensional; it complements im D, hence is identified with
coker D.

O
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Corollary 14.8 An elliptic operator D of order m defines a Fredholm map L,% m(E) = L,%(F ) for any
k > 0. Its index is independent of k. Moreover, its index depends only on the symbol of D.

Proof We have seen that im D is closed in L?; the higher k versions go similarly. We have also seen
that ker D and coker D = ker D* are finite-dimensional. Since ker D and ker D* comprise smooth
sections, their dimensions are independent of k. If we add to D a differential operator K of order < m,
K . . . . .
then K: Lg,,, — L factors as L}, — Lf | — L¢. Since the inclusion L7, | — L} is compact, so is

K: L% o Li. Compact perturbations of a Fredholm operator do not affect its index. a

14.4 I” bounds

Elliptic estimates also hold for L” Sobolev spaces, for any p > 1. These estimates are by no means
easy to prove; they depend on the Calder6n—Zygmund theory of singular integral operators.

Theorem 14.9 (L? elliptic estimate) If D is elliptic of order m, one has estimates on the Li Sobolev
norms foreachp > 1 and each k > 0:

[sllpk+m < Cpi (HDS pk HSHP) .
Moreover, if s belongs to a complement to ker D in L,,(E), one has
Ds|

Hs”p,k—i—m < Gk pik-
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15 Clifford algebras, spinors and spin groups

This lecture is based on Deligne’s Notes on spinors [4].

15.1 Clifford algebras

Let k be a commutative ring in which 2 is invertible.

Let (V, g) be a quadratic k-space: a k-module V with g: V — k a quadratic form. Thus the function

(-,-) =V xV =k given by (u,v) = %(q(u +v) — q(u) — q(v)) is k-bilinear, with (v,v) = g(v).

Typically, we will be interested in the case of positive-definite quadratic forms over k = R, such as an
inner product on a cotangent space 7; M. But the theory is algebraic, and other examples are sometimes
of interest (with base ring k = C, ]R[e]/e2, C>®(M), etc.).

Definition 15.1 The Clifford algebra cl(V, q) is the associative k-algebra, with unit element 1, gener-
ated by V and subject to relations

4) V= —qg)1, vev.

The universal property underpinning this definition is as follows:

If A is an associative k-algebra with unit 14, and f: V — A a linear map such that f(v)*> = —q(v)1,,
then f extends to a unique homomorphism of unital k-algebras cl(V,q) — A.

A concrete construction—as for any presentation of a unital associative algebra—is to take the tensor
algebra TV = @nzo V" and quotient by the 2-sided ideal I generated by the defining relations (in
this case, by the elements v ® v + g(v)1).

Warning. Many texts use instead the relation v> = +q()1.
(4) is equivalent to the assertion that for all u,v € V, we have

uv +vu = —2(u,v)1.

The following observations are immediate:

e The formation of Clifford algebras is compatible with extension of scalars k — K, and is
functorial in the k-module V. In particular, the linear action of the orthogonal group O(V, ¢) on
V extends to an action O(V, g) — Autcl(V, g).

e The length [ of a monomial vy ---v; € cl(V,q) is well-defined modulo 2, since (4) equates
monomials of even length. This makes the Clifford algebra a Z/2-graded algebra, also known
as a super-algebra:

cl(V,q) =c’(V,q) & cl'(V, 9),

with cl(V, ¢) (resp. cl'(V,q)) spanned by monomials of even length (resp. odd length). The
two summands are the +1-eigenspaces of the action of —idy € O(V, ¢) on cl(V, g).

e Let cl(V, g)°PP denote the opposite algebra (in the ungraded sense), which is the same k-module
with the order-reversed product: a -°°P b = b - a. The principal anti-automorphism is the unique
homomorphism 3: cl(V,q) — cl(V, g)°PP extending idy. It is an anti-involution.
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e There is a notion of the opposite super-algebra Agiper of the super-algebra A in which

a3 b=(-D"p. q,
We have cl(V,q)ehper = cl(V,—¢q). In general, cl(V,q) and its opposite cl(V,—g) are not
isomorphic algebras.

e Length defines an increasing filtration {F’cl(V, @ }eso of cl(V,g), with Ft.F™ c Ft4m In
the associated graded algebra of the filtration grcl(V,q) = @, F ¢/F*=1, one has g(v) = 0 for
v € V. This is the defining relation of the exterior algebra, and so defines an algebra epimorphism

AV = ercd(V,g), viA-Ave [yl [
When V is a free module, it is clear that i* is an isomorphism (actually it is true in general, as
one can see by a localization argument). In particular, when V is has dimension d over a field &,
we have
dimy cl®(V, ¢) = 247! = dimcl'(V, ).

15.1.1 Orthogonal sums

The theory of Clifford algebras and their representations is most elegant when we regard Clifford
algebras as super-algebras (or even as super-algebras with an anti-automorphism of the underlying
ungraded algebra). For example, define the super’tensor product of Z/2-graded algebras as follows:
A®B is A ®; B with the product

@@b)-dob)= D45 @ bb.

Lemma 15.2 When (V,q) = (V1,q1) @ (Va, q2), there is a super-algebra isomorphism
0: cl(Vi,q1) & cl(V2, q2) — cl(V, g),
respecting filtrations and lifting the isomorphism
grd =AN: AViRAV, = ANV & Vy).

Proof The inclusions j;: Vi — V and j,: Vo, — V induce inclusions cl(j;): cl(Vi,g;)) — cl(V,q).
The map we want is #(a ® b) = cl(j;)(a) - cl(j2)(b). The map 6 respects filtrations (where FX(A & B) =
Y F ‘A @ F*"'B). After passing to associated graded algebras, it induces the ‘wedge’ isomorphism
given in the statement of the lemma. A filtered map inducing an isomorphism on the associated graded
is an isomorphism. O

15.2 Spinors

If U=U"®U" isa Z/2-graded k-module, the endomorphism algebra Endy U is a super-algebra
sEnd U, with sEnd’ U the parity-preserving endomorphisms End Ut x End U~, and sEnd' U the
parity-reversing endomorphisms Hom(U™, U~) — Hom(U~, U™).

From now on in this section, k denotes a field (of characteristic # 2), and K an extension field of k.

Definition 15.3 Let (V, g) be even-dimensional and non-degenerate over k. A spinor module, defined
over K ,isa cl(V, g)-super-module S = ST®S™ (i.e.,a Z/2-graded K -vector space with a representation
p: cl(V,q) — sEndg §) such that the K-linear extension

PK - Cl(VK, qK) — sEndK S
is an isomorphism.
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Definition 15.4 A polarization P = (L, L) for an even-dimensional, non-degenerate quadratic form
(U, Q) over K is a pair of K-subspaces of U suchthat U = LBL’, and such that Q|;, = 0 and Q|;» = 0.

One then has L' = LY (via Q), so (U,Q) = (L& LY, ev).
e Over C, or any algebraically closed field, a polarization for (U, Q) always exists.
e Over R, a polarization exists iff ¢ has signature zero.

Proposition 15.5 Suppose that we are given (V, q). A polarization P for (Vk, qx) determines a spinor
module over K.

The construction is as follows: Define

S=Sp=AL".
Itis Z/2-graded by the parity of e: so S = ST @ S~. For each \ € L, define the annihilation operator
a(A) = 1) € sEnd'S. For i € LY, define the creation operator c(p) = A - € sEnd! S.These
operators satisfy Heisenberg anticommutator relations

{e), NN} =0, {a(w),a(H} =0, {cN),a(w} = pN)id.
The Clifford action on the spinors is now defined via a ‘creation minus annihilation’ formula:
p: L@ LY, q) — EndS, p\, p) = c(p) —a(N).

Proposition 15.6 px is an isomorphism of 7 /2 -graded K -algebras.

Proof We work over K. Write L = L; & -+ - @ Ly, a sum of lines. Then L & LY decomposes as the
orthogonal sum of L; & L, each summand having its evaluation pairing. Thus
dLeLly=dL @ L) & c(Ly & LY).
We have
S=ALY @ PLHZANLY @--- ALY,
and p = pg is the tensor product of the corresponding maps py,. Thus it suffices to prove that p is an
isomorphism when dim L = 1. But in that case, cIO(L @ LY) and sEnd’ S are both 2-dimensional, as
are cl'(L @ L") and sEnd' S, and it is easy to check that p is an isomorphism. a

Corollary 15.7 When (V, q) is polarized over the field k,
(i) any finite-dimensional, indecomposable (ungraded) cl(V, g)-module is isomorphic to a sum of
copies of S;
(ii) any finite-dimensional, indecomposable s cl(V, q) -super-module is isomorphic to a sum of copies
of S = ST & S~ and its parity-changed partner ILS = S~ & S+.

Proof (i) A matrix-algebra End S over k = k has S as its only indecomposable module (see e.g. S.
Lang, Algebra).
() Let T=T°@ T' be a cl(V, q) super-module. If (ey,...,ey,) is an orthonormal basis for V, the
element

w=ej...ey, € clo(V)

anti-commutes with any v € V, hence is central in cl°(V). One has w? = 1. The +1 eigenspaces of
w in T are exactly the parity subspaces 7° and T' (in some order). As an ungraded module we have
T = §%" for some r. The parity subspaces are then necessarily 7° = (ST)®" and T' = (S7)®" (or
vice versa), since they are determined by the action of w. So T = S®" as super-modules (up to parity
shift). d
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15.2.1 A quick note on spinors in odd dimension

A non-degenerate quadratic space (V,q) over an algebraically closed field k = k decomposes as an
orthogonal sum V = k @ V', where the quadratic form on k is a — a?, and V' admits a polarization.
Set

Dy = k[e]/(2 + 1), e D'odd.

Then cl(k) = Dy. If & is a spinor module for V' then
c(V,q) =2 D& sEnd; S' = sEndp(S’ ®x D).

With this in mind, we can define a spinor module for a non-degenerate quadratic space (V,q) over
a field &, defined over the extension K, to be a representation p of cl(V,q) on a free, finite-rank
Dg -supermodule S, such that that px: cl(Vk, gx) — sEndp, S is an isomorphism of K -superalgebras.
We will not develop this notion here.

15.3 Projective actions
15.3.1 Projective action of the orthogonal group

Fix a spinor module S, over K, for the non-degenerate, 2m-dimensional quadratic form (V, g) over k.
The orthogonal group O(V) acts projectively on §, via a homomorphism

©: O(V) — PGL(S) = Autg(S)/K*.

Construction of ©: Any g € O(V) extends to an automorphism cl(g) of the super-algebra cl(V), and
so gives an irreducible representation p o cl(g): cl(V) — AutS. Now (S, p) is the unique irreducible
super-module for cl(V), up to parity shift. Hence (S, p o cl(g)) is isomorphic to (S, p), i.e., there is an
intertwiner g: S — S, of either odd or even degree:

poclig)=pog.
g is unique up to scalars, and we set ©(g) = [g].

The center of cIO(V) contains the volume element w = e; ...es,. The automorphism cl(g) maps w
to det g - w. Since ST and S~ are the &1-eigenspaces of p(w), the parity of g corresponds exactly to
det g. In other words: SO(V) is the parity-respecting subgroup.

Alternative construction of ©: We have the action cl: O(V) — Autcl(V) But cl(V) is a matrix
algebra, and as such, all its automorphisms are inner, according to the Skolem—Noether theorem. Thus
cl(g)a) = F(g)-a- F(g)*l, where F(g) € cl(V)*. Moreover F(g), is well-defined modulo the center
of cl(V), i.e., modulo K*. Thus we get amap F: O(V) — cl(V)* /K™ such that cl(g) = Ad F(g); and
poF =0.

Example 15.8 For the circle group SO(2), its projective action © on S = C? amounts to the composite

map
square r oot
e

SO(2) SO(2)/{+1} — AutCP".

Note that © does not lift to a homomorphism SO(2) — Aut C?.
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15.3.2 Projective action of the orthogonal Lie algebra

In the same setting, the action cl: O(V) — Autcl(V) induces, by differentiation, a map of Lie algebras
6 =Dcl: o(V) — Dercl(V).

On the left, we have the orthogonal Lie algebra (trace-free endomorphisms of V); on the right, the
derivations of the algebra cl(V). To obtain this action, we extend scalars to B = K[e]/ €2, to obtain
cl: Op(V[el/€?) — Autgcl(V[el/e?). In O(V[e]/€*) we have the elements of form I + &e, with
Ee€o(V);and cl + &e) =T+ d(€)e.

Just as the action of g € O(V) on the Clifford algebra is inner, cl(g) = Ad F(g), so the derivations §(&)
are inner: §(&) = [f(§), -], where f: o(V) — cl(V)/K is characterized by

EW)=1[f©,vleVCcl(V), veV.

Moreover, we can lift f to land in [cl(V), cl(V)] C cl(V), since [cl(V), cl(V)] projects isomorphically to
cl(V)/K (because A =N [A,A]/K when A is a full matrix algebra). Thus we have a map of Lie algebras
f1o(V) = cl(V),

landing in the commutator subalgebra and satisfying £(v) = [f(£), v].
Define
spin(V) = f(o(V)).
Then spin(V) is a Lie subalgebra of cl(V), and the map f: o(V) — spin(V) describes the action of
o(V) by derivations of cl(V)/K.
We now make f explicit (our formula will show that f(o(V)) C c®(v)).

Lemma 15.9 There is a linear isomorphism
¢ A’V = o(V), xAy— d(xAy),
where ¢(x A y) is the trace-free endomorphism

AN =2(,v)x = (xv)y), veV.
The inverse isomorphism is given, in terms of an orthonormal basis (ey, . . ., e;) for V, by

o lo(V) = APV, £ iZgjei Aej.
ij
The proof is left to you. Now define f: o(V) — cIO(V) by
1
(5) F©O =30y =y =xy+ (631 € V), €= AY).

Lemma 15.10 For & € o(V), one has
W) =1[f(©), V]

Moreover, f preserves Lie brackets.

Proof We need only check the relation £(v) = [f(£), v]:
[f(é.)a v] = [xy + <x7y>17 v] = [xya vl = x(yv + Vy) — (v + vx)y = 2()7, V>x - 2<X, v>y = f(V)

The formula for f can be written still more explicitly as
1
&= > geine.
ij

Note that it is valid even when (V, g) does not admit a polarization.
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15.4 Spin groups
15.4.1 Clifford groups

Let (V, g) be a non-degenerate quadratic space over k.

The multiplicative group cl(V,¢)* acts on cl(V,g) by inner automorphisms u — (v — uvu— ). The
Clifford group G = G(V,q) is the normalizer of V, i.e., the subgroup of cl(V,¢)* that preserves
V C cl(V,q); let a, be the actionof g € Gon V.

Note that g(a,(v)) = —Ozg(v)2 = —gvzg_1 = g(v), i.e., oy, € O(V). Thus we have a homomorphism

a: G— OV).
If u € V and g(u) # 0 then u € G: indeed, u~!' = —ﬁu, and
1
o, (V) = ———uvu = —v + b(u,v)u'
q(u) q(u)

That is: —ov, is the reflection in the hyperplane u'-.

More generally, any product w = u; . .. u, of vectors with g(u;) # 0 lies in G, with «,, € O(V).

Lemma 15.11 The map o: G — O(V) is surjective.

Proof The image of G — O(V) contains the subgroup generated by reflections in hyperplanes u=,

where g(u) # 0. In the case of a positive-definite inner product space over R, it is a familiar fact
that O(V) is generated by reflections. It remains true, by a theorem of Cartan—Dieudonné, that for any
non-degenerate quadratic form over a field of characteristic not 2, O(V) is generated by reflections.

O

The kernel of G — O(V) is the intersection of G with the center of cl(V,¢); thus it is the group of
scalars £, and we have a central extension

1 2k =G—=0W)—=1.

Lemma 15.12 Every element of G is either a scalar, or a product v ... v, of elements of V, each
having q(v;) # 0.

Proof Let G' C G be the subgroup generated by k* and V. Then the restriction to G’ of G — O(V)
remains surjective, from which one sees that G’ = G. The result follows. |

Set Gt = GNcl™(V,q); it is the group generated by scalars and products v;v,. Since reflections have
determinant —1, the image of G* in O(V) is exactly SO(V). Thus we get a central extension

1 - k% = G — SO(V) — 1.
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15.4.2 Spin groups

Let 5: cl(V,q) — cl(V,¢)°PP be the principal anti-automorphism. If g = cv;...v, € G (for ¢ € k*
and r > 0) we have [(g)g = v, vy vy =2 [14g(vi) € K, and this defines a homomorphism
v: G — k™, which is a version of the spinor norm.

The composite k< < G <> k* is the squaring map ¢ — c?.
We define the spin group
Spin(V) =kerv NG,
as the elements of G™ of unit spinor norm. We have a central extension
1 — {1} — Spin(V) — SO(V) — 1.

As an algebraic group, Spin(V) has a Lie algebra spin(V). If € is a formal variable squaring to zero,
spin(V) is the kernel of the map Spin(V[e]) — Spin(V) given by setting € to zero. Namely,

spin(V)={a e c(V): [a,V] CV, a+ 7(a) =0}.
The map spin(V) — o(V) induced by Spin(V) — SO(V) is an isomorphism.

The spin Lie algebra is exactly the Lie algebra spin(V) which we constructed earlier: it consists of
elements a = %()Q/ —yx) where x,y € V. Indeed, such elements a obey [a, V] C V (as we saw earlier)
and a + 7(a) = 0, so lie in the spin Lie algebra as defined here; by dimension counting, they account
for the whole of the spin Lie algebra.

15.4.3 Representations of spin

When (V, g) is even-dimensional over k and polarized over K, the K -linear spinor representation S of
cl(V), restricted to Spin(V), lifts the projective representation of O(V):
P

Spin(V) Autg(S)
SO(V) — Autg(S)/K*,

as becomes clear on unraveling the definitions. This diagram unveils a primary purpose of the Spin-
groups: to realize the projective spinor representation of SO(V) as a linear representation of Spin(V).
Notice that —1 € Spin(V) maps under p to —ids.

Since Spin(V) C ct(V)*, the representation p: Spin(V) — Aut(S) decomposes as the direct sum of
representations pi: Spin(V) — Aut(S*T). Each of these is irreducible, because a subspace invariant
under Spin(V) would be invariant under the whole of cIO( V).
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16 Spin groups and spin structures in low dimensions

16.1 The compact Lie groups Spin(n)
16.1.1 The story so far

Assume (V, |- |?) is a positive-definite inner product space over R. Then Spin(V) = Spin(V, | -|?) is the
subgroup of the unit group cl(V)* in the Clifford algebra cl(V) formed from even products e; - - - - - ey
of unit vectors e¢; € V. In this setting, cl(V)* can be regarded as a Lie group, and Spin(V) a closed Lie
subgroup (they are the Lie groups associated with algebraic groups defined over R).

We saw last time that the Lie algebra spin(V) can also be realized inside the Lie algebra cIO(V),
with its commutator bracket; it is formed from the elements [x,y] with x,y € V. We wrote down an
isomorphism f: o(V) — spin(V) such that [f(£), -] describes the infinitesimal action of £ on cl(V/, |- \2).

The group Spin V acts on V by inner automorphisms of the Clifford algebra, defining the homomorphism
« in a short exact sequence
1 — 41 — Spin(V) = SO(V) — 1.

The existence of this short exact sequence makes clear that Spin(V) is compact (since SO(V) is). The
derivative Da: spin(V) — o(V), is exactly f -1

16.1.2 Exponentials

Since SO(V) is compact, its exponential map is surjective. That is, SO(V) = expo(V). Here
expé =>_ %5” can be computed inside End V. Similarly, we have the subgroup

exp(spin(V)) C SpinV,

with the exponentials taken in cIO( V).

Lemma 16.1 There is a short exact sequence
1 — 41 — exp(spin(V)) & SO(V) — 1, dimV > 1,

whence
Spin V = exp(spin(V)).

Proof We have a(expf(£)) = exp(Da o f(€)) = exp&, for £ € o(V). This proves exactness on the
right (surjectivity). And if (ey, e>) are two orthonormal vectors in V then exp F[e;, e2] = —1. O

Proposition 16.2 When dimV > 1, the Lie group homomorphism SpinV — SO(V) admits no
continuous splitting.

Proof Its realization by exponentials shows that Spin V is a connected Lie group, hence Spin(V) —
SO(V) is a non-trivial covering map in the sense of topology. Thus it can have no continuous splitting.
O

Consequently, Spin(n) := Spin(R", | - |*) — SO(n) can be characterized, for n > 1, as the unique
2-to-1 homomorphism of Lie groups G — SO(n) with G connected.
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16.2 Spinors
Recall also that, when n = 2m is even, there is a spinor representation p: cl(V) ® C — sEnd S on the

spinors § = St @ S~. Since Spin(V) is contained in the even Clifford algebra cl°(V), it preserves S+
and S7, and one has two ‘half-spinor’ representations

pt: Spin2m) — Aute ST, dimdim ST =271
These are irreducible, because pi(Spin(Zm)) spans pi(cIO(V)) = End S*.

When n = 2m + 1, there is a spinor representation p: Spin V — Autc S on a complex vector space of
dimension 2, which is in fact irreducible.

Warning: The spinors S are the unique irreducible representation of cl®(V) ® C. However, there can
be distinct irreducible complex representations of the real algebra cl’(V). We will not treat this point
systematically, but it will be implicit in treatments of orientations in what follows.

Lemma 16.3 If (S, p) is a representation of the Clifford algebra cl(V,q) of a non-degenerate real
quadratic form g, the following conditions on a hermitian form (-, ) on S are equivalent:

(1) p(v) e w(S) forv eV, ie., p(v) is skew-hermitian:
(p(W)s1,82) + (s1, p(v)s2) = 0.

(2) (-,-) is spin-invariant, i.e. p(g) is unitary for (-, -)for all g € Spin(V).
(Neither g nor the hermitian form is not assumed positive-definite here.)

