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On subspaces of Lp 

Introduction 

Let 15 p < 2. Our main structural result asserts that every subspace 
of Lp  either contains a complemented isomorph of Ip, or imbeds in (is linearly 
homeomorphic to a subspace of) LP' for some p' > p (Theorem 8). Of course 
a special case of this result is that  every reflexive subspace of L1 imbeds in 
LP  for some p > 1; a corollary of this special case and previously known 
results is that every subspace of L' contains an unconditional basic sequence 
(Corollary 12). As further motivation for the content of Theorem 8, we note 
that  for all 1S p < q S 2, IP does not imbed in Lg,  while Lq  isometrically 
imbeds in Lp. (See [3] for the real-scalars case of the last mentioned fact 
and [6] for the case of complex scalars.) Theorem 8 was suggested by recent 
work of Bretagnolle and Dacunha-Castelle, which shows that every reflexive 
subspace of L1 with a symmetric basis, imbeds in LP  for some p > 1 [2]. 

Our main technique (in addition to using the results of [7]), is that  of 
p-absolutely summing operators; we make critical use of this technique for 
all p 2 2. However the proof of the special case of our main result, men- 
tioned above, may be accomplished without using this technique. The reader 
interested mainly in this result may find its proof by reading (the crucial) 
Lemma 6, Lemma 7, and the first part of the proof of Theorem 8. (He may 
use as a definition of Ip(R), the smallest constant K satisfying condition 3 
of Theorem 1.) 

We wish now to indicate in greater detail the results and organization 
of this paper. In the preliminary Section 1 ,  we give some definitions, nota- 
tion, and elementary results concerning p-absolutely summing operators 
defined on C(S)-spaces (throughout, "operator" means "bounded linear 
operator"; "C(S)-space" refers to the space of all scalar-valued continuous 
functions defined on some compact Hausdorff space S). The results of 9 1 
are all designated as "propositions"; none of the results of !j 2 (which begin 
with Theorem 1)are so designated. 

Our main results are contained in 9 2. Since LP isometrically imbeds in 
L1 for p 5 2, we concentrate on studying subspaces of L1. For R a closed 
linear subspace of L1, we define Ip(R) to be the q-absolutely summing norm 

* The research for this paper was partially supported by NSF-GP 12997. 
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of the canonical map from L" onto R* (where l / p  + l /q  = 1). We show 
that  for p 5 2, IP(R) is isometrically determined by R ,  and is equivalent to 
some intrinsic inequalities concerning R itself (Theorem 1 and Corollary 2). 
We also obtain there that  IP(R) equals the  maximum of the  q-absolutely 
summing norms of all norm-decreasing operators from any C(S)-space to  R*. 
In  Lemma 3 we prove tha t  Ip(IP) = m for all 1< p < 2 (this important result 
is due to  Schwartz-Kwapien-see [8] and [15]). Lemma 3 also enables us  to  
show that  the statement "IP(R) < m" is not an  isomorphic invariant of R 
for p > 2 (Corollary 3). 

We prove in Theorem 5 tha t  I,(R) < =. if and only if R is isomorphic 
to  a Hilbert space, while for 1< p < 2, IP(R) < m if and only if R imbeds 
in L P  and IP does not imbed in R. We also obtain tha t  when IP(R) < =. , the  
imbedding of R in L P  can be accomplished in a surprisingly elementary 
fashion. 

The deepest analysis in the paper occurs in Lemma 6; this result 
yields that  if R is a reflexive subspace of L', then {I < p < 2: IP(R) < -) 
is a non-empty open interval; The proof of Lemma 6 is quantitative and in 
a sense, finite-dimensional. As a consequence, there is a version of our main 
result which has content for finite-dimensional spaces also; this version 
asserts tha t  subspaces of L P  either uniformly imbed in LP'  for some p' > p, 
or contain an  almost isometric copy of 1; which is the range of an almost 
contractive projection (for a precise statement, see Theorem 9). In  addition 
to  the techniques of the present paper, this version (for the  case p > 1) 
leans upon the localization techniques developed in [ l l] .  The case p = 1of 
Theorem 9 yields tha t  9,spaces of sufficiently high dimension contain almost 
isometric copies of I; (Corollary 10). A simple consequence of Theorem 8 is 
tha t  if X i s  a reflexive quotient space of some C(S)-space, then for some p,  
2 5 p < m, every operator from every C(S)-space to X is p-absolutely 
summing (and hence X is isomorphic to a quotient space of LP(p) for some 
measure p). (Corollary 11.) The reader is referred to [4] for a study of the 
spaces X such that  every operator from a C(S)-space to X is 2-absolutely 
summing. The final result of 9 2, Theorem 13, summarizes the  consequences 
of the preceding results concerning subspaces of LP, 1< p < 2. 

The paper concludes with an appendix on p - r absolutely summing 
operators defined on C(S)-spaces. The final result shows tha t  for 2< r< p <  ~ 3 ,  


every operator from a C(S)-space t o  L P  is p - r absolutely summing. (The 
results of 5 1and the appendix were presented a t  a conference on 2, space 
theory held a t  Louisiana State University in June, 1971.) 
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1. p-absolutely summing operators defined on C(S)-spaces 

We first give some definitions and notation used throughout. Given X 
and Y real or complex Banach spaces and A <  =.,we say that  X i s  X-isomorphic 
to Y if there is an invertible operator T from X onto Y with I I TI1 I I T-' I I 5 X. 

If X and Yare isomorphic (i.e., linearly homeomorphic) we put d(X, Y) equal 
to the infimum of the numbers such that  X i s  X-isomorphic to Y. We say 
that Y is X-complemented in X if Y c  X and there is a projection (=bounded 
linear projection) from X onto Y of norm a t  most X. We say that  Y imbeds 
in X if Y is isomorphic to a subspace of X. S, denotes the set of x in X with 
1 1  x 1 1  5 1. X *  denotes the dual of X; when convenient, we denote x*(x) by 
(x*, x). Given 15 p < D., and an operator T: X- Y; T is called p-absolutely 
summing (notation: p-a.s.) if there is a constant K < D.; so that for any 
integer n and n-elements x,, ...,x, in X, 

(1) (x:=, I I Tx, 1 1 ~ ) ' ' ~ 5 K SUP (x??.=I I %*(xi)Ip)'lp , 
the supremum taken over all x* E X *  with 1 1  x* 1 1  5 1. The smallest possible K 
satisfying (1) for all n and x,, ...,x, in X, will be called the p-a.s. norm of T. 

We begin with a characterization of the p-as .  norm of operators defined 
on the spaces 1; (i.e., on finite-dimensional C(S)-spaces). We introduce the 
following notation and definition: {el, a s . ,  en) denotes the natural basis of 
1:. A subspace Y of the dual of a Banach space X is called isometrically 
norming if for all X E X ,  llxll = supyfSyIy(x) 1 .  

PROPOSITION1. Let X be a Banach space, n a positive integer; K a 
positive number, 15 q < D., and l / q  + l /p  = 1. Let T: 1: -X be a given 
operator, and let Te, = xi, 15 i 5 n. The?%the following statements are all 
equivalent: 

1. T has q-as.  norm less than or equal to K. 
2. For  all m and matrices (yij) (15 j 5 n ,  1S i 5 m) of scalars, 

(2) (Cyz1I I ES=lYijxj I Iq)'Iq 5 K SUP,<j n  ( ~ ~ z lI Y i j  I q ) l l q  
some3. For (any ) isometrically nornzisg subspace Y of X;', and for any 

m and zj,, . .,y, i n  Y, 

(3) xie1(EL1I ( ~ i ,xj) 5 K(x:', 1 1  ~i I l p ) " p  
Proof. I t  is easily seen that 1and 2 are equivalent. Now fixing m, we 

shall prove that 2 and 3 are equivalent. This is a simple duality argument; 
we consider the Banach space (1; @ ...@ I;),, the n-fold Cartesian product 
under sup-of-components norm. Its elements may be denoted by matrices 
(yij);the norm is then 
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I I  (yij) I I = SUPIS~S~(C:=,I Yij I q ) ' "  . 
The dual of this space is then equal to (1;  @ .. @ I&) , ,  the n-fold 

Cartesian product under sum-of-components norm. The elements of the last-
mentioned space may be denoted by matrices (aij)under the norm 

I I (aij)I I = CS=,(C:=,1 aij I P ) ' "  ; 

the pairing between the two spaces is given by 

( (a i j ) ,  (yi j ))  = C i , j  aijYij . 
Now to show tha t  2 -- 3 ;  let y,, ,y, be arbitrary elements in X * ,  and 
assume 2: Then for all matrices ( y j j ) ,  

Thus putting a,$= (y,,  x j ) ,  we have that  (aij)yields a linear functional on 
the space of (y i j ) ' sof norm a t  most K ( Z  1 1  yi l I p ) l l p .  Hence (3)  holds. 

