M427L (55200), Quiz #11 Solutions

Question #1 (4 pts.)

Consider the parametrized surface S given by
®(u,v)=ucosvi+usinvy +uk, —o<u<oo, 0<v<2r.

a) Where is the surface S regular? That is, for which (z,y, 2) is T, x T, # 0?
Solution: [Question based on p. 460, #17.] Since

T,=cosvi+sinvj + k, T,=—usinvt+ucosvj,
we have that
% J k
T, xT,=| cosv sinv 1 |=-ucosvit+usinvj+uk+0 if u=£0.
—usinv ucosv 0

Therefore, the surface is regular everywhere except at the point ®(0,v)=(0,0,0).

b) Find the equation for the tangent plane to S at (3,0, 3).
Solution: [Question based on p. 459, #2, 7] The point ro = (3, 0, 3) corresponds to (u,
v)=(3,0). A normal vector to the tangent plane to S at (3,0, 3) is then given by

n=(T, x T,)(3,0)=—3i+ 3k

so the vector equation for the plane is n - (r — r9) = 0. In coordinate form this is the
plane x = z.

¢) Give an equation in terms of z, y, and z for S. What is the name for this type of sur-
face? Use this to confirm your answers to parts (a) and (b).

Solution: [Question based on p. 459, #11, 12.] Since x =wu cos v, y = u sin v, and z = u,
we can write S as

22+ y? =22

This is the equation for a double cone. In particular, since the cone has a sharp point at
the origin it is not regular there, as was shown in part (a). Additionally, it is easy to see

that the plane x = z is tangent to any point on the cone that lies in the zz-plane, which
verifies the answer to part (b).

Question #2 (4 pts.)

The unit sphere S = {(z, y,2):al+y?+ 2% = 1} can be described parametrically by

r=sin¢gcosf, y=sin¢sinf, z=cosq



with 0< ¢ <7 and 0<6 < 27. One can verify that

Iy, 2)
9(9,0)

[ [ +as.

Solution: [Question based on p. 472, #14, p. 480, #6, and example done in lecture.]| In para-
metric form, the surface area element is

S Cm) B Eey B e

=sin ¢ cos ¢, =sin? ¢ cos ¥, =sin? ¢ sin 0.

Use this to compute the surface integral

2 2 2
(a(:c,y)) +<8(y,z)) +<—0(x,z)> = sin® ¢ cos? ¢+ sin ¢ cos ¢ + sin ¢ sin® ¢
= sin? ¢(cos? ¢ +sin? ¢(cos? § +sin?f))

= sin? ¢,

the area element simplifies to d.S =sin ¢pd¢df. Therefore, we find that

2w ™ ™
// z4dS=/ / Cos4¢sin¢dq§d9:27{—écos5¢] :%ﬂ'.
s 0 0 0



