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Abstract. We considertilings of Euclideanspacedy polygonsor polyhedra,in particular tilings
made by a substitution process, such as the Penrosetilings of the plane. We define an isomorphism
invariantrelatedto a subgroup of rotationsandcomput it for variousexampkes.We also extendour
analsis to more geneda dynamcal sysems.
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1. Introduction, Definitionsand Statement of Resuts

This paperconcernstilings of Euclideanspacedy polygonsor polyhedra,more
speciftally, tilings madeby a ‘substitutionprocess’. Given a substitution rule,
the set of resultanttilings is a topological spacewith an action of the Euclidean
group,henceadynanical systemWe develophereanalgebraidnvariantthathelps
determinewhen two tiling systemsare equivalent as dynanical systers. In this
introductionwe definethenotionsof ‘substitutiontiling system’andof equivalence
betweentwo such systens, and statewhatthe invariant is. In subsequensections
we analyzethe invariant, in particularwe show its usein distinguishingbetween
substitutiontilings.

Our eventualgoalisto associatecertaingroupsto substitutiortilings of Euclid-
eanm-space.Thesegroups, subgroupsof SO(m), are generatecby the relative
orientationsof tiles in the tilings, dependon the specift tiling x and on some
specift choiceg(indexed by an integer j), andare denoted? (x). Although@; (x)
dependon j andx, the dependencés quite controlled.If x andx’ aredifferent
tilings with the samesubstitutionrule we will shawv that,undersomemild hypothe-
ses©;(x) andO ;(x") areconjugateassubgroup®f SO(m). Even withoutthemild
hypotheseshey areconjugate(in SO(m)) to subgroupsof oneanotheracondition
we call ‘c-equvaence’. SO we can associatgo a substitutiontiling systemthe
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Figure1. Two ‘pinwheel’ tiles.

Figure 2. The substitution for pinwhes! tilings.

conmon conjugay class(or c-equivalenceclass)of the groupsassociatedo the
tilings in the system.

Whatwill remain,then,is to shawv thatthis conjugag (or c-equivalence)class
canbe consideredan invariant in a naturalsenseThat is, we will shawv thattwo
substitutiontiling systemsthatareequivalent asdynamicalsystemdave the same
classof groups.We will do this by finding a dynamical descriptionof the class.
For eache > 0 and eachtiling x we will define a group ©@*(x) usingdynamcal
information only. For ¢ sufiiciently small, andfor almost every x, we show that
¢ (x) is conjugateto (or c-equivalent to) O, (x) for some, andhenceall, choices
J- Theclassof ©¢(x) is thusthesame astheclassof O;(x). Since O°(x) is defined
using data that is presered by dynamcal equivaence,the class of O¢(x) is a
dynanical invariant.

Notethatthe group @;(x) dependnly on the geometryof thetiling x. Since
theclassof @; (x) is thesamefor everytiling x with thegivensubstitutionrule, we
canobtaininformationabout a substitutiontiling systemby looking at any single
tiling init. So if two substitutiontilings x andx’ give rise to groups©;(x) and
O ;(x") that are not conjugate(or c-equivalent), thenx andx’ cannotbelongto
equvaent substitutiontiling systems.

Before defining substitutiontiling systemsin general,we presentan example.
Hopefully, the generaldefinitions will be clearerwith this examplein mind. The
‘pinwheel’ tiling of the plane[Ral]is madeasfollows. Considerthe trianglesof
Figurel. Divide oneof theminto five small trianglesasin Figure2 andexpandthe
figureabouttheorigin by alinearfactorof /5, producings5 trianglescongruento
theoriginals.

Repeatthis two-stepprocedureg simultaneouslyfor al the trianglesof the
figure,thenagain,aninfinite numberof times,producinga (pinwheel)tiling C of
the plane,a portion of which appearsn Figure 3. Suchtilings have a hierarchical
structurewhichis of interestfor variousreasonsin particularit leadsto interesting
behaior of the relative orientationsof tiles within atiling [Ra3]. For background
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Figure 3. Part of apinwhed tiling.

onrelatedrecentwork see[AnP, CEP, DwS, G-S, Kel, Ken,LaW, Min, Moz, Ra3,
Rob, Sad, Sch, Sen, Sol, Tha] andreferencesherein.

