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Introduction. This article corresponds closely to four lectures given in
conjunction with the July 1994 workshop at Warwick; the informal format
of those lectures is maintained.

. Our main goal is to discuss the generalization of subshifts with Z¢ ac-
. tions, especially those of finite-type, to tiling systems with R? actions. Our
. justification for this generalization is the natural action of the Euclidean
. group, in particular rotations, on tiling systems. The new “statistical”
- form of rotational symmetries which appear are a significant addition to
- the mathematics of subshifts, and of decided value in applications, which
~ we discuss.

A There are four sections to this article. We begin slowly, warming up
" within the familiar context of subshifts. The two themes in section I) are
~ first the contrast between subshifts of finite-type and substitution subshifts,
. and second the entropy of uniquely ergodic subshifts of finite-type. Sections
~ II) and IIT) generalize the subject in two ways. In II) we make the leap from
* subshifts to tiling systems, and discuss further the connection between finite-
type and substitution systems. The main examples used for illustration are
. the pinwheel and Penrose tilings of the plane; see Figures 1 and 2.

: Section III) is devoted to the use of intuition from physics (statistical
* mechanics) to finite-type systems, and in particular leads into the subject of
. rotational symmetries in such systems. All the previous discussion becomes
" focused in section IV) with a discussion of statistical symmetries and their
. use in ergodic theory and in the analysis of patterns in space. Again the
- main illustrations are the pinwheel and Penrose tilings of the plane.

I. The Wang/Berger phenomenon

.- First some notation. Throughout this section A will denote a fixed,
* finite alphabet of cardinality at least 2, T* will denote translation by ¢t € Z¢
on AZ° (compact in the product topology), and X will be a subshift: that

* Research supported in part by NSF Grant No. DMS-9304269 and
Texas ARP Grant 003658-113

237



238 ERGODIC THEORY OF Z2-ACTIONS

\\Warg o Vil
1?”"’4‘&\’%‘?3'%

K|
WO

FIGURE 1. A PINWHEEL TILING

is, a closed, translation invariant (nonempty) subset of AZ°. An element of
A will be called a letter, and an element of X will be called a configuration.

We will be concerned with two types of subshifts, substitution and finite-
type, and we consider them first in the classical regime, d = 1.
a)d=il.

We begin with substitution subshifts. We define B, the set of “words”,
as Uy, AX. To define a substitution subshift one must have a substitution
function, F : A — B. One then extends F' to be a map from B to itself.
(Ifb=aya2:--ak, F(b) = F(a1)F(az)--- F(ak).) Br is then defined by

Figure 4

Br = {be B : b= F¥a), for some a € A} 1)

If b = F¥(a) we call b a letter of “level k”. Finally, we define Xp, the
substitution subshift associated with F', by

Xrp={z€ AZ : for each t,7 € Z, (T441,Tet2, ".’Et+j) Cb 2)
for some b € B}

We now record some simple facts about substitution subshifts.

Lemma 1. Each z € Xp “decomposes” into adjacent letters of level 1, and
therefore also into adjacent letters of level k, for any fixed k.
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FIGURE 2. A PENROSE TILING

(The proof is a simple exercise using compactness. )

Lemma 2. Assume there exists p such that for all a € A, F?(a) contains
all ' € A. Then XF is uniquely ergodic — that is, there is one and only one
translation invariant Borel probability measure on Xp.

(We will sketch the proof in the last section.)

Lemma 3. Assume the decomposition of Lemma 1 is unique for each
z € Xp. Then for all z € Xp, Tz = z implies t = 0.

(We will give the proof in the last section.)

