Emergence of orientational order in periodically sheared 2-dimensional disks
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A layer of monodisperse circular steel disks in a nearly square horizontal cell forms, for small shear
amplitudes, hexagonal close-packed regions that grow and merge until a single ordered domain fills
the container. Increasing the shear amplitude leads to another reproducible regime in which a
few large, locally ordered domains grow, shrink, and rotate with shear cycling, but do not evolve
into a single ordered domain that fills the container. We use orientational order to describe the
phenomena of order and disorder that we have observed. These results are robust within certain
ranges of applied pressure and shear frequency. This work avoids two major limitations of sheared
three-dimensional experiments: gravitational gradients and the difficulty of determining the interior

three-dimensional structure.

Understanding the spontaneous emergence of order
from disorder is a central problem in condensed mat-
ter physics [1, 2]. For nonequilibrium systems, such as
granular materials [3], the underlying physical principles
remain far less understood than in thermal equilibrium
systems [4, 5].

Granular systems are inherently athermal and dissi-
pative, requiring continuous external driving to sustain
nonequilibrium steady states. In two-dimensional (2D)
vibrated granular monolayers of identical hard spheres or
disks, fluid—crystalline phase transitions have been ob-
served [6-11], in which interactions are dominated by
collisions, analogous to those in equilibrium hard-sphere
systems. Extensions to vibrated binary mixtures reveal
quasi-crystalline ordering [12], nonequilibrium phase co-
existence [13], and complex collective behaviors governed
by dynamical defects [14-16].

Besides vibration, shear—particularly cyclic shear—is
a standard route to probe the emergence of order in gran-
ular materials, as demonstrated in 3D sphere packings
[17-20]. In contrast to vibrated monolayers[6-11], where
collisions dominate, interactions in sheared systems are
governed primarily by enduring contacts. Such studies
trace back to Scott [21], who used shear to investigate
sphere packings as a model for dense liquids, following
earlier work by Bernal [22].

Cyclic shear in 2D disk packings yields comparable
disorder—order transitions. Notably, Ghosh et al. [23]
reported that this transition coincides with a dynamical
absorbing transition in a tilted system. More generally,
shear-induced ordering has also been observed in colloidal
suspensions [24, 25], where crystallization does not pro-
ceed via conventional nucleation.
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In the 3D experiments[17-20], as well as in the 2D
tilted experiment[23], both structural and dynamical
properties are inevitably influenced by gravity due to the
macroscopic nature of granular particles. To uncover the
intrinsic characteristics of dense granular packings in the
absence of gravitational effects, an effective approach is
to apply cyclic shear to a horizontal layer of granular
material.

In this work, we experimentally investigate a horizontal
monolayer of hard disks subjected to cyclic shear under
external pressure. We find that the system can evolve
into either ordered or disordered steady states, with a
transition between them controlled by the shear ampli-
tude. These emerging phenomena [26] provide new in-
sight into order—disorder transitions in driven granular
systems and will be discussed in the context of previ-
ously established ordering phenomena.

Our experiments examine a horizontal monolayer of
5400 freely moving cyclically sheared steel disks (fric-
tion coefficient 0.47), as illustrated in Fig. 1(a). The
relatively high friction coefficient of the stainless steel
disks, p ~ 0.47, was measured after a week-long cyclic
shear pre-conditioning following purchase. This treat-
ment stabilizes particle properties for subsequent exper-
iments lasting several weeks. In contrast, freshly pur-
chased disks typically exhibit u ~ 0.2-0.3, comparable
to glass beads, ABS plastics, and other metals. These
disks are cylindrical, with a diameter of 7.00 & 0.02 mm
and a height of 18 mm. They are confined between two
glass plates (not shown in the figure) parallel to the x-y
plane. The gap between the two plates, approximately
19 mm, is larger than the height of the disks but smaller
than their body diagonal, preventing out-of-plane buck-
ling or toppling.

A fixed pressure P=200 N/m is applied on the left wall;
qualitatively similar results were obtained for P=600
N/m. Constant pressure is applied through the trans-
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FIG. 1. (a) Shear cell images at four times during the
2000th cycle in an experiment with shear amplitude SA=
Ymaz/L=0.209. (In other runs SA ranged from 0.022 to
0.264). The cell has sides of length L = 500 mm and contains
5400 stainless steel disks. The colors indicate local orienta-
tional order in the 2000th cycle. The cell’s left side is fixed
in the y direction, and the right side cycles in position from
Ymaz 10 —Ymaz and back. The cell’s top and bottom walls
are connected to the side walls by hinges (black circles). The
cell’s left wall position in the x direction depends slightly on
the applied pressure P, which is 200 or 600 N/m (cf. End
Matter). The cell is imaged at 8 frames/s with a resolution of
3 pixels/mm. In each cycle the cell is imaged for 0.5 s when
rectangular (cf. End Matter). (b) The local orientational or-
der is indicated by ;. (c) Orientational order of cylinders
near the wall is inhibited by fixing half cylinders of diameters
7 mm and 14 mm in equal numbers in random positions on
the walls. Wall effects are minimized by considering only the
approximately 4200 disks that are further than about 35 mm
from any wall.

