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1 Why four-manifolds?

Four-dimensional manifolds behave in a different way to manifolds of any other
dimension. The difference lies is in the behaviour of smooth structures. We
know enough about these to be sure that they really do behave differently in
dimension four, but there are basic questions which we can answer in every
dimension except four. For example:

How many non-diffeomorphic smooth structures are there on the n-sphere S™?7 ‘

Remember that to give a smooth structure (sometimes called a differentiable
structure) is to give a preferred class of coordinate charts for which the transi-
tion functions are all infinitely differentiable. Two such classes are considered
identical if their union also has infinitely differentiable transition functions.

If ®: My — M is a homeomorphism between manifolds, and M has a given
smooth structure, then M; has an induced smooth structure. In this way, the
group of self-homeomorphisms of a manifold M acts (on the right) on the set
S(M) of smooth structures. So, starting from an initial smooth structure, we
can produce a great many new ones which are distinct from it (the identity map
is not a diffeomorphism) but diffeomorphic to it. The question is to understand
smooth structures up to diffeomorphism—that is, to study the set of orbits in
S(M) under the action of the homeomorphism group.!

There is a formula for the number s(n) of non-diffeomorphic smooth struc-
tures on S™ which is valid in every dimension except 4. In low dimensions, these
numbers are

n 123456 7 89 10 11 12
s(n)[1 1 172 112 28 6 992 1

One interesting feature is that the numbers which appear are finite. This is

a general phenomenon: there are only finitely many non-diffeomorphic smooth

structures on a fixed compact topological manifold of dimension # 4. However,

the quartic surface

{(21:20: 23 :24) € CP3: 2} 4 25 + 25 + 25 = 0}

is a four-manifold which admits a countable infinity of different smooth struc-
tures.

Open question: Is true that any topological four-manifold which has at least one
smooth structure has infinitely many non-diffeomorphic smooth structures?

Let us dispose of one point right away: the answer would be the same if one used some
weaker notion of differentiability. For instance, every manifold with C*-differentiable structure
is C'-diffeomorphic to a unique smooth (i.e. C*°) structure.



A good (if in general rather abstract) answer to the following question was
established in the 1960s—but the answer is only valid in dimensions higher than
four:

Let M be a compact topological manifold. How can we tell when M admits
at least one smooth structure?

When the dimension is < 3, it is known for different reasons that M always
admits a unique smooth structure. We should acknowledge at this point that
three-manifold theory has its own subtleties, but they have a different origin to
those in four dimensions. A central problem is to understand to what extent
the fundamental group of a three-manifold controls its global topology.

1.1 Existence of smooth structures in higher dimensions—sketch

It seems appropriate to say a little about what does happen in higher dimensions,
though this inevitably brings in some quite sophisticated algebraic topology. If
some of the terms are unfamiliar, don’t worry—this material is included only to
put the course into context, and we won’t touch it again.?

Let’s start with a space M which is a candidate to admit smooth structures.
It will simplify matters if we suppose M is simply connected. Rather than
assuming M is a compact topological n-manifold, it is better to suppose that
M is a space which has the right sort of algebraic topology. So we just assume
that M is a simply connected space, built out of cells of dimension < n, and
that there is a ‘fundamental class [M] € H,(M;Z) which sets up a Poincaré
duality isomorphism ¢ — ¢N [M] from H*(M;Z) to H,—.(M;Z). We now look
for a smooth manifold M’ and a homotopy equivalence M’ ~ M.

We can embed M in some Euclidean space R*, where k > 0. There is then
a ‘regular neighbourhood’ N of M in R¥ which retracts onto M, i.e. there is a
continuous map 7: N — M which is the identity map on N itself. It turns out
that, because of the Poincaré duality property, we can arrange that the map

p=rlgny : ON — M

is a spherical fibration. This means that every fibre p~!(z) is homotopy-equivalent
to the sphere S¥~"~1 and that p is, in a precise sense, a ‘coherent family’ of
such homotopy-spheres.

When k is very large, the spherical fibration p: 9N — M (considered up to
homotopy equivalence for maps between spaces) may be regarded as an invariant
of the homotopy type of M. It is called the Spivak normal invariant.

The Spivak normal invariant of a smooth manifold M’ is special. In that
case, we can embed M’ smoothly in R¥. The ‘normal vector bundle’ vy is the
space of pairs (z,v), where € X and v € R* is orthogonal to the tangent space

2If you follow Dr Feldman’s course on cobordism you’ll be well-equipped to understand the
theory sketched here.



T.M'. A neighbourhood N of M’ can be identified with the disc-subbundle
{(z,v) € vpp : |v] < €}, for some € > 0. The retraction r sends (z,v) to z.
Thus the spherical fibration 9N — M’ has the special feature that it is (in a
canonical way) a sphere sub-bundle in a vector bundle over M.

A property that our candidate space M must therefore possess if it is to be
homotopy equivalent to a smooth manifold is that its Spivak normal invariant
must arise from a vector bundle. This is a property that can be studied using
algebraic topology. Examples are known of topological manifolds for which
the Spivak normal invariant does not arise from any vector bundle—hence the
manifold has no smooth structure.

If the Spivak normal invariant arises from a vector bundle then we can at
least find a smooth compact n-manifold M’ and a map f: M’ — M such that
on homology we have f,[M’'] = [M]. The next step is to try to modify the pair
(M', f) so as to make f a homotopy equivalence. The modification procedure
uses ‘surgery theory’. In dimensions > 5, there is a ‘surgery obstruction’ which
lies in a group Z, Z/27Z or 0 (depending on the dimension modulo 4), and (M’ f)
can be modified to a homotopy equivalence through surgery precisely when this
obstruction vanishes.

1.2 The four-dimensional case

It is easy to construct examples of simply connected four-dimensional spaces
with Poincaré duality—in fact, all one needs to specify such a space Mg is a
square matrix ) with integer entries and determinant +1. The Spivak normal
invariant always arises from a (unique) vector bundle, but the surgery procedure
for modifying the map breaks down; there just isn’t ‘enough space’ to carry it
out. A difficult theorem of M. Freedman says that Mg is always homotopy
equivalent to a topological four-manifold. However, we shall see in this course
that

Theorem 1 (Donaldson). When the matrix Q € GL(n,Z) is positive- or
negative-definite, and there is no A € GL(n,Z) with AQA" = £1I, the space Mg
is not homotopy-equivalent to a four-manifold which admits a smooth structure.

Gauge theory. The methods used to prove the non-existence theorem for
smooth structures, and to distinguish infinitely many smooth structures on
(e.g.) the quartic surface, are quite different from those that were sketched
in the previous paragraphs. They involve differential geometry, and the anal-
ysis of certain partial differential equations with ‘gauge symmetry’—the in-
stanton or anti-self-duality equations. These equations were first considered
by theoretical physicists working on quantum chromodynamics; they are close
cousins of Maxwell’s equations in electrodynamics. In the late 1970s, geometers
(among them Atiyah, Hitchin, Taubes and Uhlenbeck) began the rigorous study
of the instanton equations on smooth four-manifolds. The breakthrough came



in 1981, when Donaldson used these equations to prove Theorem 1. The goal
of this course is to study this proof. We won’t give a complete account of it;
our aim is to break it up into parts, giving statements only for some parts, and
rigorous proofs for others. This should make the remainder of the proof, and
other results in gauge theory, quite accessible.

We round off this discussion by stating a long-standing conjecture in knot
theory (the ‘Property-P conjecture’) which has recently been proved using gauge
theory. The proof is a synthesis of several ideas, but analysis of the instanton
equations lies at its heart. To give the statement, we need to say what it means
to perform ‘surgery’ on a smooth knot K C S3. The knot has a closed tubular
neighbourhood Nx C S? diffeomorphic to a solid torus: Nx = S'x D2. For any
self-diffeomorphism f of the boundary ONx = S x S', one obtains a smooth
three-manifold

Siﬂ(,f = (53 \ int(Ng)) Ur Nk,

which is said to be the result of surgery on K.

Theorem 2 (Kronheimer-Mrowka, 2003). Suppose that S;’(’f s stmply con-
nected. Then f is homotopic to the identity map.

Notes. We should mention that there is another set of equations, the Seiberg-Witten
equations, discovered in 1994, which for many purposes are more efficient than the
instanton equations, and gives different proofs of the theorems on smooth structures.
There is also a more recent method (Ozsvdth-Szabd, 2002), apparently a recasting
of Seiberg-Witten theory, involving handlebody decompositions and techniques from
symplectic geometry. However, Donaldson’s original proof is still compelling, because
it demonstrates very clearly the interaction between the the structure of the space of
solutions to the instanton equations and the geometry of the four-manifold.

If you would like to read more about high-dimensional manifolds, I recommend Mil-
nor’s short paper On manifolds homeomorphic to the 7-sphere, Annals of Mathematics
64 (1956), 399-405. You could also try M. Kervaire and J. Milnor, Groups of homotopy
spheres. I, Ann. of Math. 77 (1963), 504-537. Both available at www.jstor.ac.uk.



2 Using PDEs to study topology

A mathematical physicist, modelling some physical situation using a PDE, needs
to understand how the topology and geometry of the situation influences the
solutions to the equation. Thus the solutions to the wave equation in a cavity
depend on its topology and shape; magnetic fields in a superconducting magnet
exhibit ‘flux quantisation’ phenomena when the magnet is, say, ring-shaped.
The focus of early work on the instanton equations was on a problem of this
sort: that of finding the most general solution over simple spaces such as the
four-sphere or four-torus. (For more information on that aspect of the theory,
Dr Dunajski’s Easter term course, ‘Instantons and Solitons’, is recommended.)
It is possible to turn this point of view on its head. The idea is that

by looking at all possible solutions to the equations,
we can deduce something about the topology of the space.

This is what we will do for the instanton equations.

2.1 Example: domains in R?

Take a bounded, path-connected open set Q C R3, with smooth boundary, and
a vector field v: © — R? which extends smoothly over the boundary. We ask
whether it is the gradient of some function (or ‘potential’) A: Q@ — R, so that

v = grad(A).
A necessary condition is that
curl(v) = 0.

Locally, this is also a sufficient condition: if the curl vanishes then near any point
we can find a potential function. Globally, this is not always so; it is true if €2
is simply connected, but not in general otherwise. If v: S — Q is a loop, then
the integral f7 (v -1)dt (where 1 is the unit-length tangent vector field) depends
only on the homotopy class of . This sets up a map from the quotient vector
space

{v :curl(v) = 0} 1)

{v:v =grad(A) for some A} (

to

Hom(m (Q2),R) = H'(;R)

which is in fact an isomorphism. So: instead of looking at the properties of some
particular vector field, we consider all vector fields for which the curl vanishes.
By considering how these vector fields can fail to be gradients, we can deduce
something about the fundamental group.

A noticeable feature of the expression (1) is that it is a quotient of infinite-
dimensional vector spaces which is itself finite-dimensional. An alternative to



taking quotients is to cut down to finite dimensions by another equation. For
any v, there exists an A such that

div(v + grad(A)) =0:
A is the solution to Poisson’s equation
V2A = —div(v).

The solution to this equation is unique up to the addition of a constant function.
Hence

{v:curl(v) =0, div(v) =0} & {v:v {:‘/grzl(lilzﬁ‘;)f; (S)(})me A}

2.2 Harmonic forms and the Hodge theorem

The discussion above can be carried over to a general smooth compact manifold
M (without boundary). The objects of interest are now the space of differential
p-forms QP(M), for p =0,1,2,.... The generalisation of the quotient (1) is the
pth de Rham cohomology of M, which is the real vector space

_ feco0n:a=0)
HgR(M) T {a:a =dp for some [ € QP_I(M)}.

The definition makes sense because d? = 0. These spaces are purely topological
objects, for the de Rham theorem says that there is a natural isomorphism

HYo (M) = HP(M;R)

between the de Rham cohomology and the singular cohomology with real coef-
ficients.

In the case of a compact manifold, the de Rham cohomology can also be
realised as a subspace (rather than a quotient) of the closed forms. This follows
from the Hodge theorem. To state it, we need to introduce a Riemannian metric
g on the manifold M. The metric, plus a choice of orientation for M, determine
a volume form voly:

volg(z) =er A+ Nep

where (ey,...,e,) is an oriented orthonormal basis for 7M. The exterior
derivative

d: QP(M) — QPTYY(M)

has a ‘formal adjoint’

d*: QP (M) — QP(M)

characterised by the equation
/ g(da, B)vol, —/ gla, d*B)voly, o€ QP(M), B € QPH(M).
M M

Note that (d*)? = 0. The operator d* plays the role of the divergence in our
discussion on R3.



Theorem 3 (the Hodge theorem). Let (M,g) be a compact oriented Rie-
mannian manifold.

1. For any a € QP(M), there exists v € QP~1(M) with d*(a — dy) = 0. If v/
also has this property then d(y —~') = 0.

2. For any o € QP(M), there exists 3 € QPTH(M) with d(a — d*3) = 0. If '
also has this property then d*(8 — ') = 0.

A more convenient way to express the theorem is this:

Any o € QP(M) has a decomposition

Q = Otharm + d*ﬁ + d%

where
*
daharm =d Qharm = 0.

The components aparm, d*0 and dy are uniquely determined.

From time to time we will draw on the Hodge theorem in this formulation.
Ezxercise: show that the two versions are equivalent. A differential form n with
dn =0 and d*n = 0 is called a harmonic form for the metric g.

Corollary 4. There is a canonical isomorphism
{neQP(M):dn=0, d'n=0} = H(M).

The proof of the Hodge theorem involves analysis in so-called ‘Sobolev
spaces’—techniques which are further elaborated in the study of instantons on a
four-manifold. Indeed, there are strong parallels between the equations defining
harmonic forms and those defining instantons.

There is also an important difference: the instanton equations are non-linear.
So while the harmonic forms are a vector space, instantons are not. However,
once one divides out by the natural symmetry group of the instanton equations
(the ‘gauge group’) the space of solutions is in a precise sense finite-dimensional.
For ‘generic’ Riemannian metrics it is a smooth manifold, apart from certain
well-understood singular points. In Hodge theory, one studies the topology of
a manifold through the associated vector space of harmonic differential forms.
We will study the topology of a four-manifold through the topology of the space
of solutions to the instanton equations.



3 The intersection form of a four-manifold

3.1 The intersection form

The key definition in this lecture is from algebraic topology (the methods should
be familiar from the Michaelmas Term course, or elsewhere; you’ll find a sum-
mary in the handout ‘Review of homology and cohomology’). However, the
emphasis is on its interpretation in differential geometry.

Definition 5. The intersection form of a compact, oriented four-manifold X
is the symmetric bilinear form

H*(X;7) x HY(X;Z) — Z, (a,b)+ a-b:= (aUb,[X]).

Here the angle-brackets denote the ‘evaluation’ pairing between cohomology
and homology in the same degree (four in this case).

By Poincaré duality, the induced form on H?(X;Z)/torsion is non-degenerate.
We sometimes denote this non-degenerate form by Q) x.

Let’s look at the additive structure of the (co)homology of X. First, we
have H* = Hy = Z, and Hy = H° = Z. Next, H® = H; = 7%, and H3 =
H!' = Hom(rm,Z). Finally, H> = Hj, and there is a non-canonical ‘universal
coefficients’ isomorphism

H? (X; Z)tors. = H (X§ Z)tors.

