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On subspaces of L?

By HASKELL P. ROSENTHAL*

Introduction

Let 1 < »p < 2. Our main structural result asserts that every subspace
of L? either contains a complemented isomorph of I?, or imbeds in (is linearly
homeomorphic to a subspace of) L* for some p’ > p (Theorem 8). Of course
a special case of this result is that every reflexive subspace of L' imbeds in
L? for some p > 1; a corollary of this special case and previously known
results is that every subspace of L' contains an unconditional basic sequence
(Corollary 12). As further motivation for the content of Theorem 8, we note
that for all 1 < p < ¢ < 2, I” does not imbed in L?, while L? isometrically
imbeds in L?. (See [3] for the real-scalars case of the last mentioned fact
and [6] for the case of complex scalars.) Theorem 8 was suggested by recent
work of Bretagnolle and Dacunha-Castelle, which shows that every reflexive
subspace of L' with a symmetric basis, imbeds in L? for some p > 1 [2].

Our main technique (in addition to using the results of [7]), is that of
p-absolutely summing operators; we make critical use of this technique for
all p = 2. However the proof of the special case of our main result, men-
tioned above, may be accomplished without using this technique. The reader
interested mainly in this result may find its proof by reading (the crucial)
Lemma 6, Lemma 7, and the first part of the proof of Theorem 8. (He may
use as a definition of I,(R), the smallest constant K satisfying condition 3
of Theorem 1.)

We wish now to indicate in greater detail the results and organization
of this paper. In the preliminary Section 1, we give some definitions, nota-
tion, and elementary results concerning p-absolutely summing operators
defined on C(S)-spaces (throughout, ‘“operator” means “bounded linear
operator”; “C(S)-space” refers to the space of all scalar-valued continuous
functions defined on some compact Hausdorff space S). The results of §1
are all designated as “propositions”; none of the results of § 2 (which begin
with Theorem 1) are so designated.

Our main results are contained in § 2. Since L? isometrically imbeds in
L' for p < 2, we concentrate on studying subspaces of L'. For R a closed
linear subspace of L', we define I(R) to be the g-absolutely summing norm
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of the canonical map from L= onto R* (where 1/p + 1/¢ = 1). We show
that for p < 2, I,(R) is isometrically determined by R, and is equivalent to
some intrinsic inequalities concerning R itself (Theorem 1 and Corollary 2).
We also obtain there that I,(R) equals the maximum of the g-absolutely
summing norms of all norm-decreasing operators from any C(S)-space to K*.
In Lemma 3 we prove that I,(I?) = o for all 1 < p < 2 (this important result
is due to Schwartz-Kwapien—see [8] and [15]). Lemma 3 also enables us to
show that the statement “I,(R) < «” is not an isomorphic invariant of R
for p > 2 (Corollary 3).

We prove in Theorem 5 that I,(R) < o if and only if R is isomorphic
to a Hilbert space, while for 1 < p < 2, I, (R) < o if and only if R imbeds
in L? and 7? does not imbed in R. We also obtain that when I,(R) < oo, the
imbedding of R in L? can be accomplished in a surprisingly elementary
fashion.

The deepest analysis in the paper occurs in Lemma 6; this result
yields that if R is a reflexive subspace of L', then {1 < p < 2: I(R) < oo}
is a non-empty open interval: The proof of Lemma 6 is quantitative and in
a sense, finite-dimensional. As a consequence, there is a version of our main
result which has content for finite-dimensional spaces also; this version
asserts that subspaces of L? either uniformly imbed in L* for some p’ > p,
or contain an almost isometric copy of 2 which is the range of an almost
contractive projection (for a precise statement, see Theorem 9). In addition
to the techniques of the present paper, this version (for the case p > 1)
leans upon the localization techniques developed in [11]. The case p = 1 of
Theorem 9 yields that &, spaces of sufficiently high dimension contain almost
isometric copies of I3 (Corollary 10). A simple consequence of Theorem 8 is
that if X is a reflexive quotient space of some C(S)-space, then for some p,
2 < p < o, every operator from every C(S)-space to X is p-absolutely
summing (and hence X is isomorphic to a quotient space of L?(y) for some
measure g). (Corollary 11.) The reader is referred to [4] for a study of the
spaces X such that every operator from a C(S)-space to X is 2-absolutely
summing. The final result of § 2, Theorem 13, summarizes the consequences
of the preceding results concerning subspaces of L?, 1 < » < 2.