mission of a freely hanging weight via a fixed pulley on
the side wall of the cell (not shown here in Fig. 1).
The friction coefficient between the disks and the base
is ~ 0.25. In the experiments, sufficiently high pressure
was applied to render this friction negligible. Specifi-
cally, with ~ 5,400 particles in the confined cell (total
weight ~ 7.4 kg), the maximum possible friction is ~ 18.1
N—well below the applied force of 100 N (P= 200 N/m).
In practice, the friction is even smaller due to unaligned
particle motion. Increasing the pressure threefold (P =
600 N/m) produces essentially the same qualitative re-
sults, as shown in Fig. 12, indicating that bottom friction,
while present, is not significant.

The disks are sheared by oscillating the right cell wall
in the y direction at speed 88 mm/s (a wall speed of 44
mm/s yielded the same results, see End Matter). Orien-
tational order of the particles near the wall is inhibited

by the boundary design shown in Fig. 1(c). Our results
were obtained for initial states prepared by shearing for
100 cycles at the maximal shear amplitude, SA=0.264,
with pressure P=200 N/m. The resultant initial states
with packing fraction ¢ around 0.86 contain a few locally
ordered domains with different orientations. Particle col-
ors in Fig. 1(a) represent the local orientations (cf. color
bar in Fig. 1(b)). Other preparation protocols yielded
the same results as those presented here (see End Mat-
ter).

Figure 2 shows the evolution of the packing fraction ¢
for small shear amplitude (SA < 0.08) where ¢ increases
gradually (but not monotonically) and eventually stabi-
lizes near ¢ = 0.907, the value for hexagonal close-packed
disks. We now describe our results in more detail.
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FIG. 2. For sufficiently small SA (here SA=0.022), the pack-
ing fraction ¢ increases slowly but not monotonically with cy-
cling, as shown on the left. After a large number of shear cy-
cles, ¢ stabilizes near the packing fraction of hexagonal close
packed disks, ¢ = 0.907, as illustrated on the right for 10
cycles following 700k shear cycles. The red asterisks indicate
the global packing fraction values when the shear cell is rect-
angular at the end of each cycle.

For SA < 0.08 the system becomes nearly perfectly
orientationally ordered. The global packing fraction ¢
reaches within 1% of the maximum packing of identical
disks, 0.907..., as in Fig. 3(a), which shows the average
result of 5 runs; the error bars are the standard deviation.
Figure 3(b) shows the degree of orientational order: for
each particle the local hexatic order parameter is given
by the complex number

Ny
1 O, 0.
Ye,(t) = N, 26619]’" = [¢b6,;1€%%, (1)
m

where O, is the angle between the z-axis and the bond
between particle j and particle m of its N, neighbors.
The global order parameter for a cycle ¢ is then

1 N
[We(t)| = |Nzw6,j(t)|- (2)

The average |Wg| of |Ug(t)| is obtained by averaging
results over a large number of cycles, and then averaging



0 0.08 0.16 0.24 0 0.08 0.16 0.24
SA

2‘0‘;..‘ ! i .
cycle: 1 100 1k 7k 15k

FIG. 3. (a) For shearing with amplitudes SA < 0.08 (shaded
pink), the mean packing fraction ¢ evolves to a value near the
close-packed limit, ¢.p =~ 0.907. The cell is then nearly filled
with a single large ordered packing. (b) The mean value of the

global hexatic order parameter, |¥g|, is near unity for SA <
0.08 (see equation 2). (c) These cell images illustrate that at
alow SA (here 0.044) the system evolves with cycling from an
initially disordered state to essentially a single orientationally
ordered domain. The colors correspond to the angle 6; of the
local complex hexatic order parameter (see equation 1). The
color bar on the upper right shows the range of values for the
local orientation angle ;.

results from different runs. The values of [¥g| for SA <
0.08 are close to the maximum possible value, 1, as shown
in Fig. 3(b). This is possible only when all local values
are aligned. The images in Fig. 3(c) show the evolution
of the system with cycling from a disordered initial state.

For shear cycling with shear amplitudes in a higher
range, 0.21 - 0.27, a second well-defined reproducible
regime emerges: an orientationally disordered steady
state in which the standard deviation of the global order
parameter (Fig. 4(a)) attains a maximum value, which is
approximately constant. Figure 4(b) shows that in this
range the standard deviation of the global packing frac-
tion achieves a maximum value that is also approximately
constant. This regime is defined by the qualitative differ-
ence of the standard deviations in this high shear ampli-
tude region from the corresponding standard deviations
at small shear amplitudes. The interpretation of these
states as orientationally disordered states is based on the
local hexatic order parameter, s ;, defined in equation
(1): 8 is the local orientation and 66, is the phase angle
of 1,;. The images in Fig. 4(c) are from a run with SA
= 0.264 (cf. the related video in Supplemental Materi-
als). These images reveal that the particles group into
a small number of locally ordered domains that are re-
gions of high density and well-defined orientation. As the
cycling continues, these regions emerge, grow, shrink, ro-
tate, and sometimes disappear, but some of these locally

ordered structures persist.
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FIG. 4. An orientationally disordered state is approached
asymptotically for 0.21 < SA < 0.27 (shaded blue), where (a)
the standard deviation of the global hexatic order parameter
|¥g|, and (b) the standard deviation of the global packing
fraction ¢ each achieve high values with small uncertainties.
(c) Snapshots from an experiment with SA=0.264 show the
system evolution in the disordered asymptotic state: a few
locally ordered domains grow, shrink and change orientation
(cf. color bar).

