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Abstract. We considertilings of Euclideanspacesby polygonsor polyhedra,in particular, tilings
made by a substitution process,such as the Penrosetilings of the plane. We define an isomorphism
invariantrelatedto asubgroupof rotationsandcompute it for variousexamples.Wealso extendour
anal
 ysis to moregeneral dynamical systems.
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1. In tr oduction, Definitionsand Statement of Results

This paperconcernstilings of Euclideanspacesby polygonsor polyhedra,more
specifically, tilings madeby a ‘substitutionprocess’.Given a substitution rule,
the

�
set of resultanttilings is a topologicalspacewith an actionof the Euclidean

group,� henceadynamicalsystem. Wedevelophereanalgebraicinvariantthathelps
determine

�
when two tiling systemsare equivalent as� dynamical systems. In this

introductionwedefinethenotionsof ‘substitutiontiling system’andof equivalence
betw

�
eentwo suchsystems, and statewhat the invariant is. In subsequentsections

w� e analyzethe invariant, in particularwe show its usein distinguishingbetween
substitutiontilings.

O
�

ur eventualgoalis to associatecertaingroupsto substitutiontilings of Euclid-
ean� � -space.Thesegroups,subgroupsof SO � � � , are generatedby the relative
orientations� of tiles in the tilings, dependon the specific tiling � a� nd on some
specific choices(indexed by an integer � ),

�
andaredenoted�  ! " # . Although $ % & ' (

depends
�

on ) and� * , the dependenceis quite controlled.If + and� , - are� different
tilings

�
with thesamesubstitutionrulewewill show that,undersomemild hypothe-

ses,. / 0 1 2 and� 3 4 5 6 7 8 9 are� conjugateassubgroupsof SO : ; < . Evenwithoutthemild
hypotheses,

=
they areconjugate(in SO> ? @ )

�
to subgroupsof oneanother, acondition

we� call ‘c-equivalence’. So we can associateto a substitutiontiling systemtheA
Research supported in part by NSF GrantNo. DMS-9531584.B B
Research supported in part by NSF GrantNo. DMS-9626698.
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Figure1. Two ‘pinwheel’ tiles.

Figure2. Thesubstitution for pinwheel tilings.

comC mon conjugacy class(or D -equivalenceclass)of the groupsassociatedto the
tilings

�
in thesystem.

What
E

will remain,then,is to show that this conjugacy (or F -equivalence)class
canC be consideredan invariant in a naturalsense.That is, we will show that two
substitutiontiling systemsthatareequivalent asdynamicalsystemshave thesame
classC of groups.We will do this by finding a dynamical descriptionof the class.
For eachG H 0

I
and eachtiling J w� e will define a group K L M N O usingP dynamical

information
Q

only. For R sufficiently small, andfor almost every S , we show thatT U V W X
is conjugateto (or Y -equivalent to) Z [ \ ] ^ for some, andhenceall, choices_

. Theclassof ` a b c d is thusthesameastheclassof e f g h i . Since j k l m n is defined
usingP data that is preserved by dynamical equivalence, the class of o p q r s is

Q
a

dynam
�

ical invariant.
Note

t
that thegroup u v w x y depends

�
only on thegeometryof the tiling z . Since

the
�

classof { | } ~ � is thesamefor every tiling � with� thegivensubstitutionrule,we
canC obtaininformationabouta substitutiontiling systemby looking at any single
tiling

�
in it. So if two substitutiontilings � and� � � gi� ve rise to groups � � � � � and�� � � � � � �

that
�

are not conjugate(or � -equivalent), then � and� � � cannotC belongto
equi� valent substitutiontiling systems.

Beforedefining substitutiontiling systemsin general,we presentan example.
Hopefully

�
, the generaldefinitions will be clearerwith this examplein mind. The

‘pinwheel’ tiling of theplane[Ra1] is madeasfollows. Considerthe trianglesof
Figure1. Divideoneof theminto fivesmall trianglesasin Figure2 andexpandthe
fi

�
gureabouttheorigin by a linearfactorof � 5

�
, producing5 trianglescongruentto

the
�

originals.
R

�
epeat this two-stepprocedure� simultaneouslyfor all the trianglesof the

figure,thenagain,aninfinite numberof times,producinga (pinwheel) tiling � of�
the

�
plane,a portionof which appearsin Figure3. Suchtilings have a hierarchical

structurewhich is of interestfor variousreasons;in particularit leadsto interesting
beha

�
vior of therelative orientationsof tiles within a tiling [Ra3]. For background
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Figure3. Part of apinwheel tiling.

on� relatedrecentwork see[AnP, CEP, DwS, G-S, Kel, Ken,LaW, Min, Moz,Ra3,
R

�
ob,Sad, Sch, Sen, Sol, Tha] andreferencestherein.

Substitution
�

Tiling Systems

W
E

ith thepinwheelexamplein mind, wenow addresssubstitutiontiling systemsin
general.� Let � be

�
a nonempty finite collectionof polyhedrain � (typically 2 or

3) dimensions.Let � �   ¡ be
�

theset of all tilings of Euclideanspaceby congruent
copies,C whichwewill call tiles,of theelementsof (the‘alphabet’) ¢ . We labelthe
‘types’ of tiles by theelementsof £ . Weendow ¤ ¥ ¦ § with� themetric

¨ © ª « ¬ ­ ®
sup¯ 1° ± ² ³ ´ µ ¶ · ¸ ¹ º ´ µ ¶ · » ¹ ¼ ½ (1)

wh� ere ¾ ¿ À Á Â Ã denotes
�

the intersectionof two sets:theclosedball Ä Å of� radius Æ
centeredC at theorigin of theEuclideanspaceandtheunion Ç È of� theboundariesÉ Ê
of� all tiles Ë in

Q Ì
. Í Î is

Q
theHausdorff metricon compactsetsdefinedasfollows.

G
Ï

iven two compactsubsetsÐ and� Ñ of� Ò Ó , Ô Õ Ö × Ø Ù Ú Û maxÜ ÝÞ ß à á â ã á äå æ ç è é ê ë
,

wh� ereìí î ï ð ñ ò ó
supô õ ö inf

Q÷ ø ù ú û ü ý þ ÿ (2)

with� � � � denoting
�

theusualEuclideannormof � . Althoughthemetric � depends
�

on� the locationof the origin, the topology inducedby � is translationinvariant.
A

�
sequenceof tilings converges in the metric � if

Q
and only if its restriction to

e� very compactsubsetof � 	 conC vergesin 
 � . It is not hardto show [RaW] that� 
 � �
(which is automatically nonempty in our applications)is compactandthat

the
�

naturalactionof theconnectedEuclideangroup � � on� � � � � , � � � � � � � � ��  ! " # $ % & ' ( ) * +
, is continuous.