It is common practice to use the same letter to denote a class in Hs and its
Poincaré dual in H2. So, for instance, we might write o - 3 when « and 3 are
in HQ.

If we suppose that X is simply-connected, i.e. that m1(X) is trivial, then all
this simplifies, and we have the following.

On a simply-connected, compact, oriented four-manifold,
(i) the odd-dimensional (co)homology is zero, and
(ii) Hy = H? is torsion-free.

3.2 Intersections of embedded surfaces

How should we understand the intersection form geometrically? The most ap-
pealing interpretation is in terms of intersections of embedded surfaces. As
stated in the review of homology theory, when we have smooth, closed, oriented
surfaces S7 and So, and transverse embeddings S — X, the cup product of
their dual classes is calculated by

(1] [Se] = ) elw)

x€S1NSy

where e(z) € {£1} is +1 if the orientations for 7,51 and T,Ss, when put
together, give the orientation for 7,X, and —1 if they don’t. To apply this to

10



a particular pair of homology classes, we need them to be representable by a
transverse pair of surfaces. In concrete examples, this can often be seen directly.
However, it is reassuring to know the following two facts:

e On a smooth n-manifold M, any homology class in H,,_o(M;Z) is the
fundamental class of a smoothly embedded, oriented submanifold.

e If i: N — M and i: N’ — M are embeddings of submanifolds of com-
plementary dimension in M, there is a homotopy h;: N — M, t € [0, 1],
with hg = i, such that hi(N) is transverse to ¢'(N').

Computing self-intersections. As an example of the second point, consider
the problem of calculating the self-intersection [S] - [S] of an embedded surface
S C X in a four-manifold.

The normal bundle Ng/x — S is the rank two vector bundle T'X|s/TS. If
we choose a Riemannian metric g on X then we can identify the normal bundle
with the orthogonal complement of the tangent bundle to S:

Ng/x = (TS)*
The metric determines an exponential map
exp: Ng/x — X,

and its derivative at (z,0), D, ) exp: Tz 0Ng/x — T3 X, is an isomorphism. It
follows from the inverse function theorem that there is a subset

NSS/EX = {(z,v) € Ng/x : gz(v,v) < €}

such that
<e

exp: Ng Ix X
is an open embedding.
So a neighbourhood of S in X is diffeomorphic to a disc-subbundle of the
normal bundle to S.

Lemma 6. Let M be a smooth manifold, w: & — M a smooth vector bundle.
Then & has a smooth section o: M — & which vanishes transversely. That is,
moo =1idy, and whenever o(x) = 0, € &, the tangent space Ty, £ is spanned
by the images of Dyo and D,(, where ¢ is the zero-section x’' +— 0.

The proof will be a guided exercise on the first example sheet.
By the lemma, we can find a section of the normal bundle, o: S — Ng/x,

which vanishes transversely. For small ¢t # 0, the image of to lies in N SSEX So
we can compose with the open embedding exp to obtain an embedding of S

x +— hy(x) = exp,(to(z))

11



transverse to the original embedding. Of, course, (h:)«[S] = [S], so we can cal-
culate [S]-[S] by counting intersection points of S with h.(.S). These intersection
points are just the points = € S where o(z) = 0. The sign e(z) is £1 according
to whether the composite map

Do

orthog. proj.
T.5 —— T, X o8 bl

(Nx/s)z

is orientation-preserving or orientation-reversing.

3.3 Examples
The four-sphere S*. This has H? = 0.

The projective plane CP2. We have H?(CP?;Z) = 7, generated by a class
U with U - U =1 (here we use the complex orientation). The Poincaré dual of
U is represented by the fundamental class of a projective line L = CP! ¢ CP?.
For any other such line L', distinct from L, the intersection L N L is a single
point. The intersection takes place in some region C?> C CP?, where it can be
seen as the transverse intersection of two complex lines. Hence the intersection
number is +1. Thus, in homology, [L]-[L] = 1.

The product S? x S2.  An easy calculation in cellular homology (or recourse
to the Kiinneth formula) shows that Hy(S? x S%;7Z) = Z?, with basis given by
the classes

Sp=[S? x {z}], S»=[{z} xS?.

We give S? = CP! its usual orientation, and S? x S? the product orientation.
Then S; - Sy = +1. To compute S; - S1, we perturb S? x {z} to a homologous
surface which meets it transversely. An obvious choice is 5% x {2}, where x # 2.
Then the intersection is empty, so S; - S1 = 0. Similarly for S5 - S5, so the the
intersection matrix is
01
(10)

A non-trivial S?-bundle over S?. We'll construct a smooth four-manifold
X with a smooth map 7: X — S? such that the derivative D,7 is surjective
for all z € X. This implies (by the inverse function theorem) that each fibre
771(s) is a smooth two-dimensional submanifold of X; here, the fibres will all
be diffeomorphic to S2.

Regard the base S? as C U {oc}, and cover it by two overlapping discs,

Do={z:12><2}, Do ={z:]2>>1}U{o0}.
Let g: S — SO(3) be the loop

g(e*™) = rotation by 2t about (0,0,1).

12



Really only the homotopy class of ¢ matters; our choice represents the generator
of m1(SO(3)) = Z/2. Define

X = (8% x Dg) U (S? x Do)/ ~, where (9212 (), 2) ~ (2, 2) for 2 € Do N Deo.

Then X is naturally a smooth manifold (because the gluing map (z,z) —
(92))2(z), 2) is smooth). The map 7: X — 52 is given by projection to the
Do- or Dy-factor. It is easy to check that this has the properties claimed
above.

Now, X is the union of two pieces, S% x Dy and S? x Dy, which intersect
along a region homeomorphic to S? x [1,2] x S'. Applying Mayer-Vietoris to
this decomposition, we find that Ho(X;Z) = Z2. One generator for Ho is
represented by a fibre F. This has F'- FF = 0. Another is represented by a
section, i.e. a smooth map o: S? — X with m o 0 = idg2. Any such section
is linearly independent from F, since o,[S?] - F = £1. Let’s fix the orientation
making the sign +1.

An example of a section is og, where o¢(z) = (0,0,1) for any z. More
generally, there is a path of sections {0} sel0,}] defined as follows:

os(z) =

»

sRez slmz LR
(X(|Z|)’ x([z])’ 1 2)a z € Dyg.

{(8707 Vl_SQ)a ZeDOOv
x(Iz)

Here x: [0,2] — [3,2] is a smooth function such that x(z) = z when z > 1 and

Xx(z) =1 when x < 1/2. All these sections represent a single homology class G.
To compute G - G, let’s consider og and o1. Their images intersect only at the
2

point ((1,0,0);0) € S? x Dy. Writing 2z = x + iy, we have
1 3 1 3
3350%(0) = (1,0,0) € R?, 8ya%(0) = (0, Z’O) e R”.

It follows that o1 and og intersect transversely, with sign +1 (think through
2
why this is so!). So the intersection matrix with respect to the basis (F,G) is

(V1)

With respect to the basis (G, F' — G), it is therefore

(0 2)

13



4 The intersection form via differential forms

4.1 The wedge product form

We saw in the last lecture that the intersection form can be interpreted in terms
of intersections of embedded surfaces. Today we give a different interpretation,
in terms of closed two-forms. (There is a third interpretation of H?, as the
group of complex line bundles, which we relegate to the example sheets for lack
of time.)

The second de Rham cohomology group HgR(X ) carries the symmetric bi-
linear form

(lo, 18)) H/Xomﬂ-

Here [a] is the cohomology class of the closed two-form «. This form is well-
defined because if we change o to a + dy then the value of the form changes
by

/d'y/\ﬂ:/d(’y/\ﬁ) as dB3 =0
X X
=0 by Stokes’ theorem.

Thom forms. To any embedded surface we can associate a closed two-form
(which depends on some additional choices, but only up to addition by exact
forms).

Choose a smooth, decreasing function x: [0,00) — [0,00) such that (i)
x(t) = 0 when ¢t > 2; and (ii) [;* x(t)dt = 1. Notice that, on R?, with co-
ordinates y = (y1,y2), the two-form

x(|y))dy1 A dyso

is invariant under SO(2).

Let £ — X be a rank two vector bundle over a compact surface. Equip it
with a Euclidean metric, i.e. a smoothly-varying choice of inner product on
each fibre ;. Now, X is covered by neighbourhoods U over which ¢ is trivial.
Over U, we can choose oriented orthonormal bases (ej 4, €2 ) for each fibre &,
x € U. We can then write v, € & uniquely as v, = y1(z)e1, + y2(x)ea,, and
this defines coordinate functions y; and y2. On £|y, we have the two-form

2|vg|

46_2x(T)dy1 A dya,

which is closed and non-zero only at points of length < e. Because of its invari-
ance under SO(2), this form does not depend on the choice of basis (e; z,€2.).
We can therefore patch together forms defined in different local trivialisations
and obtain a globally-defined two-form

e € Q3(8).

14



Notice that

dre e = 0; / Tee = L.
e

Now choose a Riemannian metric g on our compact four-manifold X. Given
an embedded surface ¥ C X, with normal bundle Ny,x — X, the metric
determines an embedding

exp: N=¢

sx X

for sufficiently small ¢, as in Lecture 3. We define the Thom form 75, € Q?(X)
by

o) = {o, p & exp(Ngy),

TNy/me(@Xp (D)), p € exp(Ng/y)-

We should really notate the choice of g and €. However, the cohomology class
of 75, does not depend on these choices.

Lemma 7. For two transverse surfaces 31 and Yo in X, we have

/XTEl /\’7’22 = [21] . [22]

The map [X] — [rx] is a version of the Poincaré duality map. It extends
R-linearly to an isomorphism Ho(X;R) = H2.(X). So the wedge-product form
is isomorphic to the R-linear extension of the intersection form on Ha(X;R) =
Hy(X;Z) @z R.

4.2 Hodge theory and self-duality

Self-dual and anti-self-dual two-forms. Let (V,(-,-)) be a real inner prod-
uct space, and (ey,...,e,) an orthonormal basis. There is an induced inner
product on A¥V| with orthonormal basis {e;, A--- Ae; i1 < -+ < ix}. The
Hodge star s: A¥V — A" %V is the linear map characterised by the identity

saANb=(a,b)ey A---Nen, a,be AV

Of particular interest to us is the case (n,k) = (4,2), where we have an endo-
morphism * € End(A?). Thus

*#(eq(1) N\ €o(2)) = sign(o)eq(3) A eqa)

for permutations o of {1,2,3,4}, which shows that #* = idj2y,. This, with the
identity

1 1
a= Q(a + *a) + §(a — *a),
implies that
ANV =ATVeAV
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where ATV is the (+1)-eigenspace of *. An orthonormal basis for A¥V is given
by

1 1 1
7(61/\82:1263/\64), 7(61/\632&64/\62), 7(61/\64:|:62/\€3).

V2 V2 V2

Now consider a Riemannian n-manifold (X, g). At each point x € X, we have
a Hodge star operation

%, € Hom(AFTF X, A" T X),  *a Ab = (a,b)vol,,.
When (n, k) = (4,2) we get a splitting
AN TIX = Af @A,
The subspaces AT sweep out sub-vector bundles A*(X) C A2T*X (why?).
Similarly, there is a Hodge star operation on forms,
+ € Hom(Q(X), Q"7 (X)), (xn)(x) = %4 (n(2)),

and when (n,k) = (4,2) a decomposition (of vector spaces, or of C°(X)-
modules)

Q*(X) = 2 (X) @ Q7 (X),
where QF(X) is the space of sections of A (X).

Definition 8. On a Riemannian four-manifold, sections of Q7 (X) are called
self-dual two-forms. Sections of 27 (X) are called anti-self-dual two-forms.

Notice that if a € Q2(X) has components a® = (a 4 *a)/2 then

/ a/\a:/ (Ja™ 1 = Ja™ [*)voly.
X X

Self-dual and anti-self~-dual harmonic two-forms. Recall from Lecture
2 that on a closed Riemannian manifold (X, g), the d-operator on forms has a
formal adjoint operator d*: QF(X) — QF~1(X), characterised by

/ g(d*a, B)volg, :/ g(a,dB)voly, «€ Qk(X), RS Q’“_l(X).
X X

Lemma 9. For any k-form a, we have d*a = (—1)*+D0=F+1 4 d(xq).

Proof.

/Xg(a,dﬂ)volg :/X*a/\dﬁ

= (_1)(n_k+1)/ d(xa) A B (Stokes’ theorem)
X
= (—1)(k+1)(n—k)+1/ (x % d(xa)) A (as % ox = (_1)k(n—k))
X

= (—1)k+D(n=k)+1 /Xg(*d * a, B)voly.
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By the Hodge theorem, there is a unique harmonic representative n for each
de Rham cohomology class:

This inclusion of the vector space 9{’; of harmonic forms into the closed forms
gives an isomorphism f}(’g“ — Hk(X).

By the lemma, when 7 is harmonic, so is *n. In particular, if n is a har-
monic two-form on a Riemannian four-manifold, its self-dual and anti-self-dual
components, (1 % *n)/2, are also harmonic. Hence 3{3 decomposes as

Hy =3, @ I,

into spaces of (anti-)self-dual harmonic two forms.
When 0 # o € 3, we have

/a/\a:/*a/\a:/ la|?vol, > 0.
X X X

Thus the wedge-product form is positive-definite on fJ-C;r. Similarly, it is negative-
definite on 3. Since these two subspaces span J—Cg, they are maximal definite
subspaces for the wedge-product form.
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5 Simply-connected four-dimensional complexes

In this lecture we will prove that two closed, oriented four-manifolds which
are simply connected and have isomorphic intersection forms are homotopy-
equivalent:

Theorem 10 (Milnor). Suppose that X, X' are compact, connected, simply
connected topological four-manifolds. Any homomorphism Ho(X;7Z) — Ho(X';Z)
which preserves the intersection forms is induced by an orientation-preserving
homotopy equivalence X — X'.

Remark 11. If X and X' are smooth (and not necessarily simply connected)
then any orientation-preserving homotopy equivalence F: X — X' satisfies
FX(TX') 2 TX. So, in the simply connected case, Qx determines both the
homotopy type and the tangent bundle.

Here’s an explanation for readers who know some vector bundle theory.
Rank-four oriented vector bundles over a finite cell complex are classified by
the characteristic classes ws, ws, p1 and e. On a smooth four-manifold, ws is
characterised by the identity wo Uz = x Uz (v € H*(X;Z/2)), while ws = fws,
where 3 is the Bockstein operation; these are two instances of the Wu for-
mula. A remarkable result of Thom/Rokhlin says that the cobordism class of
X is determined by o(X), the signature of Qx. From this follows Hirzebruch’s
signature theorem: (p;(TX),[X]|) = 30(X). Hence wo(F*TX') = we(TX),
w3(F*TX") = w3(TX), and p1(F*TX') = p1(TX). Finally, {(e(TX),[X]) is
the Euler characteristic of X, so e(F*TX') = e(TX).