At low SA the evolution of packing fraction in the first
10 cycles (see Fig. 2) is similar to that in Fig. 2 of Nico-
las et al.[17]. However, our system at low SA takes much
longer to achieve a steady state than at high SA. Granu-
lar systems often exhibit logarithmically slow relaxation
under weak perturbations, such as vertical tapping [27]
or periodic shear [28, 29]. In our system, the tempo-
ral evolution at small shear amplitudes displays multiple
relaxation timescales, indicating more complex dynam-
ics during the compaction process (see Fig. 8).Moreover,
the experimentally estimated time required to reach the
asymptotic state increases in a power-law—like manner as
the shear amplitude decreases. This rapid growth of re-
laxation time limits our ability to experimentally probe
the possible lower bound of the ordered regime. The sec-
ond segment of the curve in Fig. 2 shows the evolution
of the packing fraction for 10 cycles following cycle 700k.
Note the similarity of these consecutive asymptotic cy-
cles.

Packing fraction has played an important role in inter-
preting experiments following Bernal [30] and Scott [21],
but in the present work we find that the high packing
fraction states are defined better by the average hexatic
order parameter |Ug|, as Fig. 3(b) illustrates. Figure 4
shows that for low packing fractions, the standard de-
viation of |¥g| is a more important characteristic. The
usefulness of the hexatic order parameter in understand-
ing 2D many-particle systems such as ours has not been



previously demonstrated.

Figure 4 shows that for SA > 0.21 a well-defined dis-
ordered regime exists, where the packing fraction is dis-
tinctly lower than in the ordered regime (see Fig. 3). The
evolution of the packing fraction shown in Fig. 5 shows
that the packing fraction is established very quickly and
is then stable. These findings are significant for the in-
terpretation of our results.

In Fig. 9, we show three evolution curves of |¥g| in the
disordered phase, with SA = 0.209, 0.242, and 0.264. We
also plot their corresponding energy spectra of fluctua-
tions in Fig. 10. The spectral curves at different shear
amplitudes are similar, showing no clear dependence on
shear amplitude. Using a longer time series yields simi-
lar spectral results, with no significant improvement in
quality. In all cases, the spectra show two frequency
ranges. The spectra do not exhibit prominent peaks in
the nearly flat region for f < 1072 (1/cycle), indicat-
ing that the temporal fluctuations of |¥g| are consistent
with the behavior of white-noise. For f > 1072 (1/cy-
cle), the spectra display a characteristic decay similar to
1/f noise. The transitional frequency between these two
regimes, around f = 0.01 (1/cycle), shows no noticeable
dependence on the shear amplitude.

Figure 6 illustrates how the probability distribution of
|Ws| varies between the well-defined ordered regime of
Fig. 3 and the disordered regime of Fig. 4.

We expect our main findings to remain qualitatively
unchanged provided interparticle friciton coefficient p is
not too small (i.e., not approaching zero), consistent with
prior work[31], which reported similar behavior across a
wide range of friction coefficients in 2D bidisperse granu-
lar systems under cyclic shear. Systematic studies span-
ning a broader range of p are beyond the scope of this
work but present an interesting direction for future re-
search.

Our setup for cyclic shear in 2D frictional granular
disks is similar to that of Ghosh et al. (2022)[23], but
differs crucially in that we eliminate gravity. This leads
to two key distinctions.

First, their tilted system has a stress-free top boundary
and a gravity-induced stress gradient, resulting in a het-
erogeneous stress perpendicular to the shear direction. In
contrast, our horizontal system, with constant confining
pressure applied along a boundary parallel to shear, has
no free surface and a uniform perpendicular stress.

Second, the focus and results differ. Ghosh et al.[23]
report an absorbing transition at a critical strain around
0.065: below it, the system reaches an absorbing state
within ~ 100 cycles, while above it, particle activity
increases and becomes spatially heterogeneous, concen-
trated near the free surface. Maximal structural order
also occurs near this strain. In contrast, we do not fo-
cus on the absorbing transition. Instead, we identify two
asymptotic regimes: an ordered state at low shear am-
plitudes and a disordered state at high amplitudes. Un-
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like Ghosh et al.[23], where maximal order occurs at the
transition, our system forms a nearly perfect 2D crystal
throughout the low-strain regime (SA < 0.08).

Additionally, our relaxation time diverges as SA ap-
proaches zero, rather than at a finite critical strain, as
shown in Fig. 11. Finally, the strong stress heterogeneity
in their system leads to non-uniform dynamics, prevent-
ing direct comparison with the homogeneous high-strain
disordered state in our system.