A ‘substitutiontiling system’ is a closedsubset , - . / 0 1 2 satisfyingsome
additional� conditions.To understandtheseconditionswe first needthe notion of
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F
3

igure4. Th
4

esubstitution for pinwheel variant tilings.

‘patches’.A patchis a (finite or infinite) subsetof anelement 5 6 7 8 9 : ; the set
of� all patchesfor a given alphabetwill bedenotedby ; . Next we need,as for the
pinwheels,< an auxiliary ‘substitutionfunction’ = , a mapfrom > to

� ?
, with the

follo
@

wing properties:

(i) There is some constant A B C D 1 such that, for any E F G H and� I J K ,L M N O P Q R S T U V W X
, where Y Z [ \ is the conjugateof ] by

�
the similarity of

E
^

uclideanspaceconsistingof stretchingabouttheorigin by _ ` a .
(ii) For eachtile b c d and� for each e f 1, the union of the tiles in g h i is

Q
congruentC to j k l m n , and thesetiles meetfull faceto full face.

(iii) Foreachtile o p q , r s containsC at leastonetile of eachtype.

C
�

ondition (ii) is quite strong.It is satisfied by the pinwheel tilings only if we
add� additional verticesat midpointsof thelegsof length2, creatingboundariesof
4

t
edges.A similar (minor) adjustmentis neededfor otherexamplesin this paper.

Evenwith suchadjustmentshowever, condition (ii) is not satisfied by thekite and
dart

�
tilings [Gar], or thosewhich mimic substitutiontilings usingso-callededge

markings [G-S, Moz, Ra3]. It is to handlesuch examples that we introducethe
general� developmentof Section3.

DEFINITION. For a given alphabet u of� polyhedraand substitutionfunctionv
the

�
‘substitutiontiling system’ is the pair w x y z { | , where } ~ � � � � � is

Q
the

compactC subsetof thosetilings � w� ith thepropertythatevery finite subpatchof �
is

Q
congruentto a subpatchof � � � for

@
some � � 0 a

I
nd some � � � , and � is

Q
the

naturalactionof � � on� � � . (For simplicity we oftenrefer to � � as� a substitution
tiling

�
system.)

One
�

planar exampleof a substitution tiling systemis basedon the pinwheel
substitutionof Figure2. A slight variantof thepinwheelis definedby the1-3-� 10
right� triangleand its reflection,andthesubstitutionof Figure4.

Two furtherspecialconditionswhich wewill occasionallyimposeare:

(iv) A tiling in � � canC only be tiled in oneway by supertilesof level � , for any� � 1.
(v) For every � � � , thereexists �   ¡ 0 s

I
uch that ¢ £ ¤ ¥ containsC a tile ¦ § , of the

same typeas ¨ , and parallelto © .

W
E

e noteherethat with the convention that patchesof the form ª « ¬ are� called
‘supertiles’of ‘level’ ­ and� ‘type’ ® , it iseasyto show by adiagonalargumentthat,
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for
@

each̄ ° 0,
I

eachtiling ± is
Q

tiled by supertilesof level ² [Ra3]. A supertileof
level 4 for thepinwheelis shown in Figure3.

F
³

inally, let´ µ ¶ · ¸ ¹ º » ¼ ½ ¾ ¿ À Á Â Ã Ä Å Â Ã Æ Ç È É
for

@
all Ê Ë 0

I Ì
and� Í Î Ï Ð Ñ Ò Ï Ð Ó Ô Õ Ö× Ø Ù 0

I Ú Û
W

E
ecall sucha family of setsa ‘local contractingdirection(at Ü )’.

�
Our

�
goalis to defineanotionof equivalencefor substitutiontiling systems,and

an� invariant for thatequivalence.For theequivalenceweuse:

DE
Ý

FINITION. Thesubstitutiontiling systemsÞ ß à 1 á â 1ã and� ä å æ
2 ç è 2 é are� ‘equiv-

alent’� if there are subsetsê ë ì í î ï , invariant under ð ñ and� of measurezero
with� respectto all translationinvariant Borel probability measureson ò ó ô , and
a� one-to-one,onto,Borel bimeasureablemap õ ö ÷ ø 1 ù ú 1 û ü ý 2

þ ÿ �
2, suchthat:

(a) � � � 1 � � 2
� � �

;
(b) for each	 
 � 1 � 


1, � � 0 a
I

nd � � � 0,
I

thereexist �� � 0 a
I

nd �� � � 0 s
I

uch that� � � �� �  ! " # $ % & ' ( )
, and * + 1 , - ./ 0 1 2 3 4 5 6 7 8 9 : ; <

.

W
E

ecall suchamap = an� ‘isomorphism’.
This notion of equivalenceis strongerthansimply intertwining the actionsof> ?
. This is appropriate;it hasbeenknown at leastsince [CoK] that substitution

subshiftsshow almostnoneof their richnessif consideredmerelyassubshifts.So
in classifyingtilings that have a hierarchicalstructurewe make somefeatureof
that

�
hierarchicalstructurepart of our notionof equivalence.

To define an invariantwe extract informationfrom the local contractingdirec-
tions.

�
Since the local contractingdirections are preserved by equivalence,such

information
Q

is manifestly invariant. We defineherethe invariant.In latersections
we� relateit to directly computablequantities(the @ A B C D )

�
and demonstrateits use

in
Q

distinguishingbetweentiling dynamicalsystems.
C

�
onsider E F as� the semidirect productof SO G H I with� J K , with L M N O P Q R

denoting
�

a rotation S about� the origin followed by a translationT . Thenconsider,
for

@
any substitutiontiling system U V and� W X 0:

I
Y Z [ \ ] ^ _ ` a

SOb c d e there
�

exists f suchthat g h i j k l m n o p q r s t u
No

t
w let v w x y z be

�
the subgroupof SO { | } generated� by ~ � � � � . The corollary to

Theorem2 shows that the conjugacy classof � � � � � is independentof � and� �
(when small enough)for substitution tiling systemssatisfying(iv) and (v). The
conjugacC y classof � � � � � is

Q
thereforean invariantof the tiling dynamicalsystem,

not just a featureof theindividual tiling � .

