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We consider the general Cauchy problem with initial data in a Hilbert space
and with a formal dissipative linear generator. A complete parametrization is
known of the (abstract) boundary conditions which make this problem well
set. We exhibit a distinguished subset % of the set # of boundary conditions
and demonstrate explicitly that the evolution associated with each B in # can
be represented as a (time independent) average over the evolutions associated
with B’ in #g . Applications are discussed to Schrédinger equations in bounded
regions or with singular potentials.

1. INTRODUCTION

Consider the Cauchy problem
(djat) fy =Lf,, t=0 (1)

where the initial data f; varies throughout a complex Hilbert space 5#
(with inner product denoted <, ->) and where the linear operator L,
with domain D(L) C 5, is dissipative, i.e.,

AfFy + <L <0 forall fin D(L).

In terms of the evolution operators U, t >> 0, defined by the equation
UY, = f;, ‘“solving” (1) means constructing the one parameter
contraction semigroup (of evolution operators) with infinitesimal
generator L, i.e., constructing the family {U*|¢ > O} of operators
on J# with the properties
() UUs = Utss,

i 1UI<1l,t>0,

(iii) || UY¥ — f)— 0 as t — OF,

(i) IKUSf —f)t —Lf|| - 0 as t — 0, for all fin D(L),
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where || - || denotes the norm in # and also the operator norm for
bounded operators on 7,

Now the above problem is well set only if there is a unigue solution
Si of (1) for each fy, and ¢ > 0. However if L were, for example,
a differential operator on a bounded region in R*?, we would expect
to have to choose from a variety of “auxiliary conditions” (tradi-
tionally boundary conditions) in order to uniquely specify the
evolution.

Treating the abstract problem (1), Phillips has given in [1] a
complete classification of all possible (abstract) auxiliary conditions
(and therefore of their associated infinitesimal generators and evolution
semigroups) for each of two situations of very general interest;
where one requires the actual infinitesimal generator L to be either
(a) an extension of a given ‘“minimal operator” L ;. , or (b) a restriction
of a given “maximal operator” L, . We will parametrize such
extensions and restrictions by B € 4.

As an example consider J# = Ly0, 1) and L, = d/dx with
D(L,,;,) the infinitely differentiable functions with compact support
in the open interval (0, 1). It is an easy exercise to show that the set
of all contraction semigroups whose generators extend L, can be
parametrized by # = {ze€C || 2| < 1} where

(U)(x) = 2"f ([ + 1]5) @)

and [y]; (resp. [¥v]r) denotes the integral part (resp. fractional part)
of y. Note that U,!is invertible (i.e., unitary) if and only if | 2 | = 1.

In this paper, for each of the cases (a) and (b) we will topologize
the parameter space &, exhibit a distinguished subset By of # and
then construct, for each B in 4, a regular Borel probability measure
wg on &, concentrated on By, with the property that

Us' = [ Uy dus(B)  forall t>0.

In terms of (2) for example, #: = {ze# || 2| =1}, and if 2 =
rexp(if), 0 <7 < 1, and 2’ = exp(i6'), then

jU df‘z(z)——“ Z(m) d‘P

I
1 — v
_l; J. exp[w(a i [W] db

where exp[ip(6')] = exp[i(8 — 6')][exp(:8’) + r]/[exp(—ib) + r].
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The fact that in this example the general noninvertible (i.e.,
time irreversible) evolution is represented as an average over in-
vertible (i.e., time reversible) evolutions will be seen to be a con-
sequence of the fact that KL K = L,* (where * denotes operator
adjoint) for each of the infinitesimal generators L,, where K is a
conjugation operator on S (in this example (Kf)(x) = A1 — x).)
Of course the average of distinguished semigroups with respect to a
probability measure is not in general a semigroup. In this example,
only the special measures p, give rise to semigroups.

Finally, connection is made with the work of Nelson [2] on
Schrodinger equations with singular potentials.

2. NoTATION

Throughout this paper 5# will denote a fixed separable complex
Hilbert space of dimension >>1 and I will denote the identity operator
on J. Given complex Hilbert spaces X and Y (of dimension >1),
%(X, Y) will denote the Banach space of continuous linear maps from
X into Y, with open (resp. closed) ball Z.(X, Y) (resp. Z,(X, Y))
of radius r. Unless otherwise indicated #(X, Y) and its subsets will
be assumed to be in the strong operator topology. If X, is a proper
nonzero subspace of X and Y is a nonzero subspace of Y, an element
of #(X,, Y,) will often be identified, without comment or notational
distinction, with its unique extension in (X, Y) whose kernel
contains X;+ = X © X, (the orthogonal complement in X of X)).
#(X, X) will be written #(X), P, denotes the orthogonal projection
on X, , and #(X, Y) is defined to be the set {V e #(X, V) | V¥V =
Py or V'V* = Py or both}, which is always nonempty. Note that
ABE(X, Y) is the set of extreme points of the convex set Z,(X, V).