Our observations reveal an emergent phenomenon, so
we describe now how theory supports another emergent
phenomenon, the formation of ferromagnetic domains
[32, 33]. Consider molten iron at atmospheric pressure
as it slowly freezes at a fixed temperature well below
the Curie point (770 C). Upon freezing it becomes a bcc
solid with ferromagnetic domains that are numerous and
small, below roughly 10=% m. The basic model of a single
ferromagnetic domain is emergent; that is, upon freezing
a large number of interacting iron atoms form a crys-
tal lattice constituting a single magnetically oriented do-
main. The Ising model [34] is a toy model of this, leaving
out the emergence of the underlying lattice, and neglect-
ing the limitation in size of the domains. The point of
the present paper is that the number of particles in an
emergent domain is limited; there is no such thing as a
(thermodynamically stable) domain of size 1 cm. It is
also significant that the order relevant to the domains is
the orientational order of magnetic moments of atoms,
not the positional order of the atomic positions in the
underlying crystal structure.
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FIG. 5. At this large shear amplitude, SA=0.264, the system
achieves steady state after a very few cycles, as supported by
the similarity of the evolution in these consecutive asymptotic
runs from different initial states. The blue and cyan asterisks
indicate the global packing fraction values when the shear cell
is rectangular at the end of each cycle.

The connection between our granular experiment and
ferromagnetic domains spans decades. The 1964 experi-
ment by Scott et al. [35] on sheared grains was motivated
by static models of the nature of dense liquids. This was
more explicit in the earlier (nonsheared) work of Bernal
[30] and Scott [21], beginning in 1959 and running for a
decade [36]. This work of Bernal and Scott was part of
wide ranging research in the 1950s and 1960s on the emer-



gence of phases in equilibrium materials [37-39], specif-
ically the distinction between dense liquids and solids,
following Onsager’s revolutionary mathematical solution
in 1944 [40] of the 2D Ising model.

Another major development at that time was the study
of hard disk and hard sphere models of equilibrium statis-
tical mechanics [41]. In 1957 Alder and Wainwright [42]
found a phase transition between high and low density
phases in a molecular dynamics simulation of 870 disks.
That transition is now understood to relate to orienta-
tional order, and it is complicated by other phases, for in-
stance, a hexatic phase, between the high and low density
phases [43]. These hard core models were never mathe-
matically solved. More generally, no convincing model
of equilibrium statistical mechanics has been proven to
exhibit a fluid/solid phase transition [38]. Such a solu-
tion could well provide a revolution in statistical physics
comparable to the solution of the Ising model, which
eventually provided an understanding of the gas/liquid
transition and its critical point [39, 44].

In 1989 Edwards and Oakeshott [45] revived the work
of Bernal and Scott on the structure of static granular
matter by basing it more explicitly on the hard sphere
model. A decade later Nicolas et al. [17] went back to the
experiment of Scott et al. (1964) that used cyclic shear,
to make a closer analogy between steady-state sheared
grains and the hard sphere model.
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FIG. 6. The probability distribution of |¥s| in the steady
state at shear amplitudes SA ranging from 0.033 to 0.253 (bin
width 0.005). The solid curves are Gaussian fits to the high-
|Ws| peak. As SA increases, the probability distribution of
|We| shifts from a sharp peak near |¥g| = 1 toward a broad
distribution with low-|Ug| tails, reflecting increasing disorder
and deviation from Gaussian behavior, and ending in a nearly
flat curve.

Much of the discussion of ferromagnetic domains is
analogous to the creation of a single granular ordered
domain in our 2D experiments, where we found that a
single granular orientationally ordered domain is stable
under a range of control parameters, chiefly low shear
amplitude SA at a given system size. This provides an
experimentally useful platform for further studies of the
emergence of 2D orientational order.

At higher SA, disks exhibit disordered behaviors,
whose statistical properties are obtained through the

steady-state time average, as illustrated in Figures 4(a,b).
Figure 5 shows that the disordered regime reaches its
asymptotic state very quickly, and suggests that a larger
system is unnecessary for this effect. In Figure 6 the dis-
tribution of the global order parameter |Wg| for high SA
(here SA=0.253) shows a well-defined broad distribution,
nearly flat from 0.10 to 0.80. In contrast, the distribution
is narrowly peaked and Gaussian-like when SA is small,
as shown in Figure 6, for instance, by the red solid line
at SA=0.033.

For intermediate values of SA, such as the two green
solid lines for SA=0.132 and SA=0.176 shown in Fig-
ure 6, the distributions of |¥g|, modelled by Gaussians,
shows well-defined regimes for the ordered and disordered
regimes, with a clear transition between them. Such evi-
dence supports further that the two well-defined asymp-
totic states in the small and large SAs are unlikely to be
affected by the finite size of the system.