2. TheGroup of Relative Orientations

The group � � � � � generated� by � � � � � is not directly computable.In this section
we� remedythis by constructing,for a substitutiontiling system,a more easily
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F
3

igure5.

comC putablegroup � � � � � relatedto therelativeorientationsof thetiles in thesingle
tiling

� �
. Thegroup   ¡ ¢ £ ¤ is thenshown to beconjugateto ¥ ¦ § ¨ © .

Gi
Ï

ven atiling ª and� sometile « of� type ¬ in
Q

it, let ­ ® ¯ ° ± ² ³ ´ SOµ ¶ · be
�

theset
of� relative orientationswith respectto ¸ of� thetilesof type ¹ in º ; that is, » ¼ ½ ¾ ¿ À Á
is

Q
the set of rotationsof Â which� bring a tile of type Ã parallel< to (the fixed) Ä .

The group generatedby Å Æ Ç È É Ê Ë is easily seento be generatedby the relative
orientations� betweenall� pairs< of tiles of type Ì in Í ; in particularit is independent
of� Î , and wedenoteit by Ï Ð Ñ Ò Ó . Furthermore,

LEMMA
Ô

1. If
Õ Ö ×

has
Ø

a tile Ù Ú ofÛ type Ü parÝ allel to the tile Þ in ß , tà hen á â ã ä å æç è é ê ë ì
.í For any îï ,à ð ñ ò óô õ is conjugateto ö ÷ ø ù ú .í

P
û

roof. F
³

irst notethat ü ý þ ÿ � is
Q

generatedby therelative orientationsbetween�
and� all othertiles of type � in � . So considerthegenerator� of� � � � � 	 wh� ich is the
relative orientationof a tile 
 with� respectto � in � . Wewill show that 
 � � � � � � � ,
from

@
which it follows that � � � � � � � � � � �  . By symmetry, we would thenhave! " # $ % & ' ( ) * + ,

, and hence- . / 0 1 2 3 4 5 6 7 8 .
F

³
rom the definition of substitutiontilings, the tiles 9 and� : canC be thoughtof

as� belongingto somesupertile ; of� level < (althoughnot all of = needexist in> ).
�

Since ? @ is tiled by supertilesof level A , thereis a supertile B C of� level D in E F
containingC a pair of tiles, G H H and� I J J , which have the samepositionsrelative to K L
as� do M and� N relative to O . SeeFigure5.

Le
Ô

t P Q be
�

the relative orientationof R S S with� respectto T U U . Then V W X Y 1Z [ \
wh� ere ] is the relative orientationof ^ _ with� respectto ` . But a is thenalsothe
relative orientationof b c c with� respectto d , which is the sameas that of e f f with�
respectto g h , and i is thus an element of j k l m n o . But then p is an element ofq r s t u v

, asclaimed.
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If
w xy is

Q
any tiling at all, z { | } ~ and� � � � �� � are� conjugateby anelementof SO � � � ,

namelya rotationwhich makes a tile of type � in �� parallel< to onein � . �
Finally weconsiderthedependenceof � � � � � on� � .

DEFINITION. Two subgroupsof SO � � � are� ‘ � -equivalent’ if eachis conjugate(in
SO� � � )

�
to a subgroupof theother. (Note that in SO(2) � -equivalenceis thesame

as� identity.)

LEMMA
Ô

2. F
�
or anytilings � � ��   ¡ ¢ and� tile types£ and� ¤ ,à ¥ ¦ § ¨ © is ª -equivalent

to
« ¬ ­ ® ¯° ± .í

Proof. By Lemma1 it issufficient toshow that ² ³ ´ µ ¶ and� · ¸ ¹ º » are� ¼ -equivalent.
Consider

�
any two tiles ½ and� ¾ of� type ¿ in

Q À
, and let Á be

�
therelativeorientationofÂ

with� respectto Ã . After onesubstitutionÄ and� Å gi� veriseto tiles Æ Ç and� È É of� typeÊ
in

Q
thetiling Ë Ì . Therelativeorientationof Í Î with� respectto Ï Ð is

Q
againÑ , since Ò

tak
�

eseachpartof Ó onto� thecorrespondingpartof Ô . Applying thisconstructionto
all� thegeneratorsof Õ Ö × Ø Ù , we seethat Ú Û Ü Ý Þ is

Q
a subgroupof ß à á â ã ä . Similarly,å æ ç è é

is a subgroupof ê ë ì í î ï . But ð ñ ò ó ô andõ ö ÷ ø ù ú areõ conjugateto û ü ý þ ÿ �
andõ � � � � � � , respectively, so � � 	 
 � andõ � 
 � � � areõ conjugateto subgroupsof each
other� . �
LEMMA

�
3. A

�
ssume � satisfies� (v). Then � � � � � � � � �  ! .í

Proof. Let " # $ % & % . Since the tilings defined by ' ( areõ the same as those
defi

)
ned by * w+ e can,without lossof generality, assume, - 1, so that . / con-0

tains
1

tiles parallel to every tile of 2 . Then,by Lemma 1, 3 4 5 6 7 8 9 : ; < = > andõ? @ A B C D E F G H I J
. But wehaveshown that K L M N O P Q R S T U V andõ W X Y Z [ \ ] ^ _ ` a b ,

so c d e f g h i j k l m . n
To summarize:FromLemmas1 and2 wecanassociateasubgroupof SO o p q to

1
anõ y substitutiontiling system,uniquelydefinedup to r -equivalence.If thesubsti-
tution

1
tiling systemsatisfies(v), Lemma3 showsthatthegroupis uniquelydefined

ups to conjugacy.
Before we canusethesegroupsasan invariant for equivalenceof substitution

tiling
1

systemswe must refer to the relative orientationsin a more fundamental
w+ ay. Our next goal is to connectthis group with the invariant introducedat the
endt of Section1. Theessentialobservation is that, if tilings u vw x agreeõ in some
neighborhoody of the origin in Euclideanspace,then z { andõ | } will+ agreein a
larger neighborhoodof the origin, so we typically expect ~ � � � � � � � � ~ � � � � � .
W

�
earethusledto aquantityintroducedearlier. Foreach� in

�
thesubstitutiontiling

system� � andõ for each� � 0,
�

consider:
� � � � � � � � � � � � � � � � � � � �   ¡ ¢ £

for
¤

all ¥ ¦ 0
� §

andõ ¨ © ª « ¬ ­ ª « ® ¯ ° ±² ³ ´ 0
� µ ¶

(3)
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THEOREM
·

1. A
¸

ssumea substitutiontiling system¹ º .í
(a) Givenany » ¼ 0

�
ther½ e exists ¾ ¿ 0

�
sucÀ h that Á Â Ã Ä Å Æ Ç È É Ê Ë Ì Í impliesÎ Ï Ð Ñ Ò Ó Ô .