The paper concludes with an appendix on p — r absolutely summing
operators defined on C(S)-spaces. The final result shows that for 2<r<p<eo,
every operator from a C(S)-space to L? is »p — » absolutely summing. (The
results of § 1 and the appendix were presented at a conference on £, space
theory held at Louisiana State University in June, 1971.)
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1. p-absolutely summing operators defined on C(S)-spaces

We first give some definitions and notation used throughout. Given X
and Y real or complex Banach spaces and A< -, we say that X is A-isomorphic
to Y if there is an invertible operator T from X onto Y with || T|| || T7"|| = \.
If X and Y are isomorphic (i.e., linearly homeomorphic) we put d(X, Y) equal
to the infimum of the numbers A\ such that X is A-isomorphic to Y. We say
that Y is Av-complemented in X if Y X and there is a projection (=bounded
linear projection) from X onto Y of norm at most A. We say that Y imbeds
in X if Y is isomorphic to a subspace of X. S, denotes the set of x in X with
|| £1. X* denotes the dual of X; when convenient, we denote z*(x) by
{x*, ). Given 1 < p < o, and an operator T: X — Y; T is called p-absolutely
summing (notation: p-a.s.) if there is a constant K < o; so that for any
integer n and n-elements %, +++, 2, in X,

1) (225, 1 T [I7)? < Ksup (207, [ 2* (@) [7)7
the supremum taken over all x* € X* with ||#* || < 1. The smallest possible K
satisfying (1) for all » and x,, - - -, 2, in X, will be called the p-a.s. norm of 7'

We begin with a characterization of the p-a.s. norm of operators defined
on the spaces I (i.e., on finite-dimensional C(S)-spaces). We introduce the
following notation and definition: {e,, -+, ¢,} denotes the natural basis of
Iz. A subspace Y of the dual of a Banach space X is called isometrically
norming if for all v € X, |2 = sup,cs, | ¥(®)].

PROPOSITION 1. Let X be a Banach space, n a positive integer; K a
positive number, 1 < q < «, and 1/g + 1/p = 1. Let T:17; — X be a given
operator, and let Te, = x;, 1 <1 < n. Then the following statements are all
equivalent:

1. T has q-a.s. norm less than or equal to K.

2. For all m and matrices (y;) L=j=n,1 <1< m) of scalars,

) =, |l E;;l Y 1) £ K supigjza (o0, | 9ai 1977 .
3. For (sggje) iwsometrically norming subspace Y of X*, and for any
mand Y, <+, Y i Y,

@) 2 (o s way P < KT, Ny 7).

Proof. It is easily seen that 1 and 2 are equivalent. Now fixing m, we
shall prove that 2 and 3 are equivalent. This is a simple duality argument;
we consider the Banach space (I, @ - -+ @ l5).., the n-fold cartesian product
under sup-of-components norm. Its elements may be denoted by matrices
(¥;); the norm is then
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| (i) || = supigssn 307, 1945 1) -
The dual of this space is then equal to (I, --- P z), the n-fold
cartesian product under sum-of-components norm. The elements of the last-
mentioned space may be denoted by matrices («;;) under the norm

| (a:5) || = ;=1( m e 7)Y
the pairing between the two spaces is given by
{@s), (W) = EM A;iYij -

Now to show that 2= 3; let y,, ---, y,, be arbitrary elements in X*, and
' assume 2: Then for all matrices (v;;),

lzw yii<yi, xi> i = IE@,J' <yw yijwj> i

< ()" 1 22, v 1)

S KNP 1 wa) I -
Thus putting a;; = (¥;, ©;), we have that (a;;) yields a linear functional on
the space of (y;;)’s of norm at most K(3_ || |*)"*. Hence (3) holds.

Now fix Y an isometrically norming subspace of X*, and assume (3)

holds for all y,, «++, ¥, in Y. Fix a matrix (y;;), and let ¢ > 0. Then we
may choose ¥, +++, ¥, in Y with 37" |[9;]|* =1 such that

4) (E?:l ”Zyj=1 Yii%; ”.,)1,,, = |E,~,,~ ¥, ?/wxa'>| + €
=22, vy @) | + €.

But in turn;
IE,-,,- YiiYi, T30 |
< [ wa) 1 227, (2, [ <y, 2> 1) < K| (w35) |l

by (3) and our natural pairing.
We thus have by (4) and the above, that

(E:n:l || EZ;I Y;i%; ”q)w =KWl +e¢
for all ¢ > 0. Hence (2) holds for all matrices (v;). Q.E.D.

The next result is an easy consequence of the definition of ¢-a.s. opera-
tors; its proof will be omitted.

PROPOSITION 2. Let S be a compact Hausdorff space, and {E,: acT}a
Jamily of finite-dimensional subspaces of C(S) with the following properties:

(1) Givem e > 0, m a positive integer and f,, «+-, f, in C(S), there exist
aand ef, «++,exin E, with ||f; — ef|| < eforalli,1 <1 = n.

(ii) For all o, E, ts tsometric to I3 where m=dim E,.
Let X be a Banach space, T: C(S)— X an operator, K < oo, and 1 < q < oo.
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Then T is g-a.s. with q-a.s. norm less than or equal to K if (and only if)
T| E, has g-a.s. norm less than or equal to K, for all a.

For the sake of “symmetry” in the statement of the next result, we
recall the

Definition. A map T: X — Y is said to be p-nuclear if it admits a
factorization of the form

A

>— 1"

U’[TlV

X—Y

where A is a diagonal map. If we require that || U|[ <1 and || V| £1,
then the infimum of || A || over all possible such factorizations is called the
p-nuclear norm of the map. (We shall have no use for p-nuclear maps in
the sequel.)

The next result is critical for our work in § 2.

PROPOSITION 3. Let 1 < qg< o, 1/p + 1/qg =1, X a Banach space, and
K < co. Then the following statements are all equivalent:

1. For every compact Hausdorff space S and operator T:C(S)— X,
T is g-a.s. with q-a.s. norm less than or equal to || T|| K.