Later [18, 19, 46] examined the emergence of crystal-
lization. Rietz et al. (2018) [20] used a laser light sheet to
determine the particle positions in 3D. They found that
for small shear amplitude, 0.01 rad, high density configu-
rations grew into a single large crystal, which was deter-
mined by stopping the shearing for a few times in runs
of 2 x 109 cycles. Although cyclic shear was observed to
drive a granular system through density 0.64, there was
no evidence of any stable volume fraction between that
density and the densest packing.

2D systems such as ours avoid two problems that have
plagued multiple past experiments on sheared 3D granu-
lar matter: density gradients due to gravity, which com-
plicate the analysis of the results, and the difficulties as-
sociated with data collection in the interior of a 3D gran-
ular system. Our experiments on cyclically sheared 2D
granular matter have focused on the emergence of orien-
tational order. Just as the instability of large ferromag-
netic domains led to efforts to make ‘harder’ permanent
magnets, so too it is reasonable to expect that as our
approach is explored further, new ideas will lead to the
discovery of orientational order in much larger granular
systems.

Acknowledgements: S.S. and J.Z. acknowledge the
NSFC (No. 11974238 and No. 12274291) support and
the Innovation Program of Shanghai Municipal Educa-
tion Commission under No. 2021-01-07-00-02-E00138.
S.S. and J.Z. also acknowledge the support from the
Shanghai Jiao Tong University Student Innovation Cen-
ter.

Author contributions: H.L.S, C.R and J.Z designed the
experimental project. S.S performed the experiment and
analyzed the data. All authors wrote and reviewed the
manuscript.

Funding: S.S. and J.Z. acknowledge the NSFC (No.
11974238 and No. 12274291) support and the Innovation
Program of Shanghai Municipal Education Commission
under No. 2021-01-07-00-02-E00138



Conflict of interest: There are no conflicts to declare.
Ethics declaration: Not applicable.

Data availability: All experimental data were obtained
from Jie Zhang’s laboratory.

[1] V. Sima, Order—disorder transformations in materials,
Journal of Alloys and Compounds 378, 44 (2004).

[2] G. M. Whitesides and B. Grzybowski, Self-assembly at
all scales, Science 295, 2418 (2002).

[3] I. S. Aranson and L. S. Tsimring, Patterns and collective
behavior in granular media: Theoretical concepts, Rev.
Mod. Phys. 78, 641 (2006).

[4] E. L. L.D. Landau, Statistical Physics, Part 1,(Chapter
XIV) (Pergamon Press, 1980).

[5] R. Jones, Soft Condensed Matter (Oxford University
Press, 2002).

[6] J. S. Olafsen and J. S. Urbach, Clustering, order, and
collapse in a driven granular monolayer, Phys. Rev. Lett.
81, 4369 (1998).

[7] J. S. Olafsen and J. S. Urbach, Two-dimensional melting
far from equilibrium in a granular monolayer, Phys. Rev.
Lett. 95, 098002 (2005).

[8] P. M. Reis, R. A. Ingale, and M. D. Shattuck, Crystal-
lization of a quasi-two-dimensional granular fluid, Phys.
Rev. Lett. 96, 258001 (2006).

[9] P. Melby, F. Vega Reyes, A. Prevost, R. Robertson,
P. Kumar, D. A. Egolf, and J. S. Urbach, The dynam-
ics of thin vibrated granular layers, Journal of Physics:
Condensed Matter 17, S2689 (2005).

[10] Y. Chen and J. Zhang, High-energy velocity tails in uni-
formly heated granular materials, Phys. Rev. E 106,
L052903 (2022).

[11] Y. Chen and J. Zhang, Anomalous flocking in nonpo-
lar granular brownian vibrators, Nature Communications
15, 6032 (2024).

[12] A. Plati, R. Maire, E. Fayen, F. Boulogne, F. Restagno,
F. Smallenburg, and G. Foffi, Quasi-crystalline order
in vibrating granular matter, Nature Physics 20, 465
(2024).

[13] A. Plati, R. Maire, F. Boulogne, F. Restagno, F. Small-
enburg, and G. Foffi, Self-assembly and non-equilibrium
phase coexistence in a binary granular mixture, The
Journal of Chemical Physics 163, 054509 (2025).

[14] C. Jiang, Z. Zheng, Y. Chen, M. Baggioli, and J. Zhang,
Dispersionless flat mode and vibrational anomaly in ac-
tive brownian vibrators induced by stringlike dynamical
defects, Phys. Rev. Lett. 133, 188302 (2024).

[15] C. Jiang, Z. Zheng, Y. Chen, M. Baggioli, and J. Zhang,
Experimental observation of gapped shear waves and
liquid-like to gas-like dynamical crossover in active gran-
ular matter, Communications Physics 8, 82 (2025).

[16] Z. Zheng, C. Jiang, Y. Chen, M. Baggioli, and
J. Zhang, Topological signatures of collective dynamics
and turbulent-like energy cascades in apolar active gran-
ular matter, Proceedings of the National Academy of Sci-
ences 123, 2510873123 (2026).

[17] M. Nicolas, P. Duru, and O. Pouliquen, Compaction of a
granular material under cyclic shear, Euro. Phys. J. E 3,
309 (2000).