5.1 Attaching maps

We begin our discussion with the following construction of simply connected
four-dimensional cell-complexes: start with \/;_, 5?2, the wedge sum (one-point
union) of n copies of S2. Let X ¢ be the space obtained by attaching a four-cell
by a map f: % —\/ S%

Xy = (\/S2> Uy et

Since X can be built from cells of dimensions 0, 2 and 4 only, its (co)homology
is zero except in these degrees. We have Hy(Xy;Z) = Z, generated by e4, and
Hy(Xp;Z) = Z". Similarly, H*(X;Z) = Z and H*(Xs;Z) = Z". The cup
product

H*(Xp;Z) x H*(Xf;Z) — HY(X 3 Z)

is therefore given by an n x n symmetric matrix Q.

The homotopy type of X; depends only on n and the homotopy class of the
attaching map f. It turns out that the available homotopy classes are exactly
classified by the matrices Q; :
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Lemma 12. The map f +— Q; gives an isomorphism of abelian groups
713(\/ 5% — {symmetric n x n matrices over Z}.

This generalises the isomorphism 73(S?) = Z. In that case, the generator
is the Hopf map h: S — S2. Attaching a four-cell to S? via h gives the space
X, = CP2?.

Remark 13. The group m3(\/ S?) parametrises based maps S3 — \/ S%, whilst
the attaching maps (and their homotopies) are not based. This makes no differ-
ence here, as every free homotopy can be deformed to a based homotopy. This
is because \/ S? is simply connected.

Relative homotopy groups. In the proof we will need to make use of relative
homotopy groups. Suppose (X, A) is a pair of spaces (i.e. A C X)andxz € A
a basepoint. Then the homotopy classes of maps (D", 0D", ) — (X, A,{z})
form a group m,(X, A, z) when n > 2 (usually we drop the basepoint from the
notation). This group is abelian when n > 3.3 When {z} = A we get the usual
homotopy group m, (X, z). There is a long exact sequence

T 7Tn+1(X, A) agl 7TTL(A) - ’/Tn(X) - Wn(Xa A) %} anl(Xv A) e
where 9 is restriction from D" to 0D". The Hurewicz homomorphism
h:mn(X,A) — Hy (X, A)

sends the homotopy class of f: (D", 0D") — (X, A) to f.[D",0D"], where
[D™,0D"| € Hp(D",0D™;Z) is the orientation class. The Hurewicz homomor-
phisms form a map of complexes from the exact sequence of relative homotopy
groups to the exact sequence of relative homology groups. The Hurewicz theo-
rem is as follows:

Suppose (X, A) is a CW pair, with X path-connected and simply connected,
and A path connected. Let v € A. If H (X, A;Z) = 0 for k < n then
(X, A) = 0 for k < n and the Hurewicz map h: m(X,A) — Hy(X,A;Z)
18 an isomorphism.

Proof of the lemma. Think of the wedge \/ S? as embedded into the n-fold prod-
uct,

\/ S8 x- xS
as the subspace where all but one coordinate is equal to a chosen basepoint

* € S2. Embed S? = CP! into CP? in the usual way (that is, by attaching ey
via h), and hence embed \/ S? into the product P = CP% x --. x CP?.

3In fact 7, (X, A, x) = 7,_1 P(X;z, A), the (n — 1)th absolute homotopy group of the space
of paths in X originating at = and terminating in A.
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Now, 73(CP?) = 74(CP?) = 0. Indeed, the circle-bundle S® = S(C?) —
CP? induces injective maps on homotopy groups 7, for all k, and 7(S°) = 0
when k < 5. (If you know about the long exact sequence of homotopy groups of
a fibration, you can see this injectivity property immediately. If not, you could
think about why it should be true.) Hence m3(P) = m4(P) = 0.

The homotopy and homology exact sequences of the pair (P,\/ S?), give a
diagram with exact rows

0 —— m(P\VS? —— m3(VS?) —— 0

g
Hy(P,\/ S?) = 0 for k < 4 (check this!). The Hurewicz theorem therefore
tells us that h is an isomorphism. Hence 73(\/ S?) = Hy(P;Z). Let e’ denote
the generator of H?(P;Z) obtained by pulling back the standard generator of

H?(CP?;Z) by the ith projection map P — CP2. The Kiinneth formula, or
better, a direct calculation in cellular cohomology (do it!), shows that

HY(P;Z)= P Z(cué).
1<i<j<n

This is a free abelian group (of rank n(n + 1)/2), and so is identified with
Hom(H4(P;Z),7Z). We obtain an isomorphism

H,(P;7Z) — {symmetric n x n matrices over Z}

by sending the class f € Hy(P;Z) corresponding to f € m3(\/ S?) to the matrix
Q s with entries . }
(Qr)iy ={e"Ue, f).

All that remains is to see that Q ¢ is equal to @y, the matrix of the cup
product form on Xy. By the surjectivity of m4(P,\/ S?) — w3(\/ S?), the in-
clusion of \/ S? in P extends to a map n: Xy — P. The fundamental class
(X ] € Hy(Xy;Z) maps to n.[Xs] = f. Hence

=f
(Qr)ij = (" U e, f) = (" Ued [ X))
= (" (e" Ue), [Xy])
= (n*e' Un*el, [Xf]) = (Qf)ij-
O

Remark 14. (i) In view of the lemma, we can sensibly write Xq instead of Xy,
where Q@ = Qy is the matriz corresponding to f € m3(\/ S?).

(11) A necessary condition for X¢g to be homotopy-equivalent to a topological
four-manifold is that Poincaré duality should hold. This is just the condition
that Q is unimodular, i.e. that det(Q) is invertible in Z.
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5.2 Proof of Milnor’s theorem

In the following proof we will quote the theorem that any compact topological
manifold M, possibly with boundary, has the homotopy type of a CW complex
with finitely many cells. This basic result is unfortunately not easy to prove. It is
straightforward in the smooth case, where one obtains such a cell decomposition
by choosing a Morse function.

Proof of Theorem 10. The proof is in three steps.

1. Choose a basis (e, ...,e,) for Ho(X;7Z). Since X is simply-connected,
the Hurewicz theorem applies; it tells us that the Hurewicz map ma(X) —
Hy(X;7Z) is an isomorphism. Hence e; = s;,[S?] for maps s;: S — X which
send the basepoint * € S? to a basepoint © € X. We can conflate these maps

into a single one,
n

S: \/ 5% - X.
i=1

Applying a homotopy if necessary, we may assume that s is not surjective (for
example, s is homotopic to a map which is cellular, so its image lies in the
2-skeleton of X). Let B C X be a closed four-ball disjoint from im(s), and let
Xo =X \int(B).

2. We now observe (by using the Mayer-Vietoris sequence, for instance)
that Xy has non-zero homology only in degrees 0 and 2. In those degrees the
homology is the same as that of X. Hence the map

s: VS2—>X0

induces an isomorphism on H,. Here we invoke a well-known theorem of J.
H. C. Whitehead: Suppose A, B are connected and simply connected spaces
homotopy-equivalent to CW complexes. Then any map f: A — B which induces
an isomorphism on H, is a homotopy-equivalence. Since Xy (a compact mani-
fold with boundary) has the homotopy type of a CW complex, s: \/S? — X,
is a homotopy equivalence.

3. X is obtained by attaching a four-cell to Xy. Hence it is homotopy equiv-
alent to Xy, for some f € m3(\/ S?). Moreover, there is a homotopy equivalence
X ~ Xy which maps [X] to [Xy] and which sends the basis e; for Hy(X;Z) to
the standard basis for Ha(X ). By the lemma, f is determined up to homotopy
by the intersection matrix () of X in the basis e;. Hence X ~ Xg.

Since we can apply the same argument to X’, Milnor’s theorem follows.
O

References for this lecture. The main argument is from Milnor and Husemoller,
Symmetric bilinear forms, Springer 1973. Background in homotopy theory is covered in
e.g. A. Hatcher, Algebraic topology, CUP, 2002; P. May, A concise course in algebraic
topology, University of Chicago Press, 1999.
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6 Further results on intersection forms

6.1 Indefinite forms

For a few four-manifolds it is feasible to calculate the intersection form directly.
Usually, however, one has to appeal to an algebraic fact, the Hasse-Minkowski
theorem. To state it, we need to give another example of a unimodular form,
the rank 8 form Eg. This is the lattice in R® generated by the vectors

1
62—63,63—64,...,67—€g,§(€1+€8—€2—'--—67),€7+68.

(This is actually a root lattice, and the eight vectors form a set of ‘simple roots’.)
It has the following properties.

e It is positive-definite (since R® is!).

e Its matrix entries are integers: the non-zero entries are

2 -1
-1 2 -1
-1 2 -1
-1 2 -1
By = -1 2 -1 -1
-1 2
~1 2 —1

e It is even, i.e. the squared length of any vector in Ejg is in 2Z: indeed, the
eight basis vectors all have squared length 2.

e It is unimodular, i.e. its matrix is invertible over Z: indeed, wedging
together the basis vectors one finds det(Eg) = 1.

We also introduce the ‘hyperbolic’ form

0 1
n=(10);
which is even and unimodular, and the rank one unimodular forms (+1).

Theorem 15 (Hasse-Minkowski). Suppose Q is a quadratic form over Z,
represented by a symmetric matriz of integers, which is unimodular (det(Q) =
+1) and indefinite (Q(x) takes both positive and negative values). Then

o If Q is even, Q ~ m(—Eg) +nH for some m,n > 0.

o IfQ is odd (i.e. not even) then Q ~ m(1l) + n(—1).
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Here ~ denotes equivalence of quadratic forms over Z, and the additive notation
refers to direct sum of forms. Hence Q) is determined, up to equivalence, by its
rank, signature, and type (odd/even).

The situation for definite unimodular forms is quite different. The number
of equivalence classes of indecomposable, positive-definite, unimodular forms of
rank n is an unbounded function of n. However, the theorem of Donaldson, to
be discussed in due course, tells us that only the very simplest definite forms
arise as intersection forms of smooth four-manifolds.

6.2 The signature is a cobordism-invariant

The dimension of maximal positive-definite (resp. negative-definite) subspace
of H*(X;R) is an invariant of Qx, hence of X. It is denoted by b* (resp. b).
The signature o(X) of X is the signature o(Qx) of the intersection form on
H?(X;R):
o(X)=b"—0b".

Proposition 16. Let X be a closed four-manifold (smooth and oriented but not
necessarily connected) which bounds a compact oriented five-manifold (again
smooth and orientable but not necessarily connected). Then o(X) = 0.

We need an algebraic lemma, whose proof is left as an exercise.

Lemma 17. Let ¢ be a non-degenerate quadratic form on a vector space V' of
dimension 2n. If there is an n-dimensional subspace U such that q|ly = 0 then
q has signature zero.

Proof of the proposition. Say X = 0W?5. Write i for the inclusion of X in W.
The intersection form is identically zero on i* H?(W;R), for

a-i"f = (TaUi"B, [X]) = ("(a U f), [X]) = (a U B,i.[X]) =0,

where in the last step we use the fact that i.[X] = 0 since X = 0W. We claim
that
dim H?(X;R) = 2dimi* H*(W; R).

There is a commutative diagram with exact rows
HX(W;R) —— H2(X;R) —2— H3W,X;R)

H3(W,X;R) —"— Hy(X;R) —"— Hy(W;R).
The vertical arrows are the Poincaré-Lefschetz duality isomorphisms. By ex-
actness of the upper row, H?(X) = im(i*) @ im(5). But im(d) = im(i),
and i, is the dual homomorphism to ¢*, and so has the same rank. Hence
H?(X) = im(i*) @ im(i*).
The result now follows from the algebraic lemma. O
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Corollary 18. If X; is cobordant to X (i.e. there exists a compact, smooth
oriented five-manifold W with X1 U Xs as its oriented boundary) then o(X1) =
O'(XQ) .

That’s the end of this lecture as far as course-material is concerned. The
following notes survey some further results; they are included only to put the
results of the course into their proper perspective.

6.3 (*) The theorems of Freedman, Rokhlin and Wall
Theorem 19 (Freedman, 1980). Fiz a unimodular matriz Q.

e There exists a compact, simply-connected, oriented topological four-manifold
M homotopy-equivalent to Xg.

e If Q) is even as a quadratic form then M is unique up to homeomorphism.

e If Q is odd then there are precisely two such manifolds My, My, up to
homeomorphism. They are distinguished by the property that M; x S*
admits a smooth structure but Moy x S1 does not.

Of course, My cannot admit a smooth structure either (but in general we
cannot say whether or not M; does). Hence we have the

Corollary 20. Two compact, oriented, simply-connected four-manifolds which
admit smooth structures and which have isomorphic intersection forms are home-
omorphic.

We should also mention here two classical results about smooth four-manifolds.

Theorem 21 (Rokhlin). Let X be a smooth, compact, simply connected, ori-
ented four-manifold. If X has even intersection form Qx then its signature
o(X) is divisible by 16.

The signature of an even unimodular form is always divisible by 8 (example
sheet 2). Freedman tells us that there is a topological four-manifold with inter-
section form FEg, but since this has signature 8, the manifold carries no smooth
structure.?

Theorem 22 (Wall). If X, X’ are closed, oriented, simply-connected smooth
four-manifolds with isomorphic intersection forms then there exists an integer
k and an orientation-preserving diffeomorphism

X#E(S? x §?) = X'#k(5% x S?)

between the connected sums of X, X' with k copies of S% x S2.

4Rokhlin’s theorem is easy to prove if you know about Dirac operators and the Atiyah-Singer
index theorem. The hypotheses imply that X admits a spin-structure. The Dirac operator,
sending positive spinors to negative spinors, is quaternion-linear. The number —o(X)/16 is
its quaternionic index.
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The proof uses surgery theory, and the notion of ‘h-cobordism’. It is an open
problem to determine whether one can always take k = 1. The invariants which
are used to distinguish X from X’ always vanish upon taking the connected sum
with §% x §2.

6.4 (*) Complex hypersurfaces in CP?

Since in this course we assume knowledge neither of complex manifolds, nor
of characteristic classes, we do not really have the tools available to construct
interesting four-manifolds and compute their intersection forms. For example,
Chern classes are essential in computing invariants of complex hypersurfaces in
CP3. Here are the answers in that case. Choose a homogeneous polynomial
fa(zo, 21, 22, z3) of degree d, and let

Xq={2€CP?: fy(z) = 0}.

For suitable choices of fy (e.g. fs =" z%) this is a smooth four-manifold. The
intersection form can be calculated in a two-step process. The first step is to
calculate the rank, signature and type; the second is to appeal to the Hasse-
Minkowski theorem.

A standard result in complex geometry, the Lefschetz hyperplane theorem,
says that X is simply-connected. The Euler characteristic x(Xy) is also the
second Chern number of the tangent bundle, which can be calculated using the
Whitney sum formula and the fact that the total Chern class of CP3 is (14 u)*
where u € H? is the hyperplane class. The result is

x(Xg) = d(d? — 4d + 6).

Hence by(Xy) = d(d? —4d +6) — 2. The signature o(Xy)of the intersection form
can also be computed using characteristic classes, via the Hirzebruch signature
theorem, which says that o(X) = %pl (X)[X]. The result is

o(Xy) = %d(4 _ ),

The type of @ x is determined by whether or not the second Stiefel-Whitney class
wo vanishes. This follows from the Wu formula, which says that wo Uz = xUx
for x € H?(X;Z/2). One deduces that the type of Qx, is the parity of d.