Proof If (i) holds then for g € cl°(V), one has (p(g)s1, 82) = (s1, p(B6(g))s2), where (5 is the principal
anti-automorphism. So

(p(g)s1, p(g)s2)) = (51, p(g - B(8))s52)-
For g € Spin V, one has g - 3(g) = 1, and so
(p(g)s1, p(8)s2)) = (s1,52), g € Spin(V),
i..e, p(g) is unitary. Conversely, if (ii) holds then for v € V with g(v) # 0, one has
(p(W)s1,52)) = —(p()s1,q(W) " p(W)*52)) = q(W)~ (51, p(v)’52) = —(s1, p(V)s2),

and by continuity the condition (i) holds even when g(v) = 0. O

Lemma 164 When g = | - |? is positive-definite, a spin-invariant, positive definite hermitian product
exists on any representation (S, p).

Proof Start with any positive-definite hermitian product (-, -)o on S, and then average over the compact
group Spin V to obtain one that is spin-invariant. a
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16.3 Low-dimensional cases
16.3.1 Spin(2)

e The spin double covering of SO(2) is the angle-doubling map «: SO(2) — SO(2).

e Let ST and S~ denote the representations of SO(2) on C in which rotation by 6 acts as e
on ST. Thus S~ is the dual (or conjugate) to ST. Let S = ST @ S~. We seek to realize S
as the complex spinor representation of cl(R?) so that the standard hermitian product on S is
spin-invariant.

+i6

e We need a Clifford map

p: Rz =C— u(S), p(v) = |: p+0(v) p_o(v) :| , p ()= _p""(v)T.

The Clifford relation p+(v)T pr(v) = Mz is equivalent to the statement that
pT:R?>=C — Hom(ST,57) = (§7)®?
is a C-linear isometry.

e Define a spin structure on a 2-dimensional positive-definite inner product space V with an
orientation (i.e. a hermitian line) to be a hermitian line L and a unitary isomorphism p: V — L®2.
Given a spin structure, set S~ = L and ST = LV, and define p™ and p~ as above. Then the
resulting map cl(V) ® C — sEnd(S™ & S™) is an isomorphism, as one easily checks. Thus
ST @ S~ is a spinor representation.

e Given a spin structure in this sense, we can reconstruct the spin group as Spin V := U(L). The

map SpinV — SO(V) is g +— pog®?opl.

1632 Spin(3)

We shall use the quaternions H, with the inclusion C — H, x + yi — x + yi. There is the real inner
product (g1, q>) = Re(q132) and norm-squared |g|* := 7.
Consider a left H-module E with a real inner product such that (ge;, e;) = g(e1, e2) = (e1, gez) for
q € H. The symmetry group of (E, (-,-)) is the compact symplectic group Sp(E).
We can regard E as a C-vector space, with a hermitian product in the familiar sense. As such, it comes
with a C-antilinear isometry J with J> = —1 (namely, Je = je), and a complex symplectic form

Qe AZE*, Qey, er) = (eq,Jey).
Since J is determined by (-, -) and €2, the symmetries of (E¢, (-, -), 2)—the intersection U(E)NSp(E, 2)
of the unitary and complex symplectic groups—are exactly the symmetries Sp(E) of E as a hermitian
quaternionic vector space. The basic instance of this principle is that Sp(1) := Sp(H) coincides with
SU(2) (in this case, € is a volume form).

e The spin covering of SO(3) is the map
B:5p(1) = SO(3),
given as follows: t An element of Sp(1) is a quaternion ¢ € H whose squared norm equals 1.
There is an action Sp(1) — SO(H), g — (x — gxg—"). This action preserves 1 € H, hence
also preserves the imaginary quaternions ImH = 1+ = R{i,j, k}, and so defines 3: Sp(1) —
SO(ImH). One has ker = {£1}, and since dimSp(1) = 3 = dimSO(3), S is a local
diffeomorphism, hence a 2-fold covering map. Note that Sp(1) is diffeomorphic to the 3-sphere
S, hence connected, hence f3 is a non-trivial covering.
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16.4

One can also regard Sp(2) as SU(2), the symmetry group of C? with its hermitian inner product
and complex volume form € A?C?. We will see that the defining representation of SU(2) on
S = C? defines a spinor module S for cl(R®). We postulate that that the Clifford map

p: R = u(s)
in fact maps to su(S). The Clifford relations imply that p is an isometry when su(2) has its
inner product (a,b) = —% tr(ab) = %tr(aTb). Conversely, if p is an isometry then the Clifford

relations holds. Indeed, p(v)2 is a scalar matrix (like the square of any element of su(2)) of trace
—2[v|?, hence is —|v|I.

Thus if we have an isometry p: R® — su(S) then we get a Clifford module (S, p), easily checked
to be a spinor module.

If (e}, es, e3) is an orthonormal basis then w := ejezes is central in cl(R3), with w? = 1. Hence
p(e1)p(ez)ples) acts as £/ on §, and the sign changes according to whether or not the basis is
oriented.

Say V is a 3-dimensional oriented inner product space. Define a spin structure to be a 2-
dimensional hermitian vector space S with a complex volume form € € A%S, and an isometry
p: V — su(S) such that p(e;)p(ez)p(es) = +1 when (e, ez, e3) is an oriented orthonormal basis
for V.

Spin(V) is the symmetry group of the spin structure: the group of pairs (g, 2) with g € SO(V),
2 € SU(S), so that the following diagram commutes:

V—"s 5u(S)

8 l J{Ad(g)

vV —" su(s).

Spin(4)

There is a 2-1 covering
v: Sp(1) x Sp(1) — SO4)

exhibiting an isomorphism Spin(4) = Sp(1) x Sp(1), given as follows: left multiplication by unit
quaternions preserves the norm on H. Right multiplication by the conjugate of a unit quaternion
also preserves the norm, and commutes with left multiplication. These actions together give the
map «: Sp(1) x Sp(1) — SO(H),

Agq1592) = {x = qixq; '},
There is a commutative diagram

Sp(1) —— "~ SOIm H)

. i
Sp(1) x Sp(1) ———= SO(H)
with A the diagonal and the right vertical arrow the evident inclusion. If (¢, ¢2) € ker7 then
(by taking x = 1) we see that g; = ¢», so (g1,¢92) € im A and therefore (q1,¢2) = +(1,1).
Since dim Sp(1) x Sp(1) = 6 = dim SO(4), we see that v induces a Lie algebra isomorphism,
and so is surjective.
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Let ST = H and S~ = H. They are H-vector spaces, and the underlying C-vector spaces come
with hermitian metrics. Let Sp(1) x Sp(1) act on S via the first projection to Sp(1), and on S~
via the second projection. (These actions preserve the H-structure and the hermitian metrics.)
We will see that these are the half-spinor representations.

The space Homp(S™, S™) is a copy of H, and carries an operator norm. The underlying real vector
space is canonically oriented (since it has a complex structure). Let p™: R* — Homm(ST,S™) be
an R-linear, orientation-preserving isometry. Define p~(v) = —p*T(v)t: Homy(S~,ST). Then
one has p~(V)pt(v) = |v|%idg+ and p*(v)p~(v) = |v|%ids-, so p defines a Clifford module, in
fact a spinor module.

If V is a 4-dimensional oriented inner product space, define a spin structure on V to be a pair of
rank 2 hermitian vector spaces ST and S~ with quaternionic structures, and an oriented isometry
pT: V — Homy(ST,S7).

Spin(V) is the symmetry group of the spin structure: the group of pairs (g, 2) with g € SO(V)
and g € SU(S™) x SU(S™) C SU(ST @ §7), making the following diagram commute:

V—".Ends

| e

V —" Ends.
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17 Spin and Spin®-structures: topology

17.1 Spin structures on vector bundles
Definition 17.1 Let V — M be rank n vector bundle. A spin structure for V, s = (Spin(V), 7), is a
principal Spin(n)-bundle Spin(V) — M together with an isomorphism

7: Spin(V) Xspin(m) R" =NV

A spin structure for M is a spin structure for 7M.

A spin structure for V induces a euclidean metric and an orientation in V. They are jointly char-
acterized by the property that the principal SO(n)-bundle SO(V) of orthonormal oriented frames is
Spin(V) Xspin(my SO(n). There is 2-fold covering Spin(V) — SO(V) over idy.

Often, we think of the metric and orientation as being given in advance. Then one already has the
principal bundle SO(V) — M. A spin structure amounts to a principal Spin(n)-bundle Spin(V) — M
and an isomorphism Spin(V) X spin(n) SO(n).

When n is even, there are associated half-spinor bundles S* = Spin(V) x sp;n(,,)Si 2> They are hermitian
bundles and come with Clifford maps

pt: V= Hom@ST,S7), p :V—=Hom(S ,ST),

with p~(v) = —p* (1)1, such that p~(»)p*(v) = |v|%id and p™(v)p~(v) = |v|*id. When 7 is odd, one
has a spinor bundle S but it does not split into half-spin bundles.

For low n, we defined a spin structure on a vector space in the previous lecture. Generalized to vector
bundles, those definitions are equivalent to a spin structure as defined today:

e When n = 2, a spin structure in V amounts to square root of V as a hermitian line bundle.

e When n = 3, a spin structure in V amounts to a rank 2 hermitian vector bundle S, a complex
volume form € € I'(A%S*) trivializing A?S*, and an oriented isometry

p: V — su(S).

e When n = 4, a spin structure in V amounts to a pair (ST, S™) of hermitian vector bundles, each
with a quaternionic structure, and an oriented isometry

pt: V= Homu(Sy,S.).
In each case, one must exhibit the principal spin bundle Spin V. For n = 4, for instance, a point

in Spin V, consists of an oriented isometry #: R* — V, and unitary, quaternionic isomorphisms
©4: H — S, intertwining the map p* with the corresponding map in the model case.

These are defined via a polarization of V ® C. I ought to insert, in an earlier lecture, a brief explanation of
how to obtain such polarizations in such a way as to ensure the spinors are canonically defined, as representations
of the real Clifford algebra and not just of its complexification.



84 T. Perutz

17.1.1 Uniqueness

Proposition 17.2 If a spin structure in V exists, then the set of isomorphism classes of spin structures
in V is a torsor for the group H'(M;7,/2).

Proof Suppose that we have a pair of spin structures s and s’, in the oriented euclidean vector bundle

V. An isomorphism s — s’ is a map of Spin(n)-spaces ¢: Spin(V) — Spin(V)' lying over the identity

map of SO(V). For each x € M, there are precisely 2 maps of Spin(n)-spaces,

¢dx: Spin(Vy) — Spin(Vy)',

covering the identity of SO(V,). As x varies, these isomorphisms form a 2-fold covering space

iso(s,s') — M. Via its monodromy 7(M) — Z/2, this 2-fold covering space defines a class in

5(s,s') € H'(X; Z,/2) which is the obstruction to finding a global section of iso(s,s’) — M, i.e. an

isomorphism s — &’.

For the converse, fix a good covering U = {U,} of M, and represent a given class in H'(M;Z/2) by a

{£1}-valued Cech cocycle § = {J,z}. Fix a trivialization of V over each open set U, . A given spin

structure s has spin bundle Spin(V) with transition functions x.g: Uag — Spin(V) forming a cocycle

and inducing (via 7) the transition functions for V. The twisted transition functions Y3 = dagXas

also form a cocycle, and still induce the transition functions for V, and so define a new spin structure.
O

17.2 Existence and uniqueness in full

Let V — M be an oriented vector bundle. Fix a good covering U = {U, } of M fix also a representative
we CEM,U;Z /2) for the second Stiefel-Whitney class wa (V).

Theorem 17.3 To give a spin structure in the oriented vector bundle V — M is equivalent to trivializing
the second Stiefel-Whitney class w>(V). By this we mean the following:

(i) A spin structure in V exists only if wy(V) = 0.
(ii) A I-cochain n € C "M, U,z /2) with coboundary 671 = w determines a spin structure s,,.

(iii) If on = w = o1 , then s, differs from s,/ by the class [n — n'] € H Y(M;7Z/2). Moreover, a
0-cocycle ¢ with 6¢ = n — 1’ determines an isomorphism s, — s,.

Example 17.4 One has a Bockstein exact sequence
H'(X:2/2) 5 B2 2) 3 HAX, Z) — H*(X:Z/2)

When n = 2, the effect on the square root line bundle L of twisting the spin structure by § € H'(X; Z/2)
is to add B(9) to c;(L).

For clause (i), we note that V|y, admits a spin structure, and it is unique up to isomorphism (since
H 1(Ua;Z/2) = 0). Over an intersection U,g we have two spin structures, and we can pick an
isomorphism 6,3 between them. We may assume 0, = 9;[;. These isomorphisms are not necessarily
consistent: they define a 2-cocycle wagy = 0ap03,04a € CA(M, U; 7,/2). Tts class w(V) € H*(X;Z,/2)
is independent of choices, because changing the isomorphisms 6,5 by signs defining a 1-cochain 7,3
changes w to w + &7, and because the formation of w(V) is compatible with refining U.

The class w(V) satisfies:
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(1) w(*V) =ffw(V)

2) wU®V)=wU)+ w(V), and in particular, w(V & R) = w(V).
Thus w(V) is a characteristic class. Now, every rank r vector bundle is the pullback of the tautological
vector bundle A, — Gr.(R"), so to identify w it will suffice to identify w(A,) € H*(Gr(R");Z/2).
Since w is stable, it suffices to take n large.
But H2(Gr(R"); Z /2) = Z/2 for n large, the non-trivial element being the Stiefel-Whitney class wy
(see e.g. A. Hatcher, Vector bundles and K-theory). In the case r = 2, we already know that wy
obstructs spin structures, so w = wy when r = 2. The inclusion Gry(R") — Gr2+k(]R"+k) is an
isomorphism on H?(-,7Z/2), so

W = Wwj.

and we deduce clause (i).
The details of (ii) and (iii) are left to the reader.

17.3 Spinc-structures

Let (V,]| - |?) be a positive-definite real inner product space. We define the group Spin°(V) to be the
subgroup of cl(V®C)* generated by Spin(V) and the unit-length scalars U(1). One has Spin VNU(1) =
+1, so s
. pinV x U(1)
Spin“(V) & —————=.

pin=(V) .

There is a short exact sequence
1 — U(1) — Spin®(V) — SO(V) — 1
Set Spin€(r) = Spin(R").

Definition 17.5 If V — M is a vector bundle of rank r, a Spin®-structure on V is a principal
Spin¢(r)-bundle Spin(V) — M and an isomorphism

71 Spin®(V) xsow R” = V.

One still has a spinor representation p: Spin(r) — U(S), and if r is even, it is the direct sum
of half-spinor representations ST and S~. Hence a Spin®-structure defines a spinor bundle S =
Spin“(V) Xspinc() S, wWhich in the even-rank case is a direct sum ST @ S~. And one has the Clifford
map p: V — u(S), and when r is even, p(v) exchanges S and S™.
Moreover, one can reconstruct the Spin®-structure from the spinors: with r = 2m even, say, suppose
one is given hermitian vector bundles S* — M, each of rank 2"~ !, and a map of vector bundles
p: V — Home(ST,S7)
such that
(&) pf) + p(NP(F) = 2e.flids+,  e.f € V.
Let (Sya, psia) be the spinors for R”. Then we can define Spin°(V), as the space of pairs (6, f), where
0: R" — V, is an oriented isometry, and 0€Sys—Sya unitary map from the standard model for the
spinors to Sy, of even degree, such that
p(0(e)) = 00 pyae) 0 0.
One checks that Spin®(V), is a torsor for the group Spin©(r).
In low dimensions, one can say concretely what a Spin©-structure on V — M amounts to. Assume V
is already given with an orientation and euclidean metric.
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e n =2 (V ahermitian line bundle): a Spin®-structure is a pair of hermitian line bundles L* and
a C-linear isometry V — Homc(L™, L™). (The spin case is where LT = (L_)*.)

e n = 3: a Spin®-structure is a rank 2 hermitian vector bundle S — M and an oriented isometry
p: V — su(S) satisfying an orientation condition as in the spin case. (A spin structure comes
also with a trivilalization of A%S.)

e n = 4: a Spin®-structure is a pair of rank 2 hermitian vector bundle S* — M and a map
p: V — Hom(S*,S™) such that p(v)Tp(v) = |v|?id.

17.4 Existence and uniqueness for Spin°-structures

Proposition 17.6 If V — M admits a Spin©-structure s then the Spin®-structures form a torsor for
H*(X;Z).

Proof The pointwise Spin®-isomorphisms from s to s’ form a U(1)-bundle iso(s,s’) — M, and
its Chern class ¢ = ci(s,5") € H*(X;Z) is the obstruction to existence of a global isomorphism.
Conversely, given ¢ € H*(X;Z), one can modify the transition functions by a Cech representative for
¢, just as in the spin case. a

Note that the effect of addition of ¢ € H*(X) on the spinors is to replace (S, p) by (L. ® S,id ® p),
where L. is the hermitian line bundle with ¢;(L.) = c.

There is a homomorphism A: Spin®(r) — U(1), [g, z] — z*; together with the covering a: Spin°(r) —
SO(r), this gives a 2-fold covering map

Spin(r) 22 50(r) x U(1).

Via A, any Spin©-structure s has an associated complex line bundle L,. The homomorphism («, A) fits
into a commutative diagram

Spin<(r) — 2 50(r) x U(1)

| |

Spin(r +2) —*—= SO + 2).

The right vertical arrow is the inclusion of SO(r) x U(1) = SO(r) x SO(2) into SO(r + 2) given by the
direct sum of matrices. The left vertical arrow is the inclusion Spin(r) x U(1) = Spin(r) x Spin(2) —
Spin(r + 2). This diagram is a pullback square. From this we deduce the following:

Theorem 17.7 The isomorphism classes Spin®-structures s on V, with L a fixed oriented rank 2 real
vector bundle L, are classified by spin structures on V & L—hence by trivializations of w,(V & L).
Thus a Spin©-structure exists if and only if there is some L with wy(L) = wy(V), if and only it wy(V)
admits a lift to H*(M; Z).

17.4.1 The case of 4-manifolds

Theorem 17.8 (Hirzebruch—-Hopf) If X is a closed, oriented 4-manifold then w,(TX) admits a lift to
integer coefficients.
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Hence X admits a Spin©-structure. When H{(X; Z) has no 2-torsion, reduction H>(X; Z) — H*(X;7/2)
is surjective, so the point is to prove it without assumption on H;.

The proof begins with a lemma valid for finite CW complexes Z. Write H* and H for the kth integer
(co)homology of Z, and H*(Z/2) and Hi(Z/2) for the mod 2 (co)homology. Let r: H* — H¥(Z/2)
and r: Hy — Hy(Z/2) denote the maps induced by reduction Z — Z/2.

Lemma 17.9 There is a short exact sequence of abelian groups
0 — r(H ) — H*Z/2) <% Hom(H;, Z/2) — 0.

Proof Universal coefficients gives a pair of short exact sequences forming the rows in the following
diagram:

0 —— Ext!(Hi_1, 2) HF &> Hom(Hy,Z) — 0

| | |

0 —— Ext'(H;_1,7/2) — HXZ/2) —= Hom(Hy, Z/2) — 0.

The vertical maps arise make the diagram commute by a naturality property of universal coefficients
sequences. The vertical map Ext'(r) between the Ext-groups fits into a long exact sequence of Ext-
groups, which continues

1
Ext'(Hi_1,Z) 250 Ext!(Hy_1,7Z/2) — Ext*(Hy_1,7) — ...,

but over the base ring Z, Ext> = 0, so Ext!(r) surjects. In the upper row of the commutative diagram,
Ext!(Hy_1,Z) is a torsion (in fact, finite) group, and its quotient Hom(Hy, Z) a torsion-free group. Thus
the Ext group is the torsion subgroup of HX = C H*, and the Ext group in the lower row is r(HX ).
Thus we can rewrite the lower exact sequence as

0 — r(H ) — H*Z/2) <% Hom(H,, Z/2) — 0,
as claimed. |

Proposition 17.10 Let M be a compact n-manifold. Under the cup product pairing over 7Z/2, on
HNM;7Z.)2) x H*(M;7/2) — 7./2, the 7 /2-subspaces

r(HY, ) c H'(M;Z)2), r(H"™%) c H"*(M;Z/2)
are mutual annihilators.

Proof Using integer-coefficient Poincaré duality, rewrite the exact sequence of the lemma as

0 — r(HE, ) — H"Z/2) < Hom(H"*,72./2) — 0,
where e(x)(y) = (x Uy, [M]). Thus kere is the annihilator of r(H"¥). But kere = r(HX,,). The
cup product pairing on mod 2 cohomology is perfect, by mod 2 Poincareduality, and it follows that,
reciprocally, r(H"*) is the annihilator of r(H* O

tors/*
We can now prove the result about closed, oriented 4-manifolds X. To show that w,(7X) admits an
integer lift, it suffices to show that w,(7X) -7 = 0 whenever 7 is the mod 2 reduction of a torsion integer
class ¢ . But wp(TX)-f=1-7 by Wu’s formula, and 7 -7 = r(t - 1) = 0.

Remark. Teichnerand Vogthave observed that Spin©-structures exist on arbitrary oriented 4-manifolds,
not necessarily compact. For convenience, assume that X is homotopy-equivalent to a finite CW com-
plex, so that our lemma applies. One then needs to show that w, annihilates the mod 2 reductions of
torsion classes ¢ in the compactly supported cohomology H>(X). Such classes are Poincaré dual to
homology classes h € H»(X;Z), and the relation wo(h) = h* can then be checked by working in a
tubular neighborhood of an oriented embedded surface representing /.
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18 Dirac operators

18.1 The Levi-Civita connection

A Riemannian manifold M has a distinguished connection V in TM, the Levi-Civita connection,
uniquely characterized by two properties:

(i) V isorthogonal: d(u,v) = (Vu,v) + (u, Vv); and

(i1) V istorsion-free: V,v — V,u — [u,v] = 0.

The Riemann curvature tensor is the curvature of the Levi-Civita connection,
R=VoV € so(T*M)), Ruv=V.V,—V,Vi— Vi

Its components
Riju = (Ra,,0,(00), 1) = (ViV; — V;V)O, Or)

transform under the symmetric group S4 via the sign character ¢: S4 — {£1}. Moreover,
Rijkiy = Rijir + Rjxit + Ryijr = 0.

