AN INTUITIVE INTRODUCTION TO SPECTRAL SEQUENCES

RYAN WANDSNIDER

ABSTRACT. In this paper, we provide an introduction to spectral sequences
for those who are comfortable with the basics of homology and cohomology.
We avoid beginning with the dense notation associated with spectral sequences
and instead aim to give an intuitive approach through a descriptive application
of the Serre spectral sequence. We then give a formal introduction and end
with two more concise computations.
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1. INTRODUCTION

Spectral sequences are a useful tool for computing the homology and cohomology
of topological spaces. A spectral sequence is a bit like a sequence of two-dimensional
chain complexes, with each successive element of the sequence arising by taking the
homology of the previous object. There is a notion of convergence for spectral
sequences, and by carefully choosing how we construct one, we can ensure our
spectral sequence converges to something useful.

Spectral sequences are notoriously difficult to understand. Both [2] and [5] iden-
tify the topic as one which is extremely hard to grasp. This extends back to the
subject’s beginnings; when Leray presented the Cartan-Leray spectral sequence
in 1948 (just two years after he published the first notes on spectral sequences),
Whitney reportedly rose to say that he no longer understood algebraic topology,
and, if homology was going to be like this, he would have to study other parts of
mathematics. It was not until Serre’s thesis in 1952 on the Serre spectral sequence
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that the importance of the subject was understood. For more about the history of
spectral sequences, see [6].

In this paper, we attempt to introduce spectral sequences in a very accessible
manner. To do this, we approach the subject by first giving a carefully detailed,
nonrigorous computation using the main theorem of the Serre spectral sequence
and only later introducing spectral sequences formally. The notation of spectral
sequences involves many indices, and therefore we try to delay a formal introduction
as long as we reasonably can.

In section 2, we review the basic constructions of chain complexes and homology.

In section 3, we give an intuitive introduction to spectral sequences. In 3.1, we
introduce a general form! of a spectral sequence. In 3.2, we introduce fibrations
and the Serre spectral sequence which arises from them. In 3.3, we give a careful,
nonrigorous computation for the homology groups of CP> which can be done using
the homological Serre spectral sequence.

In section 4, we introduce spectral sequences as collections of bigraded abelian
groups along with bigraded maps and give a few definitions regarding them.

In section 5, we define filtrations and exact couples, structures which naturally
give rise to spectral sequences.

In section 6, we show how the Serre spectral sequences arises from exact cou-
ples. We also give the formal statements of the theorems for the homological and
cohomological variants of the Serre spectral sequence.

In section 7, we conclude with two concise computations that make use of the
Serre spectral sequence. We compute the homology groups of 5™ (the loop space
of S™), as well as the cohomology ring of CP°.

2. CHAIN COMPLEXES

Recall the following definitions regarding chain complexes.
Definitions 2.1. A chain complex is a sequence of abelian groups and homomor-
phisms
Ny N TN N T N
such that d,d,+1 = 0.
Dually, a cochain complex is a sequence of abelian groups and homomorphisms

d—l d() dl d2 d:}
oo —Ag — Ay — Ay — A3 — ...

such that d"*1d" = 0.

In both cases, the maps d,, and d" are called differentials.

Note that the condition d,,d,+1 = 0 implies imd,, 11 C kerd,,. In the case that
this inclusion is an equality, i.e. imd,, 1 = ker d,,, we say the chain complex is exact
at A,,. If the chain complex is exact at every A,, we say it is an exact sequence (or
an ezact chain complex).

As a shorthand, we refer to a chain complex - -- — A; LN Ao — ... by (A, dy),
or simply A..

Examples 2.2. i. The sequence

0-22572%7/27 — 0,

IThere are many different formulations of a general spectral sequence. In this paper we give
one possible generalization of the notion which we then specialize to the Serre spectral sequence.
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where X2 is multiplication by 2 and ¢ is the quotient map, is exact. In
general, an exact sequence of the form

0—-A—B—-C—=0

is called a short ezact sequence.”
ii. The sequence
0—2Z—=2ZZ—7Z—0,

where < denotes the inclusion into the first coordinate and — denotes the
projection onto the second coordinate, is exact. This is an example of what
is called a split exact sequence, a special kind of short exact sequence where
B2AagC.

The following proposition gives three easy-to-deduce properties of exact se-
quences.

Proposition 2.3. a. If0 — A 1 B ... is an evact sequence, f is injec-
tive.
b. If -+ — B % C — 0 is an exact sequence, g is surjective.

c. If0— A L € 0 is an ezact sequence, h is an isomorphism.
Proof. Obvious. O

Definition 2.4. Given a chain complex A,, for each n € Ny, we define its nth
homology group by
H,(A,) =kerd,/imd,+1.

If A, is an exact sequence, kerd,, = imd, 41 for all n, and therefore
H,(A.) =kerd,/imd, 1 = kerd,/kerd, = 0.
The other direction holds as well, giving the following proposition.

Proposition 2.5. A chain complex is exact if, and only if, all of its homology
groups are trivial.

Proof. The forward direction is already shown. For the reverse direction, it follows
from the fact that imd,, 11 C kerd,, that

kerd,/imd,+1 =0 = kerd,, = imd,.
Thus, if all of its homology groups are trivial, the given chain complex is exact. [

This proposition gives the intuitive explanation of the homology groups of a
chain complex as a way of measuring how “close” it is to being exact.

Chain complexes arise naturally in algebraic topology. Simplicial, singular, and
cellular homology constructions (with coefficients in some group G) all involve cre-
ating a chain complex

A O03(X) By Co(X) 2 0(X) L Cp(X) = 0
and taking its homology,
H,(Cy(X)) =kerd,/imd,1.
2These sequences are given a special name due to their significance in algebra, being central to

the snake lemma, which derives long exact sequences from short ones. Furthermore, these exact
sequences are undeniably short.
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We then define these to be the homology groups of the space X with coefficients in
G, ie.
H,(X;G) = H,(Ci(X)),
and regardless of whether we chose to use simplicial, singular, or cellular chains,
the resulting homology groups end up the same.
Recall that we can also construct relative homology groups of pairs (X, A) with
A C X by first quotienting the chain groups to create a new chain complex

5 Cy(X)/C5(A) 5 Co(X)/Ca(A) 2 Co(X)/Cr(A) % Co(X)/Co(4) =0,
where differentials are induced by the differentials of the chain complex C,(X). We
then define

H,(X,A;GQ) = H,(C.,(X)/Ci(A)) = kerd,/imd, 1.

Relative homology interacts nicely with the homology of X and A, and we get the
following theorem, which we state without proof.

Theorem 2.6. [3, Thm. 2.16] For A C X, there exists a long ezact sequence
o Ho(A) 2 Hy(X) 25 Hy(X,A) S Hy 1 (A) = ... 5 Ho(X,A) =0
where iy is induced by the inclusion i: Cp(A) — Cn(X) and j. is induced by the

quotient j: Cp(X) — Cr(X)/Cr(A).
The boundary map 0 is defined by “diagram chasing” on the following commu-
tative diagram

00— Cp(A) —— Co(X) —L— Cp(X,A) —— 0

b

0 —— Crr(A) — Cpoi(X) —2— Cpr (X, A) —— 0.