SubstitutionTiling Systens

With the pinwheelexamplein mind, we now addresssubstitutiontiling systemsin
general.Let A beanonenpty finite collection of polyhedrain m (typically 2 or
3) dimensions.Let X (4) bethe setof all tilings of Euclideanspaceby congruent
copieswhichwewill call tiles, of the elementsof (the ‘alphabet’)A. We labelthe
‘types’ of tiles by the elementf A. We endowv X (4) with the metric

1
d(x,y) = sup—mp[By(9x), B(3y)], )

where B, (dx) denoteghe intersectiorof two sets:the closedball B, of radiusn
centeredit theorigin of the Euclideanspaceandtheuniondx of theboundariesa
of all tiles a in x. my is the Hausdorf metric on compactsetsdefined asfollows.
Given two compactsubsetsA andB of R, my[A, B] = max{d(A, B),d(B, A)},
where

d(A, B) = suplnf lla — b, (2)
aeA
with |w|| denotingthe usualEuclideannormof w. Althoughthemetric d depends
on the locationof the origin, the topology inducedby d is translationinvariant.
A sequenceof tilings corvergesin the metric 4 if andonly if its restrictionto
every compactsubsetof R” corvergesin my. It is not hardto shov [RaW] that
X () (which is autongtically nonenpty in our applications)is compactandthat
the naturalactionof the connectedtuclideangroupG g on X (+4), (g, x) € Gg x
X (A) > T8x € X (), iscontinuous.
A ‘substitutiontiling system’is a closedsubsetX, C X(~A) satisfyingsome
additional conditions. To understandheseconditionswe first needthe notion of
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Figure 4. The substitution for pinwheel variant tilings.

‘patches’. A patchis a (finite or infinite) subsetof anelenentx € X (4A); the set
of all patchedor a given alphabetwill be denotedby W. Next we need,as for the
pinwheels,an auxiliary ‘substitutionfunction’ ¢, a mapfrom W to W, with the
following properties:

(i) Thereis some constant|¢| > 1 suchthat,for any ¢ € Gg andx € X,
o[Tex] = T?@x, where ¢(g) is the conjugateof g by the similarity of
Euclideanspaceconsistingof stretchingaboutthe origin by |¢|.

(i) For eachtile « € 4 andfor eachn > 1, the union of the tiles in ¢"a is
congruento |¢|"a, and thesetiles meetfull faceto full face.

(iii) Foreachtile a € 4, ¢a containsatleastonetile of eachtype.

Condition (ii) is quite strong.It is satisfed by the pinwheeltilings only if we
addadditional verticesat midpointsof thelegs of length2, creatingboundariesof
4 edges.A similar (minor) adjustmentis neededfor other examplesin this paper
Evenwith suchadjustment$iowever, condition (ii) is not satisfed by the kite and
darttilings [Gar], or thosewhich mimic substitutiontilings using so-callededge
markings [G-S, Moz, Ra3]. It is to handlesuch exanples that we introducethe
generaldeveloprrentof Section3.

DEFINITION. For a given alphabetA of polyhedraand substitutionfunction
¢ the 'substitutiontiling system’is the pair {X,4, T'}, where X, C X (A) is the
compactsubsetof thosetilings x with the propertythat every finite subpatchof x
is congruento a subpatchof ¢"a for somen > 0 and somea € A, and T is the
naturalactionof G on X,. (For smplicity we oftenreferto X, asa substitution
tiling system)

One planar example of a substitutiontiling systemis basedon the pinwheel
substitutionof Figure2. A slight variant of the pinwheelis defined by the 1-3-v/10
right triangleand its reflection,andthe substitutionof Figure4.

Two furtherspecialconditionswhich we will occasionallyimposeare:

(iv) A tiling in X, canonly be tiled in oneway by supertilesof level n, for any
n>1.

(v) Foreverya € 4, thereexistsn, > 0 such that ¢"<a containsatile «’, of the
sanetypeasa, and parallelto a.

We note herethat with the convention that patchesof the form ¢"a arecalled
‘supertiles’of ‘level’ n and‘type’ a, it iseasyto show by adiagonalargumentthat,
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for eachn > 0, eachtiling x is tiled by supertilesof level n [Ra3]. A supertile of
level 4 for the pinwheelis shavn in Figure 3.
Finally, let

Se(x) ={y € X4:d(¢"y, ¢"x) < ¢ foral n >0, andd(¢"y, ¢"x) — 0}.

We call suchafamily of setsa ‘local contractingdirection (atx)’.
Ourgoalisto defineanotionof equivalencefor substitutiontiling systemsand
aninvariant for thatequivalence.Forthe equvalencewe use:

DEFINITION. Thesubstitutiontiling systems(X 4, T%) and(X 52, T?) are‘ equiv-
alent’ if thereare subsetsY; C X,;, invariantunder 7/ and of measurezero
with respectto all translationinvariant Borel probability measureson X ;, and
aone-to-onepnto, Borel bimeasureablenap 7: X1 — Y1 — X2 — Y2, suchthat:

@toT'=T?071;
(b) foreachx € X' — Yy, ¢ > 0and ¢’ > 0, thereexist & > 0 and & > 0 such that
T[SE(x)] € $8(rx), and T[S (x)] C S (x).

We call suchamap t an‘isomorphism.

This notion of equivalenceis strongerthansimply intertwining the actionsof
Gg. Thisis appropriate;it hasbeenknown at leastsince [CoK] that substitution
subshiftsshav almostnoneof their richnessf considerednerelyassubshifts.So
in classifyingtilings that have a hierarchicalstructurewe make some featureof
thathierarchicalstructurepart of our notionof equivalence.