(b) Thereexists Õ Ö 0
�

sucÀ h that, for every × Ø Ù Ú ,à Û Ü Ý Þ ß à á andâ everytile ã ä å
that½ meetstheorigin, there is a tile æ ç è é that½ exactly coincideswith ê .

Proof. (a) is immediatefrom the form of the metric. Theproof of (b) requires
the

1
following two lemmas.

LEMMA
ë

4. F
�
or every ì í 0

�
andâ every neighborhoodî ofï the identity in ð ñ

ther
½

eexists ò ó 0
�

withô thefollowing property:Let õ ö õ ÷ ø ù ú û ü be
ý

anytwotilings
withô þ ÿ � � � � � � � ,à andlet � be

ý
a tile of � that½ is containedin � 	 . Tí hen 
 � contains�

aâ tile 
 � ofï theform � � � whô ere � � � .í
P

û
roof. Le

ë
t � � 0

�
be such that for each� � � some ball of diameter � lies

�
in

the
1

interior of � . Fix some � � � 0 ! " #
3$ andõ define the heart % & ' ( ) of� * + , asõ- . / 0 1 2 3 4 5 6 7 8

for all 9 : ; < = . By thecorridor > ? @ A B of� a tiling C wD e mean
the

1
complementof E F G H I J K L M . Let N be

O
the largestof thediametersof all P Q R .

W
S

ithout lossof generality, wecanassumeT U V .
W

S
ith this notationwe notethat if W X Y Z Y [ \ ] ^ _ ` a b c d weD have e f g h i j kl m n o p q

andõ r s t u v w x y z { | } ~ . So if � � 0
 

eachtile in � in
� � �

is
�

closelyapproxi-
matedby sometile in � � andõ vice versa.In particularit now follows that for small
enought � , if � � � � � � � � � then

1
thetiles � � � � � must� beof thesametypeasthetiles� � � the

1
y approximate,and in factsatisfy � � � � � � withD � �   . ¡

LEMMA
ë

5. Fo
�

r each ¢ £ 0
 

ther½ e is a neighborhood¤ ¥ ofï the identity in ¦ §
withô thefollowing property: If ¨ is a tile in © ª andâ «

1 andâ ¬
2 arâ edistinct elements

ofï ­ ® , t¯ hen ° ± 1 ² andâ ³ ´ 2 µ oï verlap but are distinct. In particular, it is impossible
for

¶ · ¸
1 ¹ andâ º » 2

¼ ½
to½ bothbe tiles in thesametiling.

P
¾

roof. T
¿

his follows from thecontinuityof theactionof À Á on� tiles,andthefact
that

1
polyhedrado not admitinfinitesimalsymmetries. Â

W
S

e now return to the proof of Theorem1. Pick Ã Ä Å andõ let Æ Ç be
O

as in
Lemma 5. Pick a smaller boundedneighborhoodÈ É Ê Ë of� the identity of Ì Í
withD thepropertythat Î Ï Ð Ñ Ò Ó Ô implies

� Õ Ö × Ø Ù Ú Û Ü Ý Þ ß
. Then pick à small enough

that
1

Lemma4 applies.
Let á be

O
a tile of â containing0 theorigin. By Lemma4 thereis a tile ã ä in å of�

the
1

form æ ç è withD é ê ë ì í î ï ð ñ ò ó ô . Wewill show that õ ö÷ 0
 

impliesthat,for
someø , ù ú û ü ý þ û ü ÿ � � � , while � � 0,

 � �� 0
 

impliesthatlim � 	 
 � � 
 � � � 
 � � � ��
0.

 
This will completetheproof.
Note

�
that � � � � � � � � � �  ! " # $ % & ' . If ( )* 0,

+
pick , suchthat - . / 0 1 2 3 4 5 is outsidethe

neighborhood6 bu
O

t in 7 8 . Let 9: be
O

atile of ; < = containing0 theorigin. Thenthere
is a tile >? @ A B C D E F G H I J K LM in N O P . But by Lemma5 this meanstherecannotbea tile
of� theform Q R ST in U withD V W X . By Lemma4 this meansthat Y Z [ \ ] ^ [ \ _ ` a b .
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If
c d e

0 t
+

hen f g h i j k l m n 0o p q r s
. If t uv 0,

+
for every tile wx y z { | containing0 the

origin� thereis a tile }~ � � � � � � o� verlappingit andwith relative orientation� , which
im

�
pliesthatthedistancebetween� � � andõ � � � wD ill not go to zero. �

R
�

ecall thefollowing quantityfrom Section1

� � � � � � � � �
SO� � � � there

1
exists � suchthat � � � �   ¡ ¢ £ ¤ ¥ ¦ § ¨ © ª (4)

Le
ë

t « ¬ ­ ® ¯ be
O

thegroupgeneratedby ° ± ² ³ ´ . Assumingµ small enoughfor Theorem
1(b), we see that every ¶ · ¸ ¹ º » ¼ is the relative orientationof a tile of ½ withD
respectto a correspondingtile of ¾ nearthe origin. By Theorem1(a), if ¿ is a
reÀ gion of Á containing0 Â Ã , and if Ä Å is

�
any region of Æ congruent0 to Ç , then È É Ê Ë Ì

includestherelative orientationof Í Î to
1 Ï

.
C

Ð
onsiderthefollowing property.

PROPERTY F. Thesubsetof tilings Ñ ,Ò for which everyfixedfiniteball Ó ofÔ Euclid-
eanÕ spaceis containedin somesupertile of finite level in Ö , iÒ s of full measure for
eÕ verytranslationinvariant measure on × Ø .Ù

W
Ú

e will prove thatPropertyF holdsfor a large classof interestingsystems,at
least thosesatisfying condition (iv). This assumption,which implies that Û is a
hom

Ü
eomorphismon Ý Þ , is satisfied by all known nonperiodicexamples. In fact it

is automaticallytruefor asystemthatcontainsnonperiodictilings andin whichthe
tiles

1
only appearin finitely many orientationsin any tiling [Sol].