We find it convenient to work with the dual connection V* in T*M, (V*e)(v) = e(Vv). The metric
isomorphism TM — T*M identifies V with V*, so they have identical curvature; henceforth we write
V to mean V*.

18.2 Clifford connections

Definition 18.1 Let (M, g) be a Riemannian manifold, S — M be a hermitian vector bundle, and
p: T*M — u(S) a Clifford map:
p(e)? = —|el*ids.

Let V be the Levi-Civita connection in T*M. A Clifford connection is a unitary connection V in S
for which for which p is parallel:

[ﬁw P(e)] = P(Vv€)~

When p permutes the summands in a splitting S = ST @ S™, we require that V, should preserve the
summands.

Proposition 18.2 When S is the spinor bundle of a spin structure s, there is a distinguished Clifford
connection V*P (it will be called the spin connection).

Proof Work with an open covering {U,} for M, and with local trivializations of the principal spin
bundle Spin(V) — M. In the resulting local trivializations of V, V is given over U, by a 1-form
aq € Qba (so(r)) (namely, V = d + a). These 1-forms satisfy a consistency condition with respect to
the transition functions. A connection in S is given by 1-forms A, € Q}]a (End S). The isomorphism
Da: spin(r) — so(r) gives rise to such a connection V" with A, = (Do) 'A,,. Here spin(r) acts
on the spinors S via the infinitesimal spin representation Dp: spin(r) — u(S). By construction, V"
is unitary and makes Clifford multiplication parallel; and it does not depend on the local trivializations,
because under a change in these, it transforms in the same way as does V. a
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Remark. Had we developed the principal bundle perspective on connections, the construction of the
spin connection would be perfectly transparent.

To give a formula for V7, we will need to invoke our formula for the Lie algebra isomorphism
f1o(Vy) — spin(Vy)

inverse to the derivative of the covering map «a: Spin(V,) — SO(V,). In terms of an oriented
orthonormal basis (e, ..., e,) for V, we have

. 1
fr50(V) = spin(Ve) € V), f©) = 7D (€eire)plepley).
iy
We give the formula for vspin, using local coordinates (x1,...,x,) and an oriented orthonormal local
frame (eq,...,e,) for V. Write

Vo, = 0i +Ai, Aix) € so(r).
Here A; has entries A®” Then

i 1
V" =0+ fA) = 0+ 3 Y AV paps,
a,B
and
F(Vspzn) :f oR.

Proposition 18.3 When S is the spinor bundle of a Spin®-structure s, Clifford connections form an
affine space modeled on Q}W(iR).

Proof Let V be a Clifford connection. Then any other takes the form V + A, where A € Q}V,(u(S)).
For any tangent vector v, A(v) € u(S) is an infinitesimal automorphism of the S as a representation
of the full Clifford algebra. Since S (or S* and S~ is epresentation is irreducible, all its unitary
automorphisms are in U(1), and its infinitesimal automorphisms in /R. Moreover, V + aidg is a
Clifford connection when a € Q},(iR).

For existence, notice that Clifford connections exist locally in M (we can use the spin connection); we
can patch them together as usual, via partitions of unity. |

The Clifford connection determines, and is determined by, a unitary connection V° in the associated
line bundle Ls; One has

(V+a)P°=V°+2a
(note the factor of 2!). For the case of a spin structure, L, is a trivialized bundle and Veire the trivial

connection. Write
F°(V) = Feo € Q3(iR),

and note that
F°(V +a)=F° (V) + 2da.

Locally in M, we can lift the Spin©-structure to a spin structure, and compare V to the spin connection.
We thereby see that

1 ~ 1 -
F@ = FVSpin + EFO(V) ®ld§ :fOR+ EFO(V) ®1d§
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18.3 The Dirac operator

Let M be a manifold equipped with a Spin©-structure s, and let V be a Clifford connection associated
with the Levi-Civita connection V in T*M. The Dirac operator for V is the operator

D=poV:I) —I[(S),
namely, the composite
I'©S) 5 T(T*M @ S) 2 I(S).
In the case of a spin structure, there is a distinguished Clifford connection V*Pin and hence a distin-
guished Dirac operator D",

In terms of a local frame (e, ...,e,) for TM, with dual coframe (e!,...,¢") for T*M, one has
V=>V,®eé,and so

D¢ = Z ple') o V,,.

In the even-dimensional case, it exchanges the half-spinor bundles, having components
DT I(ST) — I(ST),
with D~ the formal adjoint to D
If £ is a function, one has
[D.fl1=polV.fl=podf,

which shows that D has symbol
op(§) = p(§) € End(S.)

Thus D is indeed an example of a Dirac operator in the sense that its symbol satisfies the Clifford
relation.

18.4 The formal adjoint to a covariant derivative

Let V be an orthogonal covariant derivative in a euclidean vector bundle V — M, and assume M is
Riemannian.

Lemma 18.4 For a vector field v, define its divergence divv to be the function divv = *d(¢,vol) =
*L,vol. Then, when M is compact,

(1) The operator
VvV, = -V, —divy
is the formal adjoint to V.
(2) Define V*: I(T*M ® E) — I'(E) by
Vit s) = Vs,

where v is a vector field and v! the corresponding 1-form (so g(u,v) = t,(v%)). Then V* is the
formal adjoint to V*.
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Proof (1) We will use the Cartan formula for the Lie derivative on forms, £, = ¢, od + d o ¢, the
fact that £, is a derivation, and Stokes’s theorem. One has

/ ((Vys1,82) + (51, Vs2)) vol = / tyd(sy,s2) - vol
M M

= / L,(s1,52) - vol
M

=/ Lv((S1,Sz)vol)—/(SuSz)vaol
M M

:/ dOLV((sl,sz)vol)—/(sl,sz)div(v)vol
M M

= — / (s1, div(v)sy)vol.
M
(2) We have
/(V*(Vﬁ ® 51, 82)v0l = / (V5s1,s2)vol
M

M

:/<s1,Vvsz>voI

M

:/<vﬁ®sl,Vsz>vol.
M

18.5 The Lichnérowicz formula

This formula is the result of what S.K. Donaldson has described as “one of the most fruitful calculations
in differential geometry.”

Theorem 18.5 (Lichnérowicz formula) One has

IO | 1
D* =V*V + Zscalg -idg + Ep(FO),

In this formula: (i) V*: I(T*M ® S) — I'(S) is the formal adjoint
(i) scal, = Zu Rjjji is the scalar curvature; (iii) 2-forms (such as Fg.) act on spinors via the map
p: A} — End’S, p(e Af) = S(p()p(f) — p(f)p(e)).

This theorem is an example of a Weitzenbock formula: a formula that compares the square a certain
Dirac operator in a bundle E with the covariant Laplacian V*V associated with a connection V in E.
The difference is necessarily a first-order operator, but a Weitzenbock formula identified a connection
V such that the difference is zeroth-order, and computes this difference.

Proof Work at the origin in local coordinates (xi,...,x,), and let ¢; = dx;(0). We have vV =
> Vi®dx;, where V; = V.
It will be convenient to choose coordinates so that

Vi(dx))(0) = 0.
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Equivalently, in the local trivialization of 7*X induced by the coordinates, one has V = d + A where
A(0) = 0. Geodesic coordinates (i.e. the coordinates induced by the exponential map of g) have this

property.

IP t{lese coordi~na~tes, one has div(9;) = 0 at the origin, so V* = — Zi?i ® 1(0;) at the origin. So
V*V = — 3" V,V; at the origin.

Write {-, -} for the anticommutator of operators, {A, B} = AB + BA.

We have D = ), p;V;, where p; = p(dx;), and, at x = 0,

VYV AD =) VVi+ Y pViopV;
i i

= Z ViVi+1 Z{Ph pitViV;+ Z pilVi, pIV; + 3 Z pipilVi, Vj]

i i i

= Z ViVi— Z 6;iViV; + Z pip(Vidx;)V; + Z pipi(Fe)ij
i i i i<j

= Z (Fﬁ)ij PiPj

i<j
The the second equality is a matter of algebra; the third uses V;(dx;)(0) = 0.
We have Fg = f(R) + %FO(@) ® idg. And ZK]. ng[p, = p(F°). So it remains to show that

1
Zf(Rij)Pin = ZSC3|g-
i<j
Well,
1 1
> FRpip; = 2 > Rugpipipepr = S > Ruggpipipipr-
i<j i<jik,l ikl
The second equality uses the fact that Ry;; = —Ry;, and the Clifford relation {pi, pj} = 0.
We have mentioned that the curvature tensor has the symmetry Ry := Ruij + Ryji + Ryjjr = 0. With
this in mind, consider the sum
Sijt = Z Rlaka,-ajpa,-pa_/pok«

gES3
We have
Z Rujpipjprpr = Z Z Sijkipr = Z Z Sijkt 1 + Z Z Sijit-
i k] I i<j<k I i<j<k I i<j=k

Note here that Sjj; = 0 when i = j, because Ry;; = 0. Now consider these two kinds of terms:
o i <j<k. Then po,ps,p5, = €(0)pipjpi, O

Sijk = Z Risi0i01P01Po;Poy = (Z e(o )RlokU,‘O'j) pipipr = (Riwij — Rujny)pipipx = 0.
TES3 oES;

e j=k. Then ps,ps;ps, = —po,;,and so

Sikki = — § Ris 0100 Po;
(e
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Thus

Z Ruijpipjprpr = Z Z Sikk1p1
!

ijkl i<k

= — Z Z ZRlUkO'iO'kpUipl
[

i<j=k ©
=2 Z Z Riixipxpr — Rigkipipi
I i<k
=2 Z Z RiixiRuixiprpr + Riikpipr
I i<k
=2 Z Riixipipr-
ik,
Under the exchange i <+ [, Ry, is symmetric, while p;p; is antisymmetric if i # /. Thus in the sum we
just obtained, —2 Zi’klelikipipl, it suffices to sum over i = [; we obtain.

> Rugpipipepr = =2 Rigix = —2scaly
ik, ik
which completes the proof. a
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19 The Seiberg—Witten equations
19.1 Spinc-structures in 4 dimensions

Let (X, g) be a closed 4-manifold, and let s be a Spin®-structure for (X, g). Thus one has a spinor
bundle

S=SteSs,
where ST and S~ are rank 2 hermitian vector bundles, and the Clifford map
p: T"X — u(S),
where p(e) exchanges the two summands of S, satisfies p(e)> = —|v|?id, and the labeling of the

summand S* is compatible with the orientation in the following sense:

Let (e1, ez, e3, e4) be an oriented orthonormal basis for 77X, and let w = —ejezezes € cIO(T;X) (w
does not depend on the choice of such basis). Then w anticommutes with 77X, and so is central in
cIO(T;X), and w? = 1; sow acts on S with eigenvalues +1, and its eigenspaces, being representations
of cl®(T*X) exchnaged by T*X, must be ST and S~. The condition is that w = 41 on S*.

These conditions are sufficient to ensure that p is modeled locally, in suitable bases, on left quaternionic
multiplication. Thus such data determine a Spin©-structure.

Lemma 19.1 There is a canonical isomorphism A?ST =2 A’S~.

Proof Note that
SU2) x SU2) x U(1)

(1,1, 1)

1w

Spin“(4) = G,

where
G ={(A,B) € U22) x U(2) : detA = det B},

and the isomorphism with G is [A, B, z] — (zA, zB). The spinor bundles are ST = Spin“(T*X)®¢ p,. C?,
the bundles associated to the two projections p1 : G — U(2). Recall the homomorphism A: Spin©(4) —
U(1), [A, B,z] — z*. Viewed as a homomorphism on G, one has A\ = detop, = detop_. Thus the
hermitian line bundle

Ly = Spin“(T*X) ®g.» C

is identified with both A2S™* and with A2S—. O

‘We define
det(s) = A’S™.

19.2 Spinc-structures and self-duality

We will need to understand how the Clifford map p interacts with self-duality. Note that Clifford
multiplication can be defined on 2-forms:

p: A*T*X — sEnd’S = EndS™ x EndS™, ple Af) = Lp(e), p()].

This map should be interpreted as the composite

A2TX 2 50T X) L spin(T7X) © COT*X) & SEnd"S,
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where the first map is the isomorphism e A f — {x — (x,f)e — (x,e)f}. So the action of 2-forms on
spinors is just the action of the spin Lie algebra, in disguise. In particular,

p(A2T*X) C su(S).

Left multiplication by w = —ejezezes € cIO(T;‘X) in cIO(T;‘X) preserves spin(7;X), and corresponds
to the Hodge star on AszX (because one checks that w - [e1, e2] = [e3, e4]). Thus the £1 eigenspaces
of  (namely, AF) map under p to S*. Thus

o [ sust 0 [0 o0
P(A)—[ 0 0}, P(A)—{O 5u(S_)}’

and the maps p: AT — su(S*) are isomorphisms.

19.3 The configuration space

Let A(S™) denote the space of Clifford connections in ST, and A(det s) the unitary connections in
A’S. Both are Q}(iR)-torsors, and one has a map

Ag(ST) — A(dets), Vi V°,

whose effect on connection matrices (in local trivializations) is
(V +aidg+)° = V° + 2a.

The bundle of groups Aut s has fibers Aut s, consisting of all unitary automorphisms u of S = ST ¢S~
such that p(v) ou = uo p(v) for all v € T;X. Such a u is necessarily a unit scalar; in particular, it
preserves ST). One has a gauge group § = G(s) = I'(Aut s), which is simply the group C>°(X, U(1)).
There is a homomorphism

G(s) — G(dets), u > det(u|s+);
viewed as a homomorphism from C>°(X, U(1)) to itself, it is simply given by u > .
The Seiberg—Witten configuration space—the domain of the map defining the equations—is

Aa(ST) x T(ST).

The gauge group G acts by u - (V,¢) = w*V,u¢) = (woVou ' up).

19.4 The Seiberg—Witten equations
19.4.1 The Dirac equation

We find it convenient now to adopt the standard gauge theory convention of writing A to mean a
connection—thus A defines a procedure which defines, in each local trivialization 7 of one’s bundle,
V over an open set U, a 1-form A, € Qb(End V). We write V4 for A viewed as a covariant derivative.

If A € Ay(ST), we write D, for the Dirac operator po V4, and DI : I(ST) — I'(S™) for its restriction
to positive spinors.

The first of the two Seiberg—Witten equations is the Dirac equation
(6) Dip=0, AeAuS"), ¢eT(SH)
The Dirac operator D is the map I'(S*) — I'(S™)—half of the full Dirac operator D.
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For a fixed A, the Dirac equation is linear elliptic equation in ¢, with symbol ¢ = p(§): ST — S™. (It
is not affine-linear as a function of (A, ¢), however.)

The Dirac equation provides no constraint on A. However, it is invariant under the gauge group 9,

since

Dya=poVya=pouVau)=uopoVyou ',

SO
Dysa(u - @) = u(Dpd).

19.4.2 The curvature equation

The second Seiberg—Witten equation—the curvature equation—now constraints the gauge-orbit of A:
1 o\t * C— +
(N SPFAD)T) = (@90 =0 ini-su(ST).

Explanation of the curvature equation: F(A°)", the curvature of the connection A° in det s, lies in i)™ .
We view p(F°(A)™ as lying in isu(ST): it is a trace-free, hermitian endomorphism of ST. Next, the
spinor ¢ € I'(ST) define a rank-1 endomorphism ¢¢* of ST by

(900 = (X, P)¢.

Note that the hermitian product is conjugate-linear on right, so if ¢y = u¢ for a function u then
Yp* = |u|*(¢p¢*). We denote by (-)g the trace-free component of an endomorphism of S*:

tré.
@) =0 — 71d.

We have

(¢¢") = 60" — 5]¢[%id.
The left-hand-sides of the Dirac and curvature equations together define a map

T Aa(S) x I(ST) — isu(ST) x I'(S_),
and so Seiberg—Witten equations together read
§(A,9) =0.

For u € G one has

SWA up) = u- (A, ¢),
where u acts on the target by u - (6, x) = (6, uy).

We will also frequently need a perturbation of the curvature equation, defined by a self-dual 2-form
YRS Q} The perturbed curvature equation is

1
®) SPF (A —4in) — (¢ ) = 0.

The solution space is §, = 0, where §,, is the evident adjustment to §. It is gauge-invariant in the
same sense as the unpertubed equation.

One has
pldta) — (ox* + x¢* + xx*o,

FnA+a-id, ¢+ x) — FyA, ¢) = Dax + Lpa) (b + )
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The linearization of §, is therefore
a podt 0 ][a} [(¢X*+X¢*)O}
D = +
Pia.pSn) [ X ] [ 0 Dallx Sp(a)¢
We often impose, in addition to the SW equations, the Coulomb gauge equation

©) d'a=0, a=A°—Aj€iQy.
Here Ag € A.(S) is a reference Clifford connection. The linearization of the SW map together with
the Coulomb condition is
d*a 0
D,¢)(d*, ) [ ¢ ] = | podta | + | (X" + X"
X Dax 3p(@)¢

The symbol of this operator is the same as that for the first-order term, dropping the zeroth-order term
on the right. It is the direct sum of the symbol of d* @ p o d* and that of Dy.

19.5 The index

We have not yet discussed the analytical consequences of ellipticity. We will do so in a subsequent
lecture, but the bare facts are as follows: Let §: I'(E) — I'(F) be an R-linear elliptic operator over a
closed manifold M. Let §* be the formal adjoint operator, defined with respect to euclidean metrics in
E and F. In practice one works in Sobolev spaces, but for the present we can state results using the C¥
topology, for any large k.

e kerd* = cokerd.

e ¢ is Fredholm: imd is closed and kerd and ker* are finite-dimensional. Moreover, these

kernels are comprised of C*° sections.

e The index ind 6 = dimker § — dimker 6* depends only on the symbol .
The Atiyah—Singer index theorem gives a formula for indd. In the case of Dirac operators, it reads
as follows. Assume M even-dimensional, and suppose that E = E™ @ E~ is a super Clifford module
for T*M (over C). Let W = Endq+m)E. Let D be C-linear Dirac operator with components
D*: T(E*) — I'(ET). Then

indc DT = / A(TM) - ch (W)
M
where ch is the Chern character,
1
ch =rank-1+c¢; + E(c% —2¢y) +--- € HY"(M),
and A(TM) € H*(M) is the A-hat series, a certain function of the Pontryagin classes py = pr(TM):

. 1
A=1—-—
24P1+

In the case of the spin Dirac operator of a spin structure on a 4-manifold X, W is a trivial complex line
bundle, and so

) R 1 1
indc DP"* = AX) = —— TX) = ——7(X).
indc /X 0 =35 [ 10 = 570

If we now twist the spin structure by a line bundle L to get a Spin°-structure 5 with dets = L?, we
have W = L and

n 1 1 1
indc Dy = / AX) = / <1 + c1(L)) + 2c1<L>2> <1 - 24191(TX)> =3 (c1(s)°[X] — 7(X)) .
X X
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The latter formula is valid for Dirac operators in Spin® 4-manifolds, regardless of whether a spin
structure exists.

We have already studied the elliptic operator
S=d"®d™:Qy - W e
using Hodge theory, so we do not need to appeal to the Atiyah—Singer formula. The kernel and cokernel

of ¢ are the odd and even cohomology of the self-duality complex (Q2° 4 g ﬂ) Q7), and therefore
its (real) index is
indpd = —x(E) =b1(X) — 1 — b (X).

Up to zeroth-order terms which do not affect the index, the linearized SW operator with Coulomb
gauge fixing is the direct sum of D4 and § (more precisely, not ¢ but d* & p o d™; the isomorphism
p: AT — su(ST) is irrelevant to the index). Thus its index is

ind = indg D + indg § = — (c1(8)*[X] — 7(X)) + b1 (X) — 1 — b (X).

A -

We arrive at the following formula:

Theorem 19.2 The index of the linearized SW equation with Coulomb gauge fixing is the number

1
d(s) = 5 (c1(s)*[X] — 2x(X) — 37(X)) .

19.5.1 A reinterpretation of the Seiberg—Witten index

Lemma 19.3 Let S — M be a rank 2 complex vector bundle. Then c;(EndS) = 0 and cy(End S) =
—c1(8)* + 4c2(S).

Proof Use the splitting principle to reduce to the case where S is a sum of line bundles: S = A & A,.
Then

EndS = End A\ ® End Ay ® A] @ A2 & A\ @ Ap,
and End A; = C. Let ¢; = c1(\;). Then ¢(S) = (14 £1)(1+¢>), while c(A\] ® \2) = 14 ¢, —¥¢;. Thus
c(End S) = c(\IA)-cOA) = (14l — L) (1 +01 — ) = 1 — (£ +62)> + 4010y = 1 —c1(S)> +4c(S).

O

In the case of the spinor bundle St — X of a Spin®-structure on a 4-manifold, we have sl(S*) =
su(STHH®C = AT ® C. Thus

PI(AT) = —2(AT ® C) = —c2(sl(ST)) = —c2(End C) = ¢1(S)* — 4ea(S).

Lemma 19.4
pi(AY) = pi(TX) + 2e(TX).
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Sketch proof. This formula is from Hirzebruch—Hopf, Felder von Flédchenelementen auf vierdimen-
sionaler Mannigfaltigkeiten.

One can identify real characteristic classes for oriented rank n real vector bundles with the space
(C[so(n)]so(”) of SO(n)-invariant polynomial on the Lie algebra so(n). The identification is via the
Chern—Weil homomorphism, f + cy. Here f is an invariant polynomial on so(n), and the characteristic
class ¢ evaluates on the bundle V as c¢(V) = [f(F)]: F = Fj4 is the normalized curvature of a
connection A in the bundle V, and f(F) the resulting real-valued closed 2-form.

The Chern—Weil homomorphism is natural in the following sense: if 8: SO(m) — SO(n) is a homo-
morphism, one has cg«r(V) = cy(Py x¢R"). Here Py is the principal frame bundle of the SO(m)-bundle
V,and Py xg R" the associated bundle.