To define an invariantwe extractinformationfrom the local contractingdirec-
tions. Since the local contractingdirections are presered by equivalence, such
informationis manifestly invariant. We define herethe invariant. In latersections
we relateit to directly computablequantities(the @ (x)) and denonstrateits use
in distinguishingbetweentiling dynamicalsystems.

ConsiderG asthe semdirect productof SO(m) with R”, with ¢ = (r, 1)
denotinga rotationr aboutthe origin followed by a translations. Thenconsider
for any substitutiontiling systemX, ande > 0:

R®(x) = {r € SO(m): thereexistst suchthat7"""x € §¢(x)}.

Now let ©¢(x) be the subgroupof SO(m) generatecby R?(x). The corollary to
Theorem2 shaws that the conjugag classof ©¢(x) is independenbf x and
(when small enough)for substitutiontiling systemssatisfying (iv) and (v). The
conjugay classof @°(x) is thereforean invariantof thetiling dynamicalsystem,
notjustafeatureof theindividual tiling x.

2. The Group of Relative Orientations

The group @¢(x) generatedby R*(x) is not directly computableln this section
we remedythis by constructing,for a substitutiontiling system,a more easily
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computablegroup @ (x) relatedto therelative orientationsof thetilesin thesingle
tiling x. Thegroup®®(x) is thenshavn to be conjugateto 9; (x).

Given atiling x andsometile a of type j init, let R;(a, x) C SO(m) betheset
of relative orientationswith respecto a of thetiles of type j in x; that is, R;(a, x)
is the set of rotationsof x which bring atile of type j parallelto (the fixed) a.
The group generatedoy R;(a, x) is easily seento be generatedoy the relatve
orientationsbetweenall pairsof tiles of type j in x; in particularit is independent
of a, and we denoteit by @;(x). Furthermore,

LEMMA 1. If x" hasatile a’ of type j parallel to thetile a in x, then O;(x) =
O;(x"). For anyx, ©;(x) is conjugateto O (x).

Proof. First notethat @, (x) is generatedy therelatve orientationsbetweern:
andall othertiles of type j in x. So considerthe generatorg of ©;(x) whichisthe
relative orientationof atile ¢ with respecto a in x. We will shov thatg € O;(x"),
from which it follows that 9 (x) C O@;(x"). By symmetry, we would then have
9;(x") C 9;(x),andhenced;(x) = O;(x).

From the definition of substitutiontilings, the tiles « and ¢ canbe thoughtof
as belongingto somesupertile A of level n (althoughnot all of A needexist in
x). Sincex’ is tiled by supertilesof level n, thereis a supertile A’ of level n in x’
containinga pair of tiles, «” and¢”, which have the samepositionsrelative to A’
asdoa andc relative to A. SeeFigureb.

Let ¢’ bethe relative orientationof ¢” with respectto «”. Then g = R~ 1g'R
where R is therelative orientationof A" with respecto A. But R is thenalsothe
relative orientationof a” with respectto a, which is the sameas that of a” with
respectto a’, and R is thusan elenent of ©;(x’). But then g is an elenment of
0;(x"), asclaimed.
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If X isary tiling a al, ©;(x) and®;(x) areconjugateby anelementof SO(m),
namelyarotationwhich makes atile of type j in x parallelto onein x. O

Finally we considerthe dependencef ©;(x) on ;.

DEFINITION. Two subgroupsof SO(m) are' c-equivalent’ if eachis conjugatgin
SQ(m)) to a subgroupof the other. (Note thatin SO(2) c-equivalenceis the sane
asidentity)

LEMMA 2. For anytilings x, X € X4 andtile typesj andk, O;(x) is c-equivalent
to Oy (x).

Proof. By Lemmal itissufficientto shav that®; (x) andO; (x) arec-equiaent.
Considerary twotiles a andb of type j in x, and let g betherelative orientationof
b with respecto a. After onesubstitutionz andb giveriseto tilesa’ andb’ of type
k in thetiling ¢x. Therelative orientationof 5’ with respecto «’ is againg, since g
takes eachpartof b ontothe correspondingpartof a. Applying this constructiorto
all thegenerator®f 9, (x), we seethat©; (x) is a subgroupof O (¢x). Similarly,
Or(x) is a subgroupof @;(¢x). But O;(x) and O, (x) are conjugateto O;(¢x)
andO,(¢x), respectiely, so O, (x) and O, (x) areconjugateto subgroupsf each
other O

LEMMA 3. Assune ¢ satisfiegv). Then®;(x) = O (x).

Proof Let n = TI,n,. Since the tilings defined by ¢" arethe sane asthose
defined by ¢ we can,without loss of generality assumen = 1, sothat ¢x con-
tainstiles parallel to every tile of x. Then,by Lemma 1, O;(x) = O;(¢x) and
Or(x) = Ok(¢x). Butwehave shavnthatO,(x) C O;(¢x) andO;(x) C O (¢px),
S00;(x) = Ok(x). O

To sunmarize: From Lemmas 1 and2 we canassociat@ subgroupof SO(m) to
ary substitutiontiling system,uniquelydefined up to c-equivaence.If the substi-
tutiontiling systemsatisfies (v), Lemma3 showsthatthegroupis uniquelydefined
upto conjugagy.