One can then read off using Hasse-Minkowski that, for example, the inter-
section form of X, (a K3 surface) is

2(—FEg) + 3H.
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7 SU(2)-bundles over four-manifolds

The group SU(n) can be thought of as the subgroup of GL(n,C) consisting of
matrices A with |Az| = |z| (where |- | is the standard hermitian inner product)
and Azq1 A---NAx, =x1 N Az, for x; € C™.

Definition 23. An SU(n)-bundle (E, ||, 0) over a space X is a rank n complex
vector bundle E over X equipped with a hermitian metric |-| and a determinant
form, that is, a unit-length section o of A" E. An isomorphism of SU(n)-bundles
(E,|-|,0) and (E',|-|',0") over X is an isomorphism of complex vector bundles
0: E — E’ such that |§(v)|" = |v| and (A"0)o = o'.

Often we will simply write E for an SU(n)-bundle. To define U(n)-bundles,
delete each occurrence of o.

Gluing construction. We immediately specialise to SU(2). Let X be a com-
pact, oriented four-manifold, and B* C X be a smoothly embedded closed four-
ball. Given any smooth map g: S* — SU(2), we construct an SU(2)-bundle
E, — X:

Think of X as the space obtained from X := X \ int(B*) and B* by gluing
together their common boundary 3-sphere. Thus

X = XUy B*

for some diffeomorphism f: 0Xo — O0B*. We will glue together the trivial
bundles
C?x Xg— X, C?xB*- B

over the boundaries. Choose a smooth map g: S* — SU(2), and let E, be the
quotient space of the disjoint union (C? x X)U (C? x B*) under the equivalence
relation

(v,2) ~ ((g o f(x))v, f(2)), =€ IXo.

There is an obvious map E; — Xo Uy B* = X. Convince yourself that E, — X
is locally trivial, hence a rank two vector bundle.

C? has its standard hermitian inner product | - | and volume element o =
e1 A es € A2C?, and these induce a hermitian metric and volume form for the
trivial C2-bundles over B* and X,. These are compatible with the gluing map
g, since it has values in SU(2). Hence they jointly define a hermitian metric and
volume form on F,.

We interpolate an observation about vector bundles. In the following state-
ment, ‘bundle’ should be read as ‘real vector bundle’, ‘complex vector bundle’,
‘SU(n)-bundle’ or ‘U(n)-bundle.’

Lemma 24. Let & and &1 be two bundles over a paracompact Hausdorff space
Y. Then & is isomorphic to & iff there is a bundle & over' Y x [0,1] such that,
fori € {0,1}, the restriction of £ to' Y x {i} =Y is equal to &;.
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Briefly, the two bundles are isomorphic iff they are homotopic. In our gluing
construction, we observe that if we have a homotopy g¢; then the bundles E,,
together form a bundle over X x [0,1]. By the lemma, the SU(2) bundles Ey,
and Fj, are therefore isomorphic.

To prove the lemma in one direction, observe that if 8: &g — & is an iso-
morphism then we can glue & x [0,3] to & x [, 1] over {3} using 6 to ob-
tain the required vector bundle £&. For a proof of the converse, see for ex-
ample Prop. 1.7 in Allen Hatcher, Vector bundles and K-theory, available at
www.math.cornell.edu/~hatcher. In the case of smooth vector bundles over

a smooth manifold, there is a simple proof using connections.

Remark 25. We can make some particular choices for g so as to enumerate
the possible homotopy classes. The homotopy class of g: S® — SU(2) is detected
by the degree deg(g) € Z. Recall that the degree of a map ¢: M — M’ between
closed oriented n-manifolds is given by the formula

¢« [M] = deg(¢)[M'] € Hn(M'; Z),

or, upon choosing a volume form w on M’', by

[ sw=desto) [ o

Think of S3 as S(H), the unit sphere in the quaternions. Quaternions act on
C? = H by left quaternion multiplication, and this defines the diffeomorphism
S$3 — SU(2) € GL(2,C). Define gy to be the composite

$% 2 g(H) =% s(H) S 58,

Then deg(gr) = k.

SU(2) is naturally isomorphic to Sp(1), the group of unit-length quaternions.
It sometimes helpful to view SU(2)-bundle as Sp(1)-bundles, i.e. rank 1 quater-
nionic vector bundles with quaternionic metric.

Degree versus Euler number. Here is one way to compute degrees of maps
between spheres. Let B"t! be the closed unit ball in R**+1.

Lemma 26. Suppose that s: B"T!1 — R"*L is a smooth map such that s(x) # 0
when x € OB™ ! and which vanishes transversely. Then the degree of the map

%: OB" ! = 5" — §"

is the signed count of points in s~1(0).
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Proof. Write ¢ for the S™-valued function s/|s|, defined on B"*!\ s71(0). Sup-
pose that B and B’ are two smaller balls contained in the interior of B"*!, such
that BN B’ =) and s~1(0) C int(B) Uint(B’). Then

degt|gpn+1 = degt|op + degt|op:. (2)

This follows from the following observation: there is a homotopy of maps
hi: S™ — B™*L such that hg = t|ggnt1 and hy is as follows. Let (zo,...,2,) be
coordinates on R™*1:

tog(x), x< —%
hl(l‘) = tO’y(ZL‘()), —% < o < %
tog'(z), x> 3.
101 n+1 : : / /. .
. 9 )
Here v: [-3,5] = B is a path connecting a point p € 0B to p’ € dB’; g is a

diffeomorphism from {z € S" : 29 < —1} to 9B\ {p}; and ¢ a diffeomorphism
from {z € S" 129 > 1} to OB\ {p'}.

Applying (2) successively to nested balls, we see that it suffices to show that
the degree of t|gy is equal to £(z) € {£1} when U is a very small ball containing
a single zero z € s71(0), of sign £(z). Since the zero is transverse, the inverse
function theorem implies that s|y is a diffeomorphism onto its image, for small
enough U; thus s|y: U — s(U) has degree (z) (the sign of det(D,s)). Shrinking
U further if necessary, the map s(U) — S™, x — z/|z|, will be an orientation-
preserving diffeomorphism. (What is needed for this is that the line segment
from x to z/|x| contains no points of s(U) besides x. This would certainly be
true if s|y were a linear map; in reality, s|y is a small perturbation of a linear
map.) Hence deg(t|sr) = deg(s|ar) = €(z), as required.

O

Definition 27. Let £ be a real vector bundle of rank n over a closed n-manifold
M. The Euler number e(§) € Z is defined to be the signed count of zeros of a
transversely-vanishing section s of &.

Lemma 28. ¢(§) does not depend on the choice of section s.

Proof. Any two sections sg, s1 are homotopic; there is a path of sections ¢ +— s;
connecting them. We can think of {St}te[o,l] as a section se of pi& — X x [0, 1],
where p1: X x [0,1] — X is the projection. If sy and s; are transverse then
we can perturb s, so as to make it transverse also. Then s, *(0) is an oriented
I-manifold with boundary in X x [0,1]. The boundary points lie in X x {0,1};
they are the points of s;'(0) and of s;'(0). The signed count of boundary
points in an oriented 1-manifold with boundary is always zero. But this count
is the difference between e(§) as calculated using sg and e(§) as calculated using
S1.

O
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Now we return to our SU(2)-bundles over X# (and their underlying rank 4
real vector bundles).

Proposition 29. We have e(E,) = deg(g). Hence if Eq; = Ey then deg(g) =
deg(g'). Conversely, any SU(2)-bundle E' over X is isomorphic to E, for any
g of degree e(E).

In a nutshell, the Euler number gives a bijection between isomorphism classes
of SU(2)-bundles over X and the integers.

Proof. We have Ey|x, = C? x Xy. Let oy denote the constant section x +—
((1,0),z) of Ey|x,. Under the gluing relation ~, o¢|gx, is transformed to a
section of the trivial bundle C? x dB* — 9B*, namely = — (g(x)(1,0),z).
Extend this to a section o; of C2 x B* — B* with transverse zeros. Glue oy and
o1 together to obtain a section o of E' — X. By the lemma, e(E,)—the signed
count of points in o~1(0)—is the degree of the map S® — 53, z +— g(x)(1,0),
i.e. with the composite

a—a(1,0)
_

3 —2 SU(2) S8,

Since the second map is an orientation-preserving diffeomorphism, the composite
has degree deg(g). Hence e(E,) = deg(g).

Now let E be any SU(2)-bundle. Choose a section s with transverse zeros.
There is a closed neighbourhood U of s71(0) which is diffeomorphic to a closed
ball (why?).

Over X \ U, there is a unique trivialisation 7: E|x\; — C* x (X \ U) which
respects the hermitian metric and determinant form and which sends s(x) to
((Is(@)[,0), z) (why?).

Over U, F is also trivial as an SU(2)-bundle—like any bundle over a ball.
Hence E is obtained by gluing together trivial bundles over X \U and U by some
map g: 0(X \U) — GL(2,C). The gluing must respect the standard hermitian
metric on C? and the standard volume element e; A e € A2C?; hence g takes
values in SU(2), and E = E,.

O]
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8 Connections and curvature

There are a number of points of view one can take on connections and their
curvature. We will focus on just one of these: for us, a connection in a vector
bundle is synonymous with a covariant derivative. This is probably the most
straightforward method, though perhaps not the most geometrically transpar-
ent. In a more leisurely course one would develop the different methods and the
relations between them—in particular, the interpretation of curvature as the
failure of integrability of a tangent distribution on FE.

Definition 30. Let X be a smooth manifold and F — X a smooth complex
vector bundle. A covariant derivative or connection in F is a C-linear map

V:C®(E) — C®°(E ®g T*X)

such that
V(fs)=df @ s+ fVs

for all s € C*°(E) and all smooth real-valued (resp. complex valued) functions
fon X.

Remark 31. You might be more used to thinking of a covariant derivative as
a collection of linear maps

Vy: C®(E) — C™(E),

one for each vector field v € C°(TX). This is the same thing: one obtains V,s
from Vs by contracting with v:

E®T;X >e®ar a(v)e.

Lemma 32. Covariant derivatives on E form an affine space modelled on the
complex vector space C*°(T*X ® Endc(F)).

Proof. The first point is that covariant derivatives exist. To see this one observes
first that they exist locally. Indeed, on a trivial vector bundle U x R™ — U, a
section takes the form of a map = — (z, s(x)), so it is specified by the function
s: U — R™. The derivative of s at x is a linear map (ds), € Hom(T,U,R") =
T7U @ R™. The Leibnitz rule implies that s — ds is indeed a covariant deriva-
tive. One can now patch together locally-defined covariant derivatives using a
partition of unity. Ezercise: why does this work?

If V is a covariant derivative and a € C*°(T* X ®Endc(E)) then the operator
V + « given by

(V +a)(s)(2) = (Vs)(@) + a(s())

is another covariant derivative. Conversely, the difference V — V' of covariant
derivatives is an endomorphism-valued one-form «. To see this, we recall a
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general principle in differential geometry. If we have two vector bundles 1 — FEo
over X, and an operator

A: C®(By) — C%(Ey)

which is linear over functions (i.e. A(fs) = fA(s) for f € C*°(X)) then there
exists a homomorphism a: E; — Es such that (As)(xz) = a(s(x)). You should
remind yourself (or work out) how to prove this. The difference V — V' of
covariant derivatives is linear over functions, hence arises from an algebraic
operator in this way, i.e.

V-V € C®T*X ®Endc(E)).

O]

Local description. In a local trivialisation, E|y = U x R™, we can compare
a general covariant derivative V with the trivial one d. Thus

(Vs)(z) = (ds)z + wgs(z), we C°(T*U @ End(E|y)).

More briefly,
V=d+w.

We should stress that w depends on the particular choice of trivialisation. We
can write

n
s = g siei, s € C(U)
i=1
where (eq, ..., e,) is the standard basis for R™. We think of w as an n X n matrix
whose entries are one-forms on U, so we; = ) Wji€;- Then

%

(Vs)(z) = Z ds; + sz‘jsj €.
J

So a covariant derivative is represented locally by a first-order differential oper-
ator.

In a U(n) or SU(n)-bundle, there are connections compatible with the extra
structure:

Definition 33. A covariant derivative V in a U(n)-bundle (E, (-, -)) is called a
U(n)-connection if
d(s1,s2) = (Vs1,s2) + (s1, Vsa)

for all smooth sections s;. In an SU(n)-bundle (E,(-,)), an SU(n)-connection
is a U(n)-connection which also satisfies

VA" EG = 0.
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Here VA"F is the induced covariant derivative on A"E, given by
n
V(st A Asp) = s1A-AVsi Ao Asp.
i=1

The SU(n)-connections form an affine space modelled on C*°(T* X ®@su(E)),
where su(E) is the subbundle of End¢(F) of endomorphisms 7" satisfying

T+T*=0, tx(T)=0,

where T™ is the hermitian adjoint endomorphism.

Pullbacks. Covariant derivatives behave well under pullback of vector bun-
dles. If V is a covariant derivative on £ — X, and ¢: Y — X is a smooth map,
then there is an induced covariant derivative ¢*V on ¢*E, characterised by the
relation

(@*V)(f¢"s) = df ® ¢"s + f¢"(Vs), [feCF(Y), s e CF(E).

Curvature. Write A% for APT*X (so A}, = T*X). Given a covariant deriva-
tive V: C®(E) — C*®(AY ® E) we obtain an R-linear operator, also denoted
Vv,

V:C®AY @ E) - C®(A% ® B),

Vin®e)=dnp®e—nAVe.
The composite Vo V: C®(E) — C*®(A% @ E) is linear over functions:
VoV(fs)=d’f®s—df @ Vs+df @ Vs + fVoVs = fVoV(s).
Hence there exists a bundle map
F(V):E—AX®E

such that
(VoVs)(z) = F(V)(s(x)).

Since Homc (E, A% ®F) = A% ®Endc(FE), we can think of F(V) as an endomorphism-
valued two-form:
F(V) € C™(A% ® Endc(E)).

This two-form is the curvature of V. In the SU(n) case, the curvature is a
section of A% ® su(E).

Lemma 34. If u and v are vector fields then the contraction F(V)(u,v) €
C>(End(FE)) is given by

F(V)(u, ’U) =V,Vy =V, Vy — V[u,v]'
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Proof. Write Vs = ). n; ® o; for one-forms 7; and sections ¢;. Then

FV)(s)(w,0) = S (dms © 03 — 1 A Vorg) (u,0)

i

= (dni(u,v)0i + ni(u)Vyo; — 1; (V) Vaoi);

)

(VuVo = VoV = Via)(s) = Z( (1:(v)) = v(mi(w)) = mi([u, v])) i
+Zm ® Vyoi — 0i(v) ® V0.

So the result follows from the formula for the exterior derivative,

dni(u,v) = u(ni(v)) — v(ni(w) — ni([u, v]).
In our local trivialisation, with V = d + w, we have
F(V)(e) =V [ > wji®e;
J
_Z < d(,L)JZ ®e; — ijzAwa(X)ek)
- Z ( dw]z ®€j +ZWk] /\sz ®ek>

that is,
FV)=dv+wAw

where w A w denotes the wedge product of endomorphism-valued one-forms,
i.e. the combination of wedge product with matrix multiplication (unlike the
wedge-square of ordinary one-forms, this need not vanish).