Now fix Y an isometrically norming subspace of X * ,  and assume (3)  
holds for all y,, . ., y, in Y. Fix a matrix ( y i j ) ,and let E > 0. Then we 
may choose y,, ..., y, in Y with C:=,I I  y, / I P  = 1 such that  

(4) (C:=,/ /  C5=,Yijxj 1 1 q ) 1 1 9  5 I X i , j( ~ i ,yijxj) I + E 

= / C i , j  yij(yi, x j )  I + E . 
But in turn;  

/ Xi ,j yii(yi, x i )  I 
l / P  <5 I l  (yij) I I CS=,(C:=,I (Y, ,  x j )  I") = Kll ( ~ i j )l l  

by (3) and our natural pairing. 
We thus have by (4)  and the above, that  

(C:=i/ / CS=lYijxj / l q ) l l q  5 Kll ( ~ i j )I I + 
for all E > 0. Hence (2)  holds for all matrices (y i j ) .  Q.E.D. 

The next result is an easy consequence of the definition of q-a.s. opera-
tors; its proof will be omitted. 

PROPOSITION2. Let S be a compact Hausdorf space, and {En:cr e I'} a 
fami ly  of jinite-dimensional subspaces of C ( S )  wi th  the follozving properties: 

(i) Given E > 0 ,  n a positive integer and f,, ...,f ,  in C(S ) ,  there exist 
a and ep, ...,e; in E, w i th  1 1  f ,  - e: 1 1  < E for all i, 1 S i 5 n. 

(ii) For all a, E, i s  isometric to 1; where m=dim E,. 
Let X be a Banach space, T:C(S )-X a n  operator, K < m ,  and 1 5 q < =o . 
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Then T is q-a.s. with q-a.s. norm less thaqz or equal to K if (and only if) 
TI E, has q-a.s. norm less than or equal to K, for all a. 

For the sake of "symmetry" in the statement of the next result, we 
recall the 

Definition. A map T: X - Y is said to be p-nuclear if i t  admits a 
factorization of the form 

where A is a diagonal map. If we require that 1 1  UII 5 1 and 1 1  VII 5 1, 
then the infimum of 1 1  A 1 1  over all possible such factorizations is called the 
p-nuclear norm of the map. (We shall have no use for p-nuclear maps in 
the sequel.) 

The next result is critical for our work in 9 2. 

PROPOSITION3. Let 12 q < -, l / p  + l / q  = 1, X a Banach space, and 
K < m. Then the following statements are all equivalent: 

1. For  every compact Hausdorf space S and operator T: C(S) -X, 
T is q-as. with q-a.s. norm less than or equal to 1 1  T 1 1  K. 

2. For (",":) isometrically norming subspace Y of X*,  for all n, 

x,, ...,x, i n  X, and matrices (y,$) (1 5 i 5 n,  12 j 5 n) of scalars; 

1 4 119(Xi1 1  EjY i j X j  1 1  ) 5 K S U P ~(XiI Y i j  Iq)liqSuPws~yXi I (Y,xi) I 

3. For (",";) isometrically norming subspace Y of X*,  for all n, 

x,, ...,x, i n  X, and y,, ...,y, in  Y, 

4. Every p-nuclear map from X to a n  arbitrary space B, with p-nuclear 
norm less than or equal to one, is 1-a.s. with 1-a.s. norm less than or equal 
to K. 

Remark. We are indebted to the referee for pointing out that 4 of 
Proposition 3 is equivalent to the assertion obtained by replacing "p-nuclear" 
by "p-a.s." (This follows easily from the fact (c.f. [12]) that for any n and 
any operator T from X to I:, the p-nuclear and p-a.s. norms of T are equal.) 

Proof. All the assertions are simple consequences of the definitions, 
Propositions 1and 2, and the observation that if U.1;-X is a given operator 
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with Ue, = xi, for all i, and Y is an isometrically norming subspace of X* ,  
then 

I I  u11 = SUPUES,.cy=,1 (Y,xi) 1 . 
Thus, it is immediate from the definitions tha t  1-- 2. Fixing z,, .,z, in z ,  
then by Proposition 1 (or rather, the proof of 2 -- 3 of Proposition I ) ,  2 and 
3 of Proposition 3 are equivalent. Since we allow arbitrary n and elements 
z,, ...,x, in X, Statement 2 is equivalent to the statement which results 
from allowing the matrices (yij) to be arbitrary rectangular rather than 
square; hence 2 implies (by Proposition 1) tha t  for all n ,  every operator U 
from 1; into X has q-a.s. norm less than or equal to K 1 1  U 1 1 .  Consequently 
if S is a given compact Hausdorff space, let {E,:a E I') be a family of finite-
dimensional subspaces of C(S) satisfying the hypotheses of Proposition 2. 
(The existence of such a family is well-known; i t  follows by using partitions 
of unity.) Then assuming 2 of Proposition 3, and letting T: C(S) -X, we 
have that  for all a ,  TI E, has q-as.  norm less than or equal to 1 1  TI E, 1 1  K 
which is less than or equal to 1 1  TI I K, and hence 1follows by Proposition 2. 

It is fairly easy to see that  assertions 3 and 4 of Proposition 3 are 
equivalent. Assuming 3 and letting x,, ..., z, in X, the inequality in 3 also 
holds for infinite sequences y,, y,, ... in Y. Thus suppose tha t  T: X - B is 
a p-nuclear map with p-nuclear norm 5 1. Then given E > 0; we can choose 
yl, .,y,, ... in X *  with (z1 1  yi I l p ) l ' p  5 1+E, and a map V: lp-B of norm 
a t  most one, so that  defining U:X-lP by Ux =Z:=,(y,, x)ei (where el, e, . 
are the unit-basis-vectors of lp), then T = VU. Now the left side of the in-
equality in 3 is equal to CS=,1 1  Uz, 1 1 .  Hence 

C;=lI I  Tx, l l  = C;=lI I  VUz, I I  
5 CS=, I I  Uxj I I  5 K (1+ E) SUP,esgr CjI (Y, xj) I 

whence since E > 0 was arbitrary, T has a.s. norm a t  most K, hence 4 holds. 
On the other hand; suppose 4 holds, and suppose y,, ...,y, in X *  are fixed 
with z 1 1  yi 11" 5 1. Then the map U:X- lp defined by Ux = Zy=,(y,, z)ei 
is obviously p-nuclear with p-nuclear norm a t  most one. Hence given 
zl ,  -,z, in 

C jI I  Ux,) l l 5 K sup, es,* CjI (Y,~ j )I 

This means precisely tha t  the inequality of 3 holds provided 1 1  yi 11" S 1; 
the fact that  the inequality is homogeneous in the n-tuples (y, . .y,) shows 
that  i t  holds in general. 

Remarks. 1. Fix the Banach space X, 1< q < m. I t  follows easily 
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from the uniform boundedness principle tha t  if there is an infinite-dimensional 
2, space Y (as defined in [9]) such that  every operator from Y to X is 
q-a.s., then there is a K < m satisfying the equivalent conditions of Proposi- 
tion 3. Conversely, if Proposition 3 holds for some K < m, then every 
operator from any $,-space to X i s  q-a.s. Similarly, Proposition 3 holds for 
some K < if and only if for all Banach spaces Y, every p-nuclear opera- ~ 3 ,  


tor from X to Y is absolutely summing. 