If
c

a tiling containstwo or moreregionseachtiled by supertilesof level ß for
¤

allà á 0,
+

wecall theseregionssupertilesof infinite level. Recallthatany tiling istiled
by

O
supertilesof any finite level â . If a ball in a tiling ã f

¤
ails to lie in anyä supertile

of� any level å , then æ is tiled by two or moresupertilesof infinite level, with the
of� fending ball straddlinga boundary. (One can constructa pinwheel tiling with
tw

1
o supertilesof infinite level as follows.Considertherectangleconsistingof two

supertilesof level ç è 1 in themiddleof asupertileof level é . For eachê ë 1 orient
sucha rectanglewith its centerat theorigin andits diagonalon the ì -axis,andfill
out� the restof a (non-pinwheel) tiling í î by

O
periodicextension.By compactness

this
1

sequencehasa convergent subsequence,which will be a pinwheeltiling and
whichD will consistof two supertilesof infinite level.)

W
Ú

enow use the aboveto prove:

LEMMA 6. For a substitutiontiling systemsatisfying(iv), let ï be
ð

thesetof tilings
in which someball doesnot lie within a supertileof anylevel ñ .Ù ò has

ó
zero measure

wô ith respectto anytranslationinvariant measure on õ ö .Ù
Proof. W

Ú
eonly givetheproof for dimension÷ ø 2.Notefirst thattheboundary

of� a supertileof infinite level must be either a line, or have a single vertex, since
it is tiled by supertilesof all levels and thereforecannotcontain a finite edge.
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F
ù

urthermore,for a given substitutionsystemthereis a constant ú suchthat no
tiling

1
in it containsmorethan û vü erticesof supertilesof infinite level; specifically,

one� cantake ý þ 2
ÿ � � �

whD ere � is
�

thesmallestangleof any of theverticesof the
tiles.

1
N

�
ext we fix some orthogonalcoordinatesystemin theplaneanddecompose�

into disjoint subsetsas follows. Let � � � 0	 

1� � 
 0	 �

1� be
O

the‘half open’unit edge
squarein � 2. Let � � be

O
thetranslateof � by

O
thevector � . Let � � be

O
thesubsetof �

consisting0 of tilings containingverticesof supertilesof infinite level. For � � � � weD
choose0 a vertex � � � � by

O
lexicographicorder: we choosethat vertex which in the

gi ven coordinatesystemhasthe largestfirst coordinate;if thereis more thanone
wD ith that coordinatewe choosethe onewith the largestsecondcoordinate.Then
wD e decompose! " # $ % & 2 ' ( ) * + , where , - . / 0 1 2 3 4 5 if 6 7 8 9 : ; < . It is easyto
seethateach= > ? @ A is

�
measurable,andthatthey aretranslatesof oneanotherso they

musthave zeromeasurewith respectto any translationinvariantmeasure.
T

¿
hetilings B C D E F G contain0 two supertilesof infinite level, eachoccupying a

half plane.Next wedecomposeH I J K L M N O P Q R S T U V W XY whD ere Z [ \ ] ^ _ ` a b if the
boundary

O
betweenthesupertilesof infinite level crossesthefirstaxisin c d e d f 1g ,

andõ h i j k l m n o pq if theboundarybetweenthesupertilesof infinite level isparallel
to

1
thefirst axis and crossesthesecondaxis in r s t s u 1v . Note thatall setsw x areõ

translates
1

of oneanother, andall setsy z{ areõ translatesof oneanother, so | } ~ � has
Ü

zeromeasurewith respectto any translationinvariantmeasure. �
THEOREM2. For any substitutiontiling system� � satisfying� (iv), there exists�

0
o � 0

	
suc� h that for all � � � 0	 � �

0
o � ,Ò and for almostevery tiling � � � � ,Ò � � � � �

is � -equit valent to� � � � � � for
�

some (and therefore any) � .Ù Up to conjugacy, � �   ¡ ¢
is independentof £ . FÙ urthermore, if ¤ satisfies� (v) then ¥ ¦ § ¨ © ª « ¬ ­ ® ¯ for

�
some

(and
°

therefore any) ± .Ù
Proof. From Theorem1(b) it follows that, for small ² , ³ ´ µ ¶ · is containedin¸ ¹ º » ¼

, where ½ is the type of any of the tiles of ¾ whichD meetthe origin. On the
other� hand,let ¿ correspond0 to À in

�
Theorem1(a).By Lemma6, for almostevery Á

there
1

is some Â suchthatthetiles which intersectÃ Ä areõ containedin somesuper-
tile

1 Å
of� level Æ in

� Ç
. Let È be

O
thetypeof É . It followsfrom Theorem1(a)that Ê Ë Ì Í Î Ï

is asubgroupof Ð Ñ Ò Ó Ô , where Õ Ö × Ø Ù Ú Û . But Ü Ý Þ ß à á andõ â ã ä å æ areõ ç -equivalent,
so è é ê ë ì is

�
conjugateto a subgroupof í î ï ð ñ ò , and thereforeis conjugateto a

subgroupof ó ô õ ö ÷ . So ø ù ú û ü andõ ý þ ÿ � � areõ � -equivalent. By Lemma 1, � � � � � is,
ups toconjugacy, independentof � . If 	 satisfies(v), then
 � � 
 � � � � � � � � � � � � � � .
Since � � � �  ! " # $ % & ' ( ) * + , - . / 0 1 2 3 , 4 5 6 7 8 9 : ; < = > . ?
COR

Ð
OLLARY 1. F

@
or each substitution tiling systemsatisfying (iv) the groupA B C D E

is uniquelydefinedup to F -equivalence, for almostall tilings G ,Ò andall small
enoughÕ H ,Ò thusthe I -equivalenceclassof thegroupis aninvariant for equivalence.
F

@
urthermore, among substitutiontiling systems also satisfying(v), the conjugacy

classJ of this subgroupof SOK L M is an invariant for equivalence.
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3
N
. Abstract Substitution Systems

In
c

goingfrom Lemma2 to Theorem2 weseethatwecanassociatewith eachsub-
stitutiontiling systema O -equivalenceclassof subgroupsof SO P Q R in areasonably
fundam

¤
ental way. Wearenow readyto relaxthehypotheses.

DEFINITION. A ‘substitution(dynamical)system’ is a quadrupleS T U V U W U X Y Z [
consisting0 of a compactmetric space\ on� which there is a continuousaction] ^ _ ` a b c d e f g h i j k l m n

of� o p andõ a homeomorphism q r s t u
suchthat v w x y z { | } ~ � � � � for

¤
all � , where � � � � is

�
the conjugateof � by

O
the

similarity of Euclideanspaceconsistingof stretchingabouttheorigin by � � � � 1.
Substitutiontiling systemsarespecialcasesof substitutionsystems.Themap�

is
�

not intrinsic to thesubstitutiontiling system � � � � � � since,for tiling systems,�
andõ � � leadto the sameset of tilings; so equivalenceof such systemsshouldnot
be

O
requiredto intertwinetheactionsof themaps� . Theobjects� � � � � , � � �   ¡ andõ¢ £ ¤ ¥ ¦

areõ well-definedin ourabstractsetting.Motivatedby thelastsection,weuse
the

1
following notionof equivalence.