Given v € H, (X, A), we define (y) € Hy—1(A) by the following steps:
i. Because 7y is an equivalence class, pick a representative ¢ € v C Cy (X, A).
ii. Pick b € Cr(X) such that j(b) = c.
iti. Pick a € Cy(A) such that i(a) = dn (D).
. Define d(y) = [a] € H,—1(A4).
The map O is well-defined by the construction of homology and the fact that the
sequence

<

0= Cn(A) 5 Cu(X) L CW(X)/Cn(A) = 0
18 exact.

Example 2.7. We will now briefly compute the homology groups for X = CP*°
and G = Z using cellular homology. Recall that it is possible to construct CP*° as
a CW-complex with a cell in every even dimension and no cells in odd dimensions.
This gives rise to the cellular chain complex

Lo By 7 B0 g .
It is easy to see that every differential must be the 0 map. Therefore, we can

compute the homology of CP>°,

Z n is even,

H,(CP™®:7) = kerd,, /im dy, 1 =
( ) = kerdn/imdny {0 n is odd.
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F1cURE 3.1. A visual representation of the first three pages of
the Serre spectral sequence with all of the differentials whose
domain and codomain are both pictured. Dots represent groups
and arrows represent differentials. The red dot represents E(l)’Q
and the blue dot represents E? _,.

In the next section, we introduce spectral sequences in analogy to chain com-
plexes. We then compute the homology of CP° using a spectral sequence. Later
on, we will use spectral sequences to compute new results, but it is worthwhile to
see that a new tool gives familiar results as well.

3. SPECTRAL SEQUENCES

In this section, we provide an intuitive introduction to spectral sequences, at-
tempting to avoid cumbersome notation until it is more natural to introduce. We
begin by explaining the structure of a general spectral sequence, then specialize
to the Serre spectral sequence and gradually work up to the computation of the
homology of CP*>.

3.1. General Structure. Recall from the previous section that, given a chain
complex

we define its homology by
H,(A.) =kerd,/imd,11.

Another way we can think about this definition of H,(A,) is as “the homology of
A, at A,.” At every A, there is exactly one differential coming “in” and exactly
one differential going “out.” This means that, if we call the differential coming
in diny and the differential going out dour, the homology at any A, is given by
ker dour/imdin. In the case of a chain complex, these ideas are equally sim-
ple. However, as we now introduce the more complicated structures of spectral
sequences, the latter way of thinking will be useful.

A spectral sequence is like a book with infinitely many pages. Each page is a
2-dimensional lattice of groups with (fairly uniform) homomorphisms connecting
them called differentials. We apply an operation to get from one page to the next,
and, ideally, the pages stabilize at an infinite limiting page. Figure 3.1 is a visual
representation for the pages of the Serre spectral sequence, a particular spectral
sequence which always stabilizes.
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The notation we introduce for each group in this structure is Ej ,, where r is
the page number, p is the horizontal index, and ¢ is the vertical index. In the Serre
spectral sequence, the differentials take each Ej , to Ej_,. ., ;. In other words,
for each group Ej , there is a homomorphism going from E] , to E;_, .., ; and
a homomorphism from EJ ., .., to E} , and no others involving £ . This can
be observed in Figure 3.1, where the differentials on the first page go from E;q
to E}_; ,, on the second page go from E? , to E2 , ., and on the third page go
from E}  to EJ 5 .o, all for every pair (p, q).

In a way, each page of a spectral sequence is like a 2-dimensional chain complex.
Groups are indexed by two parameters instead of one and at every group there is
exactly one differential coming in and exactly one differential going out. Further-
more, these differentials satisfy the property that applying one and then another
always yields 0, just as in the case of a chain complex. We have yet to describe
what the operation is which takes one page to the next, but by now it should be
quite natural.

Given the rth page E" of the spectral sequence, we define the group E;j;l to be
the homology of E" at E .. More explicitly, if dix is the differential coming into

E; , and dour is the differential going out of £, we define

E;:Zl = ker dOUT/ im dIN-

It is more complicated to describe what exactly the differential maps on each page
are, and they depend on the context in which the spectral sequence arises. For
now, we will treat spectral sequences as mysterious machines which we can use to
compute homology.

A spectral sequence works as a machine in the following way. We set our initial
conditions by defining each group E;y o on the first page. Then, we allow the machine
to apply the aforementioned operation infinitely many times. The way the Serre
spectral sequence is constructed causes this process to stabilize at each group, i.e.
for every p and ¢, there is an R such that

ro_ R
r>R = E, =E].

Our machine collects all of the stabilized groups E;5, and outputs them on the
stable page E*°.

We have yet to explain what we should be putting in a spectral sequence, and,
just as importantly, what we should expect out of it. Spectral sequences are a very
general structure which can be arise in a variety of ways. In this paper, the instance
of a spectral sequence we care about most is the Serre spectral sequence.

3.2. The Serre Spectral Sequence of a Fibration. The Serre spectral sequence
is built to relate the homology groups of the different pieces of something called
a fibration. We postpone a formal introduction to fibrations briefly to state the
following theorem which describes how we can use the Serre spectral sequence to
compute homology groups. For now, a fibration F' — X — B should be thought of
as a map 7: X — B such that all of the preimages 7~ !(b) for b € B are homotopy
equivalent to F.

Suppose m: X — B is a fibration, where, for simplicity, we assume B is a path-
connected CW-complex. For all p, let BP be the p-dimensional skeleton of B, and
define X, = 771(BP). The X, together form a filtration of X, which is something
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we will return to later on. For a given group G, we define the first page of the Serre
spectral sequence by

By, = pta(Xp, Xp-1;G).

D.q
After we have defined the first page, the Serre spectral sequence runs its course,
eventually stabilizing at the E°° page in a form very closely related to H,(X;G).
More explicitly, we have the following theorem.?

Theorem 3.1. Let FF — X — B be a fibration with B a simply-connected CW-

complex. Then, there is a spectral sequence E . such that:

a. differentials on the rth page map Ej , — Ej
r+1 4 T T

b. Egj; is the homology™ of E" at E}

c. B, = H,(B;Hy(F;Q)),

d. the stable terms E%,_ = FP/FP~! where 0 C FO C --- C F" = H,(X;G).

p,n—p

—r,q+r—1’

Parts a and b of Theorem 3.1 restate what we have already said more formally.
Parts ¢ and d, however, give new, extremely useful information which can be used
to relate the homologies of F, X, and B. The best way to understand this theorem
is to see it in action, so we will eventually use it to compute the homology of
CP (with coeflicients in Z). First, however, we formally introduce the notion of
a fibration.

Definition 3.2. Let 7: X — B be a map.