In the case of an SO(n)-bundle, one has p; = [tr F2] and e = det F.

Now, AT arises from the principal SO(4)-bundle Pry via the homomorphism A\*: SO(4) — SO(3).
The invariant polynomial p;(F) = tr F? on so(4) pulls back under A" to an invariant polynomial
q(F) = p1((A")*F) on s50(3). On the Lie algebra of the maximal torus 7 = SO(2) x SO(2) C SO(4),
one can write p(t|,t) = t% + t%, with #; a coordinate on the ith copy of s0(2). But A™ maps T
to T/ = SO(2) x {1} € SO(3), and if ¢ is the coordinate on the Lie algebra of 7’, one checks that
AT =11 +12. Thus AT pi(F) = (11 + 1)* = (£ + 15) + 2012, ie., q(F) = tr F2 + 2det F. Thus
pi(AY) = pi(TX) + 2e(TX). D

Thus
c1(ST)? — 4ea(ST) = pi(TX) + 2e(TX),

from which we see
1
c2(STHIX] = i (c1(ST*[X] — 2x(X) — 30(X)) = d(s).

The second Chern number of ST is also its Euler number—the signed count of zeros of a generic
positive spinor.

Remark. The fact that the Seiberg—Witten index d(s) is the Euler number of ST cries out for a
direct explanation. There is such an explanation: see M. Maridakis, Spinor pairs and the concentration
principle for Dirac operators, arXiv 1510.07004. It draws on ideas of Witten and of Taubes, in particular
of Taubes’s approach to the Riemann—Roch formula, for which see C. Wendl, Lectures on Holomorphic
Curves in Symplectic and Contact Geometry.
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20 The Seiberg—Witten equations: bounds
The space of solutions to the Seiberg—Witten equations is compact: for any sequence of solutions

(A;, ¢;) there is a sequence of gauge transformations u; such that (u]A;, u;¢;) converges to a smooth
limiting solution. Today we begin working towards a proof of that remarkable result.

20.0.2 An inequality for Laplacians

Let (M, g) be an oriented Riemannian manifold. Let V be an orthogonal covariant derivative in a real,
euclidean vector bundle £ — M. In Lecture 17, we saw that V has a formal adjoint operator Define
V*: T(T"M ® E) — T'(E).

The first two parts of the following lemma are restatements from Lecture 17, wherein they were proved:

Lemma 20.1
ld*d(|s|*) = (V*Vs,s) — |Vs|*.

Proof For functions f of compact support, we have
/f(V*Vs,s>vo| = / (V*Vs, fs)vol
M M
= / (Vs, V(fs))vol
M
= / (Vs,fVs 4+ df @ s)vol
M

:/f]Vs]2v0|+/<Vs,df®s>vo|.
M M

(Angle-brackets are used to denote the inner products both on £ and on T*X ® E.) It suffices, then, to
show that [,,(Vs,df @ s)vol = [,, 3d*d(|s*|)f vol.

Since V is an orthogonal connection, d(|s|?) = 2(Vs, s), and
g (d(|sP), df) = 2(Vs,df @ s).
Thus
/ (Vs,df ® s)vol = / Lg (d|s]*.df) vol = / Ld*d(|s*])) - f vol.
M M M

We deduce the following very useful inequality:

Proposition 20.2 We have
Ld*d(|s|*) < (V*Vs,s).

Lemma 20.3 If p is a local maximum of the function f then (d*df)(p) > 0.
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Proof Recall that d* = + x dx. One can choose local coordinates (xi,...,x,) in which the metric
1S ¢ = gua + Zr,, x;x; for smooth functions r;;, g.s being the usual metric on R". The Hodge star
differs from that of g4 by a terms involving x;x;. Consequently, the action of d* on 1-forms takes the
following shape:
d*(ai dx,‘) = —8,'61 + Z h,jxjai,
J
for smooth functions h;;. So, for functions f, one has d*df = — > 0} + >~ hyix;(0;f). Thus

(d*df)(0) = =Y (7)),

so the lemma follows from the corresponding statement for the Laplacian — > 67. |

20.1 A priori bounds for solutions to the SW equations

The following lemma is an easy calculation:

Lemma 20.4 For ¢ € I'(ST), one has ((¢¢*)ox, x) = |x|*(x, ®) — 3|x|*|¢|*. In particular,
(66"200,6) = 510l

Lemma 20.5 Forn € Q%, and ¢ € I'(S), one has (p(n)¢, ¢) < |n||¢|*.

Proof It suffices to take 7 = e A f for orthogonal unit vectors e and f. One then has (p(n)¢, ¢) =
3(pte), p(N1g, 9) = (p(e)d, p(P) < |p(e)d] - [p(N| < [o]>. O

We return now to the Seiberg—Witten equations
Di¢=0, ;p(FA°)" —4in) — (66" = 0.
The left hand side defines the expression §,(A, ¢).

Lemma 20.6 (basic pointwise estimate) If §,(A, ¢) = O then
(10) d*d|g|* + j(scalg — 8[nD|ol* + |o* <0,
Proof We use the inequality Jd*d(|s|?) < (V*Vs,s), followed by the Lichérowicz formula, to obtain
Sd*d|g]* < (ViVag, o)
_ 1 1 o
= (DA D¢ — gscalyd — S p(FA%) ")o, ¢> .
Now impose the two SW equations to get
2 d|9f < — scalll® — (2ipe + (96")0é, 9)
1 1
< = gscalgll® = S1of* + 2[nllgf,
where in the second step we use the two lemmas above. O

Define
s = max(8|n| — scalg, 0) :

a continuous, non-negative function on X.
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Theorem 20.7 (pointwise bound on ¢) If §,(A, ¢) = 0 then

max |p|* < J max s.

Proof We have s
dd|g* + |o]* < J|of.

At a point x where |¢(x)|* is maximized, one has (d*d|¢|*)(x) > 0 (as we showed above), so
s(x)
ot < == o).
If |¢p(x)| = O then the claimed result is trivially true; if not, we have
1 1
[0 < () < J5() < - maxs.

O

It is worth noting that the calculations that led to this bound were sensitive to the precise form of the
equations. If one flipped the sign of the quadratic term (¢¢*)g, we would not be able to obtain a bound
on |¢| (though of course ellipticity would be unaffected).

We can immediately make the following conclusion:

Corollary 20.8 If scal, > O then the only solutions to the unperturbed equation §(A, ¢) = 0 are those
with ¢ = 0.

For in this case, s = 0.

Note that the solutions to §;,, = 0 with ¢ = 0 are the Clifford connections A such that F (A°)T —4in = 0.
Taking = 0, we get the equation for abelian instantons, F(A°)™ = 0, which we analyzed some time
ago.

Having obtained pointwise control on |¢|, the next step is to control |F(A°)T|:

Proposition 20.9 If §,(A, ¢) = 0 then

1
|F(A°)t — 4in| < 7 maxs.

Proof Wehave p(F(A°)* —4in) = (¢¢*)o, which implies that | F(A°)" —4in| < |p(F(A°)* —4in)|,p <
(6 )olop < %|¢!2 < %maxs. 0

20.2 Finiteness

Proposition 20.10 Among those Spin°®-structures s with d(s) > dy, only finitely many isomorphism
classes contain solutions to § = 0. (Here the metric g is fixed, and n = 0.)

Proof c¢(s) is represented by (i/2m)F(A°). Writing F = iF(A°®), we have

1 1 R 1 _
cl(s)z[X]:W/XFAF:W/X(F+AF++F AF ):W/X(|F+|2—|F ?)vol,.
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Thus
1 2 1 +2 -2
i [ Pl = o5 [QFFP+1F Pl
1
2 2
= —c1(5)°[X] + W/X\Fﬂ vol,.

Set S = max s. Integrating the pointwise bound on F*, we have [, |[FT|*vol, < %ZVOI(X); SO

1 5 5 §? - vol(X)
m /}; ‘F‘ VOIg < —C1(5) [X] + T
Now, d(s) = 3(c1()*[X] — 2x — 37) > do, s0 ¢1(s)*[X] = 4d(s) + 2x + 37 > 4do + 2x + 37. Thus
1 ) 5% - vol(X)
47[_2/X|F| V0|g§_4d0_2x_3T+T7

a bound dependent only on (X, g) and dj.

The finite-dimensional vector space Hp,(X) has a norm: ||c|| is the infimum of the L?-norm of closed
2-forms representing ¢ (or equally the L?-norm of ¢jamm). When a solution to § = 0 exists, we have

1 $% - vol(X)
2 2
le1(s)]|” < ||§FHL2 < —4d0—2X_37'+T>

So ci(s) lies in the intersection of the integer lattice with a ball. Thus there are only finitely many
options for ¢ (s). But Spin©-structures with c|(s) fixed are in bijection with the 2-torsion in H*(X:7),
a finite group. Thus only finitely many s with d > dy admit solutions. |

Remark. When 7 # 0, there can be infinitely many Spin®-structures with solutions to §, = 0. We
will find that this is true for CP?, when J n? is sufficiently large.
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21 The compactness theorem

21.1 Statement of the theorem

We work as usual over a closed, oriented Riemannian 4-manifold (X, g), with a chosen Spin®-structure
s, and a chosen self-dual 2-form 7.

Theorem 21.1 Let (A}, ¢;) be any sequence of solutions to the Seiberg—Witten equation §, = 0.
Assume (i) that A; is in Coulomb gauge relative to Ao, i.e., A; = Ao +a; -id with d*a; = 0; and (ii) that
the harmonic projections (aj)pqm form a bounded sequence in i]-fé(X) (with respect to its L?-norm).
Then a subsequence converges in C* to a smooth limiting solution (A, ¢).

Note that both assumptions (i) and (ii) can be achieved by gauge transformations. One satisfies (ii) by
using topologically non-trivial gauge transformations to make sure that (a;)nqm lies in a fundamental
domain for the action of H'(X;Z) on iH;(X). One then acts by gauge transformations in the identity
component of G to satisfy (ii), noticing that these have no effect on (a;)narm. Thus:

Corollary 21.2 Solutions to §, = 0 project to a compact of the space of configrations (A, ¢) modulo
gauge transformations.

(We shall look more closely at the space of configurations mod gauge in the subsequent lecture. Its C*
topology arises from a metric, so the use of sequential compactness is legitimate.)

My exposition leans heavily on the one in Kronheimer—-Mrowka’s book Monopoles and 3-manifolds,
which covers the generalization of the compactness theorems to manifold with boundary.

21.2 Sobolev multiplication

We will work over our closed, oriented Riemannian 4-manifold (X, g). We shall be using the Sobolev
spaces Li(X ). Among the equivalent choices for Sobolev norm, the one we find convenient here is one
defined by a metric g and its Levi-Civita connection V:

= [ P+ 951 4+ (99wl
X
Here, Vf = df, and for higher j, VVf € T'(T*X)¥) is the j-fold iterated covariant derivative. The

pointwise norm |V/f| is defined via the tensor product metric g%/.

We note that the scaling weight for L’,: in 4 dimensions is w(p, k) = k — 4/p; thus w(2,k) = k — 2, and
w(0,p) = —4/p, and w(p, 1) = 1 — 4/p. Thus we have embeddings

L} —C° k>3
and
L2t L3—-L—1r L —L2

for example.

Lemma 21.3 Ove X*, multiplication of smooth functions extends to a bounded map
LX) ® L2(X) — LYX).
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Proof There is a bounded inclusion L% — L*; the product fg of L* functions is L. O

Lemma 21.4 Over X*, multiplication of smooth functions extends to a bounded map
Li(X) ® L}(X) — L{(X)
provided that k > 3 and k > [. In particular, L,%(X) is an algebra for k > 3.
Proof The proof is based on the previous lemma, and the bounded embedding L% — C° valid for

k > 3. We want to prove
||lab

2,1 < const.||al|2k||b]]2,-

Now, V™ (ab) = 3, () VPa @ V"=Db, so

2 i"’j 0) 0
<
Jabl3, < Z( l. )\v 0 V|,
i+j<I
We have
1(V9a) @ bll2 < bllco - llallzi < 1Bl lallas < const.lall2lll2.

One similarly handles terms |ja @ V¥b||,. For each of the remaining terms ||V?a @ VYb||,, one has
i <k—1andj| <I—1. The L? norms of V?f and Vb are bounded respectively by constants times
lall2.x and ||b]|2,;, and so by (i), ||[V?a @ VPb||» < const.||all2x - ||b]2.- O

It follows that, for euclidean vector bundles £ and F, one has a bounded multiplication

LAE)QL}F) - LNE®F), k>3, k>IL

There are also bounded multiplication maps for the lower-regularity Sobolev spaces in 4 dimensions,
but these bring in Sobolev spaces with p > 2. Specifically, we shall use the following instances:

Lemma 21.5 There are bounded multiplications

(11) 2oL} — L3,
(12) Lol — L3
(13) LEoL3 — L3

Proof (1) One has a tensor product of Sobolev embeddings L% ® Lf — L*® L'?. Holder’s inequality,

. . 3/4 4
Juvlly < fulls - [l applied to u = Jaf* and v = 6], now gives flab|]3 < lally* - [I6]1 4%, so we
have an embedding L* @ L' — L3.
I omit the proofs of (2) and (3). O

21.3 The Seiberg—Witten equations in Sobolev spaces

From the fact that L,% is an algebra for £k > 3, with continuous multiplication, we see that there is
a topological group Go; of Spin® gauge transformations of class L%. By the same token, it acts
continuously on L,% configurations (A, ¢). (Here A differs from a reference A°° connection Ay by an
L? 1-form)—again, for any k > 3.
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We can also formulate the Seiberg—Witten map for s in Sobolev spaces. It is convenient to build in
Coulomb gauge fixing. Thus we fix Ay € A,(ST) and consider the Seiberg—Witten map Sy with the
Coulomb gauge condition built in:

1 LeGT*X) x L(SY) — Li 1 (X)o x Li_(isw(ST)) x LY(S7).
Here the subscript zero in L,%_l (X)o means functions of mean zero; and
Syla, ¢) = (d*a, F(A, ).

The point is that the quadratic terms p(a)¢ and (¢¢*)o in F;(A, ¢)) lie in L,% because of the Sobolev
mutliplication property, while the differential operators take L,% to L,%_l.

We can write 347 as follows:

{’):;7(61, ¢) = ©(a> ¢) + q(a7 ¢) +,

where
d*a 0 0
D(a, )= | podta |, qla,d)=| —(@¢") |, c=cn,A)= | 3p(FAHT + 4in)
Di ¢ Lp(a)e 0

Notice that ® is a first-order linear elliptic operator, while q is quadratic, and ¢ a constant.

21.4 Elliptic estimates and the proof of compactness
21.4.1 The positive feedback loop

The feedback loop is usually called elliptic bootstrapping, and it works as follows:

Proposition 21.6 Fix some k > 3, and consider a set of solutions v = (a, ¢) to S;]'y = 0 for which
there is a uniform bound ||7||2x < cx. There is then also a bound

Vll2 k1 < crr

Proof The elliptic estimate for ® gives a bound
IVll2a1 < chr (IDVl2 + 17 l12) -
Thus using the equations and the postulated L,% bound, we get
V241 < Cigr (a0 + ellop +cx) -
From the form of q,(a, ¢) and the Sobolev multiplication in L,%, we get
lan(D 2 < {1+ V13,0 < 261 + €.
The result follows. a

From the compact embeddings C' — L? (where k > [ + 4) we deduce:

Corollary 21.7 If {~; = (a;, ¢;)} is a sequence of solutions to §,~ = 0, converging in L3 to a limit
(a, ¢) of class L%, then (a, ¢) is C> and for each [ there is a subsequence converging to (a, ¢) in C'.

It is in fact unnecessary to pass to a subsequence; we will return to this point later.
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21.5 L2 bounds

Recall our a priori bounds on solutions: there is a constant x = (X, g,n) such that for any Spin®-
structure s, and any (A, ¢) such that §, (A, ¢) = 0, one has

I9l[eo < &, [IFA |eo < k.

We now select a reference Clifford connection Ay € A.(ST), and write A = Ag + aids, where
a € i€, and assume §(a,¢) = 0, i.e., we have a SW solution with d*a = 0. There is an L?
orthogonal decomposition

/
a = Qparm + a,

with apgm harmonic and @’ € imd*.

Lemma 21.8 There is a uniform bound
d'[l2,1 < K.

on solutions (a, ¢) to S;](a, ¢) = 0. Here K depends on (X, g,n) and on Ayg.
Note: There are similar bounds on ||a'(|,; for any p > 1.

Proof We have

F(A°)T = F(A))T +2d"a,
so there is a pointwise bound

[d*a| < 35+ c(Ao),

where ¢(Ap) = max [F(A$)T|.
The operator d* & d is elliptic, with kernel 9—(51, the harmonic 1-forms. On the complement (F!)* =
imd @ imd* C ), one has an elliptic estimate

15]l2,1 < Cli@ & d)b|2.

(This is the one place that we shall make use of the sharp form of the elliptic estimate, valid on the
orthogonal complement to the kernel of the elliptic operator.) Thus

|21 < Cll(@* @ dMall, < C ($k + c(Ap)) vol(X)"/2,

which is a bound of the kind we are seeking. |

Lemma 21.9 Consider a set of solutions v = (a, ¢) to Sg(a, ¢) = 0 such that apg, is bounded in
H}\(X). There are then bounds
[¥]l2,1 < K.

Proof The assumption ajqy, < C, and the previous lemma, together show that |al2; < K + C. We
then use the Dirac equation DXOQb + 3p(a)p = 0, and the elliptic estimate for Dj(o, to get ||@]l21 <
K"(||p(@)¢ll2 + [|#l2) < K"(k||p(@)||2 + Kvol(X)'/?), so the result following from the bound on ||| .

O
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21.5.1 From L? to L3

The question now is how to pass from L% bounds to L% convergence. The strategy we shall use has two
stages: first, we show that L% convergence implies L% convergence, and then we show how to obtain
L% convergence from L% bounds.

The proof that L% convergence implies L% convergence is based on the boundedness of the multiplication
maps (1-3) asserted earlier:

Lemma 21.10 Consider a sequence of solutions ~; = (a;, ¢;) to S;] = 0, converging in L% to a limit
v = (a, ¢) of class L%. Then ~y; converges in L2, and ~ is of class L%.

Proof The L? elliptic estimate for ® and the equations give
[17i = illz. < Cllaty) — atylls + llvi = ll3)-
This is the one place that we will invoke an elliptic estimate for p # 2.
The sequence ; is Cauchy in L?. So, fixing € > 0, we can find iy such that ||v; —;, HL% < efori>ij.

Now, q is the quadratic form associated with a symmetric bilinear form b (defined pointwise over X).
We have q(v:) — q(yj) = b(vi — 7,7 + 7)) = b(vi — %, % + % — 2%) + 2b(vi — 7, %ig)» SO

i = illa,0 < €7 (16Cyi = 25,7 + % + 2713 + 21V ol — ill3 + 17 — l3) -

Using the bounded multiplication L% X L? — L3, we turn this into bounds

3.0 < C" (I = il llyve + % + 2%l + 217 lcollvi = ills + i = 1)
< C" (2ellvi = lls, 1 + 2ol collvi = ills + 117 = l3)

v — i

SO rearranging,
(1 =2C"e)lyi —

3.1 < C"Qligllco + Dl = lls-

Taking € = 1/(4C"), and fixing a corresponding iy, we can treat ||y, ||co as a constant; so

v = llan < €l = lls < €l =
via the embedding L3 — L%. Thus (v;) is Cauchy in L?.

2,1

We now repeat virtually the same argument to see that (v;) is Cauchy in L%. This time, we use the L%
elliptic estimate, the bounded multiplication L3 x L? — L%, and we bound ||b(y; — v, i,)|l2,1 by a
constant times || |1 - 7 — L2

Repeat once again to see that (;) is Cauchy in L%. Use the L% elliptic estimate, boudned multiplication
L% x L3 — L3,, and bound ||b(y; — 7}, 7i)||2,2 by a constant times |7, |2 - ||V — 7jll2,2- The result
now follows. |

A very similar argument proves the following variant on the positive feedback loop:

Lemma 21.11 If a sequence of solutions (a;, ¢;) to 3;7 = (0 converges in L% then it converges in L,%
forall k.
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21.5.2 Weak and strong L% convergence

We recall a general principle of Hilbert space theory. Let H be a separable Hilbert space, and (x,) a
sequence in H. We say that x, converges weakly to x if (x, —x,y) — 0 for all y € H. We shall write
Xp ~» x. Weak limits are unique, and of course ordinary (‘strong’) limits are also weak limits.

Lemma 21.12 If (x,) is a bounded sequence in H then it has a weakly convergent subsequence
X}, ~> x. One has ||x|| < liminf ||x]||. If ||x.|| — ||x|| then x|, — x (i.e. the convergence is strong).

Proof The functional y — liminf(x,,y) is bounded—its norm is at most liminf ||x,||—and so, by
Riesz’s representation lemma, is represented as (x, -) for a unique x € H. Pass to a subsequence x/,
such that lim ||x},|| = liminf ||x,||. Then x/, ~ x. Uniqueness follows from non-degeneracy of the inner
product. The fact that ||x[| = supy,_{x,y) shows that the norm of a weak limit is bounded above by
liminf ||x,||. If |jx, || — ||x|| then |jx, — x[|? = |x.|® + [x|> — 2(x4,x) — 0, 50 x, — x. O

Lemma 21.13 If L: H — H' is a bounded linear map between Hilbert spaces, and if x,, ~ x in H,
then Lx,, ~ Lx in H'.

Proof <anay>H’ = (XH,L*y>H — (X, L*y>[-1 = <LX, y>H’- O

Lemma 21.14 If a sequence of solutions v; = (a;, ¢;) to %’;7 = 0 converges weakly in L?, it converges
strongly in L?, and its limit is also a solution.

Proof Let (a, ¢) be the weak L% limit, and let A = Ay + a.