3. CaLcUuLATION OF A CHOQUET BOUNDARY

Given B in #(X,Y), where X and Y are nonzero subspaces
of 5, consider the polar decomposition B = UR, where U in
%#(X,Y) is a partial isometry and R = (B*B)'/? in #(X) satisfies
0 <R Py. For 2in C, |z| < 1, we define R(2) in #(X), by
the functional calculus in R, as f,(R) where f, is the following function
on [0, 1]:
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_2+A .

f;(h)*1+zA, z# -1, 0<A<],
= —1, x=—1, 0<A<]I,
=1, Z == —1, A=1

Note that R(z) is norm analytic in 2 for | 2 | < 1 and (strong operator)
continuous in 2 for | 2| < 1. (The former is a standard fact in
operator theory [3, 4.3.1] and the latter follows easily using Lebesgue’s
dominated convergence theorem.) Furthermore, if | 2| = 1, it is
clear that R(2) is unitary in #(X). Now if U ¢ #x(X, Y), i.e., U*U =
Pr and UU* = P; with F # X and G # Y, choose any V in
Be(F', GL) and define, for |2| <1, B(2) = UR(2) + 2V and
B,(z) = (1 — (1/n)) B(z), n = 1,2,... . If Ue Bx(X,Y), define, for
l2] <1, B(z) = B and B,(2) = (1 — (1/n))B, n = 1, 2,.... Then
for any B in %,(X, Y), B(0) = B, while if | 2 | = 1, B(z) € Z¢(X, Y).
Let F(X, Y) be the algebra of those continuous functions f from
#,(X, Y) into #(+#) which are Giteaux differentiable on %,(X, Y)
(i.e, [f(4 + 2B)h — f(A)h]/z is Cauchy as =20, for A, Be
#,X, Y) and ke ), and bounded in the sense that the range of f
is contained in #,(5#) for some radius  (which may depend on f).
We note using [3, 3.17.1] that such f are automatically Fréchet
differentiable on #(X, Y), ie, [f(4+ B — f(A)h]/|B]| is
Cauchy as | B|| - 0, for 4, Be #,(X, Y),and he #. If fe F(X, Y)
and B € Z(X, Y), then f[B(2)] = lim, ., f[B,(z)] is continuous in
for | #| < 1 and, by Vitali’s theorem [3, 3.14.1], differentiable in 2
for | 2| < 1. Therefore by Cauchy’s integral formula [3, 3.11.3],
if I' is the unit ctrcle in C,

1®) = 11801 = 5 [ 7B as — - [ fiBexpon) a0, )

Define %5 = {B[exp(i6)] | 0 < 6 < 2#}. Formula (3) is our main
technical tool; we summarize the above argument in

LemMma 1. For each B in #(X,Y), Eq. (3) explicitly defines a
regular Borel probability measure, pg, on #,(X, Y), concentrated on
By C BAX, Y) and such that for all fin F(X, Y)

(B) = [ 1(B) dus(B).
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Remark. Each %5 is compact and therefore Borel measurable,
and pp is concentrated on % in the sense that (by definition) uy(S) =
pa(S N #p) for every Borel measurable S.

Remark. Since #(X, Y) is the set of convex extreme points of
%X, Y), and since the identity function is in F(X, Y), Z(X, Y)
is the smallest subset of %,(X, Y) which can play the desired role
in Lemma 1; thus #(X, Y) is the Choquet boundary of F(X, Y).

4. PamLrips’ CLASSIFICATION

With any operator L on £ which is dissipative, we can associate
the Cayley transform J = (I 4 L)(I — L)™' with domain D(]) =
Ran(I — L). Conversely, with any contraction J on 5, with domain
D(]), such that Ran(l + J) is dense in J#, we can associate the
operator L = (J — I)(J + I)~* with D(L) = Ran(I + J). These facts
are discussed by Phillips in [1] where he proves the two theorems:

THeOREM P, . If L is a dissipative operator with dense domain
in H, then its Cayley transform | is a contraction operator and
Ran(I 4 ]) is dense; L and ] are closed together. Conversely, if | is a
contraction operator with Ran(l -+ J) dense in ', the associated
operator L is a dissipative operator with dense domain and [ is its
Cayley transform. The pairing ] <> L is a one-to-one inclusion preserving
correspondence between all dissipative extensions L of L and all con-
traction extensions J of J. In particular the maximal dissipative extensions
L of L correspond to the contraction extensions [ of | with D(J) = #.