Recall that 7 is said to satisfy the homotopy lifting property with respect to a
space Y if, for every homotopy h: Y x [0,1] — B and map hg such that h(y,0) =
(mho)(y), there exists a homotopy h: Y x [0,1] — X such that h = wh. In other
words, for every such h and i~L0, there exists h such that the following diagram
commutes:

Y x {0} 0 x

A
\[ g lﬂ—

Y x[0,1] —— B.

NI~

We say that « is a fibration if it satisfies the homotopy lifting property with respect
to every space Y. In this case, we call B the base space, X the total space, and
7 1(b) the fiber over b for each b € B.

The following are examples of fibrations.

Example 3.3. a. Given spaces B and F', the projection 7: FFx B — B is a
fibration with fibers each homeomorphic to F.
b. The quotient map 7: S™ — RP" sending = — [z] is a fibration with fibers
each homeomorphic to S°.
c. The quotient map m: $?*"*1 — CP" sending = ~ [z] is a fibration with
fibers each homeomorphic to S!.

3This theorem is given in a slightly simplified form here, but we will give the full theorem later
in the paper.
4Recall that by this we mean that, if din is the differential coming into Ef ; and dour is the

differential going out of Ej 4> then E;le = kerdoyT/imdiN.

»q?
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To see why (a) is a fibration, let h: Y x [0,1] — B be a homotopy with ho: Y x
{0} — F x B such that (7hg)(y) = ho(y) = h(y,0). Then, let h: Y x[0,1] = Fx B
be defined by

B(ya t) = ((pFil0>(y7 t)’ h(?/v t))

where pp: ' x B — F'is the projection onto the first component. In other words,
define h so that it agrees with ho in the F' component and h in the B component.

More generally, the fact that (a), (b), and (c) are fibrations follows from the
following theorem which we state without proof. First, recall the following definition
of paracompactness.

Definition 3.4. Let X be a space and U be an open cover of X.

A refinement is a new open cover V of X made up of open sets each contained
in some open set in U. In other words, V is an open cover of X such that, for all
V €V, there is some U € Y with V C U.

We say a collection of sets A is locally finite if every point covered by A has a
neighborhood intersecting only finitely many elements of A.

We say X is paracompact if any open cover of X admits a locally finite refinement.

Note that compact spaces are all paracompact. In general, many of the spaces
we usually work with are paracompact. In particular, we have the following result.

Lemma 3.5. Every CW-complex is paracompact.

Proof. Let X be a CW-complex with n-skeletons X™. We can write each X™ as
the union

x"=JKz
of finite CW-complexes.
Let U be an open cover of X. For each n, the set

U= {UNK"|U eU}

is an open cover of K!. Because each K is compact, there exists a refinement
V2 of U]}. For all open sets A € V7, there exists some V4 open in X such that
A=VaNK]. Because A C Uy N K7 for some Us € U, taking the intersection of
V4 with U, allows us to, without loss of generality, assume V4 C Uaga.

Let

v=|J{valAdeVy}
Because each {V4 | A € V?} is locally finite, V is a countably locally finite re-
finement of U (i.e. V is a refinement which is the countable union of locally finite
collections). Since CW-complexes are regular, by Lemma 41.3 of [7], this suffices
to deduce that X is paracompact. ([

We now state the aforementioned theorem.

Theorem 3.6. [4, Thm. 1] If 7: X — B is a fiber bundle and B is paracompact,
then 7 is a fibration.

From Lemma 3.5 and Theorem 3.6 the following is immediate.
Corollary 3.7. FEvery fiber bundle with base space a CW-complex is a fibration.

We now mention a useful property of fibrations.
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Proposition 3.8. [3, Prop. 4.61] If m: X — B is a fibration, the fibers F}, = p~*(b)
over each path-component of B are all homotopy equivalent.
Proof. We can associate to each path : [0,1] — B a map between fibers
Ly: Fyo) = Fyq
by using the homotopy lifting property with respect to the fiber F,q).

Let v: [0,1] — B be a path. Define a homotopy h: F,q x [0,1] — B by
h(x,t) = (). Let hy: F, ) x {0} < X be the inclusion map. Note that, for all
x € F, gy, we have (mohg)(z) = v(0) = ho(z). Thus, since 7: X — B is a fibration,
there exists a map h: F,0) x [0,1] = X such that the diagram

h
F’y(O) X {0} (—Oj‘r X

-
-
-

Fy ) x [0,1] —— B,

-
-

- sy

\
Nl

commutes. In particular, since h = wﬁ, ﬁ(xﬂf) € F, for all t. Thus, when ¢t = 1,

we have a map L, : F, ) — Fy(1) defined by L. (z) = h(xz,1).
We would now like to show that the association v — L. behaves reasonably well.
More precisely, we would like the following two properties:

i. If 79 and ~; are paths from a to b and v ~ 7'rel{0,1} (i.e. there is a
homotopy from v to 4" constant on basepoints), then L, ~ L./.

ii. If 7o and ~; are paths such that v, (0) = vo(1), then L., >~ L, 0 Ly,.
Proving (i) and (ii) would be inefficient for the purposes of this paper. To see a
proof of the statements, refer to [3, Prop. 4.61].

We now deduce the proposition from the two properties. Let Fj, and Fj, be fibers,
and let v be a path from a to b. Consider L,: F, = F, and Ly: Fy — F,.

Let a be the constant loop which is always a and h be the map used to define
Lo(z). Because h(z,t) = a(z) = a for all z, we know that h(x,t) € F, for all z
and t. Thus, h is a homotopy between h(z,0) = idp, and h(x,1) = L,. Thus,
idp, ~ L, and, similarly, idr, ~ Lg.

By (i) and (ii), we have

L:Y e} L,), ~ L’Y*f? ~ LO( >~ idFa

and
L’Y e} L’_Y ~ L'S/*’Y ~ LB ~ lde
Thus, F, ~ F,. ([l

This proposition leads to the convention of referring to the fibers of a fibration
by a single space to which they are all homotopy equivalent, as long as the base
space is path-connected. It is common to write a fibration as F — X — B, where
F is a space homotopy equivalent to all of the fibers.

In this way, we may refer to the fibrations in Example 3.3 by

a. F - FxB— B,
b. §% — §" — RP", and
c. St — g2+l . Ccpn.



10 RYAN WANDSNIDER

These three examples all satisfy the stronger restraint that all of the fibers are
homeomorphic. A fibration which does not satisfy this property is the path space
fibration QX — PX — X, which will consider later on in the paper.

Having introduced fibrations, we can now compute the homology groups of CP°.

3.3. Computing the Homology of CP>. By Corollary 3.7 the fiber bundle
St — 8% — CP*> (with 7: §° — CP*> the quotient map) is a fibration. Be-
cause CP* is a simply-connected CW-complex, we can apply Theorem 3.1 to get
a spectral sequence which we can use to compute the homology groups of CP°.

The strange part about using the Serre spectral sequence is that we for the
most part ignore the first page E' and start looking only from the second page E?
onward. The reason for this is that we have a very simple but useful formula for
the groups on the second page. In the case of our fibration S — S — CP>, we
can easily write out its entire E? page.