2. The only property of C(S) spaces used in the proof of Proposition 3 
is that  they admit a family of finite-dimensional subspaces {E,:a E I?} satisfy-
ing (i) and (ii) of Proposition 2. I t  is known that  a Banach space B admits 
such a family if and only if B* is isometric to L1(,u) for some measure p on 
a measurable space. (We call such spaces Y, Ll-preduals.) Thus Statement 
1of Proposition 3 is equivalent to the statement obtained by replacing C(S) 
by an arbitrary Ll-predual, B. 

3. I t  is a consequence of a deep theorem of Dvoretzky that  if q < 2 
(and the scalars are real), then no infinite dimensional Banach space X 
satisfies the hypotheses of Proposition 3. However it is also well-known that 
Hilbert space does satisfy Proposition 3 when q = 2. 

4. For a generalization of Proposition 3 to  p - r-a.s. operators, see Pro- 
position A1 of the Appendix. 

We recall finally the factorization theorem of Pietsch (Theorem 2 of [12]; 
see also [15]): 

PROPOSITION4. Let S be a compact Hausd0r.f space, X a Banach space, 
1S q < m, and T: C(S) -X a q-a.s. operator with q-a.s. norm equal to K. 
Then there exists a regular Bore1 probability measure ,u on S ,  and a n  opera- 
tor V: Lq(,u) -X with 1 1  VII = K, so that Tf = Vif for all f E C(S) (where 
i: C(S)-Lq(,u) i s  the natural  map). 

We note that ,  if there is a probability measure p on S and an operator 
V:Lp(p)-X SO that  T = Vi, then the q-a.s. norm of T is less than or 
equal to  I I VII. Finally, Proposition 4 yields immediately the  (well-known) 
fact that  if T: C(S) -X has q-a.s. norm less than or equal to K and q < 
q' < =o, then also T has q'-a.s. norm less than or equal to K. 

2. The main results 

Throughout the rest of this paper, ,u, u and ;t denote measures on some 
measurable space (a,9) with p a probability measure (i.e. p(Q) = 1). Lp(u) 
denotes the real or complex space usually denoted LP(X, 9,p); L p  denotes 
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LP(m)where m equals Lebesgue measure on the Lebesgue-measurable subsets 
of the unit interval, and lPdenotes Lp(v)where v is the  measure on the  positive 
integers where for all n ,  v{n} = 1. In reality, we could have restricted our-
selves to LP,  since every separable subspace of Lp(v) for arbitrary v iso-
metrically imbeds in LP. However, in addition to giving information in the 
non-separable case, considering spaces Lp(p)allows for notational convenience 
in our proofs. 

The first theorem of this section provides the foundation for our main 
results. (Essentially, the new ideas in 8 2 may be found in the proofs of 
Theorem 1 ,  Lemma 6, and Theorem 8.) 

THEOREM1. Let R be a closed h e a r  subspace of L1(p), 1< p < m, 

1/p + l / q  = 1, K < =.. Then the followi?zg three statements are equivalent: 
1. For  any positive integer n and elements r,, ., r, of R, 

2. The natural  map from Lm(p)onto R* has q-a.s. norm less than or 
equal to K. 

3. There exists a non-negative measurable function $ with $dp 5 1 ,i 
so that for all r E R, r(t) = 0 for (alqnost) all t belonging to {t: $(t) = 01, and 
such that 

Moreover, if 1< p 5 2 and any of these three statements hold, then every 
operator T from every C(S)-space to R' is  q-a.s. with q-a.s. norm less than 
or equal to K 1 1  TII. 

Of course we define the function 1 r "(t)$lPp(t)to be equal to zero provided 
$(t) = 0. If we put dv = $dp and define U: R -L1(v)by UT = r/$ (using 
the same obvious convention), then U is an isometry, and 3 is simply the 
statement that  

1 1  Ur ~ ~ L P ( , I5 KII U?"I I L ~ ( V )  for all r E R. 

Proof. 1-2: Let i denote the natural map from Lm(p)onto R*. By 
virtue of Proposition 2, it suffices to show tha t  given any positive integer n 
and n disjointly supported functions $,, . .,$, in Lm,each of sup-norm 1 ,  
and letting E denote their linear span, then i I E has q-as.  norm less than 
or equal to K. In turn,  since R may be regarded as an isometrically norming 
subspace of R**, it suffices to prove by part 3 of Proposition 1tha t  given 
r l ,  ,rmin R,  
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(5) C5=1(Cbl(ri, Oj>  lp)l'* 5 K(Cy=l I ri I I p ) l ' pI / 
(where ( , ) denotes the natural pairing between L1(p) and Lm(p)). (Actually, 
the conclusion of Theorem 1implies that  R must be reflexive, i.e., R equals 
R**.) Now let Fl,. . . , F, be the disjoint measurable sets such that for all 
i ,  $,(t) = 0 for (almost) all t @ F,. Then the left side of (5) is equal to 

which is less than or equal to the right side of (5), by hypothesis. 

2 -- 3: We regard Lm(p) as being equal to C(S) for a certain compact 
Hausdorff space S; we regard p as being a regular Borel probability measure 
on S,  and we regard R c L1(p)c C(S)*. Let j denote the natural quotient 
map of C(S) onto R*. Then by Proposition 4 and the hypotheses of 2, there is 
a regular Borel probability measure u on S and a map V:Lq(u)-4R* so that 
j = Vi where i is the natural map of C(S) into Lq(u), with 1 Vii 5 K. Of 
course then R* is isomorphic to a quotient space of Lq(u), a reflexive space, 
hence R is reflexive. Now we have 

(6) j* = i*V* . 
j* is nothing but the identity injection of R into C(S)* (with range contained 
in L1(p) of course), and i* is the natural map of Lp(u) into C(S)* defined by 
(i*f, $) = 1 f(s)$(s)du(s) for all f E Lp(u) and g E C(S). Of course then i*has 
its range contained in L1(u). Now by the Radon-Nikodym theorem there is 
a Borel-measurable and p-integral non-negative function $, and a measure 
u1 singular with respect to p,  so that du = gdp + du.; moreover gdp 5 1 
since u is a probability measure. 

I t  follows by (6) that for all r E R; 

rdp  = (V*r)$dp+ (V*r)dul. 
Since u1 is singular with respect to p,  (V*r)du, = 0 for all r E R, and we have 
the equation rdp  .= (V*r)gdp, for all r E R. Hence V*r = r/g (a.s.) for all 
such r. We also know that V* K; since 

we thus obtain that 
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which, after following through the appropriate identification between C(S) 
and L"(p), implies 3. 

3 -1:Fixing n and r,, ...,r, belonging to R, 

5 K ( C  I 1  ri i l p ) l l p  , 
the  second inequality following by HGlder's inequality, the last one by the 
hypothesis that  3 holds. 

To prove the final assertion of Theorem 1, we recall the known fact that  
there exists a sequence f,, f,, .. of functions in L1 which are isometrically 
equivalent, as a basic sequence, to the unit vectors of 1". That is, for any n 
and scalars c,, . ,c,, 

(see [3] and [ 6 ] ,and also the remark immediately following this proof). Now 
we shall apply the criterion given by Statement 3 of Proposition 3. Let 
x,, . ,x, in R* be given, with 

(8) C5=11<~l"j)i5 I I Y I I for all y E R . 
Let y,, ,y, be given elements of R. Then 

Cj(XiI ( ~ i ,"j) Ip)'" 
= 1: I x ; f i ( t ) ( ~ i ,xi) 1 dt 

S K ( C  I 1  yi 

This completes the proof of Theorem 1. 

by Fubini's theorem 

by (7) 

by condition 1of Theorem 1. 
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R e m a r k .  It follows from the results of [6] that  complex L p  isometrically 
imbeds in complex Lq for 1 2 q 2 p 2 2. We wish to sketch an alternate 
argument for this fact, which shows that  fixing p ,  there is a certain sequence 
of complex-valued independent random variables which accomplishes this 
imbedding simultaneously for all 15 q < p. 