* To clarify the uniqueness assumption of Lemma 3 we leave it as an
exercise to see that there is not uniqueness for the substitution:

A= {0,1}, F(0) =101, F(1) = 010 3)

We now consider finite-type systems. For fixed positive integer K and
nonempty subset ¢ C .AX we define the finite-type subshift X, associated

Bith 4 by
X¢E{(L‘€AZ : forallt € Z, ($t+1,$t+2»"'$t+l()€¢} 4)

(Note the difference from substitution systems for which restrictions are
made for subwords of all sizes.)
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Lemma 4. If X, is nonempty there exists # € Xy and { # 0 such that
T = .
Note the difference between Lemmas 3 and 4. Since the assumptions in
these lemmas are very weak, we make the intuitive conclusion that these
two classes of subshifts, the substitutions and the finite-type subshifts, are
essentially disjoint.
b) d > 2.

We now define B, the set of “words”, as | J 74 AK. And again, to define
a substitution subshift one must have a substitution function, F' : A — B.
But now there can be a problem extending F' to a function from B to
itself. This problem will naturally disappear when we extend our format
to tilings. (We will see then that basically substitutions are representations
of similarity transformations of Euclidean space, and the discreteness of Z¢
creates artificial difficulties such as this extension problem.) As an example

consider the following.
Let d =2, A= {a,b,c,d}, and define the substitution function F' by

a d b

c b c
d b’ F(d)—c a 5)

a d
F@=9% % Foy=" % Fo)=
This F has a natural extension from B to itself. And then we can define the
subshift associated with F' as for d = 1. It is easy to check that Lemmas 1,
2 and 3 are still true in this more general setting.

For subshifts of finite-type there is less of a problem; we just fix some
bounded K C Z¢ and nonempty ¢ C AK, and define the subshift X4
associated with ¢ as before. The big difference is that Lemma 4 is not
true for d > 2. Specifically, in 1966 Robert Berger [Ber] answered a
question of his thesis advisor, the philosopher Hao Wang, by giving an
example with d = 2 and an alphabet A with over 20,000 letters, of a subshift
X4 of finite-type such that for all z € Xy, T'z = z implies t = 0. After
much intermediate research, for example by Raphael Robinson [Rob], this
situation was clarified by Shahar Mozes in 1989 [Moz].

Theorem 1. Given a substitution subshift Xy C AZ° which is uniquely
ergodic with unique measure pr, (and satisfies some weak conditions we do
not list), there exists an alphabet 4 and some ¢ C AX such that

1) Xy is uniquely ergodic, with unique measure p4;

i) (X¢, 2%, pg) and (X, Z?, up) are metrically conjugate.

Considering the correspondence of this result with Lemmas 3 and 4 we
conclude that although for d = 1 the class of substitution subshifts and the
class of subshifts of finite-type are basically disjoint, for d > 2 the former is
basically a subset of the latter! We call this the Wang/Berger phenomenon,
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the starting point for research in what is now called aperiodic tilings, or
forced tilings. We will follow up this path in later sections, but first we
want to add one fundamental fact about subshifts of finite-type, a result by
Jacek Migkisz and the author [Radl].

Theorem 2. If the subshift of finite-type (X4, Z¢) is uniquely ergodic then
it has zero entropy.