Let B=CP>®, X = S, and F = S!, so our fibration can be written F — X —
B. By part ¢ of Theorem 3.1, the E? terms are

E? = Hy(B; Hy(F;Z)).

One immediate observation is that, since homology groups are 0 for all p < 0 or
q < 0, E}, can only be nontrivial if p > 0 and ¢ > 0. Thus, the E* page near

(p,q) = (0,0) looks like

2 0 E&z E12,2 E%,Q E§,2

1 0 Eg,l E12,1 E%,l E3,

s

0 0 Eg, E%,o E3, E3,

) ) )

NI

-1 0 0 0 0 0

-1 0 1 2 3

where the horizontal axis is the p coordinate and the vertical axis is the ¢ coordinate.
Note that this is only one small section of the page E2.
Since F = S, we know

Z ¢=0,1

0 otherwise.

Hq(F;Z)Z{

Because a homology group with coefficients in 0 is itself 0, we know that

q#0,1 = H,(B; Hy(F;Z)) = Hy(B;0) =0 = E2_=0.
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Thus, we know the E? page can only have nontrivial groups in the two rows ¢ = 0
and ¢ = 1 with p > 0. The section of E? page can be simplified to

1 0 Eg, E%,l E22,1 E3,

) )

-1 0 1 2 3

Because the E? page is now 0 everywhere except in rows 0 and 1, it is a good idea
to redraw our depiction of E? as

2 2 2 2 2 2
1 | E5. Ei. E5, B3, Ei, Ej;

s

2 2 2 2 2 2
Ego Eio B30 Eszo Eio Esp

0 1 2 3 4 5

Note that there is still a differential entering and a differential exiting at each £ ,
but all of the ones not depicted either come from 0 or go to 0 and are therefore the
0 map.

Since ¢ = 0,1 implies Hy(F';Z) = Z, we know that when p > 0 and ¢ = 0, 1, we
have

B2, = Hy(B; Hy(F;Z)) = Hy(B; Z) = Hy(B) = H,(CP™).
Thus, E? looks like

1 | Hy(CP®) Hy(CP®) Hy(CP®) Hy(CP>) Hy(CP>) Hs(CP>)

0 | Hy(CP®) H,(CP®) Hy(CP®) H3(CP>) Hy(CP>®) H;(CP>)

0 1 2 3 4 5

Now that we understand what the E? page looks like, it is beneficial to look at
what the E°° page looks like. A simple observation we can make is the following.

Lemma 3.9. If Ef,’q =0, then E;5, = 0.

Proof. Because E = 0, the differentials entering and exiting E , are both the 0
map. Therefore, Eg,q = 0 as well. By the same argument, £, = 0 for all r > 2,
so B, =0 as well. (]
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Lemma 3.9 tells us that the E°° page looks like

o0 o0 oo oo o oo
1 Esy BT BN ES ER ES

o0 o0 o0 o0 oo oo
0 | Ego BTy ESy ESy By Esy

0 1 2 3 4 )

with 0 everywhere except in the rows ¢ = 0,1 when p > 0.

By part d of Theorem 3.1, for all n, there exist 0 C FY C --- C F* = H,(X;7Z)
such that £, = F,/FP~'. Because X = S is contractible, H,(X;Z) = 0
for all n > 0 and Hy(X;Z) = Z. Thus, F? =0 for alln > 0 and 0 < p < n, so
Eg,—, = 0 for all n,p such that n # 0. When n = 0, we have that E° =0
whenever p # 0. Because Eg = Fy = Ho(X;Z) = Z, we know the E> page looks
like

0 1 2 3 4 5
We now reach the final part of our argument. Consider the following observation.

Lemma 3.10. E&O = E§%-

Proof. Let din be the differential going into Eg,o and dout the differential going
out of it. Because din: B3 | = 0 — Ej, and dour: Egy — E?,; = 0, both
differentials are 0, so we have

Eg,O = ker dOUT/im dIN = E[%,O/O = Eg,O'

From the proof of Lemma 3.9, we know that, for either p <0 or ¢ # 0,1, E} , =0
for all r > 2. On the rth page, the differential going into Ef , comes from E _, 4
and the differential going out of Ej , maps to E” ., _;. Since —r+1 < 0 and —r <0,
both groups are zero, so both differentials are zero maps. Thus, ES,J(SI = Ej o
Therefore, for all 7 > 2 we have that Ef , = Ef , so we conclude Eg, = Ef . O

We can now generalize this argument slightly to have the following.

Lemma 3.11. For all p,q, E5 = E>X,.

Proof. From the proof of Lemma 3.9, we know that, for either p < 0 or ¢ # 0,1,
E} ,=0for all r > 2. Thus, Equ =E;5, forp<0orqg#0,1.

Suppose p > 0 and ¢ is either 0 or 1. On the rth page for some r > 3, the
differential going into £ , comes from E ., ., ., and the differential going out of
E} ,maps to Ej_, .. 4. Becauser >3 and ¢ <1,¢g—r+1<¢g—-2<-1,5s0
El . q—rt1 =0. Becauser >3and ¢ > 0,q+r—-1>q+2>2,s0E, , ., =0
Thus, both differentials are 0, so Ejt! = EJ . Thus, for all v >3, Ey = E3  so
we conclude E; «=Epy (]
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We now know what both the £? and E? pages look like, the former in terms of
the homology of CP> and the latter explicitly. To calculate the homology groups
of CP®, it suffices to consider how the E® page was created from the E? page.

By Lemma 3.10, we can already deduce that

Ho(CP>)=Ejy=Ej,=LZ.
However, computing the other groups requires slightly more work.

Theorem 3.12. For all k > 1, H,(CP*>) = Hj_»(CP>).

Proof. Since differentials compose to 0, for each k we can extract from the E? page
the chain complex

2 _ 2 2 2 _
Eiyo 1=0=E; o= E;_51 = Ej_45=0

If k > 1, then, E}, = 0 and E}}_,, = 0. Thus, the homology groups of the given
chain complex are all trivial. By Proposition 2.5, the given chain complex is an
exact sequence. By Proposition 2.3, this implies E,io = Eﬁ—z,r Thus, forall k > 1,

Hk((CPOO) = Hk_g((cpoo).
(I

Z n is even,

Corollary 3.13. H,(CP>) = )
0 n s odd.

Proof. Tt follows from Lemma 3.10 that Hy(CP*) = Z, and we also know that
H_1(CP>) = 0. By Theorem 3.12, a simple proof by induction shows that, for all
even n, H,(CP*>) = Z, and for all odd n, H,(CP*>) = 0. O

Thus, the E? page looks like

Z 0 Z 0 Z 0
'\'\'\'\
Z 0 Z 0 Z 0

0 1 2 3 4 )

with all of the differentials (except those involving the Z at the bottom left corner)
isomorphisms.