[18] N. W. Mueggenburg, Behavior of granular materials un-

der cyclic shear, Phys. Rev. E 71, 031301 (2005).

[19] A. Panaitescu, K. A. Reddy, and A. Kudrolli, Nucleation
and crystal growth in sheared granular sphere packings,
Phys. Rev. Lett. 108, 108001 (2012).

[20] F. Rietz, C. Radin, H. L. Swinney, and M. Schréter,
Nucleation in sheared granular matter, Phys. Rev. Lett.
120, 055701 (2018).

[21] G. D. Scott, Packing of spheres: Packing of equal spheres,
Nature 188, 908 (1960).

[22] J. D. Bernal and J. MASON, Packing of spheres: Co-
ordination of randomly packed spheres, Nature 188, 910
(1960).

[23] A. Ghosh, J. Radhakrishnan, P. M. Chaikin, D. Levine,
and S. Ghosh, Coupled dynamical phase transitions
in driven disk packings, Phys. Rev. Lett. 129, 188002
(2022).

[24] M. D. Haw, W. C. K. Poon, and P. N. Pusey, Direct
observation of oscillatory-shear-induced order in colloidal
suspensions, Phys. Rev. E 57, 6859 (1998).

[25] Y. L. Wu, D. Derks, A. van Blaaderen, and A. Imhof,
Melting and crystallization of colloidal hard-sphere sus-
pensions under shear, Proceedings of the National
Academy of Sciences 106, 10564 (2009).

[26] R. Laughlin, A Different Universe: Reinventing Physics
from the Bottom Down (Basic Books, 2006).

[27] J. B. Knight, C. G. Fandrich, C. N. Lau, H. M. Jaeger,
and S. R. Nagel, Density relaxation in a vibrated granular
material, Phys. Rev. E 51, 3957 (1995).

[28] O. Pouliquen, M. Belzons, and M. Nicolas, Fluctuat-
ing particle motion during shear induced granular com-
paction, Phys. Rev. Lett. 91, 014301 (2003).

[29] P. Richard, M. Nicodemi, R. Delannay, P. Ribi¢re, and
D. Bideau, Slow relaxation and compaction of granular
systems, Nat. Mater. 4, 121 (2005).

[30] J. D. Bernal, A geometrical approach to the structure of
liquids, Nature 183, 141 (1959).

[31] X. Sun, W. Kob, R. Blumenfeld, H. Tong, Y. Wang, and
J. Zhang, Friction-controlled entropy-stability competi-
tion in granular systems, Phys. Rev. Lett. 125, 268005
(2020).

[32] M. Getzlaff, Fundamentals of Magnetism (Springer,
2008).

[33] C.-G. Stefanita, Magnetism: Basics and Applications
(Springer, 2012).

[34] C. J. Thompson, Classical equilibrium Statistical Me-
chanics (Clarendon Press, Oxford, 1988).

[35] G. D. Scott, A. M. Charlesworth, and M. K. Mak, On
the random packing of spheres, J. Chem. Phys. 40, 611
(1964).

[36] G. D. Scott and D. M. Kilgour, The density of random
close packing of spheres, Journal of Physics D: Applied
Physics 2, 863 (1969).

[37] G. E. Uhlenbeck, Fundamental Problems in Statistical
Mechanics, II, edited by E. Cohen (North-Holland, 1968)
pp. 1-29.

[38] S. G. Brush, Statistical Physics and the Atomic Theory of
Matter From Boyle and Newton to Landau and Onsager
(Princeton University Press, 1983) Chap. VIIL

[39] M. E. Fisher, FEzcursions in the Land of Statistical
Physics (World Scientific, 2016) pp. 59-141.

[40] L. Onsager, Crystal statistics. i. a two-dimensional model
with an order-disorder transition, Phys. Rev. 65, 117
(1944).