Step 1. F(A?)T ~~ F(A°)" in L?, while d*a = 0.

Indeed, applying the bounded linear map d* : L%(T*X) — L*> (AN to a;, and using the previous lemma,

we see that d*a; ~ d*a in L2. Likewise d*a; = 0 ~ d*a.

Step 2. We can find a subsequence ~/ = (a}, #}) converging strongly in L? to alimit v = (&', ¢).

This follows from compactness of the inclusion L% — 12,

Step 3. Refining our subsequence, we may assume that F((Ag + a]’.)") has a weak L? limit.

Indeed, when we proved finiteness of Spin©-structures admitting SW solutions, we noted the identity
IFA%)|I3 = —4m2c1(s))X] + 2| FA°) 3.

Now F((Ag + a;)°)" is bounded in L%, so F((Ag + @;)°) is again bounded in L?.

Step 4. We can further assume that (¢}¢;*)o and V A ¢} have weak L? limits.

Indeed, both sequences are bounded in L?. (In the latter case, this can be checked using the Lichnérowicz
formula.)

Step 5. ()¢} )o ~ (66" and V¢ ~ Vag in L2,

Indeed, Va;0; = Va¢; + p(aj)¢;, and V¢ converges weakly to V4, (since ¢; converges weakly
to ¢ in L%). Thus the weak limit of p(a;)¢; exists. But @; — a and ¢; — ¢ strongly in L?, so
plaj)¢; — pla)e strongly in L', and therefore p(a;j)¢; converges to p(a)¢ weakly in L?. This shows
that V4,¢; converges to V¢ weakly in L?, as claimed. Similarly, the strong L? convergence o — ¢
implies strong L' convergence (@qﬁj’f)o — (¢p9*)o, and therefore also weak L? convergence.
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Step 6. F,(a, ¢) = 0.

Follows from steps 1 and 5.

Step 7. F((Ao + a)°)™, (¢/¢}")o and VAI{(b]/- all converge strongly in L.

For one can now check that the L?-norms of the (known) weak limits are the limits of the L?-norms.
Step 8. (a, ¢) converges in L7.

Follows from strong L? convergence and step 7.

Step 8. (aj, ¢;) converges in L% to the solution (a, ¢).

Indeed, it converges weakly to (a, ¢) and a subsequence converges strongly. O

Assembling the various stages of this argument, we arrive at a proof of the following sharper statement
of the compactness theorem:

Theorem 21.15 Let ; = (aj, ¢;) be a sequence of solutions to &;7 = 0, such that (a;)parm is bounded
in H)x(X). Then
(i) If (aj, ¢;) converges weakly in L?, it converges in C>, and its limit is again a solution.

(ii) (aj, ¢;) always has a subsequence which converges weakly in L%.
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22 Transversality

22.1 Reducible solutions
22.1.1 Reducible configurations

We consider ‘configurations’ (A, ¢) € Ay (ST) x I'(ST). Let C(s); denote the space of such configu-
rations, of Sobolev class L,% relative to a smooth reference connection Ay, where k > 4. It carries an
action of G;_1, the L,%fl gauge group (the action is continuous because of the Sobolev multiplication
available for L7 ).

We must distinguish now between two types of configurations:

e The locus C""(s); of irreducible configurations (A, ¢): those where ¢ is not identically zero.
Notice that the gauge group Gx— acts freely on these (since it acts freely on the spinor component).

e The locus C"(s); of reducible configurations (A, 0). The stabilizer of the gauge action is U(1),
the group of constant gauge transformations.

The based gauge group (relative to a point x € X),
S = {u € Gk1 tulx) =1}
acts freely on C(s);. (Notice that Li_l C C% when k — 1 > 3, so u(x) makes sense.)

Dropping the Sobolev subscripts now, observe that § = U(1) x G*. The circle group U(1) acts
semi-freely on C(s)/G"*: it acts freely on C'"(s) and trivially on ered(s),

22.1.2 Reducible solutions and abelian instantons

We consider reducible solutions to the SW equations S;Y = 0. These amount to connections A = Ay +a
such that d*a = 0 and
F(A®)" —2in = 0.

From our study of the self-duality complex, we note that we can write the self-dual 2-form 7 as
1N = Mharm + 77/>

where 7j,4,m is a self-dual harmonic form, and ' € imd™*. And indeed, our study of abelian instantons
(with minor adjustments to account for 1) shows:

Proposition 22.1 There is a reducible solution to §, = 0 if and only if
01(5) + (I/W)nharm cH™.
When non-empty, the space of reducible solutions modulo G, is an affine space for H'(X; R)/H'(X; Z).

Notice that existence of reducible depends on g only through its conformal structure [g]. And we
already have a theorem on non-existence of abelian instantons for generic conformal structures. From
it (again, making minor adaptations to accommodate 77) we deduce:

Theorem 22.2 Suppose b (X) > 0. Fix ([g],n). Then, for any r > 2, [g] can be approximated in C"
by C"-conformal structures [g;] such that for no Spin©-structure s does there exist a reducible solution
toF. =0.

n
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(With a little extra thought one can take the [g;] and the approximation to be C°°, but I will not explain
this point.)

Let 'V be the space of pairs ([g],n) where [g] € confx is a conformal structure and 7 € Q[;]. Take

both of class C". Then V is a family of Banach spaces Q[Jg,], parametrized by the contractible Banach
manifold confy.

Define
W(s) = {([g],m) € V: c1(s) + (1 /Mharmg € H C Hpp(X)}.

This is a continuous family of Banach subspaces inside V; the fiber W(s)(,) over [g] of the projection
W(s) — confy is an affine-linear subspace of QIZJ of codimension b7 (X).

In the case b (X) = 1, the codimension-1 subspace W(s) is called the wall. Its complement has two
path-components, called chambers. (These chambers are distinguishable globally, not just fiberwise,
since the base confy is contractible.) When b (X) > 1, the complement to W is path-connected.

Proposition 22.3 Suppose b™(X) > 0. Fix ([go],70) and ([g1],71), not on W(s).
(i) If b*(X) > 1 then any interpolating path ([g;],n;) can be approximated by one which avoids W(s).

(ii) If b*(X) = 1 then any interpolating path ([g;],7;) can be approximated by one transverse to the
wall W(s).

Again, this is a minor variant on our earlier transversality theorem for abelian instantons (except that
it is based on the standard transversality theorem relative to a subspace); the proof essentially carries
over.

22.2 Transversality for irreducible solutions

We shall quote without proof the following result from elliptic theory:

Theorem 22.4 (unique continuation) Let L be a linear elliptic operator over a connected manifold
X, and suppose that Lu = 0. If u|yy = 0 for an open set U C X then u = 0.

The case of the classical Laplacian is a familiar instance, and we used another instance to prove
transversality for abelian instantons. See Donaldson—Kronheimer’s book, for example, for a proof.

To obtain transversality for irreducible solutions to the SW equations, we will allow 7 to vary. We will
be a little more economical, however, in that we will fix 744, and let )’ € imd™ vary.

For this purpose, fix w € H, , and define the parametric Seiberg-Witten map (with Coulomb gauge
fixing relative to Ap),

P dT (L ((T*X)) x LEGT*X) x LYST) — Li_ (X)o x Li_(isu(ST)) x Li_(S™)

to be
S{Z}ar(n/) a, ¢) = S:J—"-’r’l(a7 ¢)

Theorem 22.5 If 35" (n,A, $) = 0, where ¢ # 0, then the derivative D<n,A’¢)Sﬂar is surjective.
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Proof The derivative D = D, 4,435 is given by the following formula:

) d*b
D| b | = | pdTh+2i6) — (x¢* + dx*)o
Y Dix + 5p(b)(¢)

This is a Fredholm map between Hilbert spaces.

Our claim is that L2 -orthogonal complement to im D is zero. It follows that im D is dense in L?; hence
dense in L,%fl ; and so—the image being closed in L,%fl—D is surjective.

Take (f, «, 1)) L?-orthogonal to im D. We must prove that it vanishes. We have

5 0
D| o | =12 |,
0 0

so « is L*-orthogonal to ip(d) for arbitrary § € imd™. Now, p: iAT — isu(ST) is a bundle
isomorphism; the finite-codimensional subspace imd* C Q)" therefore maps to a dense subspace of
Li(isu(S1)). Hence a = 0.
Next observe (by taking 6 = b = 0) that 1/ is L?-orthogonal to the image of DX, and therefore lies in
ker DX. By unique continuation, to show 1 = 0 it will suffice to prove it on an open set.
We have
0 d*b
D|b | =] pdtb)
0 3P(b)(9)

Taking b = d*3 for a 2-form 3, so that d*b = 0, we see that 1 is L | -orthogonal to p(d*()¢. By
assumption, ¢(x) # 0 for some x € X. Fix such an x, and a small ball B centered on x, on which
¢(x) # 0. On B, we can manufacture a 1-form b so that p(b)¢p = 1. Let 0 € C*°(X) be a cutoff
function for B, equal to 1 near x and zero outside B. Then, if 7/ is not identically zero on B, we have
(p(o - b)p, )2 > 0. We can approximate o - b by co-exact form d*(3, so that (p(d*3)¢p, )2 > 0.
But this contradicts our assumption that 1) is L? orthogonal to the image of D. Thus 1) = 0 on B.

Now,
0 0
DO |=|(@(@x"+x"do |,
X Dix

and so (D x, )2 = 0 for all x. Hence (x, Dy %);» = 0.

we can manufacture 31 and 3, such that (p(d*51), p(d* 32)¢ form an orthonormal basis for S}, and
so span ST on a neighborhood U, of x. Thus ) = 0 on Uy, and hence on X.

Finally, we have fX fd*avol = 0 for all a, so df = 0 and therefore f (having mean zero) must vanish
too. |
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23 Transversality, continued

23.1 Generic transversality for irreducibles
23.1.1 Previously

We want to show that, for a fixed self-dual harmonic form w, and for generic perturbations 7' = d* 3,
the irreducible part of the SW moduli space with 2-form w + 71’ is cut out transversely. That is, we
want to show that, for generic 7/, for any pair (A = Ao + a, ¢), with ¢ # 0, such that

(@ $) =0
the linearized operator

!
Dia,)S sy

surjects. (Recall that §/, gy = 0 incorporates the Coulomb gauge condition d*a = 0, and we take the
codomain of the d*-term to be mean-zero functions.)

(a, ») = 0 could be rewritten as an inhomogeneous equation

0

Soa,o)= 1|17 |,
0

so really we want (0,7’,0) to be a regular value of §/, (on irreducible configurations).

Notice that the equation §/, +n

What we have shown so far is that the parametric SW map,
‘,S{Lar: (77/7 Cl, (b) — 3"{‘)-‘,-77’7

restricted to irreducibles, has 0 as a regular value.

23.1.2 The schematic argument

The argument we will use is a rather general one, so we run through it in a model of our situation.

We have a smooth map F = (fi,f2): U — V x P, where U, V and P are Banach spaces. We think
of P as a parameter space. For each p € P, we have a space M,, = F ~1(0,p), and we want to show
that it is cut out transversely (meaning (0, p) is a regular value of p) for generlc p. We consider the
map F:UxP—Vx P, F(x p) = (fikx),L(x) —p), and we suppose that M:=F 1(0,0) is cut out
transversely; that is, if f1(x) = 0 and f,(x) = p then D(W)F is surjective.

The argument is as follows. There is a smooth projection map 1I: M — P, and M, = I-1(p).

Lemma 23.1 If F(x) = (0, p) then ker D,F = ker Dy ,II and coker DF = coker D, ,II. Hence (0, p)
is a regular value for F if and only if p is a regular value for II.

Proof The tangent space Tx,p]\? is the space of pairs (k,p) with x € ker D,f; and p = D,f>(x). And
DII(x,p) = p, so ker D, ,I1 = ker D,f .

The assumption that M is cut out transversely means that the equations (D,f1)(x) = v, (Dy/2)(X) —p = ¢q
are solvable for (i, p), given (x,p) € M and a tangent vector (v, g). This amounts to the statement that
D.f is surjective.
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In general,if L;: U — V and L,: U — P are linear maps, with L; surjective, the inclusion P — V x P
induces an isomorphism

—— — coker(L; x Lp).
Lz(kerLl) co er( L 2)

In the case at hand, we see that

P
coker DIl = ——————— = coker DF.

Df>(ker Dfy)

If the Banach spaces are finite-dimensional, the next step is to invoke Sard’s theorem:

Theorem 23.2 (Sard, v.1) The critical values of a C* map f: M — N between finite-dimensional
manifolds are of measure zero in N ; equivalently, the regular values are of full measure.

This is the most traditional statement of Sard’s theorem. The notion of ‘measure zero’ makes sense in
a finite-dimensional normed space, and is invariant under diffeomorphisms and countable unions, and
so makes sense on N. However, it does not make sense in an infinite-dimensional Banach space, since
volume is not meaningful. However, there is a variant which is better suited to our purposes, and which
Smale adapted to Fredholm maps in infinite dimensions.

Definition 23.3 A subspace U of a topological space T is called Baire if it is the intersection of a
countable collection of open dense subsets.

The Baire category theorem says when the topology of T arises from a complete metric space, Baire
subspaces are dense.

Theorem 23.4 (Sard, v.12) The regular values of a C*° map f: M — N between finite-dimensional
manifolds form a Baire subspace.

Banach spaces obviously admit complete metrics, but so too do Fréchet spaces. Thus, if X is a closed
manifold and £ — X a vector bundle, the Baire category theorem applies to all the following spaces T':

Li(E); C'(E); C™(E).

Definition 23.5 Let Y and Z be C°° Banach manifolds. Let ®: Y — Z be a smooth map. We call
a Fredholm map if its derivative D,®: T,Y — TyyZ is a Fredholm map for all x.

Theorem 23.6 (Smale) The regular values of a Fredholm map ® form a Baire subset of Z.

As in the finite-dimensional case, there are sharper versions allowing for finite differentiability. We will
give a proof presently.

Returning to our map F, if we suppose that F is a Fredholm map then II is Fredholm too, by the
lemma. Thus, by Smale—Sard, the regular values of 1I form a Baire subset. And these regular values
are exactly the parameters p for which F~1(0, p) is cut out transversely.

The inverse function theorem is available:
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Theorem 23.7 Letf: M — N be a smooth map of Banach spaces, and suppose that D,f is surjective.
Then there is a neighborhood U of x such that f~'(M)N U is a smooth submanifold of U. In particular,
if' y is a regular value of f then f~!(y) is a smooth submanifold of M.

So when p is regular for II, F ~1(0, p) is a manifold, with tangent spaces ker D F (and coker D, F = 0).
Its dimension is the Fredholm index of D,F .

We can now state a generic transversality theorem:

Theorem 23.8 Fix a metric g, a g-harmonic form w, a Spin®-structure s, and an integer k > 3. Let
P be the space of 2-forms ' = d*3 € imd* where 3 is of class L} 1~ The subset P,,; C P of forms
n' for which all irreducible solutions to §/, sy = 0 are cut out transversely is a Baire subspace. When
1 € Preg, the space of irreducible solutions

My = (87" (0)

is a smooth manifold of finite dimension d(s) + 1, with a free U(1) -action.

The proof of the theorem exactly follows the template we have discussed, with F = §.," and P = imd ™.
We use the parametric Seiberg—Witten map to define a parametric solution space M?,"", with a Fredholm
projection IT: M%" — imd™". Regular values of II form a Baire subspace of imd*, by Sard—Smale,
and 7’ is regular for II just when the solution space §' +77,)_1(0) is cut out transversely.

The dimension of the smooth manifolds of solutions is given by the Fredholm index of the linearized
operator. Notice that for present purposes, the codomain of the d* component of the SW map is
L,%_I(X)O, the functions of mean zero. Earlier, we computed the index to be d(s), but in that situation
we did not impose the mean-zero condition. This discrepancy explains why the relevant index here is
d(s)+ 1.

The action of U(1) is that by constant gauge transformations; of course, the orbit-space has dimension
d(s).

Corollary 23.9 When b™ > 0, for generic metrics g and generic g-self-dual perturbations 1 with
fixed g-harmonic class Ny, = W € H*(X), the SW moduli spaces SLJg gy = 0 are cut out transversely

as manifolds of dimension d(s) + 1, carrying a free action of S'.

23.2 Fredholm maps and the Sard—Smale theorem

Definition 23.10 Let Y and Z be smooth Banach manifolds (with second countable topology). A
Fredholm map from Y to Z is asmoothmap ®: Y — Z whose derivative D,®: T,Y — T,Z is Fredholm
forevery y € Y.

In local charts, ¢ amounts to a map By — B, between Banach spaces; the derivatives D,®: B| — B,
vary continuously in the operator-norm topology, and so their indices ind D,® = dimkerD,® —
dim coker D@ are locally constant in y. Thus we have a locally constant function ind: ¥ — Z.

Now let Y and Z be Banach manifolds, and ®: Y — Z be a Fredholm map. Fix y € Y. Consider
charts near y given by embeddings i: (7,0) — Y, i(0) = y. Here T C T,Y is a neighborhood of 0,
and we require Dyi = idr,y. Similarly consider charts near ®(y) given by embeddings i’: (T",0) — Z,
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i(0) = ®(y), where T" C Tg(,)Z is a neighborhood of 0, and we require Doi" = idr,,,z. Let us call
such embeddings ‘tangential charts’.

In tangential charts, ® becomesamap ® =i o ®oi~': T — T’ with DyU = Dy®.
Let K = ker Dy® C T,Y (finite-dimensional), and let U be a complement to K.
Let V =imDy® C TgZ and let C be a (finite-dimensional) complement to V.
Then, in tangential charts, ® takes the form of a map

d: (UDK,0) — (Va C,0).

More precisely, the germ of ® near 0 is the germ of ® near 0; henceforth we conflate maps with their
germs near 0.

Lemma 23.11 Once U and C and a tangential chart near ®(y) are chosen, there exists a tangential
chart near y in which ® takes the form

P UBK—VEC, Ik = (Lx dx,c)),

where L = Dy®(x): U — V (a linear isomorphism).

Proof We have

L 0
po-[4 0]
Work with the chosen tangential chart near ®(y) and an arbitrary initial tangential chart near y. Thus
we view ® asamap U & K — V & C. Define

UV: UK —=V®DK, Y(x k)= (pryoP(x,k),k).
Then

DO\P:[L 0}’

0 Ix

so by the inverse function theorem, ¥ has smooth inverse W' near 0. The composite
DoV loDW:UBK—>VaC

takes the form (x, k) — (Lx, ¢(x, k)); so, adjusting the chosen tangential chart near y via U~ oDyW,
one obtains the claimed result. O

Lemma 23.12 A Fredholm map ® is locally closed: every point y € Y has a neighborhood N such
that ®|y maps closed sets in N to closed sets in Z.

Proof We may work in the charts provided by the last lemma, so that ® takes the form U & K —
Ve C, @,k = (Lx,ox,c)) with L a linear isomorphism. Let N be of the form U x Bk, where
By is a neighborhood of 0 in K. We claim that ®|y is a closed mapping. Let A C N be a closed set,
and take a sequence in ®(A), say (y;, c;) = (Lx;, ¢(x;, k;)), converging to a limit (y,c). We can write
y = Lx, so L(x — x;) — 0, so x; — x. Since Bk is bounded, we can pass to a subsequence for which
ki — k € K; since A is closed, (x,k) € A. And ¢ = ¢(x, k), so ®(A) is closed too. O
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We can now prove the Sard—Smale theorem. Let ®: ¥ — Z be a Fredholm map. We assume Y second
countable, so there is a countable cover of Y by open sets U, on which ®|y_: U, — Z is closed, and
on which & takes the special form ®(x, k) = (Lx, ¢(x, c)), as above, in suitable charts. It will suffice to
show that the regular values of ®|y,, are open and dense. The critical points of ®|, are closed in Uy,
so the critical values are closed in N, and the regular values open. The derivative of ®, given in this
local form, is

L 0

Duolu Dundlx |’

and this is surjective if and only if D, x)¢|x is surjective. Thus the regular values of ®|y,, are precisely
those of k — ¢(0, k), and these are dense by Sard.

Dy ® =
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24 The diagonalization theorem

24.1 Statement and a preliminary reduction

Theorem 24.1 Suppose that X is a closed, oriented 4-manifold with positive-definite intersection form
Ox. Then Qx = <1>b2(X), i.e., Qx is diagonalizable over 7.

In the case of fundamental groups without non-trivial representations into SU(2), the theorem was
proved by Donaldson (An application of Yang—Mills theory to 4-dimensional topology, 1982). His
proof, using instanton moduli spaces, remains one of the most beautiful things in modern geometry.
Variants of the argument allowed somewhat more general fundamental groups, but still somewhat
restricted. The proof presented here, using Seiberg—Witten moduli spaces, is also elegant, and requires
no assumption on 7. It is due to Kronheimer—Mrowka (unpublished), but expositions appear in the
Seiberg—Witten theory texts of L. Nicolaescu and D. Salamon, for instance.

Preliminaries:
(1) Itisequivalent to assert that negative-definite intersection forms are diagonalizable over Z.

(2) Claim: Given a closed, oriented 4-manifold X with b;(X) > 0, there is a 4-manifold Y with
Oy = QOx and b1(Y) < b1(X). Hence it suffices to prove the theorem when b(X) = 0.

We prove the claim using surgery. Suppose b1(X) > 0, and consider a class & € Hj(X) which is
non-torsion and primitive. By transversality theory, we may represent 4 by a smoothly embedded loop
«v. Surgery along v excises a narrow tubular neighborhood N, = § ' x D? to form a manifold X° with
boundary S' x $2; and then glues in D?> x S? along its boundary S' x $? to obtain a new manifold ¥
in which v bounds a disc.

Lemma 24.2 One has H,(Y) = H(X)/(h).

Proof The inclusion-induced maps H1(X°) — H{(X) and H{(X°) — H;(Y) are surjective, by transver-
sality theory or the Mayer—Vietoris sequence. The latter sequence shows that their respective kernels are
the images in H;(X°) of the classes in H;(S' x §?) that become trivial in H(S' x D?) orin H,(D? x §?).
Thus H{(X°) = H;(X) while H{(X°)/[v] = Hi(Y). m]

Lemma 24.3 Qy = QOy.