Before we canusethesegroupsasan invariant for equivalenceof substitution
tiling systemswe must refer to the relative orientationsin a more fundamental
way. Our next goal is to connectthis group with the invariantintroducedat the
endof Sectionl. The essentiabbsenration is that, if tilings x # y agreein some
neighborhoodof the origin in Euclideanspacethen ¢x and ¢y will agreein a
larger neighborhoodof the origin, so we typically expectd(¢x, ¢y) < d(x, y).
We arethusledto aquantityintroducedearlier Foreachx in the substitutiontiling
systemX, andfor eache > 0, consider:

S¢(x) ={y e Xy4:d(¢"y,¢"x) <eforadln>0,
andd(¢"y, ¢"x) —> 0}. 3)



28 CHARLESRADIN AND LORENZO SADUN
THEOREM1. Assumea substitutiontiling systemX.

(a) Givenanye > 0ther exists N > 0 sud that By(dy) = By(dx) implies
y € S§%(x).

(b) There existse > 0 sudh that, for everyx € X,, y € $°(x) andeverytile a € x
that meetgheorigin, thereis atile a’ € y that exactly coincideswith a.

Proof. (a) isimmediatefrom the form of the metric. The proof of (b) requires
thefollowing two lemmas.

LEMMA 4. For every N > 0 and every neighborhoodU of the identityin G

there existse > 0 with thefollowing property: Let x, x’ € X (4A) beanytwotilings

withd(x, x’) < ¢, andleta beatile of x thatis containedin By. Then x’ eontains
atile «’ of theform 7¢a where g € U.

Proof Let z > 0 be suchthatfor eachb € A sone ball of diameter z lies in
theinterior of b. Fix some § < (0, z/3) anddefine the hearths(b) of b € A as
{peb:||p—ql > éforal g € ab}. By thecorridor Cs(x) of atiling x we mean
the complement of U,c,hs(b). Let D bethe lamestof the diametersof all b € .
Without lossof generality we canassumeV > D.

With this notationwe notethatif d(x, x') < §/(N + D) we have By (dx) C
Cs(x’) and By (dx") C Cs(x). Soif 8 ~ 0 eachtile in x in By is closelyapproxi-
matedby sometile in x” andvice versa.ln particularit now follows thatfor small
enoughe, if d(x, x’) < ¢ thenthetilesa’ € x’ mustbe of the sametypeasthetiles
a € x they approximateand in factsatisfya’ = T¢a with g € U. O

LEMMA 5. For each N > 0 there is a neighborhoodUy of theidentityin G
with thefollowing property:If « is atile in By and g; and g, are distinct elerrents
of Uy, then T$1a and T'%2a everlap but are distinct. In particular, it is impossible
for T'$1a and T'%2a to both be tiles in the sametiling.

Proof. This follows from thecontinuity of theactionof G ontiles, andthefact
that polyhedrado not admitinfinitesimalsymmetries. O

We now returnto the proof of Theoreml. Pick N > D andlet Uy beasin
Lemma 5. Pick a smaller boundedneighborhoodU c Uy of theidentity of G
with the propertythat (r, t) € U implies(r, |¢|t) € Uy. Then pick ¢ small enough
thatLemma4 applies.

Let a beatile of x containingthe origin. By Lemmad4 thereis atile a’ in y of
theform 7T8a with ¢ = (r,t) € U C Gg. Wewill shov thatr # 0 impliesthat,for
somen, d(¢"x, ¢"y) > e, whiler = 0,r # 0impliesthatlim,,_, . d(¢"x, ¢"y) #
0. This will completethe proof.

Notethatg"a’ = T"19I"¢mq. If t # 0, pick n suchthat(r, |$|"¢) is outsidethe
neighborhood” but in Uy . Let a beatile of ¢"a containingthe origin. Thenthere
isatile @ = T"19"a in ¢"y. But by Lemmab this meanstherecannotbe atile
of theform T%a in y with g € U. By Lenma 4 this meangthatd (¢"x, ¢"y) > ¢.
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If t = 0then¢"a’ = T"O¢"a. If r # 0, for every tile @ € ¢"a containingthe
origin thereis atile a’ € ¢"a’ overlappingit andwith relative orientationr, which
impliesthatthe distancebetweeng”x and¢”y will notgoto zero. O

Recallthefollowing quantityfrom Section1
R%(x) = {r € SO(m): thereexistst suchthat7""x € §¢(x)}. (4)

Let O¢(x) bethegroupgeneratedby R¢(x). Assuming: small enoughfor Theorem
1(b), we seethatevery r € R*(x) is the relative orientationof a tile of x with
respectto a correspondindile of x nearthe origin. By Theoreml(a),if C is a
region of x containingBy, and if C’ is ary region of x congruento C, then R¢(x)
includestherelative orientationof C’ to C.