THEOREM P,. An operator L is the infinitesimal generator of a
contraction semigroup on 3 if and only if L is a maximal dissipative
operator with dense domain.

Before we continue it will be convenient to reparametrize the
above classification by means of a simple geometric lemma, which
we will prove by a variation of the proof of the polar decomposition.
From here on L will always denote a fixed closed dissipative operator
with dense domain D(L) C 5, ] will be its Cayley transform with
closed domain denoted M, and we will be describing features of
those extensions [ of J such that the associated L generates a con-

traction semigroup, i.e., the contraction -extensions | of | with
() = .
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Since [ is in Z,(M, #), ] in Z,(#) extends ] if and only if
J = ]+ Vwhere Ve Z (M #)and| J*|| < 1. The last condition
1s equivalent to

| SFIB+IVSIR<IfIP forall findf,ie, VI*<I— J]* (4)

Let ¥~ denote the set of all V in Z (ML, #) satisfying (4). Note
that if V is any operator of the form V = (I — JJ*)'/2B where
Be # (ML, N) and N is the closure of N = Ran(] — JJ*), then

IV = BX — TR < — JI)PERfE

for all fin 5, so V is in ¥". On the other hand, if V is in ¥", define
the operator T on #, with dense domain the linear span of N and
N1i, by

T = VI — JJ¥2 Pg.

Note using (4) that for f in D(T),
| TFIP = (I — JJ*V2 Paf, VI — J]*)22 Pyf)

S = JI) R Pyf, (L — JWL — JJ¥) 12 Pf)

<IfI?
so || Tl < 1 where T e &,(+#) denotes the closure of 7. Let B =
(T)*. Then for f in N,

BXI— JJV\2f=V*I— JJ*y 2Pl — JJ*V 2 f =V
and for f in N1,
BXI— JJ*V2f=0=V*

so V= I— JJ*)'2B. Now || B|| <1 and B*Py. = 0, so BB* <

Py . Also BP,, = 0, so B*B < P,,., and therefore B € Z,(M*, N).
We have thus proven

Lemma 2. The contraction extensions | of | with domain S are
uniquely represented in the form ] = J 4 (I — J]J*)'*B, where B
varies throughout B,(M+, N).

5. EXTREME SEMIGROUPS AND THE REPRESENTATION THEOREMS
Using Theorems P; and P,, and Lemma 2, we may parametrize

the set of operators L which extend L and generate contraction
semigroups, by the elements B of #(M+, N); the infinitesimal
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generator corresponding to B will be denoted Ly, with Cayley
transform [ and associated semigroup {Usg!|t > 0}.

DeriniTION. Those infinitesimal generators Ly, and associated
Jsand {Ug | t > O}, which correspond to B’s in #z(M*, N), will be
called extreme.

Note that for Ae C with ReX > 0, R(A, B) = (Al — Lg)™" is the
resolvent of Ly, and that R(l, B) = (I + Jp)j2. For [A —1] < 1,
a well-known argument [3, 5.8.4] yields

R(A, B) = i A= 1) [R(1, B)J* )

so that R(A, B) is the limit of Géiteaux differentiable functions from
%,(M+, N) into (), and therefore also has this property [3, 3.18.1];
therefore [R(A, B)]™ does also, for m = 1, 2,.... By iteration, this
argument extends to all Ae C with Re A > 0. From [3, 11.6.6],

Up* = lim[(nft) R((n[t), B)", t>0

and therefore (using [3, 12.3.2 and 3.18.1]) Up' is also Géteaux
differentiable on %,(M*, N) for fixed ¢t > 0. Finally, from [4,
Theorem 2.16] we see that for fixed ¢t > 0, Ujp! is continuous on
#(M+, N) and is therefore in F(M*, N). Using Lemma 1 and
Theorems P, and P,, we have proven

Taeorem 1. If L is a densely defined dissipative operator on #,
every contraction semigroup {Ugp'|t > O} which is generated by an
extension Ly of L can be represented in the form

Uy = f Ul dug(B’), t=0 (6)

where pp is a regular Borel probability measure concentrated on the
extreme semigroups (and independent of t).

The related problem where one seeks an infinitesimal generator
which is the restriction of a given operator, is easily treated using
the above analysis together with another result of Phillips [1],

THEOREM P;. The operator L on  is the infinitesimal generator
of the contraction semigroup {U" | t > O} if and only if L* is the infinite-
simal generator of the contraction semigroup {V'|t = 0} where
Vt= (UH*.