2. For (?%e) isometrically norming subspace Y of X*, for all n,

Xy, ove, &, 0 X, and matrices (y;) A <1 n,1 <75 =< n) of scalars;
(22 1122, 9 |) = K sup, (32, |5 1) supyesy 20, [ <y, @) |

3. For (?Zf) isometrically norming subspace Y of X*, for all n,

Ty eee i X, and g, oo0, Ynin Y,

Ej (E, | <y“ xj> |p)1lp é K(E, || Y; Hp)llp SupyeSY Z:j | <y, wi> | .

4. Every p-nuclear map from X to an arbitrary space B, with p-nuclear
norm less than or equal to one, is 1-a.s. with 1-a.s. norm less than or equal
to K.

Remark. We are indebted to the referee for pointing out that 4 of
Proposition 3 is equivalent to the assertion obtained by replacing “p-nuclear”
by “p-a.s.” (This follows easily from the fact (c.f. [12]) that for any n and
any operator T from X to I3, the p-nuclear and p-a.s. norms of T are equal.)

Proof. All the assertions are simple consequences of the definitions,
Propositions 1 and 2, and the observation that if U: 12— X is a given operator




ON SUBSPACES OF L? 349

with Ue; = z,;, for all 7, and Y is an isometrically norming subspace of X*,
then

| Ul = sup,esy 227, [<¥, @) |

Thus, it is immediate from the definitions that 1 = 2. Fixing 2, +--, 2, in 2,
then by Proposition 1 (or rather, the proof of 2 = 3 of Proposition 1), 2 and
3 of Proposition 3 are equivalent. Since we allow arbitrary » and elements
Xy o0+, &, in X, Statement 2 is equivalent to the statement which results
from allowing the matrices (y;;) to be arbitrary rectangular rather than
square; hence 2 implies (by Proposition 1) that for all n, every operator U
from [ into X has ¢-a.s. norm less than or equal to K|| U||. Consequently
if S is a given compact Hausdorff space, let {E,: a € T} be a family of finite-
dimensional subspaces of C(S) satisfying the hypotheses of Proposition 2.
(The existence of such a family is well-known; it follows by using partitions
of unity.) Then assuming 2 of Proposition 3, and letting T: C(S) — X, we
have that for all @, T| E, has ¢g-a.s. norm less than or equal to || T| E, || K
which is less than or equal to || T'|| K, and hence 1 follows by Proposition 2.

It is fairly easy to see that assertions 3 and 4 of Proposition 3 are
equivalent. Assuming 3 and letting z,, - .-, %, in X, the inequality in 3 also
holds for infinite sequences ¥,, %,, ++- in Y. Thus suppose that T: X — B is
a p-nuclear map with p-nuclear norm < 1. Then given ¢ > 0; we can choose
Ysy =y Yny =+ in X* with (3 || % [|?)/? <1 +¢, and a map V:I?— B of norm
at most one, so that defining U: X—1” by Uz =} . (y:, «)e; (where e,, ¢, + + -
are the unit-basis-vectors of [?), then T=VU. Now the left side of the in-
equality in 3 is equal to 37 || Uz, ||. Hence

2 N T | =30 || VU, ||
=20 U || = K (L4 ¢)supyesg. 2, <y, 20|,
whence since ¢ > 0 was arbitrary, T has a.s. norm at most K, hence 4 holds.
On the other hand; suppose 4 holds, and suppose %, +++, ¥, in X* are fixed
with 3~ [|v:|[” < 1. Then the map U: X —1” defined by Uz = Y_"_ (y;, xDe;
is obviously p-nuclear with p-nuclear norm at most one. Hence given
Xy, o0e, %, in X;
21 U@) || < Ksup,es,. 2, 1<y, @) |

This means precisely that the inequality of 3 holds provided Y || v:||? < 1;
the fact that the inequality is homogeneous in the n-tuples (y, - -+ ¥,) shows
that it holds in general.

Remarks. 1. Fix the Banach space X, 1< ¢ < . It follows easily
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from the uniform boundedness principle that if there is an infinite-dimensional
L. space Y (as defined in [9]) such that every operator from Y to X is
g-a.s., then there is a K < o satisfying the equivalent conditions of Proposi-
tion 3. Conversely, if Proposition 3 holds for some K < <, then every
operator from any £_-space to X is ¢-a.s. Similarly, Proposition 3 holds for
some K < oo, if and only if for all Banach spaces Y, every p-nuclear opera-
tor from X to Y is absolutely summing.

2. The only property of C(S) spaces used in the proof of Proposition 3
is that they admit a family of finite-dimensional subspaces {E,: a € I'} satisfy-
ing (i) and (ii) of Proposition 2. It is known that a Banach space B admits
such a family if and only if B* is isometric to L'(#) for some measure £ on
a measurable space. (We call such spaces Y, L,-preduals.) Thus Statement
1 of Proposition 3 is equivalent to the statement obtained by replacing C(S)
by an arbitrary L,-predual, B.