Considerthefollowing property

PROPER'Y F. Thesubsetoftilings x, for which everyfixedfinite ball B of Euclid-
eanspaceis containedin somesupertile of finite level in x, is of full measure for
everytranslationinvariant measue on X .

We will prove that Property F holdsfor a large classof interestingsystems at
leastthosesatisfying condition (iv). This assumptionwhich impliesthat ¢ is a
homeonorphismon X, is satisfied by al known nonperiodicexanmples. In factit
is automaticallytruefor a systemthatcontainsnonperiodidilings andin which the
tiles only appearin finitely mary orientationsn ary tiling [Sol].

If atiling containstwo or moreregions eachtiled by supertilesof level » for all
n > 0, we call theseregionssupertilesof infinite level. Recallthatany tiling istiled
by supertilesof any finite level n. If aball in atiling x fails to lie in any supertile
of ary level n, then x is tiled by two or moresupertilesof infinite level, with the
offending ball straddlinga boundary (One can constructa pinwheel tiling with
two supertilesof infinite level as follows. Considertherectangleconsistingof two
supertilesof level n — 1 inthemiddleof asupertileof level n. Foreachn > 1 orient
sucharectanglewith its centerat the origin andits diagonalon the x-axis, andfill
out the restof a (non-pinwheel) tiling x, by periodic extension.By conpactness
this sequencdias a corvergent subsequencewhich will be a pinwheeltiling and
which will consistof two supertilesof infinite level.)

We now use the aboveto prove

LEMMA 6. For a substitutiontiling systensatisfying(iv), let S bethesetoftilings
in which someball doesnotlie within a supertile of anylevel n. S haszeio measue
with respectto anytranslationinvariant measure on X,.

Proof. We only give theprooffor dimensionm = 2. Notefirstthattheboundary
of a supertile of infinite level must be ether a line, or have a single vertex, since
it is tiled by supertilesof al levels and thereforecannotcontain a finite edge.
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Furthermore,for a given substitutionsystemthereis a constantk suchthat no
tiling in it containsmorethan K verticesof supertilesof infinite level; speciftally,
onecantake K = 2/ p where p is the smallestangleof any of the verticesof the
tiles.

Next we fix some orthogonalcoordinatesystemin the planeanddeconposesS
into disjoint subsetss follows. LetC = [0, 1) x [0, 1) bethe'half open’unit edge
squaren R?. Let C, bethetranslateof C by thevectorz. Let S’ bethe subsetof §
consistingof tilings containingverticesof supertilesof infinite level. Forx € S’ we
choosea vertex V (x) by lexicographicorder: we choosethat vertex which in the
given coordinatesystemhasthe largestfirst coordinate;if thereis more thanone
with that coordinatewe choosethe onewith the largestsecondcoordinate.Then
we deconposes’ = | J,.525(t), wherex € §' N §'(¢) if V(x) € C,. Itiseasyto
seethateachS’(¢) is measurableandthatthey aretranslateof oneanotherso they
musthave zeromeasurewith respecto ary translationinvariantmeasure.

Thetilings x € § — S’ containtwo supertilesof infinite level, eachoccupying a
half plane.Next we deconposeS— S’ = U; yezUojUo; wherex € S—S'No; if the
boundarybetweenthe supertilesof infinite level crosseshefirstaxisin [, j + 1),
andx € §—S'No} if theboundarybetweenthesupertilesof infinite level isparallel
to thefirst axis and crossedhe secondaxisin [k, k + 1). Notethatall setso; are
translateof oneanotherandall setso; aretranslateof oneanotherso S — S” has
zeromeasurawith respecto ary translationinvariantmeasure. O

THEOREM?2. For any substitutiontiling systemX,, satisfying(iv), there exists
go > 0 sud thatfor all ¢ € (0, &), and for almosteverytiling x € X4, O°(x)
is c-equivalent to O (x) for some (and therefore any) j. Up to conjugacy O, (x)
is independenbf x. Furthermore, if ¢ satisfies(v) then9®(x) = O;(x) for some
(andtherefore any) j.

Proof. From Theorem1(b) it follows that, for small &, ©¢(x) is containedin
O;(x), where j is thetype of ary of thetiles of x which meetthe origin. On the
otherhand,let N correspondo ¢ in Theoreml(a). By Lemmasé, for dmostevery x
thereis somen suchthatthetiles which intersectBy arecontainedin some super
tile » of level n in x. Let k bethetypeof b. It followsfrom Theoreml(a)that@, (x")
is asubgroupof ©¢(x), where x” = ¢~"x. But Ox(x’) and@;(x) arec-equialent,
S0 O (x) is conjugateto a subgroupof O, (x"), and thereforeis conjugateto a
subgroupof ©¢(x). So O, (x) and9°®(x) arec-equivaent. By Lemmal, O;(x) is,
upto conjugag, independentf x. If ¢ satisfes (v), thenO,(x") = Or(x) = O;(x).
Since O (x) = Ok (x') C O%(x) C O;(x), O%(x) = O;(x). O