Proof Take a basis for H(X)', and represents it by a collection of oriented surfaces (X1,...,35,)
in X. We can arrange, by making small perturbations, that all 3; are disjoint from ~, and we can
then choose N, disjoint from the ¥; too. The intersection numbers ; - ; can be computed in X°,
so we have an isometric copy of H,(X)' inside Hy(Y)'. We have x(Y) = x(X°) + 2 = x(X) + 2, so
by(Y) = by(X), and therefore H»(X)' has finite index in H»(Y)'. But both are unimodular, so the index
is 1. O

The claim follows from the two lemmas.
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24.2 Seiberg-—Witten moduli spaces

Assume now that by = 0. We take Qy is negative-definite; then the operator d* ®d*: Q' — Q+t @ Q0
has cokernel H°(X) = R (trivial cokernel if we take mean-zero functions in the codomain); and also
trivial kernel. This explains the preference for negative- over positive-definite lattices.

Fix a Spin®-structure s with Chern class ¢ = c¢(s). Its Dirac operators DX: ['(ST) — I'(ST) have
index

indg D = %(CZ[X] — %) = %(cz[X] + by).

Thus |
d(s) = Zm(s)zm +by) — 1.

Note that d(s) is odd, because c is a characteristic vector, hence ¢> = 7 modulo 8.

Consider the space of irreducible SW solutions
M;;’(s) = M;]"(s)/U(l).
Here 7 € imd". We take the harmonic 2-form w to be 0.
For generic 7, ]\7[;'7” (s) is cut out transversely as a manifold of dimension d(s) + 1. Pick such an 7.

If d(s) < 0, there are then no irreducible solutions to the SW equations. So it is natural to suppose
d(s) > 0. That is, we make the

Hypothesis 24.4 The Spin©-structure s has c1(8)%[X] + ba(X) > 0.

Write d(s) = 2k — 1. Since b™ = 0 and b; = 0, there is a unique gauge-orbit of reducible solutions to
the 7-SW equations, say [Ag, 0]. (Thus F(A$)"™ = 2in.) Thus the full moduli space 1\7[77(5) is a compact
space containing a distinguished point R (the reducible solution) whose complement is a manifold of
dimension 2k. It comes with U(1) action fixing R and free in its complement.
The important point is to understand the structure of ]\7[77(5) near R.
Let D = D(AO’())S;?. Then
b d*b
D [ X } = | pd*h)
DXOX

Since we are dealing with 1\71,7 , we take the first factor in the codomain to be L,%_l (X)o, the mean-zero
functions.

Thus ker D = H! x ker DXO = kerDXO, and coker D = HT x cokerDX‘0 = ker DXO.

Hypothesis 24.5 Thereducible solution R = (Ao, 0) isregular, meaning coker D = 0 (i.e., coker DXO =
0).

Things will be straightforward when R is regular. Later we will explain how to arrange regularity.

While this hypothesis may seem a bland extension of the generic regularity of irreducibles that we have
already established, it actually has a remarkable consequence. For, in the regular case, ]\7[,7 is cut out
transversely near R, as an odd-dimensional manifold. That means that irreducible solutions exist (recall
that we have no yet constructed any such solutions).

The circle acts on the tangent space at the fixed point, TgM,, = ker D:O, by scalar multiplication.
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Lemma 24.6 Suppose that Q is a 2k-manifold with an action of U(1), and that g is a fixed point of
the action. Assume that the resulting action on T,Q has a single weight N, i.e. T,Q = C®N @ R* as a
representation. Then there is a neighborhood of q and an equivariant chart (C2N @ R¥, 0) — (Q, q).

Proof Locally near ¢, choose an invariant Riemannian metric (possible by averaging), and use its
exponential map to define the chart. O

Thus R has a U(1)-equivariant neighborhood modeled on a neighborhood of 0 in C¥, with the action
of U(1) by scalar multiplication.

Now remove a small equivariant ball around R, so as to obtain a compact 2k-manifold N bounding a
sphere S%~!, with a free action of U(1) given by scalar multiplication on the boundary. The quotient
N has ON = CP*1.

When k — 1 is even, this immediately generates a contradiction: CP*~! is not a boundary. (An
obstruction to bounding arises from the mod 2 Euler characteristic, which is also the top Stiefel—
Whitney class evaluated on the fundamental class.)

Regardless of the parity of k, we obtain a slightly less obvious contradiction. The map N — N
is a principal U(1)-bundle, so its associated complex line bundle E has a Stiefel-Whitney class
wo(E) € H*(N;Z/2) (which is the mod 2 reduction of ¢{(E)). Now E|gy is the tautological bundle
over CP*~1, so wy(E) is the generator of H 2(CP*=1;7Z). Thus wo(E)Y*"'[ON] = 1. But this contradicts
the triviality of [ON] is trivial in Hyx—1(N;Z/2).

So—modulo the issue of regularity of R—we see that there can be no characteristic vector ¢ for Qx
such that —c? < by(X). Equivalently, passing to the positive-definite lattice A = —Qy, we see that A
admits no ‘short’ characteristic vectors: every characteristic vector ¢ satisfies |c|> > by = rank A.

Which lattices A does this argument preclude?

Theorem 24.7 (N. Elkies) Suppose that A is a positive-definite unimodular lattice, of rank N, whose
shortest characteristic vectors ¢ have c¢-¢ > N. Then A is isomorphic to the standard Z" lattice N(1).

Note that the shortest characteristic vectors for ZV are (£1,...,=£1), of length-squared N. The proof
of Elkies’ theorem falls outside the main topic of this course, but for those who are curious I have
written an account of it below.

24.3 Generic regularity of the reducible solution

Lemma 24.8 Fix k > 3. Introduce the parametric Dirac map
D LRGT*X) x Li(ST) = Li_((S7),  (a,¢) + Df. ., = D ¢+ p(a)o.
Restrict the domain to

LAGT*X) x (LAST\ {0O}).

Then DPY" has O as a regular value.
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Proof One has
(DapDP")(b, X) = D x + pl@)x + p(b)¢.

We need to show D, 4DP" is surjective. Take v to be L?-orthogonal to its image; it will suffice to
prove ¥ = 0. Taking b = 0, we see that ) is orthogonal to DXo+aX for all x; hence Dy ., i = 0. By
unique continuation, therefore, it will suffice to prove that ¢/ vanishes on an open set. By assumption,
¢(x) # 0 for some x. Now take x = 0 to see that ¢ is orthogonal to p(b)¢ for all b. This forces xy = 0
on a neighborhood of x where ¢ is nowhere-vanishing; and we are done. O

We now follow the same model argument as we used to establish generic regularity for irreducible
solutions to the SW equations. Let H”*" be the zero-set of DPY (where we assume ¢ Z 0). Thus we
have a projection map I1: HP%" — L2(iT*X), with fibers I11(a) = (kerDXo +a) \ {0}. The map DP¥”
is Fredholm, and therefore so is II. The index of II is ind D/}‘Ir . By the Sard—Smale theorem, the regular
values of II are a Baire subset of the 1-forms. These regular values are precisely the 1-forms for which
cokerD;\'r0 +q = 0. Thus we conclude:

Proposition 24.9  For generic a, coker D} ., = 0.

We now proceed as follows. Writing A = Ag + a, define 7 by
1o o
na) = -F )"
i

Since H* =0, Q" = imd™, and so € imd™. We impose two simultaneous conditions on a: (i)
cokerDj = 0; and (ii) n is regular for irreducible SW solutions modulo G,. Condition (i) is defined
by a Baire subspace of the 1-forms; condition (ii) by a Baire subset of imd™; both can be achieved
simultaneously.

Note that we did not impose d*a = 0, so the most convenient gauge choice for solutions (Ag + d’, ¢)
to the SW equations is to require d*a’ = d*a. This makes no significant changes to the analysis.

Remark. In this proof we have seen something remarkable: starting from a reducible solution—a
solutions to a linear PDE—we have obtained a compact manifold’s worth of solutions to a non-linear
PDE. This then leads to a contradiction, and all our hard-won irreducible solutions disappear in a puff of
logic. Nonetheless, there is a closely-related situation in which the same mechanism serves to provide
actual solutions to the irreducible SW equations, and that is wall-crossing formula, valid when b+ = 1
(it takes a simple form when also b; = 0).

24.4 Proof of Elkies’ theorem

The proof uses #-functions, their modularity properties under a certain subgroup of PSL,(Z), and their
failure to be modular under the whole of PSL,(Z). J.-P. Serre’s A course in arithmetic covers the
relevant background. With the machinery of #-functions in place, the argument is very simple.
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24.4.1 O-functions of lattices

View A as an integral lattice in RV, and write u - v for the dot product of elements in A. The -series

for A is the g-series
0= q"" =3 ratg"
veA n>

Here r(n) is the number of vectors v with v - v = n. One has

9/\169/\2 = 9/\1 : 9/\2‘

24.4.2 Modularity

Writing g = €™, the series defining 64 converges uniformly when 7 varies in a compact subset of the
upper half-plane H, and so defines a holomorphic function 4 (7) on H (i.e. for 0 < |¢| < 1) which is
holomorphic also at 7 = ico (i.e. at g = 0).

By construction, 05 (7 + 2) = 0x(7).

Lemma 24.10 When A is unimodular,
Oa(r) = (7 /D205 (1 /7).
Here (T/i)l/2 is defined to be positive for 7 € iR .

Proof The Poisson summation formula implies [cf. Serre, op. cit.] thatif A C RY is an integral lattice,
and AV C RY its dual—comprising the vectors u € RY whose inner products u-v with elements v € A
are integers—and if f € C*°(R") is a rapidly decreasing function with Fourier transform f € C>°(R"),

then
detA- > fm)= > fa.

veA ueAv
Here det A, the determinant of the symmetric matrix representing A, is also the volume of the quotient
RN /A. If one takes f(x) = e~ then f =f. Take t > 0, and apply the formula to the rescaled lattice
1'2\, whose dual is 1=/, to obtain
Vvol(RYN /A) - 0 (it) = IV/20,v (1/(it)).
In the case of a unimodular lattice, vol(RY /A) = 1 and AV = A. In this case
OnGit) = £V/205(1/(ir)).

Putting 7 = it, we get the stated identity—valid on H and not just on /R since the two sides are
holomorphic. o

When A is even unimodular, its #-series has only even powers of ¢, and so 05(7 4+ 1) = 65(7). Being
in addition holomorphic at ico, 8, is a modular form for the full modular group PSL,(Z).

In general, the lemma implies that 6, transforms as a modular form of half-integer weight N /2 for the
group I'" C PSLy(Z) generated by S and T? : here T(z) = z+ 1, and S(z) = —1 /z. The modular
curve H/T is a sphere with two punctures. Indeed, I'" has a fundamental domain whose closure D
in H is the ideal hyperbolic triangle with vertices 1, —1 and ioo:

Dt ={z=x+iyeH:|x| <1< |z}
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Translation 72 identifies the two vertical edges, while S maps the arc from 1 to i to the arc from —1
to i. Thus H/T" has punctures (‘cusps’) at ioo and 1. We can compactify H/T" canonically, to a genus
0 Riemann surface X1+, adding in the two cusps. Since it is defined by non-negative powers of g, 6,
is holomoprhic at ioo. We do not assert that 5 a modular form for I'", since the definition includes
holomorphy at the second cusp, which we have not checked.

What will be crucial for us is that 5 (7 + 1) is related in an interesting way to the characteristic vectors.
Let ¢y be a characteristic vector for A (i.e., ¢c-v = v-v mod 2). Define a generating function for

characteristic vectors,
NG SR S
cEco+2A c

Again, XA @A, = XA " XA,

Lemma 24.11
(/DN 205 (T + 1) = xa(—1/7).

Proof Observe that
OAT+ D =D (=)™ = Y (~1)g = Y e rren,
v v vEA
where ¢y is a characteristic vector. With this in mind, apply Poisson summation to the rescaled lattice
172, and to the function f(x) = e TS Again, f = f, because of the translation-invariance of
the Fourier transform. And again, use the rescaled lattice r'/2A. We get
N2 Z oV FevH e /4) Ze—m”lu—&-‘i’\z’
veEA uel
whence the result. |

24.4.3 The lattice ZV

For the standard lattice (1) (i.e. Z C R) one has

bz=1+2> ¢".
n>0

Jacobi’s triple product identity says that
Oz = [0 — 9>+ DA+,
n>1

Itimplies that 07 is non-zero for |¢| < 1. Thus 6z(7) is non-vanishing on H. Thus 1/67 is holomorphic
on H, asis 1/6zv = 1/65.

24.4.4 The ratio of 0-functions

Consider the ratio
R(T) = 05 /0 = 04 /05.

It is a holomorphic function on H, invariant under I'", and so defines a holomorphic function on
H/T*. Since fzv = 1 + O(g) as ¢ — 0, R is holomorphic at the cusp ico. We examine its behavior
at the other cusp 1.
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The formula for 65 (7 4 1) implies that
XA 1
R(T) = =% .
™ X7 <1 - T)

Thus the behavior of R at 7 = 1 is governed by the asymptotics of y, / X% at 7 = ico.
l/4

The leading term in x5 (viewed as a g-series) is rA(£)q"/*, where £ is the length-squared of the shortest
characteristic vectors. The characteristic vectors of Z are the odd integers, so xz = 2¢'/4(1 + ¢* +
@+ ..., and xJ = 2V¢"/4(1 + Ng* + ...). Thus

) o
5 = Sd VA + o)
X7, 2
as g — 0.

We can now prove Elkies’ theorem. The assumption is that £ > N. We see that y / X%’ is holomorphic
at ¢ = 0, so R is holomorphic at the cusp 1. But then R is holomorphic on the compact Riemann
surface X+, and hence constant. Since R(ico) = 1, we have R = 1. Thus 05 = Oyv.

So A has 2N vectors of length 1, i.e. N pairs (tey, ..., +ey) with |ej| = 1. If i # j, e; is linearly
independent from e;, and so |e; - ¢j| < 1. But ¢; - ¢; is an integer, so e; - ¢; = 0. Thus the e; span a
lattice Z¥ ¢ A C RY. Any v € A can be written as v = Y (v - ¢))e;, and since v - ¢; € Z, we have
veA.



Smooth 4-manifolds and the Seiberg—Witten equations 127

25 Seiberg—Witten invariants

25.1 Preliminaries
25.1.1 Homology orientations

A homology orientation for the closed, oriented 4-manifold X is the equivalence class o of a triple
(H*,H~,0) consisting of a splitting H3,(X) = H*@®H~ into positive- and negative-definite subspaces,
and an orientation of H },R(X) & H%R(X)* @ (H')*, ie., the ray R 0 spanned by an isomorphism

0: R — det(H)p(X) ® Hyp(X)* © (H)")
Given another triple (K, K~, 0'), projection defines an isomorphism H™ — K, given by projection,
and therefore an isomorphism det(H)g(X) © HYo(X)* © (H)*) — det(HLp(X) ® HYo(X)* & (K1)*);
thus it makes sense to compare R 0 to R o’. If they are equal, we deem (H*, H,0) and (K", K, 0’)
equivalent.
We note:

(i) The set ox of homology orientations has exactly two elements.

(ii) An orientation-preserving diffeomorphism ¢: X — X’ induces a 0g: oyr — ox. One has
0idy = id, and 03,00, = 04, © 05, .

25.2 Conjugation of Spin°-structures

Let s = (S, p) be a Spin®-structure on an oriented Riemannian 4-manifold X. Its conjugate 5 is (S, p).
That is: one changes the action of C on the spinor bundles by composing with conjugation C — C: i
now acts as —i did. Note that for e € T*X, p(e) is still C-linear and skew-adjoint with p(e)2 = —|e 2,
the splitting S = ST @ S~ is unaffected, as is the orientation condition. A similar process applies in
any dimension.

One has c;(5) = —c1(5).

In Lie group-theoretic terms, conjugation of Spin©-structures, in dimension 7, arises from the automor-

phism of Spin®(n) = %SF;B"(") given by conjugation on the U(1)-factor.

25.3 Formulation of the invariants

Assume that b (X) > 0. The invariants then take the form of a map
swx o Spin“(X) — Z,

from the isomorphism classes of Spin©-structures to the integers, and depending only on the oriented
manifold X and a homology orientation o € oy.

They have the following basic properties:

(I Signs: If —o is the other homology orientation,

SWY,—g = —SWx o .
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(I) Diffeomorphism-invariance: If ®: X’ — X is an oriented diffeomorphism, and ®*: Spin°(X) —
Spinc(X’) the resulting bijection, then

SWx/ 040 (P75) = swx o(8).
(IIT) swyx has finite support.
(IV) Conjugation-invariance: swy ,(§) = (—Di—b 1+t sSWyx,o(5).

(V) Dimension: If swy ,(s) # O then d(s) is non-negative and even.

In the case where d(s) = 0—which in practice is by far the most important case(’—swx,g(s) is a signed
count of the finite set of gauge-equivalence classes of solutions to the SW equations.

In the case where b (X) = 1, there are still SW invariants but they depend on an additional datum,
namely, a chamber. Recall that there is a space 'V of pairs ([g], ), where g is a conformal structure and
1 a g-self-dual 2-form. The space conf(X) of conformal structures is contractible (it can be identified
with a convex set in a Fréchet space), and V — confy is a vector bundle. The wall W(s) C V is the
codimension 1 affine subbundle defined by

c1(8) € =2inparm, ¢ + Hig C Hpr(X)-

Let Spin®(X)., be the set of pairs (s, c), where s € Spin®(X) and c is a chamber for s.
The SW invariant now takes form of a map
Spin“ (X))o — Z.

It still satisfies properties (I), (II) and (V). It also satisfies (IV) if one understands conjugation to map
the chamber of ([g], 1) to that of ([g], —n). The finite support property is no longer true.

(VI) Wall-crossing formula. Suppose 57 (X) = 1 and b{(X) = 0, and that d(s) is non-negative and
even. If ¢ and c_ are the two chambers then

| swy o (8, c) — swy o (5, c1)| = 1.

A more precise result specifies the sign of the difference, in terms of o. A more complicated wall-
crossing formula is available when b; > 0.

25.4 Configuration spaces

Let € = C(s) be the space of configurations. It has various quotients:
e B, =C(s)/9" the quotient by the based gauge group.
e B=3,/UQ1).

~

e B, = C(s)/G (quotient by the identity component of the based gauge group). Note that the
Coulomb slice projects diffeomorphically to this quotient.

o B=3B,/U.

®A manifold with b7 > 1 and b; = 0 is said to have simple type if d(s) = 0 on suppswy. The simple type
conjecture, which is open, claims that if X is simply connected with b > 1 it is of simple type.
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We add superscripts " when we want to consider only irreducible configurations.

The projection Bi”(s) — B (s) is a principal U(1) bundle. Its associated line bundle has a first Chern
class ¢ € H*(B"(s)).

When b7 (X) > 0, generic pairs (g, 1) have the property that there are no reducible solutions to the SW
equations §;, = 0 for s, and the irreducible solutions are cut out transversely in Coulomb gauge. Their
gauge-orbits then form a compact manifold

My(s) C B (s),

of dimension d(s).

We saw that G} orbits of U(1)-connections are parametrized by
H)p(X) x imd*,

and G*-orbits by
Hil(X; R) x imd*
H'(X;7) ’

Hence

1

H)p(X) x imd* x T(S™);
H)p(X) x imd* x T'(ST)/U(1);
H'(X;R)
H\(X;7Z)
H'(X;R)
H\(X;7)
In the corresponding spaces of irreducible configurations, one removes 0 from I'(S™). In particular,
i~ Hl (X; R)
H\(X;7Z)
and thus B"" deformation-retracts to a copy of
H'(X;R)
H\(X;7Z)

In this discussion, one can work with Sobolev L,% configurations.

I

B,
B
B,

12

x imd* x T'(S1);

B =~ x imd* x I'(ST)/U(1).

x imd* x PI'(ST) x (0, 00),

x PT(S™).

Lemma 25.1 Let H be a separable complex Hilbert space with orthonormal basis (e, ez, ...). Con-
sider the projective space PH and its subspace CP*> | J, PC{ey, ..., e,}. The inclusion of CP>* — PH
is a weak homotopy equivalence.

Proof We quote the facts that the sphere S(H) and the union of finite-dimensional spheres $° are
contractible. The inclusion CP* — PPH lifts to a U(1)-equivariant inclusion §*° — S(H). There
are homotopy long exact sequences for the two U(1)-bundles §*° — CP*° and S(H) — PH, and the
inclusions induce a map from one exact sequence to the other. This shows that CP* — PH induces
isomorphisms on 7; for all i. O

Thus the cohomology ring of PH is a polynomial ring. Applying this to H = L,%(S*), one sees that for
L,% configurations one has .
H*(B") >~ AH'(X)" ® Z[c).
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25.5 The construction
We have not yet considered orientations for M,,. The picture that will emerge is as follows:

Proposition 25.2  There is a real line bundle detind — B and a canonical isomorphism det ind |y, =
det TM,, for any (g, 7).

The space B is simply connected, so detind is necessarily trivial over B. Itis in fact trivial over B
too. A homology orientation ¢ determines a trivialization for detind, and therefore an orientation for
™,,.
Thus M,, carries a fundamental homology class
[M,)] € Hye)(B™),
whose sign depends on . We define
swy,o(s) = (c*@/2, [M,])
when d(s) is even and non-negative; and
swy,o(s) = 0
otherwise.
When by = 0, this number is equivalent information to the class [M,,].
When b; > 0, the homology class contains more information, and this can be packaged as an invariant
valued in A*H'(X); we shall not use this construction.
The crucial issue is well-definedness—invariance from the choice of (g,7). A path (g, 7:)e(0,1]
determines a parametric SW moduli space N, formed from of pairs (¢, [y]), where ¢ € [0,1] and v a
solution to §,, = 0. When b™ > 1, this moduli space is, for generic paths, a smooth cobordism from
M, to My, . The ambient space [0, 1] ® B"" carries the line bundle pr;T[0, 1] ® pridetind, which is
oriented by 0; ® o,, o being the orientation of detind corresponding to the homology orientation o.
With this convention, one sees that [M,, ] = [M,,] and so
("2, [My]) = ("9, (M ]).
When bT = 1, the same argument works so long as the path stays in one chamber.