DE
§

FINITION. The substitutionsystems̈ © 1 ª « 1 ¬ ­ 1 ® ¯ ° 1 ± ² andõ ³ ´ 2 µ ¶ 2 · ¸ 2 ¹ º » 2 ¼ ½
areõ ‘equivalent’ if therearesubsets¾ ¿ À Á Â , invariantunder Ã Ä andõ of measure
zerowith respectto all translationinvariantBorelprobabilitymeasureson Å Æ Ç , and
aõ one-to-one,onto,Borel bimeasureable‘isomorphism’ È É Ê 1 Ë Ì

1 Í Î 2 Ï Ð
2

Ñ , such
that

1 Ò Ó Ô 1 Õ Ö 2
Ñ × Ø

. Furthermore,Ù mustrespectthe‘local contractingdirections’Ú Û Ü Ý Þ
. Respectingthelocalcontractingdirectionsmeansthat,for eachß à á 1 â ã

1,ä å 0 a
	

nd æ ç è 0,
	

thereexist éê ë 0 a
	

nd ìí î ï 0
	

suchthat ð ñ ò óô õ ö ÷ ø ù ú û ü ý þ ÿ
, and� � 1 � � �� � � � 	 
 � � 
 � � � � �

.

It
c

is easyto seethatfor thespecialcaseof substitutiontiling systemsthisnotion
of� equivalencereducesto thatpreviously defined.Wewill now introducean invari-
antõ for equivalencewhichreducesto theclassof subgroupsof SO� � � wD efoundfor
substitutiontiling systems.Wenotethatthisallowsusto generalizeourdiscussion
of� substitutiontiling systemsto include tiling systemswhich do not quite fit the
conditions0 of Section2. In particular, our analysisappliesto the various versions
of� Penrosetilings of theplane,suchasthekite anddart tilings, boththesubstitution
vü ersion and theversionwith edgemarkings[Gar, Ra3], andto thevarious tilings
discussed

)
in [G-S, Moz].

W
Ú

ewill needto introducea few moredefinitions.Giventwo subgroups� 1 andõ
�

2 of� SO � � � weD write � 1 � � 2 if
� �

1 is
�

conjugate(by an element of SO �  ! )
"

to
1

a subgroupof # 2. The binary relation $ lifts in an obvious way to a partial
ordering� on thesetof % -equivalenceclasses.Wedenoteby ‘lower bound’to aset &'
of� subgroupsof SO ( ) * anõ y + -equivalenceclassof groups, eacht of which satisfies- . /

for all 0 1 23
. It isalmostimmediatethat 4 5 6 7 8 9 : ; < = > ? if @ A @ B . ForeachC D E weD define FG H I J

asõ theset of all lower boundsof thefamily K L M N O P Q R S 0
	 T

;
it is nonempty sinceit containsU V W . Notethattheset XY Z [ \

is aninvariant for substi-
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tution
1

systems– if ] is anisomorphismthen ^_ ` a b c d ef g h i
for almostevery j . For

substitutiontiling systems,thesets kl m n o
ha

Ü
ve uniquegreatestelementswhich are

constant0 for almostevery p withD respectto every translationinvariantmeasure.In
the

1
lattercase,where qr s t u

hasan almosteverywhereconstantgreatestelement,we
denote

)
thisgreatestelement by v w x y z { . Notethat | } ~ � � � is

�
a � -equivalenceclass,

unliks e � � � � � , which is a specific group.We have thusgeneralizedtheanalysisof
substitutiontiling systemsto themoregeneralsetting.

Aswith substitutiontiling systems,wecanavoid theuseof � -equivalenceclasses
for systemswith aspecialproperty.

PROPERTY P. For almostevery � ther� e existsan � � 0
	

suc� h that, if 0
	 � � � � �

,Ò
then� � � � � � � � � � � � � .Ù

Note
�

that, by Theorem2, any substitutiontiling systemthat satisfies (v) also
satisfies Property P. If a substitution systemsatisfies Property P, we can define� � �  

to
1

be ¡ ¢ £ ¤ ¥ for ¦ sufficiently small.If theconjugacy classof § ¨ © ª is almost
et verywhereconstant,wedefine « ¬ ­ 0

o ® ¯ ° to
1

bethatconjugacy class.Thepreviously
defi

)
ned ± ² ³ ´ µ ¶ is,

�
of course,the · -equivalenceclassof ¸ ¹ º 0

o » ¼ ½ .

THEOREM
¿

3. Suppose
¾ ¿ À 1 Á Â 1 Ã Ä 1 Å Æ Ç 1 È É andä Ê Ë 2 Ì Í 2 Î Ï 2 Ð Ñ Ò 2 Ó Ô arä e equivalent

substitution� systems,with thenotationof thedefinition.Then if Õ Ö 1 × Ø 1 Ù Ú 1 Û Ü Ý 1 Þ ß
satisfies� PropertyP sodoes à á 2 â ã 2 ä å 2 æ ç è 2 é ê .Ù Furthermore, for almost every ë ìí 1,Ò î ï ð ñ ò ó ô õ ö ÷ .Ù In particular, if ø ù ú û is almosteverywhereconstantupto con-
jugacy

ü
then ý þ ÿ � �

is almosteverywhereconstantupto conjugacyand � � � 0
o � � 2

Ñ � �
	 
 �

0
o � 
 1 � .Ù
Proof. Let � be

O
a genericpoint of � 1. Since � � 1 � � 1 � � 1 � � � 1 � � hasPropertyP

wD e canfind � 0
o � 0

	
suchthat,for 0 � � � � 0

o ,  ! " # $ % & ' 0
( ) * + , - . / 0

. From the
equit valencewe canfind 12 suchthat 3 45 6 7 8 9 : ; <

0
( = > ?

. Now let @ A0o B CD . We will
show that, for any 0 E F G H I J0o , K L M N O P Q R S T U0( V W X Y Z [ \ ] ^ . From this it will
follo

¤
w that _ ` a b c d e has

Ü
PropertyP and that f g h i j k l m n o .