Later on we will show that we can deduce even more from the Serre spectral
sequence with fibration S* — §° — CP if we construct it instead with cohomol-
ogy.

In the next section, we take a more formal approach to spectral sequences.

4. FORMAL DEFINITIONS

Spectral sequences can be defined generally over abelian categories, or less gen-
erally over R-modules. Rather than introduce a subject in its utmost generality, it
is often more illuminating to introduce it specially and only then attempt to gener-
alize. Therefore, in this paper we only consider spectral sequences over Z-modules,
i.e. abelian groups.
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A Ao,o Ao Ao 1 A 1o
Jf lfo,o lfl,o lfo,l lffl,o
B Bo o By Bo 1 B_1p0

FIGURE 4.1. A depiction of a bigraded map between bigraded
abelian groups, considered as many parallel maps.

Definition 4.1. Fix ro > 0. A homological spectral sequence {EZT,’q, d;’q} consists
of

i. a collection of abelian groups {E} ,}; ¢ez.r>r, and

ii. a collection of groups homomorphisms {d;, ,: E, , — Ey_, .. 1} called

differentials
such that, for all p, q,r,

T T —
a. dy_, g4r—10°dy,=0and

r+1 3 r r
b. EJ" is the homology of E" at Ej ,

ie. B}V =kerd; /imdpyrq-ri1.
The notation quickly becomes quite cumbersome. A common simplification is
done by fixing each r and treating all of the £ , as one object E" called a bigraded
abelian group. The differentials dj , are then collectively called a bigraded map.
These are not too difficult to define and help consolidate notation, so we introduce

them.

Definitions 4.2. [9, Defn. 2.2] A bigraded abelian group A is a collection of abelian
groups A= {A4,,|p,q € Z}.

IfA={4,,| pgq € Z} and B = {B, 4 | p,q € Z} are bigraded abelian
groups, a bigraded map of bidegree (c,d) is a collection of group homomorphisms

f= {fp,q: ApA,q — Bp+c,q+d ‘ D, q € Z}'

It is possible to think of a bigraded abelian group A = {A,, | p,¢ € Z} as the
direct sum of its elements, i.e. A = @p qeczAp 4. However, these two presentations
give us the same amount of information, and the direct sum gives a false sense of
interaction between the elements of a bigraded abelian group. For our purposes,
the pieces of a bigraded abelian groups should be considered as parallel to each
other. See Figure 4.1.

Example 4.3. For aring R, the additive structure on Rz, z~1,y,y~!] is a bigraded
abelian group with A, , = RxPy? for all p,q € Z.

We can also define the following for graded abelian groups.

Definition 4.4. Let A and B be bigraded abelian groups. We define
i. AC B tomean A,, C By, for all p, g,
ii. If AC B, then B/A :={B,, 4/Apq | p,q € Z}.

Definition 4.5. If f: A — B is a bigraded map of degree (c, d) between bigraded
abelian groups, we define

i. ker f :== {ker fp 4 | p,q € Z} and
i, im f={im fp—cq-a|p,q €Z}.

With these definitions, we have a new equivalent definition for Definition 4.1.
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Definition 4.6. [9, Defn. 3.2] Fix o > 0. A homological spectral sequence {E",d"}
consists of, for each r,

i. a bigraded abelian group E” and
ii. a bigraded map d": E™ — E" of degree (—r,r — 1) called a differential
such that, for all r,
a. d od" =0 and
b. E"*! is the homology of E” with respect to the differential d", i.e.
E" =kerd,/imd, = {kerd, ,/imd,,, , .1 |p,q €L}
For each r, E" is called the rth sheet or page of {E",d"}.

We will use this more concise definition for the remainder of this paper.

Remark 4.7. There is also a notion of a cohomological spectral sequence which is
defined in exactly the same way a homological spectral sequence is, except for the
following:

i. the pages are typically denoted by F, = {EP? | p,q € Z},

ii. the differentials are typically denoted by d,.: E, — E, and are all of degree

(r,—r+1).

The reason for this naming convention is very simple: homological spectral se-
quences are a tool for homology and cohomological spectral sequences are a tool
for cohomology.

Definition 4.8. Suppose {E",d"} is a homological spectral sequence such that,
for all p, g € Z, there exists r(p, q) € N such that, for all r > r(p, q), £, , = ngé)’q).
Then, we say the bigraded abelian group
E*® = {E;)(é”q) | p,q € Z}

is the limit term of {E",d"}. Equivalently, we say the spectral sequence abuts to
E.

A similar definition exists for cohomological spectral sequences with a limit term
F.

Definition 4.9. We say a spectral sequence is first quadrant if, for any r € N,
entries on the rth page are nonzero only when p > 0, ¢ > 0.

In the next section, we show how spectral sequences can come about. We intro-
duce the notions of filtration and exact couple. In section 6 we describe how the
Serre spectral sequence is constructed from these two structures.

5. FILTRATIONS AND ExAcT COUPLES

Definition 5.1. A filtration of a space X is a sequence of increasing subspaces
- CXoCXiCXoC---C XL
In general, a filtration could include nonempty X, when p < 0, but for our purposes

these will all be empty.

Suppose we have a space X and a “nice”® subspace A. Suppose further that we

are already well acquainted with both A and X/A, in the sense that we know all of

5By “nice” we mean that there exists a neighborhood U of A in X which deformation retracts
onto A. Recall that this is the condition required to have Hy (X, A) = H,(X/A).
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their homology groups. The natural step is then to use the long exact sequence of
reduced homology for (X, A) given by

o= Hy(A) = Hy(X) = Hy(X/A) = Hy 1 (A) = Hy (X)) ...

to compute the homology of X.

Suppose instead we have a triple B C A C X (where the subspaces are assumed
to be “nice”), where we know the homologies of B, A/B, and X/A. We would like
some generalization of the exact sequence of a pair which works for this situation
too. More generally, we have the following question.

Question 5.2. For a filtration
AXVOCXHCAXQC"'CAX7

what can we say about the homology of X using what we know about the homology
of the X; and/or the quotients X;/X; 17

When we specialize to the case where X is the total space of a fibration, we are
able to obtain a satisfying answer.

In a spectral sequence, it is often the case that the E™ and d” come form another
structure called an ezxact couple.

Definition 5.3. An exact couple is a pair of bigraded abelian groups A and F
along with bigraded maps i: A — A, j: A — E, and k: E — A such that the
diagram
A—1 A
AV
E

is exact, i.e.

e keri=imk,

e kerj =imi, and

e kerk =imj.

Given an exact couple, there is a natural way to define a differential d = jk: £ —

E which satisfies d?> = jkjk = j(kj)k = 0. We can then use this differential to form
a new exact couple called the derived couple.

Lemma 5.4. Given an exact couple (A, E,i,j,k), there exists an exact couple
(called the derived couple) (A’ E',i',j' k') with

AL

N
E/

defined by
o A=A,
o E’' =Xker(jk)/im(jk) = kerd/imd,
= i‘i(A);
o for alli(a) € A, j'(i(a)) =

[
e for all[e] € E', k'([e]) = k(e).
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Proof. We first check that j' and k' are well-defined.