sketch of the proof. The case of d = 1 is immediate from Lemma 4. Assume
for simplicity of notation that d = 2 and K is a 2 x 2 subset of Z2. Let Sy
be the square set of NV lattice points of Z? centered at the origin. Consider
the cylinder sets based on Sy, that is, sets of configurations with fixed
values in Sn. Think of the letters of the alphabet as colors, and the fixed
values of such configurations as (colored) “pictures”. We will assume the
entropy is @ > 0, and obtain a contradiction. From Birkhoff’s theorem,
as a function of N there are roughly e*” pictures on Sy which appear
with positive frequency in all configurations. Consider a picture frame of
unit thickness around Sy; there are at most e? VN different ways to color
in the frame. So for large N there is some colored frame D “compatible
with” more than N? different pictures on Sy, that is, such that each of those
pictures and the colored frame D together appear with positive frequency in
all configurations. Fix some configuration z and large N with some picture
C on Sy inside the colored frame D. Consider Sgn. It “contains” at most
roughly N different pictures of shape vVN x v/N, so there is some picture
C', compatible with D, which doesn’t appear in Sgn in z. If necessary
we ignore some appearances of C inside D in Sgn so the remaining ones
do not overlap. The remainder still occur with positive frequency. Change
the configuration = to a new configuration z' by replacing each of these
remaining appearances of C' by C'. It is easy to see that z' still belongs to
| our subshift X4. On the other hand it is also clear that the frequency of C'
| in 2’ is higher than it is in z, and this is incompatible with the assumption
' that X, is uniquely ergodic. This contradiction proves that the entropy is
. zero. B
! We conclude this section with some comments on the assumption of
. unique ergodicity. This assumption is unusual when considering subshifts of
. finite-type, because in the classical regime of d = 1 it follows from Lemma
" 4 that only trivial subshifts would have the property. Now the classical
. regime of d = 1 corresponds to, or originated from, considerations of time
. evolution, wherein configurations can correspond to very different condi-
. tions, and be very different one from another. We assert that the regime
. d > 2 corresponds to a different paradigm, namely space rather than time
~ translation. And there the assumption of unique ergodicity is much more
. mnatural, corresponding as it does to “essentially” only one global pattern
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— that is, locally unique if not globally. So the study of subshifts of finite-
type with Z¢ action is the study of spatial patterns, and the assumption of
unique ergodicity is a natural one of nondegeneracy [Rad3].

II. The pinwheel and Penrose tilings

One of the key ideas in the last section was that interesting subshifts
of finite-type could be constructed which are metrically conjugate to given
substitution subshifts. And in fact Mozes has given a rather general pre-
scription for this. Before we discuss this further, it is appropriate to make
the transition to tilings.

First some notation. We will consider (finite) alphabets .A whose letters
are polyhedrain R?%. A “tiling (from .4)” will then be a countable collection
of “tiles” (sets which are congruent to letters of .A), which is simultaneously
a covering and a packing of R?.

Now although in the last section I presented the work of Berger et al as
results about subshifts, in fact this early work was formulated in terms of
tilings of the plane. The letters in A are there all basically unit squares, but
each has a different pattern of bumps and dents on the edges so that, like
jigsaw puzzle pieces, they only fit together in certain ways. This is easily
seen to determine a set ¢ C AKX where K is a 2 x 2 subset of Z?, and thus
a subshift X4 of finite-type. We will refer to such tilings as “square-ish”.

In order to study symmetry properties it is necessary to generalize the
above mathematics to include polyhedra which are not basically squares or
cubes. We will introduce the ideas through two examples. In both cases
there is a substitution system and an associated finite-type system. As
with subshifts, a substitution tiling system will be a special set of tilings
associated with a substitution function, and a finite-type tiling system will
consist of all tilings by the letters in the given alphabet, the finite-type
condition consisting of the geometric restriction that the tiles fit together
and cover space. We will begin by describing the two substitution systems.

For the Penrose tilings the alphabet A for the substitution system con-
sists of two letters, called the “kite” and the “dart”; see Figure 3.

KITE DART

FIGURE 3. PENROSE LETTERS FOR SUBSTITUTION
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The family B of words is the set of all finite collections of tiles (that is,
sets congruent to letters of A), whose union is connected and simply con-
nected, and in which tiles have pairwise disjoint interiors. The substitution
function F' : A — B should be thought of as obtained by first associating
with each letter (shown by dotted lines in Figure 4) a collection of “shrunken
tiles” (shown by solid lines in Figure 4), small by a factor (1 + v/5)/2, and
then expanding the collection about the origin by (1 4+ v/5)/2. With this
convention we define the family Br of words of the form F*(a), a € A,
k > 1. Finally we define the substitution system Xr associated with F'
to be the set of all tilings z of the plane such that every subword of z is
congruent to a subword of some word in Bf.

SUBSTITUTION FOR DART SUBSTITUTION FOR KITE

FIGURE 4. PENROSE SUBSTITUTIONS
For the pinwheel tilings the alphabet for the substitution system consists
of a 1,2, /5 right triangle and its reflection, as in Figure 5. The substitution

function, indicated in Figure 6, should again be considered a composite of
. two maps. The substitution system X is defined as above.