Fix any 0 p q r s t u0o . Since v is an isomorphism thereexists wx y z 0 s
	

uch
that

{ | }~ � � � � � � � � � � � �
. But � � � � � � � � � � �0� � � � � � � � 0

� � �  
. If ¡ ¢£ ¤ ¥ ¦ § ¨ © ª

0
� « ¬ ­

then
®

all the inclusionsmustbeequalities,andwe are done.So it sufficesto show¯ °± ² ³ ´ µ ¶ · ¸
0

� ¹ º »
. If ¼½ ¾ ¿ À

0
o this

®
follows from thedefinition of Á 0

o . But if ÂÃ Ä Å Æ
0

o
then

® Ç È
0

� É Ê Ë Ì Í ÎÏ Ð Ñ Ò Ó
, so Ô ÕÖ × Ø Ù Ú Û Ü Ý

0
� Þ ß à

. á
4.

â
Examplesand Analysis of the Invariant

For pinwheel ã ä å 0
o æ ç è é ê is the group generatedby rotations by ë ì 2 and 2

arctaní î 1
2

Ñ ï ; for thevariantof pinwheel ð ñ ò 0
o ó ô õ ö ÷ is thegroupgeneratedby rotations

by
ø ù ú

2 and 2arctanû 1
3 ü [RaS]. It is clearthat theseare distinct,so thesubstitution

tiling
®

systemsarenot equivalent.
Rotationsappearin moreinterestingwaysin 3-dimensionaltilings, for example

the
®

quaquaversalanddite andkartsubstitutiontiling systems,definedin [CoR]and
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[RaS] respectively. Thesesystemsbothsatisfy (v) andthereforePropertyP. Let ý þÿ
be

ø
a rotationabout the � axisí by anangle

�
, with similar notationfor otheraxes.

If
c

we denoteby � � � � � � the
®

subgroupof SO(3) generatedby � 2	 
 �� andí 
 2� � �� , it
c� an be shown [CoR, RaS] that � � � 0

� � � � � � is theconjugacy classof � � 6� �
4 for the

quaqua! versaltilings and " # $ 0
� % & ' (

&
) * + is

,
theconjugacy classof - . 10/ 4

0 1
for

2
thedite

andí kart tilings. We shall seethat 3 4 6� 5
46 andí 7 8 109 4: areí not conjugate(indeed

not; even < -equivalent) by usingthefollowing obviousfact: if thegroups = andí > ?
areí conjugate(or @ -equivalent) and oneof themhasan element of order A (finite
orB infinite) thentheothermusthave an element of orderC .

Structur
D

e Theoremfor G(p,q) [RaS]

(a) If E F G H 3 are odd,then I J K L M N is
,

isomorphic to thefreeproduct
O P Q R S T U V W X Y Z [ \ ] ^ _ `

(5)

(b) If a b 4 i
0

s even and c d 3 is odd,then e f g h i j has
k

thepresentation
l m n o p q r s t u s v q r w 2

Ñ x y
2

Ñ z {
(6)

(c) If | } 4 is even and ~ � 2� , � � 3 odd,then � � � � � � hasthepresentation
� � � � � � � � � � � � � � � 2� � 2 � � � � � � 2� � (7)

(d) If 4 dividesboth � andí   , then ¡ ¢ £ ¤ ¥ ¦ § ¨ © ª « ¬ ­ ® ¯ 4
0 °

, where ± ² ³ ´ µ denotes
¶

the
®

leastcommonmultiple of · andí ¸ .
(e) If 4 divides ¹ , then º » ¼ ½ 4¾ hasthepresentation

¿ À Á Â Á Ã Ä Å Æ Ç 4 È É Ê Ë Ì 2 Í Î 2 Ï Ð Ñ Ò 2 Ó 2 Ô Õ Ö × Ø 4 Ù Ú 3 Û Ü (8)

In cases(a), (b) and (c), the isomorphismbetweenthe abstractpresentationandÝ Þ ß à á â
is

,
given by ã ä å æ 2

ç è é êë , ì í î ï 2
ç ð ñ òó . In case(e) the isomorphism is

similar.

THEOREM
ô

4. (a) If
õ

4 doesnot divideboth ö and÷ ø thenù theorders of elementsof
finite

ú
order in û ü ý þ ÿ � ar÷ e � factorsof � � � � factorsof � � ;� (b) If 4 dividesboth 	 and÷


 thenù theordersof elementsof finiteorder in � � 
 � � � ar÷ e � f
2
actorsof � � � � � � � � 3� .�

COR
�

OLLARY 2. If � and÷ � ar÷ enotbothdivisible by4,� and  ! is nota factor of "
or# $ , t� hen % & ' ( ) * and÷ + , - . / 0 1 2 ar÷ e not 3 -equivalent.

COR
�

OLLARY 3. Thequaquaversal anddite andkart systems arenot equivalent.

P
4

roof of the theorem. (a) Assume5 6 7 8 9 : ; < has
k

finite order => 1. We
know ? can� be expressedin one of the forms @ A B C 1 D E 1 F G 2 H H H I J K L 1, M NO P

1 Q R 1 S T 2
U V V V W X Y Z

1, [ \ ] ^ 1 _ ` 1 a b 2
U c c c d e f

orB g h i j 1 k l 1 m n 2
U o o o p q r

, with all
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0
s t u v t w

, 0 x y z x { andí | } 1. Within the class of ~ � � � � � � � �
which� are conjugateto � with� respectto � � � � � � , we assumethat � is minimal.
A

�
ssume� � 2;

�
we will obtain a contradiction.Sinceone could conjugatewith� �

1, the form � � 1 � � 1 � � 2
U � � � � � �

can� be exchangedfor   ¡ 1 ¢ £ 2
U ¤ ¤ ¤ ¥ ¦ §

andí since
oneB could conjugatewith ¨ © 1, the form ª « 1 ¬ ­ 1 ® ¯ 2 ° ° ° ± ² ³ can� be exchangedfor´ µ

1 ¶ · 2 ¸ ¸ ¸ ¹ º » , and the form ¼ ½ 1 ¾ ¿ 1 À Á 2 Â Â Â Ã Ä Å for Æ Ç 1 È É 1 Ê Ë 2 Ì Ì Ì Í Î Ï . So we as-
sumethat the form is Ð Ñ 1 Ò Ó 1 Ô Õ 2

U Ö Ö Ö × Ø Ù
. If Ú Û Ü Ý Þ 2 (resp.ß à á â ã 2) for any ä

then
®

we couldusetherelation å æ ç 2 è é ê ë ì í î ï ð 2 (resp.ñ ò ó 2 ô õ ö ÷ ø ù ú û ü 2) t
ý

o
reducethe value of þ ; thusthesevaluesof ÿ � (or � � )

ý
cannotoccur. But then,by

the
®

structuretheorem, � has
k

infinite order, which is a contradiction.Thus � mu� st
equal� 1, and � can� be assumed to be of the form � 	 1, 
 � 1 orB � 
 1 � � 1. Consider-
ing � � 1 � � 1 � � 1 � � 1 � � � � � 1 � � 1, the only way � � 1 �  1 could� have finite order is if!