For j’, suppose i(a1) = i(ag) for a1,as € A. Then, a3 — as € keri = imk, so
jla1) — j(az2) € im(jk) = imd. Thus, [j(a1)] = [j(az2)] in E'.

For k', first note that for all e € kerd, we have k(e) € kerj = imi = A’
Furthermore, if [e;] = [eg] for e1,eo € E, then e; — ez € imd C imj = kerk.
Therefore, k'([e1] — [e2]) = k(e1 — e2) = 0, so k'([e1]) = k' ([ez]).

We now show the resulting diagram is exact.

Given a’ € A’, there is some a € A such that i(a) = a’. We see

(7)(a’) = j'(i(a)) = [i(a")] = [(ji)(a)] =
since 74 = 0. Thus, 5’ =0, so im ¢ C ker j'.

For a' € kerj’ with ¢’ = i(a), we have [j(a)] = 0, so j(a) € imd. Thus, there
exists e € F such that j(a) = (jk)(e), and therefore a — k(e) € ker j = imi. Thus,
there is some b € A such that a — k(e) = i(b). Because ik = 0, we have that
a’ =i(a) =i(a) — (ik)(e) = i(a — ke) = i%(b). Thus, we have that a’ = i(i(b)), so
a’ € imi’. Thus, ker j/ C imi’, so ker j/ = im7'.

Given o’ = i(a) € A’, we see (k'j')(a’) = k'([ja]) = (kj)(a) = 0. Thus, imj’ C
ker K.

et [e] € kerk’. Then, k(e) =0, so e € im j. Thus, there exists a € A such that
e = j(a) and therefore [e] = [j(a)] = j'(i(a)). Thus, [e] € imj’, so we conclude
kerk/ = imj’.

Given [e] € E', we have (i'k")([e]) = i'(k(e)) = (ik)(e) = 0 since ik = 0, so
imk’ C kerd'.

Let o' € keri’. Then, a’ € keri, so a’ € imk. If o/ = k(e), then o' = k'([e]).
Thus, we conclude keri’ = imk'.

We conclude the derived couple is an exact couple. (I

The process of producing a derived couple from an exact couple can be repeated
an arbitrary number of times, giving us an rth derived couple for all r € N which
we denote by (A", E",i", ", k™). Letting d" = j7k", it should now be clear how a
spectral sequence might come about from such a construction.

Given a filtration Xg C X; C --- C X, we can construct an exact couple in the
following way.

Remark 5.5. (Exact Couples from a Filtration)

For all p,q € Z, let E} , = Hyy¢(Xp, Xp-1) and A}, = Hj,14(X,). We define
i', 4%, and k' on each piece of A or E' according to the long exact sequences of
pairs

kzl: q+1 ié,q Jp q 11>,<1
—= Hpyq(Xp-1) = Hpig(Xp) = Hpiq(Xp, Xp1) —

1 il
'p.g—1

LI Hp+q_1(Xp_1) —_— ...

Thus,

e il: A' — Al is induced on each piece by the inclusion X, 1 < X,
e jl: A = E'is induced on each piece by the quotient map on chains, and
e k': E' — Al is made up of the boundary maps

k, g =0: Hpq(Xp, Xp1) = Hpyg1(Xp-1.

Lemma 5.6. The construction in Remark 5.5 produces an exact couple.
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Proof. The proof follows immediately from exactness along each long exact sequence
of a pair. ([

Because Remark 5.5 gives us an exact couple, we also obtain infinitely many
derived couples. By “ignoring” the A" pieces of derived couples, we have a spectral
sequence.

Theorem 5.7. Given the derived couples (A", E",i", j", k") produced from the exact
couple in Remark 5.5, there is a homological spectral sequence {E",d"} where d" =
JTk".

Proof. We already know that d” o d” = 0 and E"*! is the homology of E” with
respect to d”. Thus, it suffices to check that d": E™ — E" is of degree (—r,r — 1).
On the first page, d' = j'k tells us that, for a given Hyi,(Xp, Xp—1), d* maps

kl -1
Hp+q<Xp7Xp71) — Hp+q71(prl) < Hp+q71(Xp71aXp72)-

Thus, d' maps E} , = Hp1q(Xp, Xp—1) to E} | , = Hprq-1(Xp—1,X,_2). There-
fore, d* is of degree (—1,0).
For the general case, we first prove the following.

a. Ay, = inl(A},_’q).

b. k;q: Ezr),q - Azr)fl,q'

¢ j;,q: A;,q - E;*T+1,q+r71'
(a) is immediate from the definition of a derived couple. (b) is also immedi-
ate because k;"gl is simply the map induced by k, , on kerd" /imd". We know

k‘},)q: E;)q — A117—17q’ so a proof by induction gives us (b) for every r.
For (c), let a € Ay . Because Ay = i""'(A} ), there exists b € A} , such that

i"~1(b) = a. Thus,
J(a) =5 () =[O = PE PO ==L 0]

where multiple brackets [[o]] for some @ € E} ! denotes first taking the equivalence
class [a] € Ej , then taking the equivalence class of that [[a]] € EjF!.

Because [...[j1(b)]...] and j!(b) exist in abelian groups which differ only in the
r coordinate and have the same p and ¢ coordinates, the p and ¢ coordinates of
j"(a) are the same as those of j'(b). Because b € " '(A} ) = A} 11 41r 1
jl(b) = E;7r+1,q+r71' Thus, j;,q: A;,q - E;frJrl,qurfl'

It follows from (b) and (c) that

T T kT‘ I ]‘T ™
d: Ep7q - Apfl,q — Epfr,qurfl

Thus, the degree of the bigraded map d" is (—r,r — 1). |

In the next section, we describe how the Serre spectral sequence comes about
from a filtration of the total space X. We then state three theorems we can use to
make computations using the Serre spectral sequence.

6. FORMAL PRESENTATION OF THE SERRE SPECTRAL SEQUENCE

Given a fibration n: X — B where B is a path-connected CW-complex, we
can create a filtration of X by taking the p-skeletons B? of B and defining X, =
7~ Y(BP). From this filtration we obtain an exact couple, and from this exact couple
we obtain a homological spectral sequence. In this case, the resulting spectral
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sequence is called the Serre spectral sequence. In section 3.2 of this paper, we
stated the existence of the Serre spectral sequence in a slightly simplified form
(Theorem 3.1). Once we go over the following notion, we can state the theorem in
its proper form.

Throughout this section, G is an arbitrary abelian group.

Recall how in Proposition 3.8 we assigned to each path v in the base space
B a map L,: F, — F,. In the case that these paths are loops based at the
basepoint by € B, the associated map L : Fy, — Fp, induces a map on homology
Ly.: H(Fyy; G) = H,(Fy,; G). Because homotopic paths give rise to homotopic
associated maps, they induce identical maps on homology. Thus, m(B) acts on
H,(Fy,; G) in this way. When we say 71 (B) acts trivially on H,(Fp,; G), we mean
that this induced map is the identity.