25.5.1 Properties

Consider the properties (I-V). Two of them (the sign rule (I) and the dimension constraint (V)) are
immediate consequence of the definition. Diffeomorphism-invariance (II) is also immediate, once sw is
well-defined independent of choices—for we can pull back the metric, 2-form and the Spin®-structure
using the chosen oriented diffeomorphism, so the equations pull back in the same way, and so do their
spaces of solutions.

As for the finite support property (III), we saw that for a fixed metric, and for n = 0, there are only
finitely many Spin€-structures for which irreducible solutions exist. One can easily adapt the argument
(I ought to have done so at the time) to show that the same is true for any fixed 1 (but not if one allows
71 to depend on the Spin©-structure).

As for conjugation-invariance (I), the point is that the equations are unchanged by conjugation. Thus
there is a homeomorphism B’ (s) — B""(s), respecting the class ¢, and mapping the moduli spaces
M, (s) to M, (s) by a diffeomorphism. The only question, then, is how this diffeomorphism acts on
orientations. We postpone consideration of that point until we have discussed the determinant index
bundle.

The wall-crossing formula lies a little deeper, and we will not prove it in this lecture.
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25.6 Orientations
25.6.1 Virtual vector bundles

Fix a Hilbert space H (over R or C), and let U denote the partially-ordered set of finite-dimensional
subspaces U C H under inclusion. A subset W C U is cofinal if every U € U is contained in a
member of U'. In what follows, U will be the ‘universe’ from which our vector spaces are drawn.

Define a (real or complex) stable vector bundle over a space Z tobe apair (V — Z, U), where V — Zisa
vector bundle and U € U. We write this bundle formally as V—U. Anisomorphism f of stable bundles,
Vo—U, — Vi—U,,isasystem of vector bundle isomorphisms fy : Vo@U,OW — Vi®U,BW, defined
for a cofinal set of W € U, and compatible with orthogonal direct sums in H in that fyyqw = fw Sidy:.
Two isomorphisms are considered equal if they are equal for a cofinal set of W.

Now define a virtual vector bundle V — Z as follows. There is a collection of non-empty open subsets
of § C Z which we shall call ‘small’. Smallness is preserved by passage to subsets, and every z € Z
has a small neighborhood. For each small open set S, V assigns a stable vector bundle Vs — Ug. For
any two small open sets S and S> one has a stable isomorphism 0s, 5,: Vs, — Us, — Vs, — [T& over
S1 N S,, and these satisfy a cocycle condition on triple overlaps. o o

A formal difference of vector bundles V; — V, defines a virtual vector bundle, and when Z one can
always so represent a virtual vector bundle.

25.6.2 The virtual index bundle

Let Hy and H; be Hilbert spaces, and Fred(Hy, H;) the space of Fredholm operators L: Hy — H;.
(Again, there are R- and C-linear versions.) It is an open subspace of B(Hy, H}), the Banach space of
bounded linear maps. It carries a continuous (i.e., locally constant) function ind: Fred(Hy, H,) — Z.
However, more is true: there is a well-defined virtual vector bundle
ind — Fred(Ho, H)
such that, for any L € Fred(Hy, H), there is a stable isomorphism
ind; = ker L — coker L.

To construct it, work with the universe U of finite-dimensional subsets of H,. Consider a point
Lo € Fred(Hy, H{). Write coker Ly to mean (im L)t . The restriction LOL = Ly: (kerLo)t — im Ly
is an isomorphism. Let Oy, be the open neighborhood of Ly consisting of operators L such that the
projected operator L+ = iz, 0 L err,)- © (ker Lo)*- — im Lo is an isomorphism.

We will define ind| o, as a stable vector bundle on Oy, namely

ind[owy)lowe = Kiy = Cpy-
Here
Ki, ={(L,x) € Oy, x Hy: Lx € C} = {(L,x) : x € kermc1 o L)},
and
Cr, = (imLo)™*.

Note that K;, — Oy, is a vector bundle, since ker 71 oL is the graph of a linear map ker Ly — (ker Lo)*
depending continuously on L. Because of this, we find that on overlaps O, N O, , there are canonical
identifications K7, — Cr, = Kz, — Cr,, and these behave coherently on overlaps.
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25.6.3 The determinant index bundle

Any stable vector bundle V — U over Z defines a determinant line bundle det V—U = det V®det U* —
Z. Stable isomorphisms of stable vector bundles defines isomorphisms of determinant line bundles.
Thus a virtual vector bundle V also defines a determinant line bundle det V.

In particular, we have a well-defined determinant line bundle
detind — Fred(Hy, H}).

In the case where Hy and H; are complex, we have a continuous inclusion
i: Fred(c(H(),Hl) — FredR(Ho,Hl)

of the C-linear into the R-linear Fredholms. The kernel and cokernel of a C-linear Fredholm L
are canonically oriented R-vector spaces. For this reason, there is a canonical homotopy class of
trivializations

i*detindp = R.

25.6.4 A family of Fredholm operators

On our Spin® 4-manifold, let
Hy= LT X®S%); H =L (R®AT®S).

Define the map
D: C(s) — Fred(Hy, Hy)

by
Dao(b, X) = (d*b, p(d*b) + (dX* + xd")o, Dagx + pl@)x + p(b)o) ,

and notice that, at a solution (A¢ + a, ¢) to the SW equations 3";7 = 0 (with Coulomb gauge fixing),
D44 is the derivative of F'.

One has a real line bundle £ = D*(detind). Suppose that the space Mn of solutions to 3"7’7 = 0is cut
out transversely; so coker D, 4 = 0 for (a, ¢) € Mn- Then ®*(det ind)]m7 = detTM,,.

The group U(1) of constant gauge transformations acts on Hy (by u - (a, ) = (a,u¢)) and on H; (by
u-(f,a, x) = (f, o, ux). Onehas D4 4) = uD4,4). Therefore u € U(1) maps ker D, ) — ker D (4,4
and coker ®, 4) — coker D, 4). The action of U(1) on €(s) lifts to an action in the determinant line
bundle £. Thus £ descends to a well-defined line bundle £ — C(s)/U(1). When Mﬁ{’ is cut out
transversely, one has £| mir = det T, il".

To orient M;", then, is to trivialize £ over M}

There is a homotopy {D; };cj0,1] of U(1)-equivariant maps C(s) — Fred(Hy, H), starting from Dy =
9, as follows:

Dia(b, X) = (d°b, p(d™b) + (1 — (DX + X )0, DagX + pl@)x + (1 — Dp(b)o) .
Thus
Disa,6(b, X) = (d*b, p(d*b), Day1aX) -

Pullbacks of vector bundles by homotopic maps are isomorphic; an equivariant trivialization of
D7 detind determines an equivariant trivialization of D detind (up to homotopy).
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Notice that D; is the sum of two maps: the constant map (a,¢) — d* & p o d', and the map
D: (a,¢) + Dayq,. Thus Di(detind) = detker(d* @ pd') ® detcoker(d* @ d™)* @ detindD.
Now D maps to the C-linear Fredholm operators, and as such, detind D is trivial. Thus to trivialize
D (detind) is to trivialize the line detker(d* @ pd™) ® det coker(d* @ d*)* Now this line is

detker(d* @ pd™) ® det coker(d* ® d*)* = det H!' @ det(R & HT)* = det(H' & R* @& (H1)").
A trivialization of it is exactly a homology orientation.
This construction explains the orientability of M, .

There is one small omission in this account: I have not explained how to see that the action of
105 = H'(X; Z) respects the orientation.

The sign arises in the conjugation-invariance property (II) arises because conjugation acts C-antilinearly
in ker D and coker D, and therefore acts in detind D with sign (—l)i“dDX . Conjugation acts trivially
in detind(d* @ d™). Since d(s) is even, the parities of ind DX and of ind(d* @ d ™) agree, so the overall

sign for the action on D* detind is (—1)Md@* ®d") — (_1)l=bi+b"
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26 Taubes’s constraints on symplectic 4-manifolds

26.1 The canonical Spin©-structure

Let (V,(-,)) be a 2n-dimensional positive-definite inner product space, and J € SO(V) an orthogonal
complex structure: J2 = —idy. Then V* ® C = Homg(V, C) comes with a polarization:
VveC=v0g vl
Here V!0 is the +i-eigenspace of J*, that is, the space of C-linear maps V — C; and V*! the
—i-eigenspace, the antilinear maps. Both V! and V%! are isotropic.
In Lecture 15, we described how a polarization gives rise to a spinor representation. In this case, it is on
S=AVO
Tracing through the ‘creation minus annihilation formula’ established there, one finds that the Clifford
map
p: V" — Endc S
is given by

ple) = V2 (eo’l A — L(ﬁ)) .

Here the contraction operation uses the metric: for f € V* ® C, «(f) is the derivation of degree —1
such that «(f)e = (e,f) for e € V*.
The splitting of the spinors, S = ST @ S, is the even/odd splitting of the (0, ®)-forms.
Globally, if (M?",g) is a Riemannian manifold, and J € I'(SO(TM)) an almost complex structure
(J2 = —id), then J determines an orientation on M and a Clifford module,
S = AUT*M),

with Clifford map

p: T"M — EndS, ple) = V2 (L(eo’l) A-— mﬁ)) .

This module is actually a Spin©-structure; in Lie group terms, it arises because the natural inclusion
U(n) — SO(2n) factors through Spin©(2n).
Homotopic almost complex structures determine isomorphic Spin©-structures.

Lemma 26.1 In the case of a closed, oriented 4-manifold X, if s is the Spin®-structure arising from
an almost complex structure, compatible with the given orientation, then d(s) = 0.

Proof One has ci(s) = cl(Ag’z) = (A2 = cl(Aé(TX,J)) = ¢1(TX,J). Since TX is complex,
PITX)X] = (c1(TX)* — 2e2(TX)IX] = c1(5)*[X] — 2x(X),
so by Hirzebruch’s signature theorem, c1()%[X] — 2x(X) = 37(X), hence d(s) = 0. O

Remark. Infact, an obstruction-theoretic calculation (found in Hirzebruch—Hopf, Felder von Flichenementen
in vier-dimensionalen Mannigfaltigkeiten, section 4.6, but attributed there to Wu Wen-Tsun) shows that

a sufficient condition for a 4-manifold to be almost complex is that there is a characteristic vector ¢

with ¢ = p(TX) + 2¢(TX), so if d(s) = 0 then s arises from an almost complex structure.

If (M,w) is now a symplectic manifold—so w is a non-degenerate 2-form with dw = 0—then M
admits compatible almost complex structures: those for which w(u, Ju) > 0 for u > 0 and for which
w(u, Jv) = —w(Ju,v), so that if we put g(u,v) = w(u, Jv) then g is a Riemannian metric. Compatible
almost complex structures form a contractible space (see e.g. D. McDuff and D. Salamon, Introduction
to symplectic topology). Thus a symplectic manifold admits a canonical Spin®-structure s.4,, well-
defined up to isomorphism (and pinned down precisely by a choice of compatible J).
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26.2 Statement of the constraints

In general, on a symplectic manifold (M, w), the canonical line bundle is the complex line bundle
Kx = detc(T*X, J), where J is acompatible almost complex structure (different J’s result in isomorphic
line bundles).

When (X*, w) is symplectic, the canonical Spin®-structure 5., has positive spinors ST, = Ag,o @Ag’z.

Theorem 26.2 (Taubes) Let (X, w) be aclosed symplectic 4-manifold withb™ > 1 and K = cl(Ai’O).
Then there is a canonical solution (Acqn, Pcan) to the Dirac equation for Scq,. Moreover, for T > 0,
(Acan, 71/ 2¢Ca,1) is a solution to the SW equations with 2-form

n(r) = iF(AS,) " + 3Tw.

can
Check constants
We will call (A¢u, rl/ 2¢can) the ‘Taubes monopole’ with ‘Taubes parameter’ 7.
It is convenient to trivialize the H*(X)-torsor Spin(X) using Scs,. Thus Spin¢(X) = H*(X) and
Scan — 0. Note that conjugation of Spin©-structures corresponds to ¢ — K — e, where K = c1(A}").

We view swy as a function of H*(X).

Theorem 26.3 (Taubes) Let (X,w) be a closed symplectic 4-manifold with b+ > 1. Then there is a
canonical homology orientation o for which the following hold:

(1) For 7 sufficien tly large, the Taubes monopole is the unique solution to Fyy = 0 (modulo
gauge), and for generic J it is regular. One has

SWX,O'(O) = 1)
and therefore swy ,(K) = (_1)1+b1+b+,

(2) If swx(c) # O then one has
0<c-[w]<K-[w],

and if one of the inequalities is an equality then c is 0 or K.

If one takes a closed, oriented manifold M%", and a class w € H 2(M ; R), and asks whether there exists a
symplectic form w, compatible with the orientation, with [w] = w, there are two basic constraints: one
must have w"[M] > 0, and M must admit almost complex structures compatible with the orientation.
Amazingly, in dimension 2n > 6, these are the only known constraints. In dimension 4, the almost
complex structure J and the class w must obey the constraints dictated by (1) and (2). When X is simply
connected, these are the only known further constraints.” However, there are examples of manifolds
obeying Taubes’s constraints where the existence of symplectic forms is an open problem (for instance
knot surgery on a K3 surface along a knot with monic Alexander polynomial).

The following corollary is remarkable:

Corollary 26.4 Let (X,w) be a closed symplectic 4-manifold with b+ > 1. Then K - [w] > 0.

"When X is not simply connected, Taubes’s constraints apply also on the finite coverings of X.
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This corollary is the starting point for a successful classification of 4-manifolds admitting symplectic
forms with Ky - [w] < O—they have b* = 1, by the theorem. They turn out to be diffeomorphic to
certain complex surfaces, namely, blow-ups of CP2, CP! x CP!, or ruled surfaces.

Taubes’s constraints are only the simpler part of the picture established by Taubes, in which SW
invariants are in fact counts of J-holomorphic curves in X. For instance, a deeper reason why
c1(Kx) - [w] > 0: it is that there exists a C°°-section of Kx whose (transverse) zero-set S—an oriented
surface in X—is symplectic: w|rg > 0.

Taubes’s constraints are sometimes sufficient to compute SW invariants. For instance:

Corollary 26.5 Let (X,w) be a closed symplectic 4-manifold with b~ > 1 and Kx torsion in
H*(X;Z). Then swx(scan) = 1, and S.4, is the only Spin©-structure with non-vanishing Seiberg—
Witten invariant.

This applies to K3 surfaces, for instance.

26.3 Geometry of almost complex manifolds

An almost complex structure J makes TM into a complex vector bundle. It also defines the splitting of
the complexified cotangent bundle,

(T*M) ® C = Homg(TM,C) = T"'M & 7'M

into the complex-linear maps and the complex anti-linear maps 7M — C. The projection
=11 —in: "M - 7'M
is an C-linear isomorphism.
The real exterior powers of the cotangent bundle, after complexification, split up into (p, g)-forms:
AT M)® C = AL (T*"M®C) = AL (THM o T'M) = P AP
ptq=k
where
AP = ALTHO @ ALTO!
We write (74 = I['(M, AP9).
The exterior derivative d has components
Oy =40 —iod: Q1 — Qe §; =L 1 +ilyod: Qrat! — Qpat!,
The Nijenhuis tensor
Ny: A°TX — TX

is defined on vector fields by

Ny(u,v) = [Ju, Jv] — [u,v] — J[Ju,v] — J[u, Jv],

but is C°°(X)-bilinear, hence represented by a tensor. Extend N; to a C-linear map A% TXc = TXc. It
then takes A2T071 to T1; thatis, if Ju = —iu and Jv = —iv, then JN;[u,v] = iN;[u,v], as one easily
checks.

Dualizing Ny, we geta map Nj: A — A? sending A" to A%2.
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Lemma 26.6 0)f = — N} 0 Oyf .

Proof Recall that for a 1-form « and vector fields u and v, one has (da)(u,v) = u - a(v) — v - a(u) —
a([u,v]). The fact that d> = 0 says that u - df(v) — v - df (u) = df ([u, v]).

Since 53 f is a (0,2)-form, it suffices to check it on complex vector fields u and v to type (0, 1), i.e.
—i-eigenvectors for J. Under this assumption,

@ Hw,v) = @ddf)u,v)
= u((Q)(v)) — v((Of)(w)) — D f([u,v])
= u(df (v)) — w(df () — df ([u,v])
= Of ([u, v])
= Of([u,v1").
On the other hand, N;(u,v) = —%(1 + Ji)[u,v] = —[u,v]"?, whence the lemma. O

An almost complex structure J on M is integrable if M*" is J is induced by local holomorphic charts.
That is, any point of M lies in the image of a diffeomorphism ®: U — U C M from an open set
U C C" to an open subset of M, such that i c D& = D® o J. So M becomes a complex manifold.

If J is integrable, with holomorphic coordinates (zj, . .., z,), one has
_ ~ ~ 0 ~ ~
8y (Fdziy N+ Ndzy, A%, ...d7;,) = Zagc Ndz, A~ Nz, NdZ, ...dZ,,
k
from which it follows that
5] ] 5] =0.

From the lemma, we see that if J is integrable, N; = 0. The Newlander—Nirenberg theorem asserts
that, conversely, N; = 0 implies integrability.

26.4 Almost Kiahler manifolds

Now consider a manifold M?" with a compatible triple (g,Jw), consisting of a Riemannian metric g,
an almost complex structure J, and a non-degenerate 2- form w, related by

g(“? v) = W(M,JV),
At a point x € X2, one can find an orthonormal basis (ey, . .., e, fi,...,f) for T7X such that
wx) =Y e Afio Jex = fi,

A compatible triple defines an almost Kdhler structure if dw = 0 (i.e., w is symplectic). Note that
w(Ju, Jv) = w(u,v), so w € Q}’l . An almost Kéhler structure is emphKdéhler if J is integrable.

Lemma 26.7 Let (E, (-, )g) be a hermitian vector bundle over the almost Kahler ménifold M. For a
unitary connection A in E, one has

_ 1
(O4)? = —Njooa+ F32.
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Proof The proof is similar to the one for & f= —%N}k(af). It suffices to evaluate both sides on
complex vector fields u# and v to type (0, 1). In that case,
(0° @), v) = (da Dp a)(u,v)
= dp,u((Da @)()) — dp (D )(w)) — (Oa )([u,v])
= da ul(Va))) = dp ,(Vaa)(w)) — (Da a)([u, v])
= Fa(u,v)a + (Oac)([u, v])
= Fy(u, v)a + (Dac)([u, v1'°)

1
= Fg’2(u, Vo — ZN} 0 (D).

O

The following identities are cases of the ‘Kihler identities’, but they remain true in the almost Kéhler
case.

Let L =w A - € End A}, and let L}, be the g-adjoint operator.

Lemma 26.8 Let (g,J/,w) be an almost Kiihler structure on M*". Let V, be a unitary connection in
a hermitian vector bundle (E, (-, -)g) over the almost Kédhler manifold M. Then one has identities

6) 5: = iL} o 04 acting on Qg)(’](E);
(ii) 0% = —iL} o 04 acting on Q'O(E);

Textbooks on complex manifolds often prove these identities by a computation valid on C" with its
standard Kihler structure, and then deduce them for Kihler manifolds by the principle that Kéhler
metrics are standard up to first order in suitable holomorphic coordinates. That route is not available
here, but another argument (indicated briefly in Donaldson—Kronheimer’s book in the K#hler setting )
is:

Proof Identity (ii) is merely the conjugate of (i); we prove (i). We can conjugate o € O%(E) to give
a € Q0(E) (note that this operation does not send E to E!). We then have pointwise equations
nla A @p A" = —i]oz\z "= —in!|a]2vo|g, o€ Q%I(E).
Hence )
i
(1)

(a1, )2 = (g, ) = / (o Na)p Aw" L.
M

The relevance of this observation is that the formal adjoint J}; , which is defined using the L? hermitian
product on E-valued (0, 1)-forms, can equally be defined using (-, -)). We apply integration by parts
to the derivative of the (n — 1, n)-form (o, s)g A w1

oz/mmmww“U
M
~ [ dt@ 9 ne!
M
= / (dace, ) A"+ / (@ AVas)e Aw" !
M M

:/(OAa,s)E/\w”_l +/(a/\8As)E/\w”_1.
M M
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Now, for v € Q}lgl(E), one has (7, )r Aw"™ ! = (n — 1)!g(7, sw)e volg, where g(-,-)g combines the
metric on 7 with the hermitian product on E. We deduce that

(93 o, 8) 2 = (o, Oas) = (@, Oas) = i/ g(0aar, sw)pvol = i(L},0xcx, s) 2,
M

which shows that ) = iL* 0. i

Proposition 26.9 In the same situation, the following Weitzenbock formula holds on I'(E):
IVAVA = 0, Oa +iL:(Fa).

Proof We see from the Kihler identities (i) and (ii) that
Vi = (04 + 0a)* = iL%(— Da +0a),
SO ) . )
ViaVa = iL}(— 0a +04) © (Oa + 0a) = iL], 0 [O4, 0al,
the latter equality being because L}, kills the (2,0) and (0, 2)-forms. On the other hand,
20, 0p = 2iL}, 0 04 g,
and F},’l = 04 04 + 04 04, SO
ViV — 20, 0p = —2iL} 0 (D4 Op 4 04 Op) = —2iL} (Fy).

26.5 Symplectic 4-manifolds

Now consider a 4-manifold X with a compatible triple (g, Jw), consisting of a Riemannian metric g,
an almost complex structure J, and a symplectic form w, related by
gu,v) = w(u, Jv),
At apoint x € X?, one can find an orthonormal basis (e, €2, e3, e4) for T7X such that
wx)=e  Nex+e3Neq, Jeg=ey, Jez=ey.
Thus we see that
wlz =2,
and that w is g-self-dual, hence harmonic.