There is a similar formula for the change in the curvature when one changes
the connection by an endomorphism-valued one-form:

F(V+a)=F(V)+V™2®Eq 4 g A a.

Here VP(B)g = [V, a], i.e. (VP(E)g)(s) = Va(s) — a A Vs. This brings out
the important point that the curvature varies non-linearly with the connection.
Note that curvature pulls back via the usual pullback on two-forms:

F(¢*V) = ¢"F(V).
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9 Holonomy and flat connections

9.1 Holonomy

Let E — X be an SU(n)-bundle, V a covariant derivative in E. Fix a basepoint
x € X. The holonomy function

holy: 2, X — SU(E,)

maps the set 2, X of piecewise-smooth loops based at = to the group of auto-
morphisms of the fibre E, respecting the metric and determinant form. It is
compatible with concatenation in that

holv (’71 * ’y2) = hOlv (’Yl) o hOlv (’yg),

where 71 * v9 means go round 7, then ;. It is defined as follows.

Given a path ~v: [0,1] — X, there is a pullback vector bundle v*E — [0, 1],
and a pullback covariant derivative v*V. The existence and uniqueness theorem
for first-order linear ODEs implies that, given e € E,; = E,(q), there exists a
unique path ¢ +— e(t) in £ such that (i) e(0) = e, (ii) e(t) € E, ), and (iii) e(t)
is horizontal with respect to V, in the sense that

(Y*V)a, (e(t)) = 0.
These paths vary linearly with the initial condition e, so one obtains linear maps
Eyo) = By

by sending e to e(t). These are called parallel transport maps. They are
invertible—the inverse is parallel transport along the reversed path. They also
respect the hermitian metrics and determinant forms (ezercise).

In the particular case where -y is a loop, one gets at ¢ = 1 an invertible linear
map FE, — E,. This, by definition, is holy (7).

Definition 35. The holonomy group Hy , is the image of holy in SU(E,).

If we choose an orthonormal, oriented basis for E,, then SU(E,) is identified
with SU(n). The holonomy group Hy , C SU(n) depends on the basis, but of
course its conjugacy class does not. Moreover, we can vary the basepoint x
without affecting this conjugacy class either. So we think of the holonomy
group as a conjugacy class of subgroups

Hy C SU(n).

Example 36. If E; (i = 1,2) are SU(n;)-bundles over X, carrying covariant
derivatives V;, then E| & FEs carries the covariant derivative Vi + V. Its
holonomy group is contained in SU(n;) x SU(ng) C SU(n; + na).
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Remark 37. In R™, let u, v be linearly independent tangent vectors at the
origin. Let vy be the path starting at 0 which traces out a rhombus of side €
in the directions u then v. Then

Fy(u,v) = lg% €2 holy (Yuv.c)-

Thus curvature is an infinitesimal form of holonomy.

9.2 Gauge transformations

Definition 38. Let p: £ — X be an SU(n)-bundle. A gauge transformation
is a bundle automorphism of F, i.e. a smooth map u: F — E such that pou = p,
which maps each fibre E, to itself by an element of SU(E;).

The gauge transformations form a group §g. When X is compact, it is an
infinite-dimensional Lie group. The gauge group G acts on covariant derivatives
by (u, V) +— u -V, where

(u-V)(s) = uV(ults).

Covariant derivatives in the same orbit under the gauge-group action are called
gauge-equivalent. Now, u is a section of SU(E) C End(F), and as such its
covariant derivative V™ 4(¥)y makes sense: V#4(E)y = [V ). We have

V(uts) = u Vs + VEE) (471 (6) = 0™ Vs — w1 (V) (u™Ls).
Therefore
w-V =V — (VErE) )1,
In general, the curvature pulls back in the obvious way under bundle isomor-
phisms. Thus
F(u-V)=u"F(V) =uF(V)u '
Lemma 39. Fiz a basepoint x € X. The map u— u(x) gives an isomorphism

stabg, (V) 2 Zsy(g,)(Hv 2)

between the gauge transformations which preserve V and the centraliser of the
holonomy group, i.e. the elements of SU(E,) which commute with the holonomies
of loops based at x.

Proof. Suppose that v -V = V. Recall that u -V = V — (V")) =1 hence
VErd(E)y, — (. This implies that u € stabg(V) is uniquely determined by its
value at x (why?). Moreover,

holy (7) = hol,~v(y) = u(z)holy (v)u(z)

(why?), so u(x) € Zgy(g,)(Hvz). Conversely, given u(r) € Zsy(g,)(Hv.z),
define u(y) by choosing a path t — 4(¢) from x to y and solving the linear ODE
(6*V)u(d(t)) = 0. Since u(x) commutes with holonomy, this does not depend
on the choice of path. ]
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Definition 40. An SU(n)-connection is irreducible if, for some (hence all)
x € X, the holonomy group Hy , is equal to SU(E;). Otherwise it is reducible.

We have proved that the stabiliser of V under the gauge group action is
isomorphic to the centraliser Zgy(g,)(Hv ). So for an irreducible connection,
the stabiliser is as small as it can be: it is the centre Z(SU(E,)) of the automor-
phism group. In a suitable topology on the space of connections, the irreducible
connections form a dense open subset [3, p.132].

9.3 Flat connections

A flat connection is a covariant derivative V such that F'(V) = 0.

Theorem 41. A flat SU(n)-connection V in the trivial bundle C" x (—1,1)"™ —
(—=1,1)™ is gauge-equivalent to the trivial connection.

Proof. This proof is from Donaldson and Kronheimer [3, p.48]. What we shall
do is, in effect, to use parallel transport to define a new trivialisation of the
bundle, and prove that in this trivialisation the connection is trivial.

The connection can be written as V = 221 V; ® dx;, where

0

Vi +A4;, Ai: (—1,1)™ — su(n).

The curvature coefficients F;; = F(V)( 822_, 8%) are given by

J

so the flatness condition is that the ‘partial covariant derivatives’ V; commute
with one another. We seek a gauge transformation w: (—1,1)™ — SU(n) such
that u*V = d, i.e. such that uVu™! = % for i = 1,...,m. Expanding the
left-hand side, we can write these equationslas

ou
= uA;.
8331‘ !
We proceed by induction on m. The case m = 0 is trivial. So we suppose that we
have found a trivialisation such that V; = 9; (i.e. A;=0) fori=1,...,m — 1.
We regard the equation

ou

— =ud R R I 3

O uAm (1 Tm—1,") (3)
as a first-order linear ODE in x,,. It has a unique solution w(z1,...,Zm—1,")

which satisfies the initial condition

u(xy, ..., xm-1,0) =id.
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Since the solutions to linear ODEs vary smoothly with parameters, u is a smooth
function (—1,1)™ — GL(n,C). We claim that the gauge-transformation v does
the job. To show this we must prove that we have not spoilt the condition
V; = 0; for i < m. That is, we must prove that

ou
=0, i=1,...,m— 1. 4
oz, i m (4)
The flatness condition says that
o 0 0Am
=|7— 57— +A4An| = , 1< m.
|:8{L‘¢ 0z + m] ox; s
Hence A,, is a function of x,, alone, independent of x1, ..., 2, _1. Therefore the
solution w(z1, ..., ZTm—1,-) to (3) with its initial condition is also independent of

X1y.eoy Tm—1, i.e. (4) holds.
We must check that u takes values in SU(n). Clearly a%iu*u =0 for i <m;
and

0 . ou* . Ou . % N "
%(u u) = axmu+u 0z, = AL v'u+uud, = A, + A, =0.
Hence u*u = id. Similarly, one checks det(u) = 1. O

Corollary 42. Let V be a flat SU(n) connection in an SU(n)-bundle E — X.
Then the holonomy of loops based at a point x € X is invariant under homotopy,
and so induces a homomorphism

holy: m (X, z) — SU(E;).

Proof. Any homotopy of loops is a product of homotopies supported in balls.
The theorem shows that holonomy is invariant under these ‘small’ homotopies.
O

Theorem 43. Holonomy sets up a bijection between

1. isomorphism classes of pairs (E,V) of SU(n)-bundle with flat connection,
and

2. representations 71 (X, x) — SU(n), modulo SU(n) acting by conjugation.

Proof. We have seen how a flat connection gives a representation of ;. To go
in the opposite direction, take p: m1(X,z) — SU(n). The fundamental group
acts on the right on the universal cover X of X. Define

By =X xnx)C" = (X x C")/(z-7,2) ~ (z,p(7)2), 7€ m(X, ).

Then E, is naturally a bundle over X, and the trivial connection in XxCr— X
descends to give a flat connection in E,. Ezercise: fill in the details. O
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10 Anti-self-dual connections

Recall (Lecture 4) that on a Riemannian four-manifold (X, g) we have an in-
volution * on the bundle of two-forms, and that its +1-eigenspaces effect a
decomposition

Ak =AT DA™

into two 3-dimensional subbundles. Their sections are called self-dual or anti-
self-dual two-forms. We write w™ for the projection of a two-form w to AT, i.e.
wt = (w + *w)/2; similarly for w™. A two-form with values in some auxiliary
bundle, say F € C*®(A% ® &), can be projected to its self-dual part (a section
of AT ® £) in just the same way.

Definition 44. Let (X, g) be an oriented Riemannian four-manifold and £ — X
a U(n) or SU(n)-bundle. An anti-self-dual connection or instanton is a
U(n)- (resp. SU(n)-) connection V on E such that

F(V)T =o0.

We will be concerned only with SU(2)-bundles and (briefly) U(1)-bundles.?
The ASD equation F(V)* = 0 has an enormous symmetry group. If  is an
SU(n) gauge transformation then

Fu-V)" = WF(V)u™ )T =uF(V)Tu™t,

since conjugation by u affects the endomorphism part of F'(V) but not the two-
form part. Hence the action of the gauge group on connections preserves the
ASD connections.

Remark 45. The Hodge star does not change if one makes a conformal change
in the metric, i.e. rescales it by a positive function. Hence anti-self-duality is
also a conformally-invariant condition.

10.1 The Yang-Mills functional

Let E — X be an SU(n)-bundle over a compact Riemannian manifold (X, g).
The Yang-Mills functional on the space of unitary connections is the function
which sends a connection to the L?-norm of its curvature:

IF(V)]2 = /X F(V) ol

Here F(V) is a section of A% ®su(E), and we should make clear which pointwise
norm is being used. It comes from a hermitian metric on A% ®su(E). The chosen

5In a systematic account one would consider other compact groups of rank 1, i.e. U(2)
and PU(2) = SO(3). Higher rank bundles bring additional difficulties, arising from reducible
connections, but so far no new topological information.
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hermitian metric on E induces one on End(F): for an endomorphism A with
matrix entries A;;j, we put

AP = tr(447) = 3 4,
,J

This restricts to su(E) as |A|?> = — tr(A?). We combine it with the Riemannian
metric on two-forms and put

In® Al = g(n,n)|AP%.

Let us work out the Euler-Lagrange equations for this functional—the con-
dition for a connection V to be a stationary point for Yang-Mills. Let D =
VEnd(E) A stationary connection satisfies

d
0=

d
|F(V +ta)|?*= —| ||F(V)+tDa+t*anal?
=0

t=0 dt t=

= 2/ (F(V), Da)vol,
X
) / (D*F(V), a)vol,.
X
Since this must hold for every a, we find that
D*F(V)=0.

This is the Yang-Mills equation. It is a second order PDE (that is, in lo-
cal coordinates, it is a second-order PDE in the coefficients of the connection
matrix).

Remark 46. For any connection one has the Bianchi identity DF(V) = 0.
This brings out the formal similarity of the Yang-Mills equation to the equations
defining harmonic forms, da =0, d*a = 0.

Yang-Mills on a four-manifold. Although the Yang-Mills functional makes
sense over manifolds of arbitrary dimension, it has a special property in the
four-dimensional case: it is invariant under conformal changes to the metric. A
conformal change is a rescaling, g(vi,v2) ~» Ag(v1,v2), where A\: X — (0, 00).
If (e!,...,e") is an g-orthonormal basis for 75X, then (A\~1/2e!,... A\~1/2¢en)
is a Ag-orthonormal basis. So the volume element and the norm on sections of
T*X ® End(FE) scale as

voly, = A" 2vol,, |- 3, = N2 2.

Hence

IF(Ogy = [ 2B ol
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So when n =4, |F(V)|z200g) = [[1F(V)[£2(g)-

Another key feature of four-dimensional Yang-Mills theory is its interaction
with anti-self-duality. The decomposition of two-forms into self-dual and anti-
self-dual parts is orthogonal in the sense that a A 3 = 0 when « € Q} and
B € Q. Hence for any two-form w

WP = (W) (W) = (W~ |wT[?)voly.
The decomposition is also orthogonal with respect to the Riemannian metric:
jwf = w2 + w2
This gives us an interpretation of anti-self-duality:
wht=0 & —w?=|wvol,.

We now apply this to the curvature F' = F(V) of a connection. Taking traces
of the equation
F2 = (F)? 4 (F)?,
we find
—tr F? = (|[FT)? — |F~ [*)vol,.

There are two conclusions we can draw from this. The first is a pointwise
criterion for anti-self-duality of a connection V:

Vis ASD &  tr(F(V)?) = |F(V)[*vol,.
The second is an integral criterion. We have an inequality

IF)IE 2 [ P (5)
X

and equality holds iff V is ASD. The integral on the right is actually independent
of the connection by Stokes’ theorem, since we have the following identity:

1
tr F(V +a)? —tr F(V)? = dtr [(Fera + Fy — 3a/\a> /\a] ,

This gives the

Proposition 47. An ASD connection is a global minimum for the Yang-Mills
functional, and in particular, satisfies the Yang-Mills equations.
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10.2 ASD connections in U(1)-bundles

Proposition 48. Let L be a U(1)-bundle over a closed, simply connected four-
manifold. Then (i) there is at most one gauge-orbit of ASD connections in L;
(i1) if Qx is negative-definite, L admits an ASD connection.

Proof. Since End(L) is canonically trivial, the curvature of a U(1)-connection is
a two-form with values in u(1) = iR. When one changes the connection from V
to V + a, the curvature changes by [V,a] +aAa = da+0 = da. Hence w € iQ%
is the curvature form of a U(1)-connection iff it lies in the same cohomology
class as iF'(V). An imaginary one-form a is therefore a global minimum for
a ||[F(V +a)|2, iff F(V + a) is a harmonic form.

(i) If V is ASD, then F'(V) is harmonic. The uniqueness of harmonic forms
tells us that if V and V + a are both ASD then da = 0. Thus the ASD
connections (if any exist) form an affine space modelled on the vector space of
closed one-forms. A gauge transformation u € Gy sends the ASD connection
V +atoV+a+ (du)u?, using commutativity of U(1). If u has a logarithm,
say u = €, then u~'du = idf. When X is simply connected, every closed
one-form is exact, and every gauge transformation has a logarithm. This gives
the claimed uniqueness.