[41] H. Loewen, Fun with hard spheres, edited by K. R. Mecke


https://doi.org/https://doi.org/10.1016/j.jallcom.2003.11.166
https://doi.org/10.1126/science.1070821
https://doi.org/10.1103/RevModPhys.78.641
https://doi.org/10.1103/RevModPhys.78.641
https://doi.org/10.1103/PhysRevLett.81.4369
https://doi.org/10.1103/PhysRevLett.81.4369
https://doi.org/10.1103/PhysRevLett.95.098002
https://doi.org/10.1103/PhysRevLett.95.098002
https://doi.org/10.1103/PhysRevLett.96.258001
https://doi.org/10.1103/PhysRevLett.96.258001
https://doi.org/10.1088/0953-8984/17/24/020
https://doi.org/10.1088/0953-8984/17/24/020
https://doi.org/10.1103/PhysRevE.106.L052903
https://doi.org/10.1103/PhysRevE.106.L052903
https://doi.org/https://doi.org/10.1038/s41467-024-50479-7
https://doi.org/https://doi.org/10.1038/s41467-024-50479-7
https://doi.org/https://doi.org/10.1038/s41567-023-02364-1
https://doi.org/https://doi.org/10.1038/s41567-023-02364-1
https://doi.org/https://doi.org/10.1063/5.0268711
https://doi.org/https://doi.org/10.1063/5.0268711
https://doi.org/10.1103/PhysRevLett.133.188302
https://doi.org/https://doi.org/10.1038/s42005-025-02008-1
https://doi.org/https://doi.org/10.1073/pnas.2510873123
https://doi.org/https://doi.org/10.1073/pnas.2510873123
https://doi.org/10.1007/s101890070001
https://doi.org/10.1007/s101890070001
https://doi.org/10.1103/PhysRevE.71.031301
https://doi.org/10.1103/PhysRevLett.108.108001
https://doi.org/10.1103/PhysRevLett.120.055701
https://doi.org/10.1103/PhysRevLett.120.055701
https://doi.org/10.1038/188908a0
https://doi.org/10.1038/188910a0
https://doi.org/10.1038/188910a0
https://doi.org/10.1103/PhysRevLett.129.188002
https://doi.org/10.1103/PhysRevLett.129.188002
https://doi.org/10.1103/PhysRevE.57.6859
https://doi.org/10.1073/pnas.0812519106
https://doi.org/10.1073/pnas.0812519106
https://doi.org/10.1103/PhysRevE.51.3957
https://doi.org/10.1103/PhysRevLett.91.014301
https://doi.org/10.1038/nmat1300
https://doi.org/10.1038/183141a0
https://doi.org/10.1103/PhysRevLett.125.268005
https://doi.org/10.1103/PhysRevLett.125.268005
https://doi.org/10.1063/1.1725176
https://doi.org/10.1063/1.1725176
https://doi.org/10.1088/0022-3727/2/6/311
https://doi.org/10.1088/0022-3727/2/6/311
https://doi.org/10.1103/PhysRev.65.117
https://doi.org/10.1103/PhysRev.65.117

and D. Stoyen (Springer, 2000) pp. 295-331.

[42] B. J. Alder and T. E. Wainwright, Phase transition for
a hard sphere system, The Journal of Chemical Physics
27, 1208 (1957).

[43] M. Engel, J. A. Anderson, S. C. Glotzer, M. Isobe, E. P.
Bernard, and W. Krauth, Hard-disk equation of state:
First-order liquid-hexatic transition in two dimensions
with three simulation methods, Phys. Rev. E 87, 042134
(2013).

[44] C. Kulske, The ising model: Highlights and perspectives,

Arxiv , 2501.05394 (2025).

[45] S. Edwards and R. Oakeshott, Theory of powders, Phys-
ica A: Statistical Mechanics and its Applications 157,
1080 (1989).

[46] M. Hanifpour, N. Francois, S. M. Vaez Allaei, T. Senden,
and M. Saadatfar, Mechanical characterization of par-
tially crystallized sphere packings, Phys. Rev. Lett. 113,
148001 (2014).

END MATTER

Right wall motion— Figure 1(a) in the main text il-
lustrates the right cell wall’s motion, which is in the
y-direction. The speed is 88 mm/s with an acceler-
ation/deceleration of magnitude 17,600 mm/s? at the
start/stop of the motion. Fig.7 shows the wall’s posi-
tion and speed for one cycle for shear amplitude SA =
0.022. Tt takes 0.005 s for the motor to reach the linear
speed from rest, and vice versa. There is a stop/start
at each quarter cycle in Fig.7. Upon completion of each
shear cycle, the motor pauses for 0.5 s for the recording
of images of the cell.
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FIG. 7. (a) The normalized position and (b) the speed of the

right wall within one shear cycle for SA=0.022 (the smallest
SA examined). Here v, = 88mm/s, v = y/L, and ¥ = ‘3—;’,
where L is the length of a cell wall.

The evolution in the low shear-amplitude regime —
Fig.8 illustrates how the system (here SA=0.022, for ex-
ample) evolves from the initial state, where only a few
different orientation-ordered domains exist, to a nearly
perfectly orientation-ordered domain. This process re-
veals different time scale relaxations: during the initial
cycles, fewer than 30 cycles, the system rapidly compacts
as small disordered regions within domains disappear.
Subsequently, it undergoes slow relaxation during the

merging of ordered domains: from 30 cycles to 100k cy-
cles, the largest ordered domain merges with the smaller
ones with lesser orientation differences; from 100k to 240k
cycles, another small ordered domain with a large orien-
tation difference merges as well. This nearly perfectly
orientation-ordered domain remains stable until the ex-
periment is discontinued.
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FIG. 8. The temporal evolution of system from the initial
state in which there exist few dif- ferent orientation ordered
domains to a nearly perfectly orientationally domain in small
shear amplitude (here SA=0.022).(a) The temporal evolution
of the packing fraction ¢ (blue line, left y axis) and the ori-
entational order parameter |Us| (red line, right y axis) shows
different time scale relaxions during compaction process. (b)
Corresponding snapshots for 5 sequential timestamps shows
particle positions with colored by its orientation (cf.color bar).