Using this theorem, the adjoint map produces a one-to-one
inclusion reversing correspondence between the infinitesimal gen-
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erators, of contraction semigroups, which are extensions of L and
those which are restrictions of L*. We label each of the latter with
the B € #,(M-, N) of its adjoint, and call the infinitesimal generator,
and its associated Cayley transform and semigroup, extreme if its
adjoint is extreme by the previous definition. Since the adjoint map
is continuous on #,(5#), and the integral in (6) can be approximated
by Riemann sums for the continuous integrand U}, , Theorem 1
immediately implies

THEOREM 2. If L is a densely defined dissipative operator on S,
every contraction semigroup {Ug'|t > 0} which is generated by a
restriction Ly of L* can be represented in the form

Us' = [ Uy dus(B), >0 @
where pp is a regular Borel probability measure concentrated om the

extreme semigroups (and independent of t).

Now assume that L = {H where H is symmetric and densely
defined (which implies that L is dissipative). If for some conjugation K
(i.e., antilinear isometric operator K on 3# such that K* = I) we have

KHK = H ®)

(i.e., H “permutes” with K) then it is natural to look for infinitesimal
generators I satisfying either (a) L DL, or (b) L CL*, and also

KLK = L*. ©)

In terms of Cayley transforms, (9) is equivalent to
KJK = J* (10)

and in terms of semigroups, (10) is equivalent to
KUK = (Ut*, >0, (11)

From (10) it follows that K is an (antilinear) isometry of Ran(J])
onto Ran(J*). Since H is symmetric, J is an isometry of M =
J*J# = Ran(J*) onto JJ*# = Ran(J), and from (8), K maps
Ran(J) isometrically onto Ran(J*). Therefore using the terminology
of the proofs of Lemmas 1 and 2, [ is of the form J = J+ B and
B(3) = UR(2) + 2V = U + zV. From the above remarks, K
maps F isometrically onto G and F* = M* O F isometrically onto
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G+ = N © G. Therefore V can be chosen to be an isometry of F*

onto G and for this choice R[exp(i8)], and Uk, a1, will be unitary.

Vil <1 10L LILS LAAVALL 2 SA Y a4l Blexplid] 5 111 Do

It is easy to choose V so as to also satisfy KVK = I'*, so that
KUftexpamnK = (Uptexpian)™-

DEFINITION. A contraction semigroup which satisfies (11) will be
said to be reﬂectwe (with respect to the conjugation K).

Nnva aronimeont a earnllary:
AV A A ) alsulll\,llt All a \/ULULI“LJ

COROLLARY 1 (resp 2) to Theorem 1 (resp. 2). If furthermore

I, == 1H, where H is symmetric and permutes with a conjugation K,

iy T eixiy WiWrv fi S Y IRiCLl ol e ils W LOT Uy Ly

then if Uyl is reflective, the representation (6) (resp. (7) of Ugt can
be made in terms of reflective, unitary Uj. .

We note that Corollaries 1 and 2 apply quite generally to
Schrédinger equations in bounded regions.

The proof of Corollaries 1 and 2 can be simplified for H any
densely defined symmetric operator with equal and finite deficiency
indices; in such a case QZE(ML N) consists only of isometries of M*
onto N, so the extreme semigroups are unitary, and there is no need
for a conjugation operator.

Finally, we wish to consider the connection between the above
results, and that of Nelson in [2]. In [2], Nelson solves (1) for # —

results, and tha Nelson in [2]. In Nelsor for ¢
Ly(R™), and L = i(—V? + V), where V is the multlphcatlon operator
on # corresponding to any real function ¥(x) continuous off a
closed set S of capacity zero. Since the allowed V{(x) may be highly
singular on S, a traditional approach to solving (1) would require
the selection of some boundary condition at S. But Nelson seems
to avoid such considerations by analytically continuing the unique
solution of an associated diffusion equation. As suggested by [5],
where a specific example (V(x) = —(| ¢ |/] x )%, n = 3) is thoroughly
examined, it seems reasonable to suspect that Nelson’s analytic
continuation technique is in general merely a method of averaging
over time reversible evolutions in the sense of (6) or (7). This indeed
follows immediately from our Corollary 1 since the hypotheses are

easily seen to be satisfied with K the complex conjugation operator
on Ly(R™). 1t is suggestive that the averaging schemes (6) and (7)

IS SURHVIIRY LB 8 vaah avilagsily =LLILLs allll

are supernmposed in [2] on the stochastic aspects of Feynman and
Wiener integrals for domains with boundary.
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