(ii) If Qx is negative-definite then any harmonic form is ASD. Hence the
Hodge theorem implies existence of ASD connections. O

10.3 ASD connections in SU(2)-bundles

As pointed out above, the integral of tr F/(V)? is a topological quantity, depend-
ing on X and F but not on V. In an SU(2)-bundle, we can choose a connection
which is trivial away from a finite set of balls B;, and standard over each of the
B;. Hence it must be some universal multiple of the Euler number. So to prove
the following result one just has to compute one example:

Theorem 49. For any SU(2)-connection E over a compact four-manifold X,

we have
1

e(E)[X] /XtrF(V)Q.

~ 82
Combining this with (5), we arrive at the following principle:
Theorem 50. Any SU(2)-connection V satisfies
IF(V)]22 > 8x%(E).
Equality holds iff V is ASD.

Corollary 51. There are no ASD connections in an SU(2)-bundle with e < 0.
In a bundle with e = 0, a connection is ASD iff it is flat: F(V) = 0. In
particular, in a trivial bundle over a simply connected four-manifold, any ASD
connection is gauge-equivalent to the trivial connection.
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11 Donaldson’s diagonalisability theorem

We now state the main theorem of the course.

Theorem 52. Let X be a compact, oriented, simply connected, smooth four-
manifold such that the intersection form Qx is positive-definite. Then Qx is
equivalent to the diagonal form (1,...,1). That is, there exists a basis (e1, . . ., €p(x))
for the free abelian group Ho(X;7Z) such that Qx(e;,e;) = d;j.

Remark 53. (i) It is known that the theorem holds for arbitrary fundamental
groups (of course, one must replace Ho(X;7Z) by Ho(X;7Z)/torsion).

(i) If Qx is negative-definite then it is equivalent to (—1,...,—1), as we see
by applying the theorem to X with the opposite orientation.

The theorem is deduced as a corollary of the following

Theorem 54. Let X be a compact, oriented, simply connected four-manifold
such that the intersection form Qx is positive-definite. Then there exists an
oriented cobordism from X to the disjoint union of ¢(X) copies of CP? (perhaps
with different orientations), where

1
q(X) = 5#{3} € Hy(X;Z) : Qx(z,x) = 1}.
Note that ¢(X) € Z because if Qx(z,x) =1 then Qx(—z,—x) = 1 also.
We need a simple algebraic lemma.

Lemma 55. Let (-,-) be a positive-definite symmetric bilinear form on a free
abelian group A = 7. Then there are at most n unordered pairs {a, —a} where
a € A satisfies (a,a) = 1. Equality holds if and only if (-,-) is equivalent to the
standard form (1)™.

Proof. Take a € A with (a,a) = 1. Then the identity
z=(z,a)a+ (z — (z,a)a)
shows that we have an orthogonal decomposition
A= (1)@at.
The lemma follows by induction on n. O

Proof of the diagonalisability theorem. Since X is cobordant to ¢ = ¢(X) copies
of CP?, and signature is a cobordism invariant, we have

o(X)=c1 4 +e

where ¢; = +1 is the signature of the ith copy of CP? (the sign depends on
its orientation). Since Qx is positive-definite, its signature o(X) is equal to its
rank, so

rank(Qx) = o(X) < gq.

By the lemma, rank(Qx) = ¢ and Qx is equivalent to the standard form
<1>rank(QX)' n
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Remark 56. We can see in retrospect that the q copies of CP? in Theorem 5/
must all be oriented so as to have signature +1.

Deducing Theorem 54 from the structure of the moduli space. We
need to produce a cobordism Z from our four-manifold X to the disjoint union
of ¢ CP?%s. In the proof it is convenient to reverse the orientation of X, so that
Qx is now negative-definite.

The idea is to consider the ASD moduli space space Mx g4 of g-ASD:
connections modulo gauge transformations in an SU(2)-bundle E with e(E) = 1.
The topology is inherited from an (affine) topological vector space structure on
the space of connections.

Theorem 57. Let X be negative-definite and simply conmected. There is a
CP-dense set of metrics g such that Mx 4 has the following properties:

1. The subspace R C Mx g4 of gauge-equivalence classes of reducible con-
nections contains precisely q points. Its complement M}th =Mxpg\R
has a natural structure of smooth five-dimensional manifold.

2. For each s € R, there is a neighbourhood Us and a homeomorphism
(Us,s) — (C/S%, [0)),
smooth on U, \ {s}. Here S* C C acts on C3 by scalar multiplication.

3. There is an open subset C' C Mx g 4 such that the complement JV[X’E*]\C’
is compact and contains R, and a diffeomorphism

C=Xx(0,1).

4. Mx g4\ R is orientable.

To deduce Theorem 54 from this result we modify My g 4 in two ways:

(i) Since C' = X x [0,1), we can obtain a compact space Mx , by slicing off
the end. That is, we remove X x (0,1) and replace it by X x (0, %] so as to
produce a boundary component X. (Alternatively, we can compactify X x (0, 1)
to X x (0,1], adjoining a copy of X.)

(ii) We chop off the ¢ singular points s € R. That is, we excise small
neighbourhoods B./S! ¢ C3/S' = U, C ﬁxyg, where B, C C? is the open ball
of radius e.

After modifying Mx g 4 in these two ways, we obtain a space Z which is a
compact, orientable manifold with boundary. The boundary is the union of X
and ¢ copies of S%/S! = CP?. This proves Theorem 54.

Remark 58. In this course, points (1) and (2) will be proved, modulo various
background results on elliptic operators and Coulomb gauge slices. In particular,
we will show that if ¢(X) >0, Mx g4 is non-empty.
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For (3), we will identify the open set C, prove (modulo Uhlenbeck’s ana-
lytic results on connections) that its complement is compact, and write down a
suitable map C — X x (0,1). This explains the geometric significance of com-
pactifying the moduli space by adjoining a copy of X. The proof that the map
is a diffeomorphism is the technical heart of Donaldson’s argument, and we will
not give it. We will not even prove that C' (or indeed Mx g 4) is non-empty.

The orientability property (4) could be covered in a lecture or two, but we do
not have time to explain it.

We can immediately explain the first point of the theorem.

Proposition 59. Under the hypotheses of the structure theorem (57), there are
exactly q(X) gauge-orbits of reducible ASD connections.

Recall that a connection V is reducible if its holonomy group Hy is properly
contained in SU(2).

Proof of the proposition. We construct a map
f:R—={ce H (X;Z): * = -1}/ +1,

where R is the set of reducible ASD connections modulo gauge-equivalence.

We have to quote a general property of connections in (say) U(n)-bundles
(Ambrose-Singer, 1953): The holonomy group Hy , C Aut(E,) is a closed sub-
group. Its Lie algebra is the sub-Lie algebra of u(E,) generated by the curvatures
Fy(u,v), u,v € T, X.

Since X is simply connected, the holonomy group is path connected. So the
holonomy of a reducible connection V is a connected Lie subgroup of SU(2). A
connected Lie subgroup in a Lie group is determined by its Lie algebra, hence
the only possibilities are

1. The Lie algebra is 0, and the holonomy group is trivial.

2. The Lie algebra is one-dimensional, and the holonomy group is conjugate
to the diagonal subgroup S' c SU(2).

A connection which has trivial holonomy is flat, by the Ambrose-Singer theorem.
But an SU(2)-bundle which carries a flat connection necessarily has e = 0 (since
—8n2e is the integral of tr F'?) whereas we have assumed that e = 1. So the
reducible connections in our bundle have holonomy S C SU(2). The stabiliser
of V in G (consisting of gauge transformations v with Vu = 0) is isomorphic
to ZSU(Q)(SI) =St

We can give a geometric interpretation of the fact that Hy , C Aut(E,) is
isomorphic to S C SU(2):

At every point x € X, there exist complex lines L,,L!, C E,, such that
E, = L, ® L, each preserved by the holonomy group Hy . These lines are
unique (up to reordering).

44



Globally, these lines trace out line bundles L, L' with E = L & L'. We can
decide which line is L, and which L/, in a coherent way, because the possible
choices make a two-fold covering space of X. Since X is simply-connected, this
must be trivial. Because F is an SU(2)-bundle, L’ is isomorphic to the conjugate
line bundle L.

Choose transverse sections s of L and s’ of L'. Their zero-sets represent
classes ¢ and —c. The Euler number of E = L& L' is given by the count of zeros
of s @ s; thus e(E) = —c-c. By hypothesis, e(E) = 1; hence ¢> = —1. The map
f sends a reducible ASD connection to the class ¢ arising in this way.

We now construct a map

g:{ce HY(X;Z): * = -1}/ +1 - R.

For this we need to know that isomorphism classes of line bundles over X (as
over any CW complex®) are in bijection with H?(X;Z). The bijection sends L
to its Euler class e(L) € H?(X;Z), which is Poincaré dual to the zero-set of a
transverse section.

Given ¢ with ¢? = —1, there exists a line bundle L, unique up to isomorphism,
with e(L) = ¢. We proved in lecture 10 that (X being simply connected and
negative-definite) L carries an ASD connection, unique up to the action of Gy.
The conjugate line bundle L likewise carries an ASD connection V. The direct
sum L& L is an SU(2)-bundle with Euler number 1, hence it is isomorphic to E.
The isomorphism carries V @& V’ to an ASD connection. Its equivalence class is
g(c).

It is easy to see that g is inverse to f. Hence f is bijective.

5U(1)-bundles over Y (resp. classes in H?(Y;Z)) correspond to homotopy classes of maps
from Y into a classifying space BU(1) (resp. into a K(Z,2)). The space CP*° carries a U(1)-
bundle with contractible total space, and is therefore a model for BU(1). It also has trivial
homotopy groups, with exception of 7w = Z, which makes it a K(Z,2).
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12 Instantons over R*

In this lecture we shall write down a five-parameter family of instantons in the
SU(2)-bundle with Euler number 1 over R*. An open set in the parameter space
gives rise to instantons whose curvature density is concentrated near a point in
R* ¢ S*. Such a solution can be transplanted into a chosen manifold X. The
resulting connection will not be precisely ASD, but its self-dual curvature is
sufficiently small that the connection can be perturbed so as to become ASD
(via a careful application of the implicit function theorem).

This has the important consequence that the moduli space Mx g 4 is non-
empty. The instantons which arise this way make up a collar neighbourhood of
the boundary component X in the compactified moduli space.

Remark 60. In this lecture we use quaternionic methods. The entire discussion
(construction of connections, action of the group of conformal transformation)
has a precise analogue with C replacing H, and U(1)-bundles over C replac-
ing SU(2)-bundles over R*, and it is instructive to work this through. In the
quaternionic case, the bundles and connections extend over the one-point com-
pactification S* of R*. In the complex case, they extend over S2.

12.0.1 The basic instanton.

(i) We use the quaternions H, i.e. the R-algebra generated by {i,j, k} subject

to the relations i? = j2 = k? = ijk = —1. Recall the standard notation
q = qo+ qui + q27 + g3k, q=qo— q1i — q25 — g3k,
_ 1 _
la]* = g7, Im(g) = 5(¢ = a).

H is a Lie algebra with bracket [p,q] = pg — gp. It splits as the direct sum of
two sub-Lie algebras, the reals R and the imaginary quaternions Im(H). The
latter is isomorphic, via its adjoint action on H = C(1, j), to su(2).

(ii) Writing dq = dqo + dq1i + dgej + dgsk, we note that the expression

dq A dq/2 =(dgo N dq1 — dga A dg3)i
+(dgo N dga — dg3 A dqy)j
+(dgo N dgz — dg1 A dgo)k

is an ASD two-form with values in Im H = su(2).
(iii) We can define SU(2)-connections in the trivial bundle over R* = H by
writing V4 = d + A, where

A =Tm(fdq) € Q'(H;s5u(2)), f:H — H.
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Expanding fdq as ) a,dg,, we have A = > Im(ay,)dq,. The curvature is
F(Va)=dA+ANA

1
= ; d(Im ay,) A dgm + 3 Z [Im ay,, Im a,,] dgp, A dgy,

m,n

1
= ;Im(dam) A dgm + 5 Z [am,, an] dgm N day,

m,n

= Im(df ANdq+ fdq A fdq).

With these preliminaries in place, define the basic instanton

A(g) = Im <1 ﬁ‘;‘?) € QM (H; su(2)).

Its curvature is

(dq‘Adq_@dq+d6qudq+§qu(1dq> B < dq A dg >
L+1gl* (1+q*)? (1+ql?)? (1+ql?)?

The expression inside the brackets is itself imaginary, hence

dq N\ dq
(1+q?)*

Hence F(V ) is ASD, i.e., V4 is an ASD connection.

F(Va) =

Remark 61. The formula for A(q) is fairly simple, but it would take a stroke
of inspiration to write it down directly. Its proper geometric home is actually
in a bundle over over S*. That setting reveals that the basic instanton has a
high degree of symmetry, which is (partially) broken by restricting to R*. In the
language of principal bundles, V 5 corresponds to a tangent distribution in S7.
The latter is a principal SU(2)-bundle over S* (by the quaternionic analogue of
the Hopf map). The distribution consists of tangent vectors which are orthogonal
to tangents to the fibres of ST — S* (with respect to the standard metric on S7,
restricted from R®).

12.0.2 Conformal transformations

If we take a conformal automorphism of standard Euclidean four-space (R, g),
i.e. a diffeomorphism f: R* — R* such that f*g = \g for some positive function
A, then the pullback of a g-ASD connection V by f is ASD with respect to Ag.
But then, by the conformal invariance of the ASD condition, it is also g-ASD.
We apply this to the basic instanton. Two basic examples of conformal maps
are translations and dilations. Thus we consider the pullback of V by the map

m:q— ANg—c), ceH, X>0,
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i.e. the map
Vira =d+m*A.

Ezercise. Calculate m*A and F(V,,=4). Show that the curvature density of
the transformed instanton is

48)\2
(14 A2|g — )t

[F(m*A)]* = [m* F(A)]? =

Show that
/ (|F (Vi a)|*)vol, = 872
R4

(Note that the volume of the unit 3-sphere is 272).

The curvature density |F|? is a gauge-invariant quantity. But |F(V«4)|?
has its maximum at ¢; the maximum is 48\%. Hence these instantons are all
inequivalent under the gauge-group action.

Remark 62. The fact that the integral of the curvature density is 87 shows
that, if these instantons extend to connections in a bundle E over S* (the one-
point compactification of R*), then E has Euler number +1. These connections
do indeed extend.

In this way we obtain a family of gauge-inequivalent instantons parametrised
by H x R*. The H-parameter determines the ‘centre’ of the instanton, i.e. the
point where the curvature density achieves its maximum; the RT-parameter
determines the ‘scale’, i.e. how concentrated the curvature is. As A — oo, the
curvature density approaches a delta-function centred at ¢ € H.

So this open end of the parameter space, in which the parameter A goes to
infinity, has a definite meaning in terms of instantons.
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13 The compactness theorem

Suppose X is a closed, oriented, smooth four-manifold. Let £ — X be the
SU(2)-bundle with Euler number +1.