3. It is a consequence of a deep theorem of Dvoretzky that if ¢ < 2
(and the scalars are real), then no infinite dimensional Banach space X
satisfies the hypotheses of Proposition 3. However it is also well-known that
Hilbert space does satisfy Proposition 3 when ¢ = 2.

4. For a generalization of Proposition 3 to p — r-a.s. operators, see Pro-
position Al of the Appendix.

We recall finally the factorization theorem of Pietsch (Theorem 2 of [12];
see also [15]):

PROPOSITION 4. Let S be a compact Hausdorff space, X a Banach space,
1<qg< o,and T:C(S)— X a q-a.s. operator with g-a.s. norm equal to K.
Then there exists a regular Borel probability measure it on S, and an opera-
tor V: L(¢) — X with || V|| = K, so that Tf = Vif for all fe C(S) (where
it C(S) — L(p) is the natural map).

We note that, if there is a probability measure z£ on S and an operator
V: L*(¢) — X so that T = V%, then the g-a.s. norm of T is less than or
equal to || V||. Finally, Proposition 4 yields immediately the (well-known)
fact that if T: C(S) — X has g-a.s. norm less than or equal to K and ¢ <
¢’ < oo, then also T has ¢’-a.s. norm less than or equal to K.

2. The main results
Throughout the rest of this paper, ¢, v and » denote measures on some

measurable space (Q, 9) with ¢ a probability measure (i.e. #(Q) = 1). L*(v)
denotes the real or complex space usually denoted L*(X, d, #t); L? denotes
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L?(m) where m equals Lebesgue measure on the Lebesgue-measurable subsets
of the unit interval, and I” denotes L?(v) where v is the measure on the positive
integers where for all n, v{n} = 1. In reality, we could have restricted our-
selves to L?, since every separable subspace of L?(v) for arbitrary v iso-
metrically imbeds in L?. However, in addition to giving information in the
non-separable case, considering spaces L”(y) allows for notational convenience
in our proofs.

The first theorem of this section provides the foundation for our main
results. (Essentially, the new ideas in § 2 may be found in the proofs of
Theorem 1, Lemma 6, and Theorem 8.)

THEOREM 1. Let R be a closed linear subspace of L'(p), 1 < p < oo,
1/p + 1/g =1, K < o. Then the following three statements are equivalent:
1. For any positive integer n and elements r,, -+-, r, of R,

S(E |7 [P()"dpe(t) <= KD [ v:]17)""

2. The natural map from L=(y) onto R* has q-a.s. norm less than or
equal to K.

3. There exists a non-negative measurable function ¢ with S édp <1,
so that for all re€ R, r(t) = 0 for (almost) all t belonging to {t: (t) = 0}, and
such that

([17rye—@ane)” = & 1701 dpe -

Moreover, if 1 < p < 2 and any of these three statements hold, then every
operator T from every C(S)-space to R* is q-a.s. with g-a.s. norm less than
or equal to K || T||.

Of course we define the function | |?(t)¢'~?(¢) to be equal to zero provided
#(t) = 0. If we put dv = ¢dp and define U: R — L'(y) by Ur = r/¢ (using
the same obvious convention), then U is an isometry, and 38 is simply the
statement that

|| Ur HL”(u) = K“ Urliuw for all r e R.

Proof. 1= 2: Let ¢ denote the natural map from L~(z¢) onto R*. By
virtue of Proposition 2, it suffices to show that given any positive integer n
and n disjointly supported functions ¢, <+, ¢, in L=, each of sup-norm 1,
and letting E denote their linear span, then 7 | E has g-a.s. norm less than
or equal to K. In turn, since R may be regarded as an isometrically norming
subspace of R**, it suffices to prove by part 3 of Proposition 1 that given
Ty, eoe, Ty in R,
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(5) 2 (D [ gy ) < KT, [ [[)7

(where (, ) denotes the natural pairing between L'(z£) and L=(t)). (Actually,
the conclusion of Theorem 1 implies that R must be reflexive, i.e., R equals
R**.) Now let F,, ---, F, be the disjoint measurable sets such that for all
1, ¢:(t) = 0 for (almost) all ¢ ¢ F;. Then the left side of (5) is equal to

Z=1( i SFj r:(t)é;(t)d(t) r)llp

=X | imr) e < [ (S @) due

Fj

which is less than or equal to the right side of (5), by hypothesis.

2=3: We regard L~(¢) as being equal to C(S) for a certain compact
Hausdorff space S; we regard ¢ as being a regular Borel probability measure
on S, and we regard Rc L'(¢) < C(S)*. Let j denote the natural quotient
map of C(S) onto R*. Then by Proposition 4 and the hypotheses of 2, there is
a regular Borel probability measure v on S and a map V: L(v) — R* so that
J = Vi where 7 is the natural map of C(S) into L%y), with || V|| < K. Of
course then R* is isomorphic to a quotient space of L(v), a reflexive space,
hence R is reflexive. Now we have
(6) Jj* =V,
J* is nothing but the identity injection of R into C(S)* (with range contained
in L'(¢¢) of course), and ¢* is the natural map of L*(v) into C(S)* defined by
G, ¢y = S f(s)é(s)dy(s) for all fe L*(v) and ¢ € C(S). Of course then 7* has
its range contained in L'(v). Now by the Radon-Nikodym theorem there is
a Borel-measurable and p-integral non-negative function ¢, and a measure
y, singular with respect to g, so that dv = ¢dp¢ + dv,; moreover g gdp <1
since v is a probability measure.