COROLLARY 1. For each substitutiontiling systemsatisfying (iv) the group
¢ (x) is uniquelydefinedup to c-equivalencefor almostall tilings x, andall small
enoughe, thusthec-equivalencelassof thegroupis aninvariant for equivalence
Furthermore, among substitutiontiling systens also satisfying(v), the conjugacy
elassof this subgroup of SO(m) is aninvariant for equivalence
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3. Abstract Substitution Systems

In goingfrom Lemma 2 to Theorem2 we seethatwe canassociatavith eachsub-
stitutiontiling systema c-equivalenceclassof subgroup®f SO(m) in areasonably
fundanental way. We arenow readyto relaxthe hypotheses.

DEFINITION. A ‘substitution(dynamical)system’is a quadruple(X, T, ¢, |¢|)
consistingof a compactmetric spaceX on which thereis a continuousaction
T:(g,x) € Gg x X — Téx € X of Gz anda homeonorphism¢: X — X
suchthat ¢[T2x] = T?@x for al x, where ¢(g) is the conjugateof g by the
similarity of Euclideanspaceconsistingof stretchingabouttheorigin by |¢| > 1.

Substitutiontiling systemsarespecialcasef substitutionsystems.Themapg¢
is notintrinsic to the substitutiontiling system(Xy, T') since,for tiling systemsg
and¢* leadto the sameset of tilings; so equivalenceof such systemsshouldnot
berequiredto intertwinethe actionsof the maps¢. The objectsS*(x), R°(x) and
O¢(x) arewell-definedin our abstracsetting.Motivated by thelastsectionweuse
thefollowing notion of equivalence.

DEFINITION. The substitutionsystems(X?, T2, ¢1, |¢1]) and(X?, T2, ¢2, |¢?))

are‘equiaent’ if therearesubsetsY; C X/, invariantunder7/ andof measure
zerowith respecto all translation nvarlantBoreI probablllty measuresn X ,;, and

aone-to-onepnto,Borel bimeasureablésomorphism 7: X1—¥; — X2—V,, such

thatr o T = T2 o 7. Furthermorer mustrespecthe’‘local contractlngdlrectlons

S¢(x). Respectinghelocal contractingdirectionsmeanghat,for eachx € X*—Y1,

e >0ande’ > 0,thereexisté > 0 and & > 0 suchthatz[S%(x)] C S¢(rx), and

TS (tx)] € 87 ().

It is easyto seethatfor the specialcaseof substitutiontiling systemsthis notion
of equivalencereducedo thatpreviously defined.We will now introducean invari-
antfor equivaencewhichreduceso the classof subgroupof SO(m) we foundfor
substitutiontiling systemsWe notethatthis allows usto generalizeour discussion
of substitutiontiling systemsto includetiling systemswhich do not quite fit the
conditionsof Section2. In particular our analysisappliesto the various versions
of Penrosetilings of theplane,suchasthekite anddarttilings, boththe substitution
version and the versionwith edgemarkings[Gar, Ra3], andto the various tilings
discussedn [G-S, Moz].

We will needto introducea few more definitions. Giventwo subgroupsG, and
G, of SO(m) we write G, < G if G, is conjugate(by an element of SO(m))
to a subgroupof G,. The binary relation < lifts in an obvious way to a partial
orderingon thesetof c-equivalenceclassesWe denoteby ‘lower bound’to aset S
of subgroupof SO(m) ary c-equivaenceclassof groupsG eachof which satisfies
G < Sfordl S e S Itisalmostimmediatethat®¢(x) < O¢ (x) if ¢ < ¢’. Foreach
x € X wedefine @ (x) asthe set of all lower boundsof thefamly {O¢(x):e > 0};
it is nonenpty sinceit contains{e}. Notethattheset® (x) is aninvariant for substi-
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tutionsystems-if t is anisomorphismthen@ (rx) = O(x) for amostevery x. For
substitutiontiling systemsthe sets® (x) have uniquegreateselements which are
constanffor aimostevery x with respecto every translationinvariantmeasureln
thelattercasewhere@ (x) hasan amosteverywhereconstanggreateselement, we
denotethis greateselement by [(0](X). Notethat[(@](X) is ac-equivaenceclass,
unlike ©¢(x), whichis a specific group.We have thusgeneralizedhe analysisof
substitutiontiling systemsto the more generalsetting.
As with substitutiortiling systemswe canavoid theuseof c-equivalenceclasses

for systemswith a specialproperty

PROPER'Y P. For almostevery x there existsan ¢ > 0 sud that,if0 < &’ < ¢,
theno® (x) = O%(x).

Note that, by Theorem2, ary substitutiontiling systemthat satisfies (v) also
satisfes Property P. If a substitution system satisfies Property P, we can define
O (x) to be O¢(x) for ¢ sufficiently small.If the conjugay classof O (x) is almost
everywhereconstantwe define[(0]y(X) to bethatconjugay class.The previously
defined[©](X) is, of course the c-equivdlenceclassof [0 ]p(X).