Theorem 63 (Uhlenbeck-Donaldson). Let V,, be a sequence of ASD con-
nections in K. Then there is a subsequence Vs such that one of the following
two things occurs:

e There are gauge transformations u, such that u,(V,/) converges in C*
to an ASD connection.

o There is a point x € X with the following property. There are trivialisa-
tions pp: (X \ {x}) x C* — E|x\(4}, such that (i) ply(Vilx\(z}) con-
verges, in C*° over compact subsets, to a flat connection V on the trivial
bundle; and (ii) the curvature densities |F(V.)|* converge as measures to
8726,. That is, for any f € C°(X), we have

1
o | AP Poly = f(a).

Convergence in C* of a sequence of connections V,, over a compact set
K can be defined as follows. Fix a reference connection V, and let A, =
V., — V. Then A, is required to converge uniformly to a limiting one-form A,
(as measured using the norm on forms supplied by the Riemannian metric);
and for any sequence of vector fields vy, ..., v, the iterated covariant derivative
Vo, - .. Vy, A, should converge uniformly to V,, ...V, Ay.

Remark 64. When X is simply connected, every flat connection is equivalent
to the trivial connection. Thus we can take the limiting connection V in the
statement of the theorem to be the trivial connection.

We will conceal the analytic difficulty of the proof by quoting the following
two results:

Theorem 65 (Uhlenbeck’s removable singularities theorem). Consider
the four-ball B*, equipped with a metric g. If V is an ASD connection in the
trivial SU(2)-bundle over B*\ {0}, satisfying

/ |F(V)|2volg < 00,
B4\{0}

then there is a smooth ASD connection over B*, gauge-equivalent to V owver

B*\ {0}.

Lemma 66. There exists a universal constant ¢ > 0 such that the following
holds. Given an oriented Riemannian four-manifold (M,g) (not necessarily
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compact), and a sequence V,, of ASD connections in an SU(2)-bundle E such
that every x € M is contained in a geodesic ball D, with

/ |F(Vn)|2volg < e,

T

there exists a subsequence V,y and gauge transformations w, such that w, (V)
converges in C'°° over compact subsets of M.

Proof of the compactness theorem. 1. The first observation is that, after passing
to a subsequence, the curvature densities converge to a limiting measure v:

The curvature densities of the V,, define positive Borel measures v, €
CY%X)* (so v(f) >0 when f > 0):

vn(f) = /X FIF (V) 2vol,.

A suitable collection of geodesic balls gives a countable basis Uy, Us, ... for the
topology of X. For each k, there is a subsequence of {n}} of {n} such that
Vn, (Ug) has a limit. (Here the measure of an open subset means the supremum
of the measures of continuous functions bounded above by its characteristic
function.) By the diagonal argument, we can arrange that the same subsequence
{n'} works for all k. There is then a unique measure v such that v, (Ux) — v(Uy)
(straightforward check). Since v,(X) = 872, we also have v(X) = 872

2. The next step is to use the measure v to identify a finite set x of ‘bad
points’. It will emerge later that x contains at most one point. Using the
universal constant € as above, define

x ={z € X : every geodesic ball containing = has measure > 62}.

We know that [, dv = 87?%; it follows that [x| < 8w%¢ 2, since if not, we could
find disjoint geodesic balls D; in X such that |J; D; has measure exceeding
€2 - 812/ = 872, So x is a finite set.

3. Using the lemma, we see that there is a subsequence {n’'} and gauge
transformations u,s over X \ x, such that w, (V,/|x\x) converges to an ASD
connection V. In particular, if x = (), the first of the two possibilities allowed
by the theorem holds.

We now suppose x # (). Since fX\S]F(V)\Qvolg < 872, the removable
singularities theorem implies that, over a neighbourhood D, of x € x, there is
a trivialisation of E|p,\(,} in which V extends to a smooth ASD connection on
D,. This means that, globally, V extends to a smooth ASD connection in some
new bundle B’ — X.

4. Suppose x = {z1,...,2,}. We observe that the limiting measure is of
the form

p
y:\F(V)P—i—Zq(S@, c; > 0.
=1
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Indeed, this is certainly true when applied to a continuous function supported
in X \ x, or to (a continuous approximation to) the characteristic function of a
ball centred on x;; and an arbitrary continuous function can be approximated
by sums of functions of these two types.

In particular, [y |[F(V)[?>voly < 872 On the other hand, since V is ASD,
the curvature integral must be a non-negative multiple of 872. Hence the only
possibility is that |F(V)|? =0, i.e. V is flat.

5. We claim that ¢; /872 is an integer for each i. The only possibility is then
that p = 1 and ¢; = 872,

To prove this, choose small closed balls Z; centred on x;, with boundaries
Y; = 0Z;, and consider the connection V' = V|y,. The Chern-Simons invariant
of (Y;, V'),

CSy, (V') e R/Z,

is defined as follows: choose any compact four-manifold W with boundary OW =
Y;, and any SU(2)-connection V" in a bundle over W extending Ely;, and set

1
CS@ZZ. (V') = 871’2/ tr F(V”)Q mod Z.
w

This is well-defined because given two such extensions, say W and Z;, we can
glue =W to Z; along Y; to obtain an SU(2)-connection in a bundle over a closed
manifold —W Uy, Z;. The difference between the Z;-integral and the W-integral
is then given by an integral over —W Uy; Z;, which is an integer by the Chern-
Weil formula (it it the Euler number of the resulting bundle).

It is easy to see that CSy,(V’) depends continuously on V'. In particular,
the convergence of u,/V,s to V gives

CSy (V') = lim CSy, (un (Vi | x\5))-

The LHS is zero, since V is flat. We have

C; :/ dV:lim/ dvy,
Zi n' Jz,

= lim / |F (V| *vol,
n' Z;

= lim/ tr F(V2)
n' Z;
= 87r2 lirp CSYZ- (Vn/ ‘Yz)
= 87°CSy; (V') = [0] € R/87*Z.

In the last line we use the gauge-invariance of CS. 0
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A compact subset. Choose § > 0, smaller than the injectivity radius of
(X, g), and define

Ks ={[V] e Mx,g,4 : / |F(V)[*vol, < 472 for all geodesic balls D of radius < §}.
D

By the theorem, given any sequence [V,,] in K3, there are gauge transformations
u, such that u,(V,) has a subsequence which converges in C*° to an ASD
connection V.

At this point it becomes intolerable that we have not set up a topology on
Mx k4, let alone a smooth structure. We will discuss this issue further in the
next lecture. For now, though, we can give Mx g4 the quotient C° topology,
and assert that this topology is metrizable. Then K5 becomes a sequentially
compact subset.

Concentrated connections. Now consider C5 := My g4 \ K;5. This is the
open subset in the moduli space corresponding to connections whose curvature
density is concentrated near a point.

An imprecise form of Donaldson’s collar theorem states that, for § < 1,
Cs is homeomorphic to X x (0,0). The major part of Donaldson’s paper [2] is
devoted to proving a more precise version of this theorem.

To define a map Cs — X x (0,0), one should first prove that, for small ¢,
the curvature density |F(V)|? of any [V] € Cs has a unique maximum. This
follows from the compactness theorem, which says that as § — 0, the curvature
becomes concentrated at a single point. With that in place, one defines

Cs — X x(0,8) [V]— (centre(V),scale(V)),

where centre(V) is the unique point = at which |F(V)|? achieves its maximum,

and
scale(V) = inf{r : / |[F(V)|*vol, > 47%}
Dy (z)
where D, (z) is the geodesic ball of radius r centred at z. So the scale is the
smallest radius R such that a geodesic ball of radius R carries half of the total
curvature density.

The inverse map is constructed by transferring instantons on S* to X. In
normal coordinates in the geodesic ball D, (d), the metric there takes the form
gij = 6ij + O(|z|?); thus, for § small, it is close to the Euclidean metric. Identi-
fying this ball with R* ¢ S*. Given R € (0,0), there is a unique gauge-orbit of
instantons on S* having scale R and centre 0 € R* C S*. A particular represen-
tative for this orbit is obtained by conformal rescaling of the basic instanton.
Pull back this connection to D,(d), and plug it into the trivial connection over
X \ D;(d) by means of a cutoff function. A delicate application of the implicit
function theorem, due to Taubes, shows that this connection lies close to a
unique instanton having the same centre and scale. This defines the inverse to
the (centre, scale) map.
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14 Analysing the space of connections modulo gauge

In this lecture we write down a good model for the space Bp = Ag/Sg of
connections modulo gauge (the ambient space of the moduli space Mx g q):
‘good’ in that it is a complete metric space, and in that the action of the gauge
group admits local slices which are Hilbert spaces.

14.1 (*) Sobolev spaces of connections and gauge transforma-
tions

Definition 67. Let X be a compact Riemannian manifold, and £ — X a U(n)-
bundle. For a non-negative integer [ > 0, the Sobolev norm || - Hle on C*(E)
is defined by

lsll2s = /X (Isf2 + |DsP? + - + | DOs[2)vol,.
Here D®)s is the kth derivative of s, a section of (1T*X)®* @ E. The Sobolev
space L?(E) is the completion of C*°(E) in the L? topology.

So L3(E) is the usual space of L2-sections, and the higher L? form a nested
sequence of subspaces. Note that the Sobolev norms come from hermitian inner
products, so that L?(E) is a Hilbert space.

Remark 68. An L? section is really an equivalence class of square-integrable
sections, where sections are equivalent if they are equal outside a set of measure
zero. Ouver a compact base, an L? section Ds has a ‘weak derivative’ Ds, which
is the equivalence class of sections defined by the relation

/(Ds,¢)volg:/(s,D*¢)volg
X X

for every smooth ‘test-section’ ¢ € C°(T*X @ E). The Sobolev space L}(E) can
be realised as the subspace of L>(E) consisting of sections with | square-integrable
weak derivatives.

There are two important theorems about Sobolev spaces:

1. Rellich’s lemma. The inclusion i: L} | (E) < LZ(E) is a compact oper-
ator. That is, it is continuous, and for any sequence s,, with [/s,|| 2, <L

the sequence i(s,) has a convergent subsequence in L?(E).

2. Sobolev embedding theorem. If r is a non-negative integer such that
[ —dim(X)/2>r

then the inclusion C*°(E) — C"(E) extends to a bounded embedding
L}(E) — C"(E).
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There are further embedding theorems, of which we will state one more:
3. When dim(X) = 4, there is a bounded embedding L3(E) — L*(E).

Definition 69. Let E — X be an SU(n)-bundle over a compact Riemannian
manifold. An L%—connection is an operator

C®(E) - L*(T*X ® E)

of the form V + a, where a € L2(T*X ® su(E)). Thus an L#-connection differs
from a smooth one by a endomorphism-valued one-form of class L%.

Lemma 70. For SU(n)-bundles over a compact Riemannian manifold four-
manifold,

1. L3 embeds into the continuous sections CV.
2. There is a bounded bilinear multiplication map L? x L? — L.
3. For 1l < 3, there is a bounded bilinear multiplication map L12 X L% — le.

Proof. The first point is an instance of the Sobolev embedding theorem. The
second follows from the embedding L? < L* and the Cauchy-Schwarz inequality.
For the third, let’s consider the case [ = 2; the other possibilities are proved in
the same way. Consider sections s € L3 and ¢ € L3. We need to estimate the L?
norms of the six terms st, (Ds)t, sDt, (D?s)t, (Ds)(Dt), and sD?t. Now, s, Ds,
t, Dt and D>t are all of class L?. So we can use the multiplication L? x L? — L?
to estimate five of the six terms. The remaining one is (D?s)t, and we can
estimate this one using the embedding L% — C, 0

Definition 71. In four dimensions, we denote by A g the space of L3-connections
with its L3-topology. We denote by Gg the space of SU(n)-gauge transforma-
tions of class L3, with its L3-topology.

Note that the definition of Sg only makes sense by virtue of the Sobolev
embedding L3 — C°. The SU(n) gauge transformations u are sections of End(F)
satisfying the pointwise conditions u(z)*u(x) = idg, and det(u(x)) = 1. For
general L? sections of End(E), we cannot make sense of pointwise conditions
such as these, because L? sections are really just equivalence classes of sections.
But L?)) endomorphisms can be thought of as continuous endomorphisms, so it
makes sense to impose pointwise conditions.

Lemma 72. 1. The curvature of a connection in Ap lies in L2 (A3 @su(E)).
2. G operates continuously on Ag.

3. G is a topological group.”

" Actually it is a Hilbert Lie group, with Lie algebra L3(su(E)).
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Proof. The curvature lies in L?(A% ® su(E)) because of the bounded multipli-
cation L% x L3 — L2. The L3 gauge group acts continuously on L3-connections
because of the multiplication L3 x L3 — L2. There is a well-defined and contin-
uous product structure in Gg because of the multiplication L% X L% — L%. The
inversion map u — u~ ' = u* is evidently well-defined and continuous, hence G
is a topological group. O

14.2 The orbit space

Since G operates on A we can form the orbit space

Brp =Ag/SE

with its topology inherited from the L3-topology on Ag. The orbit space is
Hausdorff: indeed, it is metrizable in the coarser quotient L? topology.

Lemma 73. The function d: Agp X Ag — R given by

AV, V) = inf |V —u-V' |
u€SE

descends to give a metric on B, inducing the quotient L? topology.

For the proof (which makes substantial use of Sobolev space techniques) see
(3, p.130].

Usually when studying the orbit space of a M/G (where G is a Lie group
operating smoothly on a manifold) it is convenient to be able to work upstairs
in M. To do this one needs to have local slices.

Definition 74. A local slice at * € M for the action of G on M is a
smooth submanifold S, C M, containing x and invariant under the action of
stabg(z) C G, such that the projection M — M /G induces a homeomorphism
from S,/ stabg(z) to a neighbourhood of [z] in M/G.

Local slices for the action of §g on Ag are also known as local gauges.

Definition 75. Let V € Ag, and define the Coulomb gauge slice
Sve={V+a:lalz <€ dya=0} C Ag.

Theorem 76. (See [3, p.56].) For small enough € = €(V), Sv . is a local slice
at V for the action of Sg on Ag. That is, the projection Sy /T'v — Bp is an
open embedding, where I'y = stabg(V).

Recall that the stabiliser I'y consists of gauge transformations which are
covariant-constant and therefore determined by their values at a basepoint x.
The image of the resulting embedding I'y < SU(FE,) is the centraliser of the
holonomy group Hy ;.
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14.3 Local slices and ASD connections

The moduli space M x g 4 is defined to be the subspace of B g consisting of gauge-
orbits of ASD connections. The theorem on Coulomb gauge slices immediately
gives the following;:

Proposition 77. Let V be an ASD connection. For € > 0, define
Zve={V+aecSy.: F(V+ CL)Jr =0} C Sv,..

Then the projection from Zy . to Mx 4 is a surjection onto an open set, and it
induces an open embedding

ZV,E/FV,:U — MX,E,g~
Recall the formula for the variation in the curvature:
F(V+a)=F(V)+dva+aAa.

If V is ASD then F(V +a)™ = (dya + a A a)™. Hence the linearisation of the
ASD equation at V is the equation

d@a = 0.
Define the operator
oy = d ® d¥: Qx (su(E)) — Q% (su(E)) & Q% (su(E)).

Then a lies in ker(dy) iff it satisfies both this equation and also the equation
dga = 0. Thus ker(dy) gives the linearisation of the ASD condition together
with the Coulomb gauge-fixing condition.