It follows by (6) that for all » € R;

rdp = (Vr)edp + (Vr)dy, .

Since v, is singular with respect to g, (V*r)dy, = 0 for all r € R, and we have
the equation rdp = (V*r)edy, for all »re R. Hence V*r = r/¢ (a.s.) for all
such ». We also know that || V*|| £ K; since

% ip
1V* 7l = (| Vo7 Podp)
we thus obtain that

(i -%';gbdp)up ||V K|r,
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which, after following through the appropriate identification between C(S)
and L~(y), implies 3.

3 —=1: Fixing » and r,, ---, 7, belonging to R,

(& 17y ant) = [(ZLZLDY s

(R asomo)”

LAY

= [Z {00
< K(Z ll 7 17y

the second inequality following by Holder’s inequality, the last one by the

hypothesis that 3 holds.

To prove the final assertion of Theorem 1, we recall the known fact that
there exists a sequence f, f,, -+ - of functions in L' which are isometrically
equivalent, as a basic sequence, to the unit vectors of 1*. That is, for any =
and scalars ¢, + -, ¢,,

@ | ISt et |t = (S, ety

(see [3] and [6], and also the remark immediately following this proof). Now
we shall apply the criterion given by Statement 3 of Proposition 3. Let
Xy, +++, 2, in R* be given, with

(8) 2 Ky ey <yl forallye R .

Let y,, - ++, y, be given elements of B. Then

E]‘ (E, I <yi; xi> Ip)l/ﬂ’

=5, [\ IS fitw, my | ae by (7
[, 2, 1< A, vy |

< | IIZ sty at by (®
= |1 £ 0w | diapi) by Fubini’s theorem
= . 1w 1) Papu) by (@)
< K(X || v IP)"? by condition 1 of Theorem 1.

This completes the proof of Theorem 1.
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Remark. It follows from the results of [6] that complex I? isometrically
imbeds in complex L? for 1 < ¢ < p < 2. We wish to sketch an alternate
argument for this fact, which shows that fixing p, there is a certain sequence
of complex-valued independent random variables which accomplishes this
imbedding simultaneously for all1 < ¢ < p.

Given a complex-valued measurable function f defined on Q, its dis-
tribution is the probability measure v defined on the Borel subsets of the
complex numbers C by v(E) = {z: f(z) € E} and its characteristic function P
is defined by D(z) = gceiwﬁdu(x), (:Sgewﬂ”dp(t)). It is known that v is

uniquely determined by v and SQ | fPdp = Sclzlf’dv(z). It is also known
that fixing 1 < p < 2, there exists a probability measure v on C such that
D(z) = e7*"", This is equivalent to the assertion that em2 g g positive
definite function of the two real-variables # and y. In fact, there is a positive
function p so that dy(re??) = p(r)drdd. It follows that

P(z) = Sirr cos (Re zre~ ) p(r)drdl .

Now fixing ¢, 1 < ¢ < 2, there exists a positive constant C, so that for all z,

Cylzlr = || Lmeoshel@re Dargy .
0 Jo

1
7.—!-0

Hence we have that

Sc 2 |dv(z) = S S S 1 — cos Retere™ i 1rdndtds

,r1+ﬂ

)
SS"“l—v(fre )ddﬁ
2r

1+q

_—Tp
Sl e ar

7.1+(1

the second equality holding by Tonelli’s theorem. We thus have that
S | 2]%dy(z) < oo if and only if r(l — e7™)/(r'*9)dr < - which occurs if and
only if ¢ < p. Now let f,, fs, S be complex-valued independent random
variables defined on [0, 1] so that for all 7,

[e5eat — .

Then fixing ¢ < p, f;€ L% given n and scalars ¢,, -- -, ¢,, the characteristic
function of >, ¢, f; is equal to

g~ !(Tleg M P27



ON SUBSPACES OF L* 355

(by the independence of the f;’s) which implies that || 35 ¢. f: ||, = (32 | 1?)"*1| £i1l-
Thus the closed linear span of the f;’s in L? is isometric to I* for all
l=sg9<p=sa

Definition. Given R a closed linear subspace of L'(#) and 1< p < oo,
we define I,(R) to be the p/(p — 1)-a.s. norm of the natural map from L>(y)
onto R* (provided this map is p/(p — 1)-a.s.; otherwise we put I(R) = co).

Of course by Theorem 1, I,(R) is the smallest K satisfying any of the
equivalent conditions 1-3 of Theorem 1. In particular, it will be important
for our later work to note that if I (R) < « and ¢ is an integrable non-
negative function with g édp = 1, then

P 1/p
SUD, e sp <§%¢d#) = I(R) .

The next result follows immediately from known results, the work of
§ 1, and Theorem 1.