THEOREM 3. Suppose X!, T, ¢, |¢t)) and (X?, T2, ¢2, |¢?|) are equivalent
substitutionsystemswith the notation of the definition. Thenif (X, T1, ¢2, |¢1])
satisfiesPropertyP sodoes(X?, T?, ¢, |¢?|). Furthernore, for almosteveryx e
X1, O(tx) = O(x). Inparticular, if @ (x) is almost everywhere constantup to con-
jugacythen® (rx) is almost everywhere constantup to conjugacyand[@]o(X?) =
[OTo(X?).

Proof. Let x be agenericpoint of X1. Since (X, T1, ¢%, |¢*|) hasProperty P
we canfind g > 0 suchthat,for 0 < ¢ < &g, O*(x) = O*(x) = O (x). From the
equivalencewe canfind & suchthat ©¢(tx) C ©%(x). Now let gy = &. We will
shaw that, for ary 0 < ¢’ < g}, 0% (rx) = O%(rx) = O(x). From this it will
follow that (X', ¢) hasPropertyP andthat@(zx) = O (x).

Fix any 0 < &' < g, Since t is anisonmorphismthereexists &’ > 0 such
that 9% (x) C 0% (rx). But 0% (tx) C O%(tx) C O (x). If 0% (x) = O%(x)
thenall the inclusionsmustbe equalities,andwe are done.So it sufficesto shav
O (x) = O(x). If & < g this follows from the definition of &o. But if & > &4
then0®(x) C 0% (x), 0 OF (x) = O*(x). O

4. Examplesand Analysis of the Invariant

For pinwheel [O]o(Xy,) is the group generatedby rotations by /2 and 2
arctan( %); forthevariantof pinwheel[@]o(X,) isthegroupgeneratedby rotations
by /2 and 2arctar(%) [Rag. It is clearthattheseare distinct, so the substitution
tiling systemsarenot equivaent.

Rotationsappeatn moreinterestingwaysin 3-dimensionatilings, for example
thequaquaersal anddite andkart substitutiontiling systemsgdefinedin [CoR]and



INVARIANT FORSUBSTITUTION TILING SYSTEMS 33

[Rag respectiely. Thesesystemsbothsatisfy (v) and thereforePropertyP. Let RY

be arotationabout the x axis by anangleé, with similar notationfor other axes.
If we denoteby G(p, q) the subgroupof SO(3) generatecby RZ"/? and R4, it

can be shown [CoR, RaS] that [O]o(X4,) is the conjugay classof G (6, 4) for the
quaquaersaltilings and[O]o(X 4,,, ) is theconjugay classof G (10, 4) for thedite
andkart tilings. We shall seethat G (6, 4) and G (10, 4) arenot conjugate(indeed
notevenc-equivaent) by usingthe following obviousfact:if thegroupsG andG’

are conjugate(or c-equivalent) and oneof themhasan element of orderm (finite
or infinite) thenthe othermusthave an element of orderm.

Structue Theoemfor G(p,q) [Rag

(@) If p,q > 3areodd,thenG(p, ¢) isisonorphicto the free product

Ly Ly = (o, B:a?, p7). (5)
(b) If p > 4isevenand g > 3isodd,thenG(p, g) hasthepresentation

(a0, Bra?, B, (aP2B)?). (6)
(c) If p>=4iserenand g = 25, s > 3 0dd,thenG(p, ¢g) hasthe presentation

(@, B:al, B2, (@P/?B)%, (af*)?). (7)

(d) If 4 dividesboth p andg, then G(p, q) = G([p, q], 4, where [p, q] denotes
theleastcommonmultiple of p andg.
(e) If 4 dividesm, then G (m, 4) hasthe presentation

(O{, '3’ :O{m’ ,34, (am/Zﬁ)Z’ (06,32)2, (Olm/4b)3>. (8)

In casega), (b) and (c), the isomorphismbetweenthe abstractpresentatiorand
G(p,q) is given by o > RZ"?, B > R¥/4.In case(e) the isonorphism is

similar.

THEOREMA4. (a) K 4 doesnotdivide both p andq thenthe orders of elementsof
finiteorderin G (p, ¢) are {factorsof p}U{factorsof ¢}; (b) If 4 dividesboth p and
q thentheorders of elementof finite orderin G (p, ¢) are {factorsof [p, g1} U {3}.

COROLLARY 2. If p andg are notbothdivisible by 4, and p’ is nota factor of p
or g, then G(p, q) andG(p’, ¢’) are not c-equivalent.