If it happens that dy is surjective then it follows from the inverse function
theorem that Zy . is a smooth submanifold of Ag. Its tangent space at V is
ker(dv).
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15 Elliptic operators and complexes

A first-order linear differential operator D: C*°(U,R™) — C*°(U,R"™) over an
open set U C R¥ is one of the form

(Ds); = Z (Z af]aik + bz'j) Sj, afj, bi; € R. (6)
j k
Definition 78. (i) A first-order linear differential operator D between
vector bundles & and & over a smooth manifold M is a map D: C*(§) —
C*°(&2) which can be expressed, in local coordinates, and local trivialisations of
the bundles, by a first order operator as in (6).
(ii) The symbol of D is the map of vector bundles

op: T*M — Hom(&1,&2)
given, over x € M, by

op(ex)(v) = D(fv)(x) — f(x)D(0)(2),

where f is a function such that df (z) = ez, and v is a section of & such that
v(z) =w.

(iii) A first-order linear differential operator D is called elliptic if op(e;) is
an isomorphism, for all x € M and all non-zero e, € T} M.

One checks that the symbol is well-defined and that the symbol of the op-
erator D in (6) is given by op(dzy) = (a?j)i,j' Thus the symbol captures the
leading order terms algebraically.

We will give examples presently. Meanwhile, here is the crucial result about
elliptic operators.

Theorem 79. Let D: C*®(&;) — C™(&) be a first-order elliptic operator over
a compact manifold. Then

e im(D) is closed and C* (&) = im(D) & ker(D*);
e D and D* are both Fredholm.

A bounded linear map between topological vector spaces is Fredholm if it
has closed image, and its kernel and cokernel are finite-dimensional.

The topological vector space C*°(&;) does not carry a complete norm. How-
ever, D extends continuously to a bounded map between Sobolev spaces L% 41 (&1)
L2(&), k > 1 (ditto D*). A section in ker(D) or ker(D*) in these larger spaces
is automatically C*° (‘elliptic regularity’).

If Fy, Ey are Banach spaces, the space B(E1, E2) of bounded linear maps
Ey — E, (with its operator norm topology) contains the subspace Fred(E7, E2)
of Fredholm operators. The index function

ind: Fred(Ey, Fy) — Z, F — dimker(F) — dim coker(F')
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is continuous, i.e. locally constant.
One can deduce from this that the index of an elliptic operator over a com-
pact manifold depends only on its symbol o.

15.1 Elliptic complexes

Definition 80. An elliptic complex X is a finite sequence of first-order linear
differential operators

L O%(6) 2 0(&) —22 C(&) —— -

such that, for every x € M and every non-zero e, € Ty M, the symbol sequence

s (&)s oD, (6a), (&)s Dy (ea), (&) — -

is an exact sequence.

There is a simple relation between elliptic complexes and elliptic opera-
tors, at least over compact manifolds. Using the notation from the definition,
let & = Dz, &2is Sodd = Djcy &2i+1- Then the operators {D;} give a map
D: C*(&ey) — C°(&oqq)- After choosing metrics on the &, the D; have formal
adjoint maps D, and these too give a map D*: C™ (&) — C(&odq). We have

Proposition 81. The first-order operator D @ D*: C* (&) — C™(&oqq) is
elliptic. Its index is minus the Fuler characteristic of the complex:

ind(D ® D*) =Y (~1)""" dimg H;(X, D).
1€EZ

Example 82. The symbol of the exterior derivative d: QF  — Qb F Vis og(eq) (ws)
ez N\ wg, whence the de Rham complex is an elliptic complex.

Choosing a metric on TM, and using the induced metrics on the QF,, the
kernel of d & d* in degree p is the harmonic space HP(M).

15.2 The three-term complex in Hodge theory

Here is an example of an elliptic complex which we can analyse using the Hodge
theorem. This complex governs the deformation theory of U(1)-instantons.

Let (X,g) be a compact oriented Riemannian four-manifold. Define the
following complex X:

d+

0 0% ) 0%, — 0
where d*a = (da)*.

Lemma 83. The sequence X is an elliptic complex.
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Proof. The symbol sequence at e, is

0 AQ —Cey pL LTy 0.

x T

It is clear that this is a complex, and that, when e, # 0, the map e, - is injective
and (e; A )T surjective. Exactness in the middle then follows from a dimension
count. O

We can calculate the cohomology spaces H;(X) (we place the three non-zero
terms in degrees 0, 1 and 2).

Proposition 84. There are canonical isomorphisms
Hy(X) = Hgp(X) =R,
Hy(X) = Hap(X),
Hy(X) = K5 .
Hence the index of the elliptic operator
s=d"ed": 0k - Q% e},
(which is the minus the Buler characteristic of X) is —(1 — by + b3 ).

Proof. The assertion about Hj is trivial (a zero-form in the kernel of d is a
constant function). For the middle term, we note that for any two-form 7 we
have n An = (" +n7)2= "2+ (n7)?> = (In™|> — |n~|*)vol,. Applying this
to da;, where a € Q}(, we obtain

osﬂ‘“/ d(a/\da):/ da/\dozz/ (ld*al? = |d~a|?)vol,.
X X X

Hence d™a = 0 implies da = 0, and Hy(X) = H}x(X).
The interesting part is the isomorphism Ho(X) = Q7 p /dTQ% . The Hodge
theorem tells us that any two-form 7 has a unique decomposition

N = Nharm + do+ d*B, acQk, Be Q%

with Nparm harmonic. Recall also that d* = — xdx. If n € Q;g, SO *1 =1, We
find
1 = *Nharm + *d*ﬂ + xda = *Tharm — d(*ﬁ) + d*(*a),

with #nparm harmonic. So by the uniqueness of the Hodge decomposition,
*Mharm = Tharm and d*f = d*(xa). So now

N = Nharm + do + *da = Nyarm + 2d 7 av.

Hence the map sending 1 to Nparm induces an isomorphism from Q} g / d+Q§( to
the space of harmonic self-dual two-forms Hx 4. O
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15.3 The three-term complex for instantons

Let E — X be an SU(2)-bundle, and V an ASD connection. There is then a
sequence

0 —— Q% (su(E) —T 0L (u(E) — QY (su(E)) —— 0.

Since der odys = F(V)Ts, the sequence is a complex. The same argument as for
X shows that its symbol sequence is exact, hence that this is an elliptic complex.
The associated elliptic operator is

by = dy @ di: Qk(su(E)) — QX (su(E)) ® O (su(E)).

This operator was introduced in Lecture 13. Its kernel gives the linearisation of
the ASD condition together with the Coulomb gauge-firing condition. (Note that,
in the absence of a gauge-fixing condition, the ASD equation is not elliptic.)

The three cohomology groups of the complex are denoted by HY, Hé and
HZ. Note that HY is isomorphic to the Lie algebra of stabg(V).

Hé is called the deformation space of V.
H% is called the obstruction space of V.

Remark 85. One can show, using a ‘Weitzenbick formula’, that over S* every
instanton V satisfies H% = 0.

Donaldson managed without the following, but it is a handy result:

Theorem 86 (Freed-Uhlenbeck regularity). Fiz an SU(2)-bundle E — X.
Then there is a dense set of metrics g on X such that H% = 0—that is, the
operator der is surjective—for every g-ASD connection V in E.
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16 Elliptic theory and the moduli space of instantons
In Lectures 14 and 15 we introduced the elliptic operator

by = d ® df: O (su(E)) — Q% (su(E)) © O (su(E))

g

associated with an ASD connection V. Its kernel consists of solutions to the
linearised ASD equation in the Coulomb gauge slice at V.

Theorem 87 (Atiyah, Hitchin and Singer, see [1]). The index of dv is
given by
ind(dy) = 8e(E) — 3(1 — by (X) + b (X)).

In particular, when e(E) =1 and by = bt = 0, the index is 5.

This is a consequence of the Atiyah-Singer index theorem. There is also a
more direct proof [3, ch. 7] which isolates and applies the relevant part of the
Atiyah-Singer theorem—an ‘excision’ property for indices of elliptic operators.

16.1 The Kuranishi model

The Kuranishi model concerns a differentiable map 1 between Banach spaces
which is non-linear but has Fredholm derivative. It show that the zero-set 1)~ 1(0)
can be described in finite-dimensional terms.

Let T, U be real or complex Banach spaces, ¥: T'— U a smooth map with
¥(0) = 0. Suppose that D := Dgip: T — U is Fredholm. Then ker(D) and
im(D) are both closed and so have topological complements, so we may write

T =ker(D) & To; U =im(D) & Up.

ker(D) and Uy = coker(D) are finite-dimensional, and D carries Ty isomorphi-
cally to im(D). The Kuranishi map « is the map

k: ker(D) — coker(D), pro e (p)
where pr is the projection U — coker(D).

Theorem 88 (Kuranishi model). There is a smooth embedding i: ker(D) —
T which carries a neighbourhood of 0 in k~1(0) homeomorphically onto a neigh-
bourhood of 0 in v ~1(0).

Remark 89. When T and U are representation spaces for a compact group,
and Y equivariant, the Kuranishi map is also equivariant; the proof will make it
clear that we make i equivariant too.

The starting point for the proof is a corollary of the
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Theorem 90 (Inverse function theorem). Let T', U be Banach spaces (i.e.
complete normed spaces) T and U neighbourhoods of 0 € T and 0 € U re-
spectively, and ¥: T — U a smooth map with ¥(0) = 0. If the derivative
Doy: T — U is a Banach space isomorphism then 1 is a diffeomorphism from
a neighbourhood of 0 € T to a neighbourhood of 0 € U.

Corollary 91. If : T — U is a smooth map as above, and Dyp: T — U
is surjective and has a bounded right inverse s: U — T (so Doppos = = idy)
then, after shrinking T and U, there is a diffeomorphism f: T — T such that

Doy =po f.

Proof. Write T' = im(s) @ ker(D1)), and define f = ¢ X idyer(py, Where ¢: U—
im(s) is the two-sided inverse t0 9)[iy(s)- O

The inverse function theorem is an application of the contraction mapping
theorem—so completeness is important.

Proof. Convention: In this proof, when we write a map between Banach spaces
we mean the germ of a map between small neighbourhoods of the origin.

1. Let p1: U — im(D), po: U — Uy be the projections. The derivative
at 0 of p; o9 is p; o D. This is surjective, so the corollary of the inverse
function theorem tells us that p; o ¢ has a (local) right inverse, i.e. there is
a diffeomorphism f: T — T with pj oY o f = p; o D (first instance of the
convention!).

2. The map ¥ o f: T — U can be expressed as

ker(D) x To — im(D) x Up, (z,y) = (D(y), x(z,9)),

where x = pa o o f. Note that D is a linear isomorphism Ty — Up, and that
D()X =0.
3. The zero-set of ¥ o f coincides with that of the map

ker(D) — Uy, x+— x(z,0).

But (under the natural identification Uy = coker(D)) this map is just x o f.
Letting f = i|ier(py, the result follows.
O

16.2 Local models for the moduli space

The Kuranishi model allows us to describe the space
Zye={V+a:F(V+a)T=0,d5a=0, |a] <€}, V ASD.

Let T = ker(d&) C L3(AY ®su(2)), and U = L3(A} ®su(2)), and consider the

map

Vv: T —U, a— F(V+a)'.
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We have 9(0) = 0 and Dgt(a) = (dya)™. Thus
ker(Do1) = ker(d%) Nker dy = ker(dy) = He.

The image of Dyt is closed; indeed, a complement for im(Dg)) is given by
ker(d%). Note that coker(Dgt) = HZ. Hence Doy is Fredholm with index

ind(Doy) = dim Hy — dim HE = ind(dv) + dim HY.

By the proposition, when € is small, Zy , is homeomorphic to a neighbour-
hood of 0 in £71(0) C HY, the zero-set of the Kuranishi map

k: Hy — HE,  k(0) = 0.

The ASD moduli space is modelled, locally near [V], on Zy /I'y. We can
understand this quotient in the Kuranishi model as follows.

Hé = ker(dy) and H% are representations of the compact group I'y C
SU(2). Indeed, I'y acts by conjugation on sections of su(E), hence on forms
with values in su(E). Each u € I'y satisfies [V, u] = 0, and hence also commutes
with dy and d$. So I'y operates on the whole elliptic complex, and in particular
on its cohomology groups.

The map ¥: a — F(V +a)" = (Va + i[a,a])" is also equivariant. As
remarked above, in this situation the Kuranishi model applies equivariantly.
We now state our conclusions:

Theorem 92. An ASD connection V determines a I'y-equivariant map
k: Hy — HE,  K(0) =0,

Small neighbourhoods of [V] € Mx 4 are canonically homeomorphic to small
neighbourhoods of 0 in k~(0)/Ty.

Corollary 93. If H% = 0 then Zv . is I'v-equivariantly homeomorphic to
an open ball in the finite-dimensional complex vector space H%, and small
neighbourhoods of [V| are canonically homeomorphic to neighbourhoods of 0 in
H/Ty.

To keep things brief, we have not discussed smooth structures, but they are
easily accommodated within this description.

Under the assumption that every ASD connection satisfies H% = 0, we can
at last understand the local structure of our moduli space Mx f 4.

V irreducible, H3 = 0: The stabiliser I'v = {£1} is the centre of SU(2),
and it operates trivially on the cohomology spaces. Its Lie algebra H% is trivial.
Thus the dimension of H% is equal to inddy. The local model is R%, where
d = inddy = 8¢ — 3(1 — by + b"). In particular, when by = b* = 0 and e = 1,
the model is R>.
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V reducible, H3 = 0: At a reducible connection with I'y = S C SU(2),
we have HY = Lie(S') = R. Thus ind(dy) = dim H, — 1 — dim H&. When
by =b" =0 and e = 1, we have dimHé = 6.

We need to understand how I'y acts on H%. So we should consider the
(conjugation) action of the diagonal subgroup S* C SU(2) on su(2). We have

5u(2):R<[1) _01>69{(_0a g):aEC},

where S! acts trivially on the first (real) summand and as z — 2?2 on the second
summand.
Globally, if V respects a line-bundle decomposition £ = L & L, we have

su(E) =R @ L%

Here the fibre at x of the trivial R-bundle corresponds to the Lie algebra of the
holonomy group Hy ;.

The three-term complex splits as the sum of two sub-complexes: a copy of
the ordinary three-term complex X, and a complex

QO(L®2)—>Ql(L®2)—>Q2<L®2).

Now, the cohomology groups of X have dimensions by = 1, by = 0, and b = 0.
Hence it only the L®2-part which contributes to Hé. As a representation of S7,
H% is equivalent to C3 with the weight two action

z-(a,b,c) = (2%a, 2°b, 2%c).
We have:

Theorem 94. Let X be simply connected and negative-definite, and V a re-
ducible connection with HS = 0 in an SU(2)-bundle with e = 1. Then V has
a neighbourhood in Mx 4, modelled on C3/SY, where S* acts diagonally (with
weight two) on C3.

The quotient C3/S! is homeomorphic to the cone on CP? by the map

CP?2 x R*

3 1
C/S = e qor

[a,b,¢] — [(a:b:c),a®+ b + 2

(sending [0, 0, 0] to the cone point).
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