COROLLARY 2. Let R be a closed linear subspace of L'(tt) and let p, p’
satisfyl < p < p' < ; then I (R) <1,(R). If R is isomorphic to a Hilbert
space, then L(R) < . If I (R) < oo for some p = 2, then R is isomorphic to a
Hilbert space. If 1 < p < 2, then I,(R) equals the minimum of the numbers
K, such that for all compact Hausdorff spaces S and operators T: C(S)— R*,
T has p/(p — 1)-a.s. norm < || T|| K. Consequently if R and R are isomor-
phic subspaces of L'() then I, (R) < d(R, R)I,(R).

Proof. Letting 1/¢’ + 1/p’ =1 = 1/q + 1/p, then assuming I,(R) < oo,
the natural map of L= into R* is ¢’-a.s., and hence also it is ¢-a.s. by Pro-
position 4, since ¢’ < ¢; moreover the same result shows that I(R) < I,.(R).

It is known that every operator from a C(S)-space to a Hilbert space is
2-a.s. (c.f. [9] and [15]), hence the second statement of the corollary follows. If
I(R) < oo for some p = 2, then I,(R) < o, hence the natural map of L= into R*
is 2-a.s. which implies that R* and hence R, is isomorphic to a Hilbert space.
The last two statements follow easily from the “moreover” part of Theorem 1.
and the definition of I,(R). Q.E.D.

It follows from the last two statements of the corollary, thatif 1< p <2
and R is a subspace of L'(y), then I?(R) is determined solely by the isometry-
type of R and not the particular way in which R is imbedded in L'(g).
Hence we can speak unambiguously of I,(l2), for example.

Remark. Actually, the proof of Theorem 1 shows that for 1 < p < 2,
and R a subspace of L'(¢), then I,(R) may be obtained as follows: let f, f,, «--
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be a fixed sequence in L' satisfying (7) for all n. Then I,(R) is the smallest
constant K such that for all » and elements r,, ---, r, in R,

S: HEfi(t)’ri ” dt < K(E | 7 “9)1/1’ .

This shows directly that I,(R) is isometrically determined by R for 1 < p < 2.
It is also important for our later work, to note that fixing 1 < »p < « and
R c LY(y), then I,(R) is determined by the finite-dimensional subspaces of
R. Infact, I,(R) = sup I,(E), the supremum taken over all finite-dimensional
subspaces K of R.

The next lemma yields that the statement “I,(R) < «” is not deter-
mined by the isomorphism type of R for p > 2, and also shows the result of
Schwartz-Kwapien (c.f. [8] and [15]) that I,(l") = « for all 1 < p < 2. (Our
argument uses the three series-criterion, as does the argument of Schwartz-
Kwapien.)

LEMMA 3. Let x,, x,, - -- be a sequence of integrable independent identi-
cally distributed real-valued random variables defined on [0, 1], let R denote
their closed-linear span wn L' over the real scalars and let 1 < p < . Then

S |z, [Pdt < o if and only if

9 lim,_... supS o e [?)1dt < o,
0
the supremum taken over all scalars c,, «--, ¢, with

(E:;l ' Ci |p)1/2’ =1.

In particular iof 1< p<2 and fi,f,, +-+ 18 & sequence of independent
Sfunctions satisfying (7) for all n and scalars ¢, ++ -, ¢,, then putting

1
7‘5 — Sup(E\ci\P)l/ﬂ’_gl SO (E?:l [C,,;fi Ip)llpdt )

L) =72 and 1) — o as N -— o .

~

Proof. If S | @, |?dt < co, then

S (22 | eswi() )"t < (S el |wit) ]”dt>1/p
= (X e Ip)w(g | @, |”dt>1/p

by Holder’s inequality and the fact that the x,’s are identically distributed.
Now assume that S |, |?dt = . To show that the left side of (9) is infinite,
it suffices to show that there exists a sequence ¢,, ¢,, --+ with Y |¢;|” < oo,
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yet such that Y |c;|” |;|?(t) does not converge a.e. (which by the zero-one
law, means that > |c;|?|@;|°(f) = « a.e.). Let ¢ be the Borel measure on
the real line which equals the distribution of »,, i.e., p(E) = m{t: x,(¢t) € E}
for all Borel sets E (where m denotes Lebesgue measure on [0, 1]). Fix a
sequence (¢;) with ¢; # 0 for all ¢, and define &; by &:(t) = |c;|? |@:(¢) |" if
le;|” | 2:() |? < 1; #i(t) = 0 otherwise. If 3 |e¢;|” | ;|?(t) converges a.e., then
by the three series criterion of Kolmogorov,

zjgac,.(t)dt <o
For each 1,

[@0at = el | My -

{2:121=t/legl}

Since S | @, |Pdt = oo, g N Pdp(N) = o, whence if ¢; — 0, then
1imwg I Pdp(n) = o .
(2:121s1/1e41}
It therefore follows that we may choose non-zero ¢;’s so that ) |¢;|? < o,
vet > g F(t)dt = o, whence ) |c;|”|x;|"(t) fails to converge a.e.

