M427L (55200), Midterm #2 Solutions

Question #1 (25 points)
Consider the 2-D vector field

a)

V(z,y)=(@+y)i+(y—z)J.

Sketch the vector field, only drawing enough scaled vectors necessary to give basic pic-
ture. Is c(t) = (e’ cost,e'sint) a flow path for V7

Solution:
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No, ¢(t) is not a flow path since ¢'(t) = (—e’sint + e’ cost, ef sint + e cost) but V(e(t)) =
(e'sint+e'cost,e’sint — e cost) so ¢/(t) # V(e(t)). This can also be seen by noting that
c(t) is spirals out from the origin in a counterclockwise fashion and therefore ¢’(t) is not
parallel to V.

Compute divV and curl V.
Solution: divV =2 and curl V = -2 for all (z,y) € R%.

Suppose V' is the velocity field of a fluid. At time ¢t = 0, a small droplet of red dye is
injected into the fluid at the point (0, 0) and a small droplet of blue dye of the same size
is placed at (1, 1). A short time later, what is the ratio of the sizes of the blue and red
droplets? Has the blue droplet rotated relative to its center, and if so, in which direction
(clockwise or counterclockwise)? Justify your answers.

Solution: Since the divergence is constant, the local rate of expansion/contraction is the
same everywhere in the plane. Therefore, the ratio of the sizes of the blue and red
droplets a short time later is 1 since they will be the same size. The blue droplet will
have rotated in a clockwise direction about its center since the curl is negative at (1, 1).

Does there exist a vector field W such that V x W =V? Why or why not?

Solution: No, since if such a W exists then we must have that V- (V x W) =divV =0,
which is clearly not true from part (b).



e) Evaluate each of the following quantities if it makes sense, and if it doesn’t make sense
indicate why not.

i. curldivV
ii. Vxgrad(||V]?)
iii. [Harder...] (V-V)V
Solution: (i) does not make sense since the curl acts on vector fields, but div V' is a

scalar field; (ii) 0, since curls of gradients of scalar fields are zero; (iii) this makes sense by
noting that V-V is a differential operator that acts on vector fields to give

VW = (ot )t (0 =)0 )+ )it (3 —0)d) =29~ 203,

Question #2 (20 points)
Let P be the parallelogram in the zy-plane with vertices (0, 0), (1, 2), (3,4), and (2,2). Find the

integral
// zydxdy
P

a) Consider the linear transformation T'(u, v) = (z, y) given by z =u — v, y =2u — v. What
is the Jacobian of this transformation?

using the following steps.

Solution:
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b) Rewrite the above integral in terms of u and v, with appropriate boundaries of integra-
tion. Evaluate this to get the desired answer.

Solution: The inverse of the transformation 7T~ (z, y) — (u, v) takes the set P in the
zy-plane to the rectangle QQ =10,1] x [—2,0] in the uv-plane. Then,

/Lwydxdy://Q (u—v)(2u—v)

a(xay) _ 0 ! 2 2 _
. v) dudv= A (2u 3uv+v )dudv-?.

Question #3 (20 points)
Let C be the three-dimensional curve traced out by the path c(t) = (¢,tsint,tcost), 0 <t <4r.

/F-ds,
c

where C' is traversed in the orientation opposite to c(t).

a) With F =i+ yj + zk, find



Solution: Since ¢’(t) =(1,sint +tcost, cost — tsint),
4m 4m
/ F.ds= F(c(t))-c(t)dt= / [t+t(sin?t + cos?t) | dt = 1672
c 0 0

Therefore, since the orientation is reversed we have that fc F.ds=—16n2

b) Write an expression for the arc length of C. Simplify this expression as much as possible,
but do not evaluate it.

Solution: The arc length is

4m 4m
/ ds= V124 (sint +tcost)? + (cost — tsint)?dt = V2+t2dt.
c 0 0

c¢) Compute [, zds.

Solution:

4w 241672 2 4+ 1672 3/2
/wds=/ t\/2+t2dt=%/ \/adu:—( + ;) .
c 0 0

Question #4 (20 points)

Let D be the region defined by 1 < 2% + y? 4 22 <4 and z > /22 + y?. Note that D is rotation-
ally symmetric about the z-axis.

a) Sketch the region in the xzz-plane that intersects D.

Solution:

b) Compute the integral

/// (,7:2—1—y2+z2)1/2exp[(w2+y2+z2)2]dxdydz
D



by first writing it in terms of spherical coordinates with the appropriate boundaries of

integration. [Hint: Remember that % = —p?sin ¢.|

Solution: We get that the integral is

/4 27 2
/ / / p3@P4sin (bdpd@dng(lﬁ)(elGe).
0 0 1 2 2

Question #5 (15 points)

a) If c(t):(t3/3,cos (ﬂt),t), 0<t<1, find

/ rxydz+rzdy+ yzdx.

c

Solution: We can write this as fc F - ds for a gradient vector field F =V f with f(z, v,
z) =z yz. Therefore, the line integral only depends on the endpoints and we easily get the
answer as f(1/3,—1,1)— f(0,1,0)=—1/3.

b) [Harder...] Consider the vector fields

Viortex(Z 5 Y) Z%(—yi—i—xj) = V(arctan (%)), (x,y)#(0,0)

and
Viadi(, 1) :%(zi +u)=V(n (VEZH?)),  (@,9)#(0,0),

where 72 =22+ 32, Although these fields appear similar superficially and both have a sin-
gularity at the origin, they are actually quite different. Show that Viostex has zero circula-
tion for all paths except those about the origin, while Viaqia1 has zero circulation for all
paths including those about the origin.

Solution: We know that if a vector field is the gradient of a C! scalar function in a
domain D, the line integral over any closed path in D is necessarily zero. Therefore, the
only thing that remains to be shown is that line integrals of Vi,tex encircling the origin
are nonzero, while those for Vi.qia1 vanish. Note that it is only necessary to check this
along circular paths about the origin.

Let Cr be the circular path of radius R centered at the origin, traversed counterclock-
wise. Using the parametrization ¢(t) = (Rcost, Rsint) with 0 <t <27, we have that

27
/ Vvortex-ds:/ %(—Rsint,Rcost)-(—Rsint,Rcost)dtzQﬂ'
Cr 0
and

2m
/ Viadial - ds = / %(Rcos t,Rsint)- (—Rsint, Rcost)dt=0.
Cr 0

Therefore, the circulation about the origin is nonzero for Viortex but vanishes for Viagial-