T

FIGURE 5. PINWHEEL LETTERS FOR SUBSTITUTION

We have thus specified two substitution systems. The main question in
this section is how to associate finite-type systems with such substitution
systems, in analogy with the special case of square-ish tilings (i.e. subshifts)
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FIGURE 6. PINWHEEL LETTERS OF LEVEL ONE FOR SUBSTITUTION

discussed in the last section. The vague idea is that one wants a new
alphabet similar to the given one, but altered so that the tiles can only fit
together in the special way the original letters do in the given substitution
tilings.

For the Penrose system the answer is easy. By examining small words
in any tiling one sees that the kite and dart can be prevented from abutting
incorrectly (for example from forming a rhombus, copies of which could then
tile periodically) by adding bumps and dents to them as in Figure 7. And
with these letters one can only tile the plane as in the substitution.

KITE DART

FIGURE 7. PENROSE LETTERS FOR FINITE-TYPE

So for the Penrose substitution system it is easy, by examining small
words in the tilings, to create a new alphabet which defines a finite-type
system conjugate to the original. It is then natural to ask whether a similar
analysis can be made for the pinwheel tilings. The answer is no, and we will
present a simplified version of an argument proving this, an argument due
to Ludwig Danzer. Before we do this however, we consider the following
generalization of the above analysis.

Given a tiling = let W be the set of all words in = with upper bound D
on the diameter. We use W to create the dynamical system Xy, defined
to contain all tilings y by the letters in z such that all words of diameter at
most D in y are congruent to words in W. It is then not hard to construct a
new alphabet of polyhedra such that the dynamical system consisting of all
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tilings by these letters is conjugate to Xw. One aspect of this generalized
method should be emphasized. For the Penrose system we examined words
of two letters in the substitution system, and ended up with an alphabet for
the finite-type system of the same cardinality as the original, just distortions
of the original letters. But in this generalized method, where we examine
larger words in the substitution system, we may end up with a much larger
alphabet than for the substitution system.

We now return to the pinwheel substitution system. Consider the peri-
odic tiling P of which the unit cell is either of the two words called B and
C in Figure 8. j

UNIT CELL B UNIT CELL C

FIGURE 8

F5(a) is shown in Figure 9. In this word one sees several copies of B
and C. Now given words of diameter D in a pinwheel tiling, apply the
substitution at least 2D+/5 times to P, creating a new periodic tiling P’,
with B and C leading to two unit cells of P' which we call B' and C'. It
is easy to see that all words of diameter at most D in P’ are interior to

- one of these two unit cells, and so must appear in the pinwheel. This proves
| the above assertion since any finite-type rule, based on a set of words of a
| certain size appearing in the pinwheel, will be compatible with the periodic
"tlhng P’ — that is, P' would belong to the space of tilings, in contradiction
{ to Lemma 3.

“;‘ Now as we noted there is a finite-type pinwheel system conjugate to the
| pinwheel substitution, although it cannot be obtained directly from words
‘of fixed size by the above method. Furthermore, the technique used by
' Mozes for square-ish tiles has also proved to be too simple. Next we will
| sketch a method which works for the pinwheel [Rad4].

First an overview. The letters in the new alphabet A’ come in two
| families, one for each of the two triangles in the original A. The letters in
f; fa.mxly can be thought of as perturbed versions of the original triangle,
| that is, the original triangle with some pattern of bumps and dents on each
' edge. But this is not the best way to think of them; it is preferable to
| view each letter as a triangle with certain information associated with each

ivertex (It is proven in [Rad4] that the information can transformed to
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FIGURE 9. PINWHEEL LETTER OF LEVEL 5 FOR SUBSTITUTION

bumps and dents.) The finite-type system is then defined by requiring that
the triangles may abut if and only if the information associated with vertices







