To prove the final statement of the lemma, since the quantities r} are
isometrically invariant (c.f. the second remark immediately following this
proof), it suffices to consider a particular sequence f,, f;, -+ satisfying (7).
Let f,, f,, + - - be a sequence of identically distributed independent functions
defined on [0, 1], each of L'-norm one, such that there is a constant ¢ (uniquely

determined by the requirement that S |fildt = 1> 8o that
gle”f‘(”’dx = ¢~ot® for all ¢ .
0
(Such functions are called stable random-variables of exponent p.) It follows
that the fi’s satisfy (7), and also that S | fi|Pdt = oo, by the same argument
given in the remarks following Theorem 1. Thus 75— « as n — oo; it is
immediate from the definitions that I,({%) = 7%. Q.E.D.
Remarks 1. Let @, @,, --+, R and p be as in the statement of Lemma 3.
Then if S |2, |?dt = c, I,(R)= . However, the converse is false for
1< p < 2. Indeed by Theorem 8 below, if I,(R) < oo, then thereisane¢ >0
such that I,,.(R) < -, whence S |@,|"*dt< oo by Lemma 3. (It is known

that if the x,’s are each of mean zero, then they form a symmetric basis for



358 HASKELL P. ROSENTHAL
R (in fact their closed linear span is isomorphic to an Orlicz sequence space;
c.f. [2] and Theorem 2 of [4]).)

2. As pointed out by Schwartz (c.f. [15]), a more detailed analysis of
the fi’s (as defined in the above argument) shows that

2le P fi®) P < oo ace.
if and only if

Elcil”(1+loglc+l,,)< oo 3

it can be deduced from this that

(log > = 0% S(Z; i lP)'7at) as 1 — oo,

n‘-/i’

Hence for 1 < p < 2, there exists a positive constant ¢, so that 7% = ¢, (log n)"?
for all n. It is conceivable that (log n)Y? is the correct order of magnitude
for r?; we suspect that I2Z has a larger order of magnitude than 2. We
also note that if 72 denotes the quantity analogous to 72, defined over the
complex field, then it can easily be deduced from the above considerations
that (log n)’/* = 0(7%) as well. (It should perhaps be pointed out that 72 is

isometrically determined; to prove this one considers the expression

S S |3 a; F(w)fi(t) | dtdw

where (f}) is another sequence satisfying (7) for all » and scalars ¢;,¢,, - - -, c,,.)

The next result shows that for subspaces R of L' isomorphic to Hilbert
space, whether or not I,(R) < « depends on the way in which R is imbedded
in L, for p > 2.

COROLLARY 4. Given any subinterval I of [2, ) containing 2, there
ewists an infinite-dimensional closed linear subspace R of L' such that
I={pz2 I(R) < o}

Proof. The complex case is easily deduced from the real one, so we
consider only real scalars. Let z,, @, --- be a sequence of independent
identically distributed square-integrable real valued random variables. It
follows from known results and Lemma 3 that

(p =2 I(R) < oo} = {nglxllpdt < oo} .

The required examples may now be easily constructed.

Remarks. Theorem 8 below shows that if R is a reflexive subspace of
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L' with R non-isomorphic to Hilbert space, then {p > 1: [(R) < =} is a
non-empty open interval contained in [1, 2].

However, given any subinterval I of [1, 2] containing 1, there exists a
closed linear subspace R of L' such that I = {p < 2: R imbeds in L?}. In-
deed, let 1 < p <2 and 2, x,, --- be a sequence of identically distributed
independent symmetric random variables such that for all M sufficiently
large,

mit: |2,(t)| = M} = X;-l—o-g—tdt .

t1+P

Then if R denotes the closed linear span of the #;’s in L', it can be proved
(using the proof of Theorem 2 of [14]) that I, (R) < « for all ¢ < p, yet R
does not imbed in L?. Of course, isomorphic imbeddings of I* in L' yield
examples where the interval in question is closed. In this connection, we
would like to mention that it can be proved that if 1 < p < 2 is fixed, ¢ =
(2/p)'?, and @, &,, --- is a sequence of independent random variables such
that for all 7 and Borel sets E,

1

EN{r:irizc} [ t [1+p ’

mit: x,(t) € B} = S

then the closed linear span of the «;’s in L”, is isomorphic to I? for all 1 <r < p.

Our next result summarizes the isomorphic consequences of Theorem 1.
Its proof is an easy consequence of known results and Theorem 1.

THEOREM 5. Let 1 < p <2, 1/p + 1/g =1, and R a closed linear sub-
space of L'(te) of infinite dimension. Then the following statements are all
equivalent:

1. I,(R) < oo.

2. R imbeds in L*(¢) and 1* does not imbed in Rif p < 2; if p =2, R
18 1somorphic to Hilbert space (i.e., R tmbeds in Lz(pt)).

3. There exists.an integrable function ¢, with ¢(t) > 0 for all teQ, so
that

17 P@s—Odut) < - forallreR.
4. For any sequence r,, 1,, -+ in R such that 3 || r;||? < oo,
(S 7P ®) dpet) < oo -

5. There is a surjective bounded linear map from some C(S)-space onto
R* which 1s g-a.s.
6. Ewvery bounded linear map from every C(S) space into R* is g-a.s.
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Proof. It is most convenient to show that all the statements are equiva-
lent to the first. The fact that the first statement implies all the others
follows trivially from Theorem 1 and the fact that I,(I") = ~ for 1 < p < 2
(proved in Lemma 3).