The evolution in the high shear-amplitude regime — Fig.
9 shows the evolution of |Ug| for three different shear am-
plitudes in the high—shear-amplitude regime: (a) SA =
0.209, (b) SA = 0.242, and (c) SA = 0.264. The corre-
sponding energy spectra of |¥g| are also presented, in-
cluding results for SA = 0.264 with an extended time
series of 20,000 cycles. The spectra do not exhibit promi-
nent peaks in the nearly flat region for f < 1072 (1/cy-
cle), indicating that the temporal fluctuations of |¥¢| are
consistent with the behavior of white-noise. For f > 1072
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(1/cycle), the spectra display a characteristic decay sim-
ilar to 1/ f noise.
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FIG. 9. The evolution curves of |¥g|— in the steady state for
three shear amplitudes in the disorder regime: (a) SA=0.209;
(b) SA=0.242; (c) SA=0.264.
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FIG. 10. The power spectrum analysis of |¥g| in the steady
state for the disorder regime: three shear amplitudes with
2,000 cycles (the same data used in Fig. 9 with correspond-
ing colors), along with SA=0.264 with a longer time series of
20,000 cycles.

In the Supplementary Materials, we present a video
showing (a) the evolution of real-space configurations for
disks at the end of each cycle, combined with (b) the
evolution of the packing fraction and (c) the orientation
order parameter of an experiment starting from an initial
disordered state and subjected to shear for 2000 cycles
under SA=0.264, revealing the complex evolution of spa-
tial structures in the orientationally disordered state.

The estimated relazation time to the asymptotic state —
Fig. 11 shows the relationship between the characteristic
time scale, expressed as the number of cycles required to

reach the steady state (tasym), and the shear amplitude
(SA) for P =200 N/m (red) and P = 600 N/m (blue).
The value of t,eym, is defined as the first time at which the
orientational order parameter in the temporal evolution
exceeds the most probable value of |Wg|, which corre-
sponds to the peak value of |Ug| in a given distribution
curve of |Ug| as shown in Fig.6. The black line in Fig. 11
represents a power-law fit in the low-shear regime (SA
< 0.08), yielding an exponent of approximately —3.7.
This result suggests that as SA approaches zero, the time
required to reach the ordered state diverges.
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FIG. 11. The estimated relaxation time to the asymptotic

state tqsym for shear amplitudes SA for P=200N/m(red) and
P=600N/m(blue). The black line is a power-law fit for the
low shear regime (SA < 0.08).

Dependence of the results on parameters— Fig. 12
shows the statistical results of asymptotic states under
various experimental control parameters. This comple-
ments Fig. 3(a,b) and Fig. 4(a,b) of the main text. The
emergence of two well-defined regimes is robust across all
tested conditions. Specifically:

1. Pressure (P): While the main text presents data
at P =200 N/m (red), additional experiments at P = 600
N/m (blue) exhibit consistent trends, e.g., Fig. 12(a—d)
illustrates that the steady-state statistics are insensitive
to the applied pressure (within the range examined).

2. Shear Speed (vy): In the main text, the system
was sheared at v, = 88mm/s. To examine the quasi-
static limit when shearing, experiments were repeated at
a lower shear rate, v, = 44mm/s, for both P = 200 N/m
(deep-red diamonds) and P = 600 N/m (deep-blue dia-
monds). The overlapping results confirm that the shear
rate is sufficiently low for the system to remain in the
quasi-static state.

3. Initial State Preparation: The default protocol
in the main text involves pre-shearing the system for 100
cycles at the maximum amplitude SA = 0.264 and P =
200 N/m, which results in an initial state containing a few
locally ordered domains with different orientations. To
test sensitivity to initial conditions, an alternative proto-
col was used: applying 2000 cycles of shear at SA = 0.088
to a randomly deposited particle configuration at P = 200
N/m; this produced a (mostly) ordered initial state. The



resulting measurements across SA (pink hexagrams and
light-red circles) show negligible deviation from the stan-
dard protocol, indicating that the asymptotic statistics
are independent of the initial configuration.

4. Averaging Duration: To test whether the num-
ber of cycles used for statistical averaging influences the
results, experiments at SA = 0.176 and 0.264 were con-
ducted for P = 600 N/m with the averaging durations
2k, 4k, 12k, and 20k cycles. The results (cyan asterisks)
confirm that the statistical properties of the asymptotic
state are stable with respect to averaging time, once a
steady state is reached.
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% P = 200N/m, Protocol 2

O P =600N/m, v, = 88mm/s
O P =600N/m,v, = 44mm/s
P = 600N/m, Long-term

(a) (b)
0.907 1.00
0.90 -
e 5
0.88 0.75F
0.86
0.50f
0 0.08 0.16 0.24
(© SA (d)
. QO.
Nl
>
i
n 0.

0.24

0.16
SA

FIG. 12. Statistical results of asymptotic states for various
experimental conditions: (a) Mean value of the global packing
fraction ¢, (b) mean value of the global hexatic order parame-
ter |Wg|, (c) standard deviation of the global packing fraction
Std(¢), and (d) standard deviation of the global hexatic order
parameter Std(|Wg|). The results are presented as a function
of SA for P=200 N/m (red) and P=600 N/m (blue). Legends
at the top give the varied experimental conditions.
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