Given a complex-valued measurable function f defined on Q, its dis-
tribution is the probability measure v defined on the Bore1 subsets of the 
complex numbers C by v(E)= p{z: f ( x )  E E )  and its characteristic function D 
is defined by G(z) = \ ei9ezTdv(h),(=\ ei9ei'(t 'dp(t)). I t  is known that  v is 

C 

uniquely determined by D and 1 1 f Ipdp = l c  1 x lpdv(z).  It is also known 
that fixing 1< p 2 2 ,  there exists a probability measure v on C such that 
Av ( z )  = e-;'lP. This is equivalent to the assertion that e-"2+y22;p'2is a positive 
definite function of the two real-variables fi: and y. In fact, there is a positive 
function p so that dv(reis)  = p(r)drdB. It follows that  

G(z) = cos ( $ X e ~ r e - ' ~ ) p ( r ) d r d B. 
0 

Now fixing q ,  1 5 q 2 2 ,  there exists a positive constant C, so that  for all z ,  

Hence we have that 

the second equality holding by Tonelli's theorem. We thus have that

\ 1 z j"v(z) < x if and only if (1 - e-")/(r1+3dr < x which occurs if and 1: 
only if q < p. Now let f , ,  f,, be complex-valued independent random 
variables defined on [0, 11so that  for all j ,  

Then fixing q < p ,  f j  E Lq;given n and scalars e l ,  . ,c,, the characteristic 
function of cif i  is equal to 

e - ,,1 , ;  P ) l I P Z , D  
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(by the independence of thefi's) which implies that / /  x c ifi/ I p=  (x1 ci ~*)l"i/ fl 

Thus the closed linear span of the fj 's in Lq is isometric to lP for a11 
l S q < p S 2 .  

Definition. Given R a closed linear subspace of L1(p) and 1< p < rn, 
we define Ip(R)to be the p/(p - 1)-a.s. norm of the natural map from Lm(p) 
onto R* (provided this map is p/(p - 1)-as.; otherwise we put Ip(R)= a). 

Of course by Theorem 1,  Ip(R)is the smallest K satisfying any of the 
equivalent conditions 1-3 of Theorem 1. In particular, it will be important 
for our later work to note that if IP(R)< rn and $ is an integrable non-
negative function with 

l lP  
sup,.,, ( j y ~ d p )  2 IP(R) 

The next result follows immediately from known results, the work of 
$j1, and Theorem 1. 

COROLLARY2. Let R be a closed linear subspace of L1(p) and let p, p' 
satisfy 1< p =( p' < rn ; then IP(R)=( I,,(R). If R is isomorphic to a Hi1bert 
space, then I,(R) < a. If Ip(R)< rn for some p 2 2, then R is isomorphic to a 
Hilbert space. If 1< p 5 2, then Ip(R)equals the minimum of the numbers 
K, such that for all compact Hausdorf spaces S and operators T: C(S)--+R*, 
T has p/(p - 1)-a.s. norm 2 / I  T / / K. Consequently if R and R are isomor-
phic subspaces of L1(p) then I,(&?) 2 d(R, E)I,(R). 

Proof. Letting l /q '  + lip' = 1= l / q  + lip, then assuming Ip,(R)< a ,  
the natural map of L" into R* is q'-a.s., and hence also it is q-a.s. by Pro-
position 4, since q' < q; moreover the same result shows that IP(R)5 Ip,(R). 

I t  is known that every operator from a C(S)-space to a Hilbert space is 
2-a.s. (c.f. [9] and [El ) ,hence the second statement of the corollary follows. If 
I,(R) < rn for some p 2 2, then I,(R) < rn,hence the natural map of L" into R* 
is 2-a.s. which implies that R* and hence R, is isomorphic to a Hilbert space. 
The last two statements follow easily from the "moreover" part of Theorem 1 
and the definition of Ip(R). Q.E.D. 

It  follows from the last two statements of the corollary, that if 1< p 5 2 
and R is a subspace of L1(p),then IP(R)is determined solely by the isometry-
type of R and not the particular way in which R is imbedded in L1(p). 
Hence we can speak unambiguously of Ip(l;), for example. 

Remark. Actually, the proof of Theorem 1 shows that for 1< p 5 2, 
and R a subspace of L1(p),then IP(R)may be obtained as follows: let fl, f,, . 
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be a fixed sequence in L' satisfying (7) for all n. Then Ip(R) is the smallest 
constant K such that for all n and elements r,, . , r, in R, 

This shows directly that Ip(R)is isometrically determined by R for 1< p 5 2. 
It is also important for our later work, to note that  fixing 1< p < and 
R c L1(p), then I,(R) is determined by the finite-dimensional subspaces of 
R. In fact, Ip(R)= sup I,(E), the supremum taken over all finite-dimensional 
subspaces E of R. 

The next lemma yields that the statement "I,(R) < m" is not deter-
mined by the isomorphism type of R for p > 2, and also shows the result of 
Schwartz-Kwapien (c.f. [8] and [15]) that IP(lp)= a for all 1< p < 2. (Our 
argument uses the three series-criterion, as does the argument of Schwartz-
Kwapien.) 

LEMMA3. Let x,, x,, be a sequence of integrable independent identi-
cally distributed real-valued random variables defined on [O,l], let R denote 
their closed-linear span i n  L' over the real scalars and let 1< p < -?..Then

\ 1 x, pd t  < rn if and only if 

(9) limn+.,sup 1' (C:;,1 cisi l")L1pdt< a , 

the supremum taken over all scalars c,, .. , c, with 

(C;=,Ci jp)liP 2 1. 
I n  particular if 1< p < 2 and f,, f,, is  a sequence of independent 
functions satisfying (7)for all n and scalars c,, , c,, then putting 

Ip(lg)2 r: and r: - -?. as n -+ a . 
Proof. If If 1 x, "dt  < , then 

by Holder's inequality and the fact that the xi's are identically distributed. 

Now assume that / 2, lpdt = x. To show that the left side of (9) is infinite,S 
it suffices to show that there exists a sequence c,, c,, with C / ci I p  < =., 
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yet such that  C 1 c, l P  1 xi lp(t) does not converge a.e. (which by the zero-one 
law, means that  C 1 ci l P  I mi lp(t)= r-. 8.e.). Let p be the Borel measure on 
the real line which equals the distribution of x,, i.e., p (E )  = m{t: x,(t) E E )  
for all Borel sets E (where m denotes Lebesgue measure on [0, I]). Fix a 
sequence (ci) with ci f 0 for all i ,  and define Zi by Zi(t) = I ci I P  1 mi(t) I p  if 
I c, j P  j x,(t) I p  5 1; Z,(t) = 0 otherwise. If C / ci I P xi ip(t)converges a.e., then 
by the three series criterion of Kolmogorov, 

For each i ,  

Since 1 1 x. iPdt = r-., 1 k lPdp(h)= a ,  whence if c, -- 0, theni 

I t  therefore follows tha t  we may choose non-zero C,'S SO that  C 1 c, I P  < -, 
yet C \ Z,(t)dt = -, whence C 1 c, I p  1 mi IP(t) fails to converge a.e. 

To prove the final statement of the lemma, since the quantities r: are 
isometrically invariant (c.f. the second remark immediately following this 
proof), it  suffices to consider a particular sequence f,,f,, ... satisfying (7). 
Let f,, f,, be a sequence of identically distributed independent functions 

defined on [0, 11, each of L1-normone, such that  there is a constant c 

determined by the requirement that  1 f, 1 dt = 1 so tha t1 
for all t . 

(Such functions are called stable random-variables of exponent p.) I t  follows 

that  the fi's satisfy (7), and also that  1 f, lpdt = m, by the same argumentI 
given in the remarks following Theorem 1. Thus r ;  -- as n -x ; i t  is 
immediate from the definitions that  Ip(L;)2 r;. Q.E.D. 

Remarks 1. Let x,, x,, , R and p be as in the statement of Lemma 3. 