Theorem 6.1. Let F — X — B be a fibration with B path-connected. If w1 (B)
acts trivially on H.(F;Q), then there is a homological spectral sequence {E",d"}
with

a. E} , = H,(B; Hy(F;G)) and

b. stable terms ES5 isomorphic to the successive quotients FP/FP~' for a

p.n—p
filtration 0 C F? C --- C F' = H,(X; G).

Remark 6.2. Note that B is not required to be a CW-complex due to CW ap-
proximation: there exists a CW-complex B’ weakly homotopy equivalent to B via
a weak homotopy equivalence n: B’ — B. By pulling back along 7, we have a new
fibration F — X — B’. Because H.(B) = H.(B’), the new fibration can be used
without loss of generality.

In statement (b), a filtration of a group is simply a nested sequence of subgroups
of G,0 C Gy C G1 C --- C G, with the additional requirement that each G; be
normal in G (which is satisfied trivially in our case since our groups are abelian).

There is also a cohomological version of the Serre spectral sequence, which we
can use to compute the cohomology groups of spaces.

Theorem 6.3. Let F — X — B be a fibration with B path-connected. If w1 (B)
acts trivially on H.(F; G), then there is a cohomological spectral sequence {E,,d,}
with
a. E? = HP(B; H{(F;QG)) and
b. stable terms ER:""P isomorphic to the successive quotients F'/F}' | for a
filtration 0 C F§ C --- C F) = H*(X; G).

There is an additional multiplicative structure present in the cohomological Serre
spectral sequence which we can use to deduce the ring structure on the cohomology
groups of a space.

Recall that the cohomology groups of a space X form a graded commutative ring
under addition and cup product.

Given a fibration FF — X — B, we can easily construct a fibration F' x F' —
X x X — Bx B by taking w x 7 for the map X x X — Bx B. If B is a CW-complex,
we can filter X x X by letting (X x X), be the preimage of the p-skeleton of B x B,
(r x m)~Y(B x B)P.

Let X, = m—!(BP) be the standard filtration of X. For all a, b, ¢,d we have that

(Xa X Xb) n (XC X Xd) = (Xa n XC) X (Xb n Xd)
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Due to the product CW structure of B x B, we have the congruence
Hk((X X X)p, (X X X)pfl) = @i+j:ka(Xi X Xj,XZ‘,1 X Xj U X; X Xjfl).

Let A: X — X x X be the diagonal map z — (z,z). Then, letting m = p + ¢ and
n = s+ t, we define the product structure on the first page of the cohomological

Serre spectral sequence EV'? x EPY — EPT*9% by the composition

H™(X,p, Xp-1) x H" (X5, X5-1)

&

H™ (X, % X, Xp1 X XeUX,U X, o)

I

@i+j=p+sHm+n(Xi X XjaXi—l X Xj U Xz X Xj—l)

=

H™ (X x X)pts, (X X X)prs—1)

o
Hern (Xp+87 Xp+s—1)7
where X is the relative cross product map. This product structure can then induce
maps on each of the following pages, including the infinite one.

We now state without proof the following theorem which details how we can use
this structure for computations.

Theorem 6.4. i. Fach differential d, is a derivation, i.e. satisfies, for x €
EP4 and y € B3,

dr(zy) = (dra)y + (=17 2(d,y).
The product on the rth page induces a product on the (r 4+ 1)th page which

maps EVY x B2y to EPTY by sending equivalence classes [a] and [5]
to the equivalence class [af]. The above equality ensures this map is well-
defined.

i. The induced product on the Ey page EY? x ESY — EVT 9 s equal to the
standard cup product

HP(B; HY(F;Z)) x H*(B; H'(F; Z)) — HP**(B; H*"'(F; 7))

where each pair of cocycles (¢,1) is sent to ¢ — 1 with coefficients multi-
plied via the cup product

HY(F;Z) x H'(F;7) — H"(F; 7).
ii. The cup product structure of H*(X;Z) restricts to maps F* x ' — F;’fg",
which induce quotient maps Fy"/Fiy x FI'/Fl'y, — FVE/FAR ) that
coincide with the products EL™P x E$n—% — pptsmin=p=s

Part (ii) tells us that the Fy page has simple formulas not only for the groups,
but for the products.

The best way to understand these theorems is to see how they are applied. In
the next section, we give two more examples of computations which can be done
using Theorems 6.1, 6.3, and 6.4.
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7. MORE EXAMPLES

In this section, we first give a computation using the homological Serre spectral
sequence, then give one for the cohomological version.

In our introduction for fibrations in section 3.2, we mentioned a fibration called
a path space fibration, QX — PX — X. We first define QX and PX, then use the
fibration they form to determine the homology groups of .5™.

Definitions 7.1. Let (X, zo) be a based space, i.e. a space with a specified base-
point. The path space of X, denoted PX, is the set of all paths in X which begin
at xg with the compact-open topology.

The compact-open topology can be defined generally for the set of maps from
any space Y to another space X (denoted XY). For a compact subset K C Y and
an open subset U C X, let M(K,U) be the set of continuous maps f: Y — X
such that f(K) C U. The compact-open topology is the topology generated by the
subbasis

{M(K,U)| K CY is compact, U C X is open}.
When Y = [0, 1], the path space PX is the subspace of X[ consistenting of paths
beginning at xy with the induced subspace topology.

In the case that Y is compact (e.g. Y = [0,1]), the compact-open topology is
equivalent to the metric topology induced by the metric

d(f,g9) = sup d(f(y),9(y)).

Thus, it makes sense intuitively to think of open sets in the path space as collections
of paths which are consistently “close” to each other.

The loop space of X, denoted 22X, is the subspace of PX consisting of paths
which begin and end at z.

Remark 7.2. For any path-connected space X, the path space PX is contractible.
To see this, consider the map which shrinks every path to the constant path, i.e.
F: PX x[0,1] = PX defined by

F(y,8)(t) = v((1 = s)b).

Proposition 7.3. For any based space (X, xg), there is a fibration QX — PX — X
called the path space fibration.

Proof. The map m: PX — X is defined by sending paths which begin at xg to the
point they end at, i.e. if v is a path from zg to x, w(v) = x. For each z € X, the
fiber contains all paths from x( to z, i.e.
7 Hx) = {y:[0,1] = X [ 7(0) = z0,7(1) = z}.