The splitting of the complex 2-forms is related to self-duality:

Lemma 26.10 One has
Af@C=A"®C woA*?
- 1,1
Ag ®C=Ay",
where A(l)’1 =wl c AL,
Proof With the ¢; as before, let 7 = e + ie; and 17’ = ez + ies. Then it is easy to check that

*(n An') =n An'. Conjugating, (7] A7) = 7 AT . We already know xw = w. This gives A ; takes
its orthogonal complement to obtain A~ ® C. |
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Note that L w = 2, and L*(A(l)’l) = 0. Thus, if n € Q)}L is a real self-dual form, one has
n=n*"+ JLnw + 0.
On the other hand, the canonical Spin€-structure has
St =" = A9 A% =Ca A*?,
ST =A%

T. Perutz

One checks using the standard form of w(x) that the element p(w) € su(C @ A%?) is diagonal:

p(“’)_[_ozi Si}'

One has o
_ 00 _ 0 g 02
p(ﬁ)—Z[ﬁ 0}, p(ﬁ)—z[o O], B e,

(Here 8 € A>0 = (A20)*)
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27 Taubes’s constraints, continued

27.1 The canonical solution to the Dirac equation

There is a distinguished positive spinor
¢can =lx € F(A970)7

nowhere vanishing on X. There is also a distinguished Clifford connection A € A.(S*). Indeed, if
A € Ay(ST) is a Clifford connection, with covariant derivative, then Va¢eq, € Q)]((SJF). Any other
Clifford connection takes the form A + a - idg+ , with a € iQ2}; and

Vatabean = Vadean + p(@Pcan = Vadean +a @ 1x.
Thus one has an affine-linear isomorphism
Aa(ST) — i
assigning to A the component of V¢, in Q;((AO’O) = Q)lf(C).

The distinguished Clifford connection A q, is the one such that the component of VA¢ean in Q}((AO’O)
is 0.

Remark. Note thata Clifford connectionin S™ determines, and is determined by, a Clifford connection
in S~ (since either one of them is equivalent to a unitary connection in A’ST = A?S™). Thus we
get from A, a connection in A%!, or equally, in 7*X ® C. This is not in general the Levi-Civita
connection, for its torsion turns out to be N;. It is the Levi-Civita connection precisely when J is
integrable.

Now let DT = D:(wn be the Dirac operator for the distinguished Clifford connection.

Theorem 27.1 (i) One has D" ¢eqn = 0.
(ii) One has D™ = /2 (0, 0)).
To prove the theorem, we will need a general fact about Clifford connections V. By definition, they

make p parallel with respect to the Levi-Civita connection:

Vi(p(e)d) — p(e)Vd = p(V-Ce)p, e € Q.
We can make k-forms act on spinors, by the linear extension of the rule

1 .
pler i Neo =5 D sign(@)plea). . pleg, ).
T oES
(We have previously only considered the cases of 1-forms and 2-forms.) If « is a 1-form, one has
plac\ B) = p(@)p(B) = (= D™ p(B)p(cv).

One can use this to prove the following lemma (I leave this to you):

Lemma 27.2 The identity
Vi(p(1)d) — p(NVd = p(VECY) .

remains true for all forms ~y.
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Lemma 27.3
PV (p(7)P) — p(d7)p = p(p(7)V ).

for k-forms ~ and spinors ¢. Here § = d + d*, and p is the composite

"X ®S 2% Endse s < s.
(Note that g(V(p(y¢) = D(p(y)¢$), where D is the Dirac operator.)

Proof Fix ¢ and consider the left-hand-side as a defining a first-order operator Ly in . Check using
the known symbols of D and 4 that Ly is C°°(X)-linear in . It will suffice, then, to verify the identity
at x = 0 when v = dx; = dx;, A\ --- A dx;, inlocal coordinates x;. We can choose these coordinates so
that (d*dx;)(0) = 0. In that case, ddx; = 0. In view of the previous lemma, the identity holds for dx;
if and only if

Pp(V Cdxp)g) = 0.
Since VX€ is a graded derivation, it suffices to prove it for the 1-forms dx;. Write
VEC(dx) =) Ty @ dx,
Ik
and recall the symmetry F],:k = Fi-‘j arising from torsion-freeness, and F’,:k = —I‘Ji-k arising from
orthogonality. Thus I‘{:k = 0 when k =j. We have
P(p(V Cdx)) =Y " T p(dxy)pldxe) = — Y T pldxy)p(dxj) = 0.
Jrk J
O

Proof of the theorem (i) We want to show DV .., = 0. Let Q = % p(w) € su(ST). Then Qdeun =
—@can; and UV ,écan) = UV y¢ean). Now dw = 0. So, by the lemma, we have

D+(Q¢Ldl’l) = ﬁ © V(Q : (z)can) = ﬁ(Q ' V(z)um) = ﬁ(vqscan) = D+¢can-
But D+(Q¢can) = D+(_¢can) = _D+¢can- So D+¢can =0.

(ii) The differential operators D™ and V2(d; + 5;) have the same symbol, and both annihilate ¢, .
Their difference A is algebraic, and annihilates ¢.,,. Hence D a = V29, a for a € T(A%D).
For 8 € T'(A%?), one has 3 = %p(ﬁ)qbwn, and p(B)Voean = 0 (because (2,0)-forms annihilate
(2,0)-forms). Hence

DB = 1p(V(p(B)bean)) = 2p(6B)bean + 3 P(p(BIY Pean) = 2p(68)bean-
Now,

p(d* BYpean = V2(d* B =297 B,
and 08 = (1 + x)d* = 2(d*B)t, 50 p(OB)bean = 20(d* B)bean = 2v/2 " 3, which shows that
DB =28 6.
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27.2 The SW equations

Work with § = L ® S§e4n. A Clifford connection A in ST = (A%? ¢ A%0) ® L then takes the form
Vean®id +id® Vg, with V., the distinguished connection in A%°@®A%? and Vp a unitary connection
in L.
Thinking of ST as L @ (A*? ® L), the Dirac operator for this connection is

D} = V2 (350 8}),
with 95 = V%' and 8}, its formal adjoint. This assertion follows from the ‘untwisted’ case with L = C
and B trivial, which we have already established.
Now consider the curvature F(A°). One has F(A°) = F(V?,,) + 2F(B°).
The SW curvature equation involves the self-dual part F* of F = F(A°). Since this is an imaginary,

self-dual 2-form, one has L
FT =F £ (L*F)w + F20,

Thus FT determines, and is determined by, F’ 0.2 and the function L*F.
We have . =
. e g la]* af ]
== (0% = .
0o [ﬁ}[ A Lw 18P

3(al> =8P af ]
as L8P - o).
Write n = F(A2,,)"/(4i) 4+ 1. Then the curvature equation p(F* — 4in) = (¢¢*)o says that
p(Fy —2in") = (66"

and so

wwmz[

Taubes’s choice is to take

M= —7Tw
Then the SW equations can be written as
(14) Opa =~y B,
(15) FY* = lag,
_ 1
(16) LiFp) = 7 (18P = lof + 7).

So the Taubes monopole is the solution with L trivial, B trivial, o = 71/ 2 6 =0.

27.3 Proof of Taubes’s constraints

The main point is to prove the following

Proposition 27.4 There is a constant C = C(X, g,J) such thatif e = ¢;(L), e - [w] < 0, and (B, «, 3)
is a solution to the SW equations with Taubes parameter T > C for the Spin®-structure L ® §.4y, then
e =0 and (B, «, B) is gauge-equivalent to the Taubes monopole.
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Proof For a solution (B, «, 5) to the equations, with Taubes parameter 7, we compute

3IVsalz: = 3(VEVsa, )2

= {9z 0, )2 +/LZ(iF3)\a|2vo|g
X
Sk /k 1
— {035y Ba)+ 5 [ (BF ~ o + Dlaf v,
X
I 1
= —(B,0p0p )2 + 1 /(|52 —la)* + 7)|a|?* vol,
X
1 1
= (8, FQ 0z + + / (B,N} o Do) + + / (1812 - a2 + Dol vol,
4 Jx 4 Jx
1 1 1
_—/\a\zﬁ\zvolg—i—/(B,N}‘OGBQ)—F/(!ﬂz—\a\z—i—ﬂ\a\zvolg
2 Jx 4 Jx 4 Jx

1 1
= /(B,Nf o dpar) — — / (7 — || + 7(7 — |af*) + 2|a]?|B]?) vol,.
4 Jx 4 Jx
Our assumption is that e - [w] < 0. Thus

1 1
cl(L)/\[w]:/iFB/\w:/L:(iFB)w/\wSO,
27'(' X 47T X
and so

/(|B|2 — |a® + T)vol, <0,
X
with equality iff e = 0. Thus when e = 0,

1 1 .
NIVaal?: + 4/ ((7 = |a|»? + 7(B[* + 2]af*|8]7) vol, = y} /(B,NJ o Jgar)volg,
b'e b'e

and the left-hand side is a sum of non-negative terms. More generally, when e - [w] < 0, this equality
becomes an inequality <. The right-hand side is bounded above by C||5||;2||Val|2, for a constant
C=CX,g,J). Thus

T 1
IValf: + EHBHiz + EH(!a!z — 72 <2C1BlIe2 - IVael 2 < CPlIBIE + I Vsallz,
1.e.

T 1
(5 =€) 181 + 5 lal =Dl <.

Taking 7 > 2C?, we find 8 = 0 and |a|*> = 7. Since L admits a nowhere-zero section, it is a trivial line
bundle, so e = 0. Moreover, going back to our multi-line calculation above, we see that || Vpal|Z, = 0,
so Vpa = 0. Thus B admits a covariant-constant section, and so is a trivial connection. Thus (B, «, 5)
is gauge-equivalent to the Taubes monopole. |

This proposition shows that if swy(e) # O then e - [w] > 0, and if equality holds, ¢ = 0. Conjugation-
invariance swy(K — ¢) = + swx(e) then tells us that if swy(e) # 0, e-[w] < K - [w], and that if equality
holds, e = K.

Two points remain in the proof of Taubes’s constraints. One is to prove that the Taubes monopole is
regular for 7 > 0, so that swx(0) = £1. The other is to exhibit a canonical homology orientation
such that swy(0) = +1, and which is symplectomorphism-invariant. These notes presently omit both
points.
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28 The symplectic Thom conjecture

28.1 The minimal genus problem

Let X be a closed, orientable 4-manifold, and o € H»(X;7Z). We know that o can be represented as
the fundamental class [>] of an oriented, embedded surface > C X.

Lemma 28.1 One can choose Y to be path connected, and one can make its genus arbitrarily large.

For one can lower the number of connected components of 3 by choosing an embedded path connecting
points xo and x; on different components of Y, removing small discs from > near xy and x;, and
inserting a thin tube around the path; this operation is homologically trivial. In R* (or for that matter,
R3) one can find embedded, null-homologous surfaces of arbitrary genus; inserting these into a chart,
then connecting them to X as before, raises the genus.

Problem: What is the minimal genus of a connected surface representing o ?
A variant is to allow disconnected surfaces > = [ [ %;, and to minimize the ‘complexity’

- = > (=) -2

8(Z)>0
over representatives X of 0.

This problem was attacked by Kronheimer—-Mrowka, initially using instanton gauge theory, and later
(by them and others) using Seiberg—Witten theory.

Definition 28.2 Assume X is oriented with 57(X) > 1. A class ¢ € H*(X;Z) is called a basic class
if it arises as c(s) for a Spin©-structure s such that swy(s) # 0.

Theorem 28.3 (adjunction inequality) Assume X is oriented with b™(X) > 1, and suppose o is
represented by an embedded, oriented surface Y with non-negative normal bundle (that is, each
component X; has non-negative self-intersection). Then, for every basic class c, one has

X-)>c-o+o-0.
A generalization, allowing surfaces of negative self-intersection, is proved in P. Ozsvath and Z. Szab6’s
paper The symplectic Thom conjecture.

We shall use Taubes’s results to deduce the following as a corollary:

Theorem 28.4 (Symplectic Thom conjecture) Suppose that b™(X) > 1 and that o is represented by
an embedded, oriented surface 3. with non-negative normal bundle and without spherical components.
If there exists a symplectic form on X, compatible with the orientation, for which w|rs, > 0, then ¥
minimizes x— among representatives of o .

This applies in particular to smooth complex curves ¥ in a Kihler surface with 220 > 1.

Ozsvith—Szab6 were able to relax the non-negativity assumption on .. There is a variant statement for
the case bt = 1, which includes the case of CPZ, but this case requires some care.
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28.2 Proving the adjunction inequality

The proof of the adjunction inequality starts with the case where the normal bundle is trivial. The case
of positive self-intersection is then deduced by a blow-up procedure, relying on a blow-up formula for
the SW invariants. We have not proved such a formula, but our application to symplectic topology will
circumvent this part of the story.

Proposition 28.5 Assume b (X) > 1, and suppose o is represented by an embedded, oriented surface
> with trivial normal bundle. Then, for every basic class c, one has

X-(X) > (c,0).

Proof The starting point is the Gauss—Bonnet formula, which tells us® that for a metric 4 on X, one
has

/ scal(h) vol, = 4 x(X).
b

The fact that c is a basic class tells us that, for any metric and any self-dual 2-from 7 (we will take
n = 0), the SW equations admit a solution (for if there were not solution for (g,7) then the moduli
space, being empty, would be cut out transversely). The relation between the SW equations and scalar
curvature will allow us to deploy the Gauss—Bonnet formula.

Fix an oriented diffeomorphism of a neighborhood of 3 with neighborhood ¥ x D(2) (with ¥ C X
appearing as ¥ x {0}). Here D(2) is the closed disc in R? of radius 2. The region ¥ x (D(2) \ D(1))
can then be identified, by a change of coordinates on the second factor, with

¥ x S' % [0,1].

Letye R/Z =S I'and z € [0, 1] be the standard coordinates. Let g1 be a metric on X such that, on
the cylinder X x S x [0, 1], g; takes the form

g1 =h@dy’ @ d?,
with /4 a metric on X of constant scalar curvature and vol,(X) = 1. For ¢t > 1, let X; be the manifold
obtained by ‘stretching the neck’, namely, replacing ¥ x S' x [0, 1] by ¥ x S! x [0, ¢] in the obvious
fashion, and let g, be metric h & ds* & dr* on X,. There is a family of diffeomorphisms X; — X;

beginning at the identity for # = 1, and so for all 7. the SW equations on (X;, g;) admits solutions for
some Spin©-structure s with ¢i(s) = c.

Notice that scal(g;) = 4m(2g(3;) — 2) on the cylindrical region around the component ;. Let
s_(#) = max(0, —scal(g,)). Then its L?-norm over the cylindrical region C; = X X S I'x[0,1]1is

I = sl = —4mx- (D',
If (A;, ¢;) is a solution to the g,-SW equations for s, we have pointwise bounds
1
+12 2
|Ft |g, < gs*(t) )
where s; = max(0, —scal(g;)) and F; = F(A;); and resulting L? bounds over the cylinder,
1
1M1, < 2lls—OIZ, . = 27°X2 1.

Thus
IF 1%, o < 27°x%1+S,

8The most standard phrasing invokes the Gauss curvature k = 2 scal.
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where S can be taken to be the norm-squared of s_ over the complement of C;, a quantity that is
independent of .

Recall next that

1Fel% g = IFF IR, o + 1F7 1%, = 20l + 471X,

SO
HFng(,,g, < 47T2X2_t + Ca

where C is independent of ¢, and

IFil|x,.q < 2mx /2 + C'V2.

On the other hand, if w is any closed 2-form, one has

lwllg > /2 / w.
>

Indeed, [, (00} @ is independent of (y,z) € S! x [0, 1], so

vol(S! x [0, t])/w:/ (/ w> dydz
Y SUx[0,¢] ¥
</ </ |w|vo|h> dydz
SUx[0,¢] by
— [ el
Y xS1x[0,1]

< vol(S" x [0, 1])"/? (/ \wlzvolg,> 1/2
UxSIx[0,1]
< vol(s' x [0, f])l/ZHWHgt-

Thus
IF x> 25m1'2(c, 0),
and so
Cl/2
< —.
{e,0) SX-B)+ 51
Taking t — oo, we get (c,0) < x_(2). O

28.2.1 Blowing up

One can blow up the open set U C C? at a point z € U to obtain the complex surface U and the
blow-down map 7: U — U. The map 7 maps = (Y \ {z}) biholomorphically to U \ {z}, but the
fiber over z is E = P(T,B), a 2-sphere. Its normal bundle is the tautological line bundle, hence its
self-intersection is —1.

A smooth complex curve C C B passing through z has a proper transform C C B, again a smooth
complex curve, and 7: C — C is biholomorphic.

In complex geometry, the importance of blowing up is partly its naturality—the blow-up is independent
of coordinates, even though one way to construct goes via holomorphic coordinates. One can apply the
blow-up operation near a point x € X in an oriented 4-manifold, using a complex chart near x, with
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the understanding the precise manifold constructed will depend on the choice of coordinates. It still
comes, however, with a blow-down map 7 : X — X.

The result X is always diffeomorphic to the connected sum X #CP2. (It is the union, along S3, of X
minus a 4-ball and a tubular neighborhood v of E; the complement of a ball in CP? is a 2-disc bundle
over a 2-sphere C with self-intersection —1, and so is identified with v/).

Since X is a connected sum, H,(X) is the orthogonal direct sum H>(X) ® Hz(@) =H)X)BZ-e
(here e = [E]). Moreover, the map 7, : H,(X) — Hp(X) acts as the identity on the summand H*(X),
while m.e = 0.

Given an embedded surface X, one can choose the ball near x so that either > misses the chart
altogether, or else X pass through x, and in that case, appears as a complex curve near x. Either way,
it has a proper transform 3.

Lemma 28.6 If ¥ passes through x, one has [X] = o — e.

Proof The fact that 7 restricts to a diffeomorphism > — ¥ gives that [$] = X + me for some m.
And Y intersects E transversely at a point (namely, the complex line 7,X), and (like all transverse
intersections in complex surfaces) the signis +1;so m = —1. |

We have
(0—6)2:0-0—1.

Thus by successively blowing up points of >, one can make a positive normal bundle trivial. The
number of blow-ups requiredis m = o - 0.
In the adjunction inequality

X-() > (c,0) + 00,

the two sides remain unchanged under blowing up, replacing ¢ by ¢ = c+ e, X by its proper transform
¥, and therefore o by 6 = [X] = 0 —e.

Thus it suffices to prove the inequality (for ¢ = ¢ 4+ e; + - -- + e,,) in the m-fold blow-up, in which
3 has trivial normal bundle—the case we have just addressed. However, one needs to know tha ¢ is a
basic class.

One has
¢ :(c+e)2 =1

On the other hand (2 + 37)(X) = (2x + 37)(X) — 1. Thus if § and s are Spin®-structures on X and
X respectively, which agree on the complement of a ball around x, and with ¢1(8) = c + s, c1(s) = c,
one has

d@) = d(s).

Theorem 28.7
swy(5) = £ swx(s).

Thus ¢ is a basic class when c is, and we are done.

We will not prove this formula. The essential point is that CP?, being negative-definite and admitting a
metric of negative scalar curvature, has just one, reducible solution to the SW equations for that metric.
One proves that one can ‘glue’ that to a solution to the equations for X, using a long neck §> x [T, T],
and that for T sufficiently large, this procedure accounts for all solutions. However, as far as the Thom
conjecture is concerned, one can circumvent this blow-up formula.
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28.3 The symplectic Thom conjecture

Theorem 28.8 When > is a symplectic surface in the symplectic manifold (X,w), one has the
adjunction formula
x(X) = (Kx,0)+o0-o0.

Proof One can find an w-compatible almost complex structure J such that J(T3) = T3 (first choose
J on X, then extend; cf. the treatment of almost complex structures in McDuff—Salamon, Introduction
to symplectic topology. One then has a short exact sequence of complex vector bundles

0—TY — TX|y — Ny — 0,
which implies that for each component ¥; (with o; = [|%;]), one has (¢1(TX), 0;) = (c1(T%)), 04) +

(c1(Nx,), 0;), which is to say
2g(25) -2 = <Kx, 0','> + o;- 0j.

O

On the other hand, if b*(X) > 1, the fact that Ky is a basic class (by Taubes) implies an adjunction
inequality
X—(S) > (Kx,0) +o0-0

in X, valid for any representative S of o, symplectic or not. Thus, if the symplectic surface X has no
spherical components, we see that it saturates the adjunction inequality, and so minimizes complexity.

To avoid invoking the blow-up formula for SW invariants, we note that blowing up is a symplectic
operation (see McDuff—Salamon). Briefly, the point is that one can take a Darboux neighborhood of
x—a closed 4-ball D*(r) of some (possibly small) radius r, and ‘symplectic width’ p = 7r%; and
replace it by a suitable symplectic disc bundle over S?, where S? has its SO(3)-invariant volume-form
normalized to have volume p. The result is a symplectic form @ over X, in which E is symplectic of
volume p.

Lemma 28.9 Ky = Kx +e.

Proof Certainly Ky — 7*Kx vanishes on X \ E, and so Ky = 7*Ky + me for some m € Z. By the
adjunction formula, (Kg,e) +e-e = —2,i.e. (Ky,e) = —1, and this shows that m = 1. O

Thus we can apply Taubes in a suitable blow-up of X, instead of X itself, and obtain the same conclusion.
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29 Wish-list

These are topics I should have liked to cover, given a little more time:

e Proof of the wall-crossing formula

e The Bauer—Furuta invariants, and Furuta’s 5/4-theorem.

e Spin 4-manifolds, pin(2)-symmetry, and symplectic manifolds with ¢; = 0.
e Vanishing for connected sums.

e Gluing along 3-tori, and the knot surgery formula.

e The invariants of Kéhler surfaces.

e SW = Gr on symplectic 4-manifolds.
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The bibliography is still under construction...
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