Then if 1 1 m, IPdt = -, IP(R)= a. However, the converse is false for 

1< p < 2. Indeed by Theorem 8 below, if Ip(R)< -, then there is an E > 0 

such that  Ip+,(R)< m, whence / 1 s,IP+-dt<m by Lemma 3. (I t  is known 

that  if the 3,'s are each of mean zero, then they form a symmetric basis for 
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R (in fact their closed linear span is isomorphic to an Orlicz sequence space; 
c.f. [2] and Theorem 2 of [4]).) 

2. As pointed out by Schwartz (c.f. [El ) ,  a more detailed analysis of 
the fi ls (as defined in the above argument) shows that 

C I ci I P  I fi(t) l p  < a.e. 

if and only if 

it can be deduced from this that 

Hence for 1<p < 2, there exists a positive constant cpso that r; 2 c, (log n)llp 
for all n. I t  is conceivable that (log n)'Ip is the correct order of magnitude 
for r;; we suspect that I; has a larger order of magnitude than r;. We 
also note that if r; denotes the quantity analogous to r;, defined over the 
complex field, then it can easily be deduced from the above considerations 
that (log n)'Ip = O($;) as well. (It should perhaps be pointed out that r; is 
isometrically determined; to prove this one considers the expression 

where (fj') is another sequence satisfying (7) for all n and scalars c,, c,, ,c,.) 

The next result shows that for subspaces R of L1 isomorphic to Hilbert 
space, whether or not Ip(R)< m depends on the way in which R is imbedded 
in L1, for p > 2. 

COROLLARY4. Given any subinterval I of [2, m )  containing 2, there 
exists a n  infinite-dimensional closed linear subspace R of L1 such that 
I = {p 2 2: I,(R) < m). 

Proof. The complex case is easily deduced from the real one, so we 
consider only real scalars. Let x,, x,, be a sequence of independent 
identically distributed square-integrable real valued random variables. I t  
follows from known results and Lemma 3 that 

The required examples may now be easily constructed. 

Remarks. Theorem 8 below shows that if R is a reflexive subspace of 
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L1 with R non-isomorphic to Hilbert space, then { p  > 1:Ip(R)< a) is a 
non-empty open interval contained in [I ,  21. 

However, given any subinterval I of [ I ,  21 containing 1, there exists a 
closed linear subspace R of L' such that  I = { p  5 2: R imbeds in Lp}. In-
deed, let 1< p 2 2 and x,, x,, ... be a sequence of identically distributed 
independent symmetric random variables such tha t  for all M sufficiently 
large, 

" log t 
m t :  1 t 1 2 M J  = - 4 t  . 

I t"P 

Then if R denotes the closed linear span of the xi's in L', it  can be proved 
(using the proof of Theorem 2 of [14]) that  Iq(R)< a for all q < p ,  yet R 
does not imbed in Lp. Of course, isomorphic imbeddings of l p  in L1 yield 
examples where the interval in question is closed. In this connection, we 
would like to mention that  i t  can be proved tha t  if 1< p < 2 is fixed, c = 

(2/p)'/p,and x,, x,, is a sequence of independent random variables such 
tha t  for all i and Bore1 sets E, 

then the closed linear span of the xi's in LT,is isomorphic to lPfor a11 1sr<p.  

Our next result summarizes the isomorphic consequences of Theorem 1. 
Its proof is an easy consequence of known results and Theorem 1. 

THEOREM5. Let 1< p 2 2, l / p  + l / q  = 1, and R a closed linear sub-
space of L1(p)of  infinite dimension. Then the following statements are all 
equivalent: 

1. Ip(R)< x. 
2. R imbeds in Lp(p)and l p  does not imbed in R if p < 2; if p = 2, R 

i s  isomorphic to Hilbert space (i.e., R imbeds in Lyp)). 
3. There exists an integrable function 9, with Q(t)> 0 for all t E Q, so 

that 

I l r lp(t)$l-p(t)d~(t)< ^c for all r~ R . 
4. For any sequence r,, r,, .. in R such that C i i  ri i i P  < m ,  

5. There i s  a surjective bounded linear map from some C(S)-spaceonto 
R* which i s  q-a.s. 

6. Every bounded linear map from every C(S)space into R* i s  q-a.s. 
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Proof. I t  is most convenient to show that  all the statements are equiva-
lent to the first. The fact that  the first statement implies all the others 
follows trivially from Theorem 1and the fact that  Ip(l" = = for 1< p < 2 
(proved in Lemma 3). 

2 -- 1:Let R be a subspace of Lp(p), which is isomorphic to R. Then LP 
does not imbed in &?,hence by the results of [7], there exists a C and an E ,  

0 < E < 1, SO tha t  for all g in &? of norm one, 

! Islpdp2 E 
i t :  ~ ( t ) l S C l  

But then for such g, 

thus  letting R denote the space ii:in the  L1-norm, R is a closed linear sub-
space of L1isomorphic to  R ,  and satisfying Condition 3 of Theorem 1 for-
K = CP--'/&and $ r 1. Hence I,(R) < = whence by Corollary 2, Ip(R)< m. 

3 -1: By multiplying by a constant, we may assume that  $dp = 1.S 
Putting du = $dp and defining U: R--+L1(u) by Ur = r/$, we have that  U 
is an isometry and UR c Lp(v). It follows by the closed graph theorem that  
the Lp(v) and L1(u) norms on UR are equivalent, which implies Condition 3 
of Theorem 1. 

4 -1: I t  is possible to show by a Banach-space argument tha t  Condition 1 
of Theorem 1holds for some K < m. We may prove this, however, by the 
following elementary considerations: If this condition fails for all K < =, 
then for each positive integer n ,  we may choose r ; ,  ...,rZn in R so tha t  

I t  then follows immediately tha t  z;zl1 1  r? 1 I p  < , yet 

i(EL,c;: I rrn~ ~ c t ) ) ~ ' ~ d p c t )2 N 

for all positive integers N, contradicting 4. 

Since trivially 6 -5, i t  remains to show tha t  5 -- 1: By 5 and Proposi-
tion 4, there is a regular probability Bore1 measure u on S and a map 
V:Lq(u)4R* SO that  Vi maps C(S) onto R* where i is the natural map of 
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C(S) into Lq(u). It follows that R is reflexive and i*V* is an isomorphic 
imbedding of R into C(S)*. Since i* is the natural map of Lp(u)into C(S)* 
and V* is also an isomorphism, i t  follows that is isomorphic to R, where 
a denotes the range of i*V*. Moreover there is a constant K < m so that 

/ / r I I L ~ , , ,  5 K I / r 1 ILl(,, for a11 r e a.Thus I,@)< m by Theorem 1,and hence 
Ip(R)< m by Corollary 2. Q.E.D. 

Remark. Let 1< p < 2 and r < p. Since L p  imbeds in L' and ITdoes 
not imbed in Lp,  we obtain that IT(LP)< CC. It can be shown that there is 
a constant c, depending only on p, so that I,(Lp) 5 c,(l/(p - r))ll'. We con-
jecture that this is the correct order of magnitude, i.e., that (l /(p - r))'IT= 

O(IT(Lp))as r -p. Incidentally, Theorem 5 implies the result of Kwapien 
[8] that every map from every C(S) space into Lqis S-a.s., for all 2 < q < s. 

We now pass to a deeper investigation of the structure of subspaces of 
L1. The following lemma is critical to our considerations. 

LEMMA6. Let 15 p, < 2 and R a closed linear subspace of L1(p) such 
that Ip(R)= m for all p > p,. Then for all k and E > 0, there exist k 
elements r,, .. ,r, i n  R satisfying 

(A) 
ri 1 1  = 1for all i, and for all scalars c,, ...,c, , 
Cciri I I 2 (1 -E)(C/ ci I ~ o ) ~ ~ ~ ~. 

Proof. Fix k and E with E < 1. Choose p > p, so that 
~ I P>(10) (C5=11 cj I P )  = %'=(Eli) = I  1 cj p O ) l l p O  for all scalars c,, .. ,c, . 

Now choose 6, 0 < 6 < 1, so that 

(11) a - (1- ~p)llpk(p-l)lp2 d c E, 

Letting N be a large number, we define the following quantities: K is defined 
by Kp-1 = NpI2 and = K-'I2. 