1 " # $ 2 o
%

r & 1 ' ( ) 2,
%

in which case* has
k

order 2, and2 is a factorof + orB , .
Finally, theelements - . 1 can� have asordersany factorof / andí theelements 0 1 1

can� have asordersany factorof 2 .
(b) If 3 andí 4 areí divisible by 4 then 5 6 7 8 9 : ; < = > ? @ A B C 4D , so we considerE F G H

4
I J

with� K di
¶

visible by 4. Using the presentation(8), we can put any L MN O P Q
4R in theform S T U V 1 W X Y 2

U Z Z Z [ \ ] ^ _
with� ` a b 2c d 4e , f g h 2i j kl , m n 0,

s
o p qr s t u 4

I
and with both v andí w in

,
the cube group x y 4I z

4
I {

. Assume| has
k

finite order }~ 1 and that in its conjugacy class(which of courseall have thesame
order),B thesmallestvalueof � in theabove representationis � 2. (Wewill obtaina
contradiction� to this.) By conjugationweeliminate � from

2 �
.

No
�

w � � 4 � 4� can� bepartitioned:� � 4 � 4� � � 1� � 1 � � � 1� � , where � � � 2
� � �

4
��

andí �
1 is

,
the8 elementsubgroupgeneratedby � 2 andí � . In detail,

 
1 ¡ ¢ 1 £ ¤ £ ¤ 2

� ¥ ¦
3 § ¨ 2

� © ª
2

� « ¬ ­
2

� ®
2

� ¯ °
2

� ±
3² ³ (9)

Somepower of ´ equals� theidentityelement

µ ¶ · ¸
1 ¹ º » 2

¼ ½ ½ ½ ¾ ¿ À Á Â Ã Ä ¾ ¿ À
1 Å Æ Ç 2

¼ È È È É Ê Ë Ì Í Î Ï È È È Î Ð Ñ Ò
(10)

W
Ó

econsiderthethreecases:(i) Ô Õ Ö 1; (ii) × Ø Ù 1 Ú Û ; (iii) Ü Ý Þ 1ß .
(i) The factor à in (10) is of theform á â 2

ã ä å æ ç
with� è é 0

s ê
1 and ë ì 0

s í
1 î 2 ï 3 ð

W
Ó

ealter(10) to
ñ ò ó ô

1 õ ö ÷ 2
ø ù ù ù ú û ü ý þ ÿ � 1

� � � � �
2

ã � � � 	 	 	

 � � 
 � 1 � � � 2 � � � � � � � � � � 1� � � � � 2 �  ! " # # # $ % & ' (11)

orB
( ) * +

1 , - . 2 / / / 0 1 2 3 4 5 6 7 18 9 : ; < 4
= > ? @

2
A B C D

E F G H I 1 J K L 2 M M M N O P Q R S T U 1V W X Y Z 4[ \ ] 2̂ _ ` a a a b c d (12)

andí weknow [RaS] this cannotbethecase.So wecannothave e f g 1.
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(ii) h is
,

now of theform i j 2 k l m n o m with� p q 0
s r

1 and s t 0
s u

1 v 2
w x

3 y We
Ó

now
alterí (10) to

z { |
1 } ~ � 2 � � � � � � � � � � � 1� � � � � 4� � � 2 � � � � � � � 1 � � � 2 � � �

� � � � � � � � � � �   ¡ ¢ (13)

Us
£

ing ¤ ¥ ¤ ¦ § ¨ § , (13) becomes
© ª «

1 ¬ ­ ® 2 ¯ ¯ ¯ ° ± ² ³ ´ µ ¶ · 1̧ ¹ º » ¼ 1½ ¾ ¿ 4
À Á Â

2
A Ã Ä Å Ã

1 Æ Ç È 4
À É Ê Ë

2 Ì Ì Ì
Ì Ì Ì Í Î Ï Ð Ñ Ò Ó Ô 1Õ Ö × Ø Ù 1Ú Û Ü 4Ý Þ 2ß à á â â â ã ä å (14)

Again,weknow [RaS] this cannotbethecase.So wecannothave æ ç è 1é ê .
(iii) Wecannothave ë ì í 1î andí ï ð 2.

w
For if we representconjugacy by ñò

ó ôõ ö ÷ ø 1 ù ú û 2 ü ü ü ý þ ÿ � �
� � � � 1 � � � 2

	 
 
 
 � � 
 � � � 2 � � � � �
�� � �

1 � � � 2 � � � � � �  ! " # $ 1% & ' ( ) 4* + , 2 - . / 1

01 2 3 4
2

	 5 5 5 6 7 8 9 : ; < = 1> ? @ A B 4
À C D E

1F G H 1I
1 J K L 2

A M N O
1 P (15)

andí Q is
,

conjugateto aword with smallerR .
Thus S T 0 o

s
r U V 1. W X 0

s
means Y Z [ \ 4 ] 4̂ , and thesehave orders

1 _ 2
` a

3 b 4.
I c d

1 meanse is
,

of theform f g h 1 i wh� ere j 1 kl m n o 4 a
I

nd p q r s 4I t
4

I u
.

W
v

e againconsiderthethreecosetsto which w may belong.As beforewe seethat
cases� (i) and (ii) lead to infinite order for x . But in case(iii) y is conjugatetoz {

1 | } 2 ~ � � � � 2 �� � � � � 2� � , which canhave asordersthefactorsof � . �

5.
�

Conclusion

W
v

e have beenconcernedwith substitutiontilings of Euclideanspaces,and have
defi

¶
nedan invariant for themrelatedto thegroup generatedby the relative orien-

tations
®

of thetiles in a tiling. This featureis capturedin an intrinsicwayby means
ofB a contractive behavior of the substitution.It is unrelatedto other featuresof
tiling

®
systems,suchas their topology, and we introducethenotionof substitution

dynam
¶

ical systemto emphasizethefeaturesassociatedwith theinvariant.
To distinguishexamples,for instanceto distinguishthe quaquaversal tilings

from
2

the dite andkart tilings, requiresconsiderationof 2-generatorsubgroupsof
SO(3), in particulartheordersof elementsof suchsubgroups,which weanalyze.
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