We can show that each 7= (z) ~ QX in the following way. Fix a a path from
to z. Let f: QX — 7~ !(z) be the map which sends a loop v based at x( to the
path 7 x o formed by concatenation. Let g: 7~!(z) — QX be the map which sends
a path n from zg to x to the loop 1 * &. Then, for a loop « based at xg,

(9f)(V) =gly*a) = (y+a)xa

and for a path 7 from xg to z,

(o)) = fnxa) = (n*a) o
Both maps can be shown to be homotopic to the identity on QX or 7= 1(z).
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To show that m: PX — X is a fibration, let Y, h, and ho be such that the
diagram

Y x {0} — PX

I I

Y x[0,1] —— X.

commutes. For all y € Y, there is a path v, = ﬁo(y) € PX from zq to h(y,0).
For all (y,s) € Y x [0,1], there is a path in X from h(y,0) to h(y,s) defined by
h(y, st). Define h(y, s) to be the path® which first traverses 7, in the time [0,1 — ]

then traverses h(y, st) in the time [I — 5,1]. One can show that h is continuous.
Furthermore, we see

h(y,0) = vy = ho(y)
and, since h(y, st) is a path which ends at h(y, s),

(o h)(y,s) = h(y, 5)-
Thus, the diagram

Y x {0} — PX
[
™
Y x[0,1] —— X.
commutes, so X — PX — X is indeed a fibration. O

Example 7.4. We can now compute the homology of 25™. When n = 1, the
loop space Q5! has as path components the equivalence classes of paths” in ST,
and each equivalence class can be shown to deformation retract onto the typical
representatives of their classes. For n > 1, S™ is simply connected, so the 71 (S™)
acts trivially on H,(€S5™). Thus, we can use the homological Serre spectral sequence
for the fibration 25™ — PS™ — S™.

Recall that
H(S™;G) = {G k=0

0 otherwise
and, since PS™ is contractible,
Z k=0
0 otherwise.

Hy(PS™ G) = {

For all p, ¢, the E? page of the spectral sequence has groups
H,(QS™Z) p=0,n

2 m., n. —
Epq Hy (575 Hq (2575 Z)) {0 otherwise
6A first guess might be defining Ey, s) to be vy * h(y, st), but then h(y,0) would not be equal
to vy. By introducing a changing time interval we fix this problem.
"This is because paths between elements of QS! correspond to homotopies between those
elements in ST.
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and (without differentials) looks like

3 | Hy(QS™) Hs(QS™)
9 | Hy(QS™) Hy(QS™)
1 | Hy(QS™) Hy(QS™)

0 | Ho(2S™) Ho(QS™)

The differentials have domain or codomain zero (and are therefore zero) up until
the E™ page, so for all p, g,

E., =E} =---=E!

p,q p,q’

Differentials are again zero on the E™t! page and zero on all subsequent pages, so
for all p, q,

En+1_En+2:"'_Eoo

P,q P,q T Upa
The differentials involving Ef , are zero even when r = n, so we also have that

E§ o= Egq =Z.
With differentials, the E™ page looks like

3n—3 Hgn_3(QSn) Hgn_g(QSn)

/

2n — 2 H27L_2(an) HQn_Q(QSn)
n—1 | H, 1(Q8")  H, (28"

0 Hy(5™) Hy(QS™)

Note that there are maps from every E”* , = H,(QS5") to E§ jin_1 = Hiyn1 (QS™)
and not just the ones pictured.
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Since PX is contractible, the E*> page looks like

3n—3 0 0

2n —2 0 0

0 Z 0

0 n

Thus, by the same reasoning as that in the proof of Theorem 3.12, the sequences
0— Hp(QS™) = Hiqn1(25™) — 0
are exact when k % 1 — n. Therefore, for all kK # 1 — n, we have isomorphisms
Hp(Q2S™) = Hiyrn—1(25™).

A simple proof by induction shows that Hy(QS™) = H;(QS") whenever k =
jmod (n—1) and k,j > 1 — n. Thus, when k is a multiple of n — 1,

H,(QS™) = Hy(Q2S™) = Z,
and when k£ = m mod (n — 1) for some m € [0,n — 1),
Hp(QS™) = H,, (2S™) 2 Hyp 11 (25™) 22 0.
Thus,
Z k -1
ACEDRS SR
0 otherwise.

In both of these examples, we used the homological Serre spectral sequence to
determine homology groups of spaces. We can do the same with the cohomological
Serre spectral sequence and determine cohomology groups, but due to the multi-
plicative structure present in the spectral sequence, we can go even further and
compute the ring structure.

We now demonstrate a method for computing the ring structure of H*(CP).

The same can be done for 5™, but the procedure is more complicated and beyond
the scope of this paper.

Example 7.5. Recall that S! — §° — CP> is a fibration. Let B = CP>,
X = 8%, and F = S'. Because CP* is simply connected, the condition that
m1(B) acts trivially on H*(F') is satisfied, so we can apply the cohomological Serre
spectral sequence to this fibration. Theorem 6.3a tells us that the Fy page is made
of groups

H?(B;Z) ¢=0,1

EP? = HP(B; HI(F;Z)) =
> (B; HY(F;Z)) {0 0401
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and a differential dy of degree (2, —1). Thus, the F5 page looks like
1 | HY(CP*) HY(CP>) H?*(CP>) H3(CP>®) H*(CP>®) H5(CP>)

0 | HO(CP®) HYCP>) H(CP>®) H3(CP=) HY(CP>) H5(CP>)

By arguments analogous to those for Lemmas 3.10 and 3.11, Eg’o =Zand EY? = 0.
Thus, for all k # 0, we have an exact sequence

0 — H*3(CP>;Z) — H*(CP>;Z) — 0.
It follows likewise that

Z kis even

H*(CP>®) =
( ) {0 k is odd.

Thus, the F5 page looks like
1| Zaoy  Zasy  Zasy  Zasy  Zagy  Zagoa

NN N N N

0 | Zaooy Zazo  Zaso  Zaso  Zago  Zaioo

0 2 4 6 8 10

where Za,, , denotes that a, 4 is a generator of E5'? = Z.

Let o = ap,;. We find that all of the generators in the 1st row are a times the
generator from the Oth row, i.e. ap1 = o - ap . To see this, consider the generator
o is really 1 ® o, and a generator a, is really a,o ® 1. Thus, their product
a-apo=(1®a)(ayo®1)is a generator of E5".

Because one of the generators of H(F;Z) is the multiplicative identity on the
cohomology ring H*(F;Z), without loss of generality let ago = 1.

Recall that all of the differentials shown are isomorphisms. Therefore, for all p >
0, we have that dsagp1 is a generator of Egp +20 30 without loss of generality we let
G2p+2,0 = daa2p,1. Furthermore, since the product structure is simply multiplication

of coeflicients, for all p > 0 we have that ag1a2,,0 is a generator for Egp’l. Thus,
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letting =; = a; 0, the Ey page now looks like

1 Zao Zaxs Zoxy Zaxg Zoazxs  Zaxig

NN N N

0 71 Zl’g Z(E4 ZZL'G Z.’Eg Z.’Elo

0 2 4 6 8 10

By the derivation property (Theorem 6.4a) of dy we have that
Toipo = do(axe;) = da(a)xa; + adaze;) = da()xe; = Toxa;

since da(z2;) = 0. Thus, H*(CP>=;Z) is Z[xo,x2,%4,...] modulo the relations
ToXg; = Xg;4+o for all i. We conclude

H*(CP*;Z) = Zlx].
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