Now choose fl so large that for all N 2 N, 

(Of course, then automatically, k/K < 1.) 
Now we may choose a finite-dimensional subspace P of R, so that 

putting N = Ip(Y),then N 2 fl. By Theorem 1, we may choose an integrable 
non-negative function $, with $dp = 1, so that for all y e  T, {t: y(t) = 0) 
is contained, up to a set of measure zero, in {t: $(t) = O), and such that 

for all y E P . 
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Now let v be the measure defined by d v  = $ d p  and let Y be the sub-
space of L 1 ( v )  defined by Y = { y / $ :  y € P}. 

Then Y is isometric to  F. Using the notation 

we have, by Theorem 1, that  

and thus  if + is any function with +(t)> 0 for all t E Q, and +dv = 1, 

then there exists a y E Y so that  
J 

(14)  [ y l p + l - p d v z  N p  and I y / ,  = 1 .  

Using the above relationships, we shall now prove the following 

SUBLEMMA.T h e r e  e x i s t  d i s j o i n t  measurab le  subse ts  El, ..., E,, a n d  
f u n c t i o n s  g,, ...,g ,  E Y, so  t h a t  f o r  a l l  i; I gi / 2 K o n  Ei, 

g = 1 ,  a n d  1 g i / p d v 2 6 p N p .  
E i 

The lemma follows from the sublemma; i.e., setting ri = $.gi, then r,, .,r,  
satisfy ( A ) .  To see this, let gi = gi.xEi for all i;then 1 1 g i -g i  1 1 ,  5 ~ ( 1 - a p ) ' l p .  

Hence 

for any scalars c,, .. , c,. Thus 

I I C c i g i I l p  2 I I C c i g i I l p  - I / C c i ( g i  - gi) l i p  
( 15)  2 (C/ ci 1p)'lpN[a- ( 1  - ap)llpk(p-l)lp1 

2 (CI ci / " ) l i p  N ~ F C  by (11)  . 
But by (13); I 1  C ~ i g i1 1 ,  5 N I I C cis;  I I , ,  hence 

I I C cigi I I 2 ( d l  - E )  (CI C< lp ) l i p  2 ( 1  - E )  (CI ci I ~ O ) " ~ ~ by (10)  

This proves (A)in virtue of the fact tha t  g -$.g is an isometry between Y 
and F. We pass now to the proof of the sublemma, which will be established 
by induction. (The fact that  I gi / 2 K on Ei will be important for the proof, 
although it was not used in the above reasoning.) 

To begin the proof, choose gl E Y so that  / I g ,  / I , = N and / / g,  I / ,  = 1, 
and let El = { t :  I g l ( t )  I 2 K ) .  Then / gl Ipdv 5 Kp-l, 

\-El 
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Now suppose 1 5 j < k, g,, . ,g,, and El, .,Ej  have been chosen, satis-
fying the conclusion of the sublemma. Then u(- u~!=~Ei) > 0; indeed 

u(Ei)5 1/K for all i, hence 

j ku(u;=, Ei) 5- 5 -< 1 by (12). 
K - K  

Now let 

(16) 

where 

Then + is everywhere positive, +du = 1, and moreoverI 
Thus by (14),we may choose a function gj+, E Y so that  \ 1 g,,, p+l-pdu2 

N p  and l l  g j+,  / I 1 = 1. 
Now by (16),if t E u:=,Ei, then 

k "-1 

(18) 5 (:) EK (since z 1 gi I X E ~2 K on u;=,Ei) , 

hence 

(19) I U:,~E( 1 gj+l I P + ~ - ~ ~ Us (-&)'-I 1 1 g j+ ,lPdu5 I?' 

Therefore 

I , 1 g,+, pcl-idu = 1 . 1 g j i 1  1'0'-'dv 
- 2 ?%=iEi - 2 ?$=lEi  

(20) 

EK 

by (20)and (17). 
Now put Ej+l= {x:g,+,(x)2 K )  n NU:=,E,. Then 
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hence 

Remarks 1. The proof of Lemma 6 involves only finite-dimensional 
spaces, and yields the following quantitative result: Given 1S p, < 2, k, 
and E > 0, there exists a p with p > p, and a n  N, so that if R is a subspace 
of L' with IJR) 2 N,  then there exist r,, ,r, i n  R satisfying (A). 

2. It follows from Lemma 6 and the proof of Theorem 8 below that  if 
R is a subspace of L1and 1< p, < 2, then Ipo(R)= if and only if f o r  al l  
E >0 and positive integers k, there are k elements r,, ,r, i n  R satisfying (A). 

The next lemma is known but we know of no published proof. For the 
sake of completeness, we give a (possibly new) argument here. 

LEMMA7. Let K and 7 be given, with k a positive integer and 0 <7 <1. 
Then there exists a n  E = ~ ( k ,7) so that if r,, .. ,r,  are elements of L1(p) 
satisfying (A) f o r  p, = 1, then there exist k disjoint measurable subsets 
F1, . a ,  F, of Q so that for all i ,  15 i 5 k, 

Proof. We shall show that  E may be taken equal to 778k" We begin 
with some elementary considerations. Suppose 0 < 6 < 1 (6 to be determined 

later) and 0 5 6a 5 b 5 a;  then (6/2)a 5 a + b - v'a2 + b? From this, i t  
follows that  if x,, a ,  x, are non-negative numbers satisfying xi 5 x, for 
all i and 

5 max~~isk-1Xi 

then 

Now let $,, ,4, denote the  first k Rademacher functions. ($ denotes 
the function defined on the real line, periodic with period one, such that  
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$,(x) = $(2jP1x)for all j and x.) We use here only the fact that  the Qj9sare 
orthonormal and each of modulus one. Now let E = v2/8k2,let r,, , r k  
satisfy (A) for p, = 1,  and let a,, ,a, be any k scalars. Then for any 
real s, 

Integrating this inequality with respect to s, changing the order of 
integration, and using the orthonormality of the $i's we obtain 

the last equality holding because / I r i  / / = 1 for all i. Hence 

(25) jQ[CI airi(t) I - (C1 airi(t)I2)'"]dp(t)S E C 1 a,  . 
Now for each i, 1 5 i S k ,  let 

F ,  = (x:  6 Iri(x) I > l r j ( x )1 for all j + i ,  1 5  j s k} . 
Then the Fi9sare disjoint, and moreover for each i and j # i, \ 1 r, ldp< 

F i
6; thus for all j, 

(26) \ / r j l d p < ( k - 1 ) 6 .- i # g F i  

Now let B = F, and let t E B. Then by (24) and the definition 
of the Fi's, 

6 
-maxi 1 ri(t) I S I ri(t) I - (x1 Ti ~ ' ( t ) ) " ~9
2 

hence 

the last inequality holding by (25). 
Hence by (26) and (27) 

for all i. Now let 6 = 'I/%;then the definition of E and (28) yield im-
mediately that  F,, . ,F ,  satisfy the conclusion of the lemma. Q.E.D. 
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We are now prepared for the main structural result of this paper. 

THEOREM8. Let v be a (not necessarily finite) measure, 15 p < 2, and 
R a closed linear subspace of Lp(v). Then either 

(i) there exists a p' > p such that R imbeds i n  Lp'(v), or 
(ii) for all E > 0, there exists a subspace Y of R, a n  invertible operator 

Tfrom Y onto lp,and a projection Pfrom Lp(v)onto Y so that I I T I I I I T-' I IS 
I + &a n d ( l P ( ( p l + E .  

Proof. We first assume that v is a probability measure. Suppose p = 1 
and R is non-reflexive. Then (ii) holds by the results of [7]. On the other 
hand, if R is reflexive, then by Theorem 5, it suffices to prove that Ip(R)< 
for some p > 1. Since the unit ball of R is weakly compact, it is uniformly 
absolutely continuous. Thus there exists a 6 > 0 so that f E R and 1 1  f 1 1  = 1 
implies 

(29) 
1 for all measurable F with v(F) < 8. 
2 

Now choose k a positive integer so that l lk  < 6, and let E = ~ ( k ,112) 
as defined in Lemma 7. If I,(R) = m for all p > 1, then by (the crucial) 
Lemma 6, we may choose r,, . ,r, in R satisfying (A) for p, = 1. 