COROLLARY 3. The guaquavesal anddite andkart systers are not equivalent.
Proof of the theoem (a) Assumeg € G(p, g) hasfinite order £ 1. We

know g can be expressedin one of the forms g = A“BP1A%2 A%+ g =
Bb1A“ B2 Bbiii o = BPLA“Bb2 A% or g = A“BP1A% B with all
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0 <aj < p,0< b <gqandn > 1. Within the classof g’ € G(p,q)
which are conjugateto g with respectto G(p, ¢), we assumethat» is minima.
Assumen > 2; we will obtaina contradiction.Since one could conjugatewith
A4, the form A% Bb14% . A% canbe exchangedfor Bb1 A% ... A% andsince
one could conjugatewith B’1, the form B2 A% B2 ... B’ canbe exchangedor
A% Bb2 B andtheform BP1A“Bb2 A% for AMBb1A% Bb So we &
sumethattheformis A“1B"1A% ... B If a; = p/2 (resp.b; = q/2) for any j
thenwe could usetherelation A?/2B? = Bt A?/? (resp.B%/?A% = A~“B%/?) to
reducethe value of n; thusthesevaluesof a; (or b;) cannotoccur But then, by
the structuretheorem g hasinfinite ordet which is a contradiction.Thus» must
equall, and g canbe assuned to be of the form A%, Bt or A% B%1, Consider
ing A“1BP1ARBb A% BP1 the only way A% B%1 could have finite orderis if
a1 = p/2 o by = ¢q/2,in which caseg hasorder 2, and?2 is a factorof p or g.
Finally, the elementsA“ canhave asordersary factorof p andthe elements B’
canhave asordersary factorof 4.

(b) If p andg aredivisible by 4 thenG(p, ¢) = G([p, q], 4), SO we consider
G(m, 4) with m divisible by 4. Using the presentation(8), we canputary g <
G(m, 4) in theform WSTaST“2 ... ST E with § = RZ"*, T = RZ"/",n > 0,
aj # km/4 and with both W and E in the cube group G (4, 4). Assumeg has
finite order 1 and thatin its conjugay class(which of courseall have the same
order),thesmallestvaue of » in theabove representatiois > 2. (We will obtaina
contradictionto this) By conjugationwe eliminate W from g.

Now G (4, 4) canbepartitioned:G (4, 4) = H{UH,;SUH,SU, whereU = RZ"/*
and H, is the 8 elementsubgroupgeneratedy S2 andU. In detail,

Hy ={1,U,U? U3, §%, S?U, S?U?, S?U3). (9)
Samepower of g equalstheidentity element
(STUST ... ST"E)Y(STST*...ST*"E)(...) = e. (20)

We considerthethreecases(i) E € Hy; (i) E € H,SU,; (iii) E € H,S.
(i) ThefactorE in (10)is of theform (§%)?U’ witha = 0,1 andb =0, 1, 2, 3.
Wealter (10) to

[ST“ST .. ST“U VP (52)4] ...
x[STUST? .. STUV(§2)[.. 1 =e, (11)
or
[STAST% .. ST o+ bm/4](g2ay]
X[STUST 2 . STt bm/A (g2ayy — — o (12)

andwe know [RaS] this cannotbethe case So we cannothave E € Hj.
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(ii) E isnow of theform (§?)¢U’SU witha = 0,1 and b = 0, 1, 2, 3. We now
alter(10)to

STUST% . ST+ bm/A(g2ya g7 gTU T2
...ST“E...=e. (13)

Using SUS = USU, (13) becones
STalsT[lg . ST[a,l+(—l)a(b+l)m/4]52[1STa1+m/4ST(12 o

.. STtV Gt m/Alg2a gy L — o (14)

Again,we know [RaS] this cannotbethe case.So we cannothave E € H,SU.
(iil) We cannothave E € H,S andn > 2. Forif we representonjugay by =

g = ST“ST* ... ST"E
= ST“ST ... ST (§?)°U°"S
>~ TagTe ST[a,,-I—(—l)"bm/4](SZ)a-I—l

> ST% ST[a,7+(—1)"bm/4+(—l)a+1(11](SZ)a+l’ (15)

andg is conjugateto aword with smallern.

Thusn = 0o n = 1.n = 0 meansg € G(4,4), and thesehave orders
1,2, 3,4.n = 1meansg isof theform ST E wherea; # km/4and E € G4, 4).
We againconsiderthe threecosetgo which E may belong.As beforewe seethat
cases(i) and (ii) leadto infinite orderfor g. But in case(iii) g is conjugateto
T4(§%)*UbS? = T°($%)¢, which canhave asordersthefactorsof . O

5. Conclusion

We have beenconcernedwith substitutiontilings of Euclideanspacesand have
defined aninvariant for themrelatedto the group generatedy the relative orien-
tationsof thetilesin atiling. This featureis capturedn an intrinsicway by means
of a contractve behavior of the substitution.It is unrelatedto other featuresof
tiling systems such as their topology and we introducethe notion of substitution
dynanical systemto enphasizethe featuresassociatedvith theinvariant.

To distinguishexamples,for instanceto distinguishthe quaquaersal tilings
from the dite andkart tilings, requiresconsiderationof 2-generatorsubgroupsof
SO(3), in particularthe ordersof elementsof such subgroupswhich we analyze.
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