Hence by Lemma 7, there are k disjoint measurable sets F,, ,F, so 
that 1 I ri 1 dv > 112 for all i. But for some i ,  v(FJ l /k  < 6, con-
tradict& (29). 

Now suppose 1< p < 2, and that for all M and E > 0 with E < 1, 
there exists on f e R with 1 1  f 1 1 ,  = 1and 

J I f  Ip(x)dv(x)2 1- E .  
{#:Ifl z ) l 2 M l  

Then the results of [7] imply that (ii) holds. On the other hand, if there is 
an Mand E > 0 with E < 1, SO that 

J 1 f lP(x)dv(x)5 1- E 
(z: I f  ( x J l t M f  

if f e R  and l l f i l P  = 1, then putting K =  MPu1/~ ,l l f l l p  5 Kll fill for all 
f E R. Then if X denotes the Banach space whose elements are in R, endowed 
with the L1-norm, d(R, X )  2 K and moreover Ip(X)5 K by Theorem 1. It 
now suffices in view of Theorem 5, to prove that I,,(X) < m for some 
p' > p. Suppose this were false. Then for all positive k, we could choose 
r,, ,r, in X, satisfying (A) for "E" = 112 (with "p," = p). Let f,, ,f k  

satisfy (7) for n = k and any scalars c,, ,c, and let c,, ,c, be given 
scalars. Then 
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(30) = \:{D I z c i f ; ( t ) r i ( ~ )I dv(w)dt by (7) and Fubini's theorem 

Thus Ip(X)2 (1/2)r{ (as defined in Lemma 3) for all positive integers k, so 
by Lemma 3, Ip(X)= m, a contradiction. 

To prove the general case, we observe that if X is a a-finite measure, 
then Lp(h) is isometric to LP(p) for some probability measure p. Now 
suppose R contains a subspace Y isomorphic to Ip. Then there is a mea-
surable set S of a-finite measure such that Y c  Lp(v1 S). 

Using what we've already proved and noting that Lp(v / S) is the range 
of a contractive projection on Lp(v), it now follows that (ii) holds. Now if 
for all E > 0 and sets S of finite measure, there is an r e  R so that 1 1  r 1 1  = 1 
and 1 1  r. X, I /  < E, then we may choose disjoint measurable sets S,, S,, 
and elements r,, r,, in R so that for all n, 1 1  r,Xsn1 1  2 1- 112" and 
/ I r, / I = 1. Standard arguments yield that the closed linear span of the rj's 
is isomorphic to IP. 

Thus, assuming that R contains no subspace isomorphic to lP, there 
exists a set S of finite measure so that putting R' = {r.~,:r e R}, then R' 
is isomorphic to R. Of course then R' also contains no subspace isomorphic 
to Ip,and since (l/v(S))vI S is a probability measure, we again have that R' 
(and hence R) imbeds into Lp'(v / S )  for some p' > p. Q.E.D. 

Remarks 1. If the second alternative fails for R, then in fact there is 
a set Fof a-finite measure such that R is contained in Lp(vIF). For if this 
were not so, there would exist a non-compact operator from R to Ip. Since 
R imbeds in Lp'(v) for some p' > p, this is impossible in virtue of the 
results of the Appendix of [13]. We also note that by Theorem 5 (and also 
the proof of Theorem 8), the condition (i) may be replaced by the condition 
(it): there exists a p' > p such that Ip,(R)< m. (Strictly speaking, we only 
defined Iq(R) for subspaces R of L1(p) for some p. However, Iq(R) = 

sup Iq(E),  the sup taken over all finite-dimensional subspaces of R, and 
hence since all such isometrically imbed in L1, Iq(R) is unambiguously 
defined in general, for all 1< q, p 5 2, R c Lp(v). In fact, I,(R) can also 
be defined intrinsically, using the remarks following Corollary 2.) 

2. I t  follows from the results of [4] and Theorem 8 that if the Banach 
space X is isometric to a quotient space of a reflexive subspace of L1(p),then 
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every operator from a C(S)-space to X is 2-a.s.. The arguments of [4] in 
question and those of the present paper do not make use of Grothendieck's 
inequalities; and yield his result that  if the Banach space X is such that  
both X and X *  imbeds in L1(u) for some v ,  then X i s  isomorphic to a Hilbert 
space. (It follows easily from the results of [7] that  such an X must be 
reflexive.) 

The proof of Theorem 8 (together with the techniques of [ l l ]  for the 
case p > 1)shows that  a quantitative version of Theorem 8 holds, which 
yields information concerning finite-dimensional subspaces of Lp. The result 
asserts that  given a sequence of subspaces of L p  (p < 2), then either the 
entire sequence uniformly imbeds in LP' for some p' > p, or its members 
contain almost-isometric copies of 1; which are the range of almost contrac- 
tive projections. Phrased another way, we have 

THEOREM9. Let 15 p < 2, k a positive integer, and E > 0 be given. 
Then there exists a K < 03 and a p' > p,  so that for all subspaces X of 
LP(p), either 

(i) Ip,(X)5 K, and hence X i s  K-isomorphic to some subspace of LP'(p); 
o r  

(ii) There exists a subspace of X which is  (1$ &)-isomorphic to lp and 
(1 + &)-complemented i n  Lp(p). 

We omit the details of the proof (but see the remarks a t  the end of 
§ 2). This result (for the case p = 1)has consequences for the finite-dimen- 
sional 9,spaces. We recall that  the projection constant of a finite-dimen- 
sional space X, is the minimum of the numbers h so that  X is X-complemented 
in Y for all spaces Y containing X. If the projection constant of X is a t  
most X, X i s  called a !?,-space. Our next result shows that  if x is 9, and X 
is of high enough dimension, then X contains almost-isometric copies of 1;. 

COROLLARY10. Given A, n,  and E ,  there is  a n  N so that if X i s  a 9,-
space of dimension a t  least N, there exists a subspace of X which is  (1+ &)-
isomorphic to I$. 

Proof. I t  is known (but unfortunately unpublished) that  there is an m 
(depending only on x and e )  so that  if a Banach space contains a 2~-isomorph 
of I:, then i t  contains a (I+&)-isomorph of 1;. By Theorem 9, we may choose 
K and p > 1 so that  for any subspace R of L', either R contains a 2-com- 
plemented 2-isomorph of 1; or Ip(R)5 K; let l / p  $ l /q= 1. We may assume 
that  X c  C [O,1] and that  there is a projection P from C[O, 11 onto X of 
norm a t  most X. I t  follows that  there is a subspace R of L1 with d(R, X*)  5 
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A. We shall show that if N is large enough, then I,(R) > K. We have by 
Corollary 2, that since d(R*, X)  5 L, 

(31) the q-a.s. norm of P is a t  most ( 1  P ((Ip(R)L5 k21P(R). 
Thus, the q-absolutely summing norm of the identity operator on X is a t  
most k21p(R). But the latter is a t  least Nilq by the results of [5]. Combining 
this observation with (31), we have for N > KqL2q, that I,(R) > K, and 
consequently X contains a 2k-isomorph of I;, whence X contains a (1+ E)-
isomorph of 1;. Q.E.D. 

Theorem 8 yields that reflexive quotients of C(S)-spaces are isomorphic 
to quotients of Lp(p)-spaces (for some p < m), and also incidentally gives a 
new proof of Grothendieck's theorem that complemented reflexive subspaces 
of C(S)-spaces are finite-dimensional. 

COROLLARY11. Let X be rejlexive and a continuous linear image of 
some C(S)-space. Then there is a 2 5 q < such t.4at every operator from 03 


a C(S)-space to X is q-a.s. I n  particular, there is a probability measure p so 
that X is isomorphic to a quotient space of Lq(p). 

Proof. X *  is isomorphic to a subspace of C(S)*, which in turn may be 
identified with L1(v) for some (not necessarily finite) measure v. But the 
proof of Theorem 8 easily yields that X *  is in fact isomorphic to a subspace 
of L1(p) for some probability measure p,  and the conclusion of Corollary 11 
now follows from Theorems 5 and 8. (This also shows that if X is a com- 
plemented subspace of some C(S)-space, then X is finite-dimensional, for 
then the identity operator on X i s  q-a.s.) Q.E.D. 

Remarks. Of course a quantitative version of Corollary 11follows from 
Theorem 9. The version: Given E and n, there is a K and a 2 5 q < so 
that if X is isometric to a quotient space of C [0, I] ,  then either X contains 
a subspace Y with d(X, 1;) 5 1+ E, or there is a quotient space Y of Lq 
so that d(X, Y) 5 K. This result thus implies a finite-dimensional analogue 
of the result of Pelczynski's that if X is non-reflexive and a quotient of a 
C(S)-space, then X contains an isomorph of c, [lo]. 

I t  is known that every non-reflexive subspace of L1 contains a subspace 
isomorphic to 1' [7], and also that LP  has an unconditional basis for 1<p < m . 
Thus in view of the results of [I], we have immediately 

COROLLARY12. Every closed linear subspace of L' of infinite dimen- 
sion, contains a subspace with a n  unconditional basis. 

Our final result yields information about subspaces of Lp, analogous to 
that yielded by Theorem 5 concerning subspaces of L1. Its proof is an 
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immediate consequence of our previous work, and shall be omitted. (For 
the implication 3 =.1in its statement, see the remark, page 211 of [13].) 

THEOREM13. Let 1< p < 2, and let X be a closed infinite dimensional 
subspace of Lp(p). Then the following are all equivalent: 

1. Ip(X)< m. 

2. There is aconstant K s o  that IIxII, 5 KI/xII,  for all x e X .  
3. X contains no subspace isomorphic to lp. 
4. If (X,) is any sequence of subspaces of X with dim X, = n for all 

n ,  then d(X,, 1;) -a. 

5. X imbeds i n  Lp'(p) for some p' > p. 
6. There exists a p' > p, a n  everywhere positive integrable function qi 

with 1Cdp = 1, and a K < w so that for all x e X, 

7. Every operator from X to lp is compact. 
8. Every operator from every C(S)-space to X *  is  q-a.s., where l /p + 

l/q = 1. 
9. There exists a surjective q-a.s. operator from some C(S)-space onto X*. 

Moreover if any of these conditions failed, then for all E > 0, X contains a 
(1+ &)-isomorph of lp which is (1+ &)-complemented Lp(p). 

Remarks. Our observations following Lemma 3 show that  3 -4 may 
be sharpened as follows: 

If X c  Lp is such that there exists a sequence (1,)of subspaces of X 
satisfying 

( l )  -0 as n -m, then Ip(X) = m ,
(log n)lip 

and consequently X contains a (complemented) isomorph of lp. 

We wish finally, to  make some concluding remarks concerning localiza- 
tions of our theorems. Fix 15 p < 2. 

Let us say that  a Banach space X satisfies P,,,, if there are elements 
r,, .--,rkin X, satisfying (A) for p, = p. Now our results yield that  if X 
is a subspace of Lp, SO that  for some 0 < E < 1, X satisfies Pk,, for all k ,  
the X contains an isomorph of lp. In view of the techniques of [ I l l ,  this 
result may be localized as follows: 

Given 1< p < 2, 0 < E < 1, 0 < < 1, and N, there exists a k; so 
that if X is a subspace of Lp satisfying P,,,; then there exists a subspace Y 
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of X, with d(Y, I$) 5 1+ 7, and a projection P from LP onto Y with 
< I + ? .IlPIl = 

To see this, we let q = p/(p - 1) and define (as in [Ill) 

Cx = infc SUPf,, Ilf Il,/Ilf*$"qIll 9 

the infimum taken over all non-negative 4 in L' with 1 1  $11, = 1and [O, 11= 

{x: $(x) fi 0). Then the techniques of [ l l ]  show that there exists a K (de-
pending only on p, N, and v),so that if C, 2 K, then X contains a Y with 
the desired properties. Now for any X c  LP, Ip(X)5 CX (by the remark 
following the proof of Corollary 2). Moreover, if X satisfies P,,,, then our 
proof of Theorem 8 (specifically, the equalities and inequalities (30)) yields 
easily that Ip(X)2 (1 - ~)r,p(where 4 is defined in Lemma 3); and con-
sequently C, 2 (1- c)r,p. The desired result now follows in view of the 
fact that rP,-+ 03 as k --+ w. (This argument also shows that there exists a 
function g, from the nonnegative extended reals to themselves, with 

Ip(X) 2 cz 2 gp(Ip(X)) for all X c  LP. 
We don't know if gp can be taken to be linear, or even to be the identity 
function.) 

Appendix. p - r absolutely summing operators defined on C(S)-spaces 

Definition. Given Banach spaces X and Y, 15 p, r < m, and an 
operator T: X--. Y; T is called p - r absolutely summing (notation -
p - r-as.) if there is a constant K < w, so that for any integer n and n 
elements x,, ,x, in X, 

the supremum taken over all x* e X *  with 1 1  X* I /  2 1. The smallest possible 
K satisfying (32) for all n, x,, ,x, e X, will be called the p - r-a.s. norm 
of T. 

An analysis very similar to that of $1yields the following 

PROPOSITIONAl. Let 1S p, r < 03, l / p  + l/q = 1= l/r + l/s, X a 
Banach space, and K < co. Then the following statements are all equivalent: 

1. For every compact Hausdorfl space S and operator T: C(S)--+I, T 
is p - r-a.s. with p - r-a.s. norm less than o r  equal to ( 1  T / I K. 

2. For all n, x,, ,x, i n  X, and matrices (yij) (1 5 i 5 n,  1 j 5 n) 
of scalars; 

(Xi1 I EjYijxj 1 l P ) l l P  5 K Supj (ziI Y i j  I ')'lr sups e sZ* Xi I (yr xi) I 
3. For all n, x,, - . a ,  x, i n  X, and y,, - - - ,y, i n  X *  , 
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Cj(Xi< ~ i 'x;) la)''' I I Yi I I q ) " '  QUPec sZ* C, I (Y, xi) 1 .I 5 K (C; 
Now if 2 < p < w ,  it is a theorem of Kwapien [8] that every operator 

from a C(S)-space to LP is p'-a.~. for all p' > p. (This result also follows 
immediately from our Theorem 5, see the remarks following its proof.) 
Moreover, by the results of [8] and [15] (see also our Theorem 5) there are 
operators from a C(S)-space to LP which are not p-a.s. Nevertheless, we do 
obtain the 

A2. 
from a C(S)-space to Lp  is p - r -a .~ .  

PROPOSITION Let r ,  p be given with 2 5 r < p < m. Every operator 

Proof. Define s and q by l/r + l /s  = l / p  + l/q = 1. Let f,, f,, .. . be a 
sequence of independent symmetric identically distributed random variables, 
stable of exponent s, normalized so that for all scalars c,, .. . , c,, 

(In the case of complex scalars, let the fj's be chosen as in the remark 
following Theorem 1.) Then we also know, since 1< q < s 5 2, that there 
is a constant K (depending only on r a n d  p) so that for all scalars c,, . . ., c,, 

(34) 1 C ~ifi = K ( Z  I ~i . 
We now apply the third statement of Proposition Al. By homogeneity, 

we may assume that x,, . . .,x, in L p  are given so that 

(35) CjI(Y, xj) I S I I Y l l q  for all y E Lq. 
Now letting y,, . . .,y, be given in L" we have that 

by Holder's inequality 
and Fubini's theorem 

C I yi(w) lqdw)l" since -4 < 1 
S 

= K(C 1 1  Y~ 1 1 ~ .) ~ ~ ~ 
We thus have by Proposition Al ,  that every operator T from a C(S)-space 
to LP is p - r -as .  with p - r-a.s. norm a t  most 1 1  T 1 1  K . Q.E.D. 
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Remark. I t  was previously known that every operator from a C(S)-
space to LPis p - 2 a s .  (c.f. [9]). We also note that in the case of the real 
scalars, it can be shown that there is a constant Cp depending only on p, 
so that 

where K, p, s, and q are as in the above proof. 
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