2 = 1: Let R be a subspace of L?(¢), which is isomorphic to E. Then I*
does not imbed in R, hence by the results of [7], there exists a C and an ¢,
0 < ¢ < 1, so that for all g in B of norm one,

| ghdpze.
{t:lg(t) =C}

But then for such g,

egg ;MMygmﬂ@gMu;

{t:1g(t)]=C}
thus letting R denote the space R in the L'-norm, R is a closed linear sub-
space of L!'isomorphic to R, amd~ satisfying Condition 3 of Theorem 1 for
K = C*'/c and ¢ = 1. Hence I,(R) < - whence by Corollary 2, I,(R) < co.

3 = 1: By multiplying by a constant, we may assume that S édp = 1.
Putting dy = ¢dp and defining U: R— L'(v) by Ur = r/¢, we have that U
is an isometry and UR < L*(v). It follows by the closed graph theorem that
the L?(v) and L'(v) norms on UR are equivalent, which implies Condition 3
of Theorem 1.

4 = 1: Itis possible to show by a Banach-space argument that Condition 1
of Theorem 1 holds for some K < «. We may prove this, however, by the
following elementary considerations: If this condition fails for all K < o,
then for each positive integer n, we may choose 77, <+, 7, in R so that

(e ey = L,

2”

yet

S il P@) e z n .
It then follows immediately that >~ > " [|r}[]? < «, yet

~

| (o T e @) dpntt) = N
for all positive integers N, contradicting 4.

Since trivially 6 = 5, it remains to show that 5 = 1: By 5 and Proposi-
tion 4, there is a regular probability Borel measure v on S and a map
V: LY(y) — R* so that Vi maps C(S) onto R* where 1 is the natural map of
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C(S) into L*(v). It follows that R is reflexive and ¢* V* is an isomorphic
imbedding of R into C(S)*. Since ¢* is the natural map of L?(v) into C(S)*
and V* is also an isomorphism, it follows that B is isomorphic to B, where
R denotes the range of i* V*. Moreover there is a constant K < oo so that
|7 |l2ey < K || 7|2y for all e R. Thus I,(E) < « by Theorem 1, and hence
I(R) < « by Corollary 2. Q.E.D.

Remark. Let 1 < p < 2and r < p. Since L? imbeds in L" and I" does
not imbed in L?, we obtain that I,(L?) < o. It can be shown that there is
a constant ¢, depending only on p, so that I,(L?) <e¢,(1/(p — 7))"". We con-
jecture that this is the correct order of magnitude, i.e., that (1/(p — »))'" =
0(I.(L") as r — p. Incidentally, Theorem 5 implies the result of Kwapien
[8] that every map from every C(S) space into L is s-a.s., for all 2 < g < s.

We now pass to a deeper investigation of the structure of subspaces of
L'. The following lemma is critical to our considerations.

LEMMA 6. Let 1 < p, < 2 and R a closed linear subspace of L'(t) such
that I,(R) = o for all p > p,. Then for all k and ¢ > 0, there ewist k
elements r,, -+, 7, in R satisfying

|7l =1 for all %, and for all scalars ¢, «--, ¢, ,

[T er:|l = @ — ) e )"
Proof. Fix k and ¢ with ¢ < 1. Choose p > p, so that
(10) i e ) = vT — e, fes )™ for all scalars ¢,, «++, ¢, -
Now choose 4, 0 < ¢ < 1, so that
(11) o — (1 — or)rfgr—vir > /T —¢.
Letting N be a large number, we define the following quantities: K is defined
by K** = N** and ¢ = K™'°

Now choose N so large that for all N = N,

g1 (A)]- K 2
12) 1—9 [1 (sK) -z
(Of course, then automatically, k/K < 1.)

Now we may choose a finite-dimensional subspace Y of R, so that
putting N=I,(Y), then N> N. By Theorem 1, we may choose an integrable
non-negative function ¢, with S¢d,u — 1, so that for all ye ¥, {t: y(t) = 0}
is contained, up to a set of measure zero, in {¢: ¢(f) = 0}, and such that

(8)

(SLZTV’M#)W < Nyl for all ye ¥ .
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Now let v be the measure defined by dyv = ¢dpt and let Y be the sub-
space of Li(v) defined by Y = {y/s: ye ¥}.
Then Y is isometric to Y. Using the notation

tullo= [ 1wl ol = ((1vra)”,

we have, by Theorem 1, that
(139 L(Y) = N = supyer || /1l v [}

and thus if ¢ is any function with () > 0 for all t€Q, and S ydy =1,
then there exists a y € Y so that

(14) Slylpx!rl"’dva” and |yl =1.

Using the above relationships, we shall now prove the following

SUBLEMMA. There exist disjoint measurable subsets E,, ---, E,, and
Sfunctions g,, +++, 9. €Y, sothat forall v; |g;| = K on E,,

lg:ll=1, and S | g; [Pdy = 6*°N”* .
2

The lemma follows from the sublemma; i.e., setting r;, = ¢-g;, then r,, -+« 7,
satisfy (A). To see this, let §; = g;- )z, for all ¢; then || g;—g:l, < N(1—67)"".
Hence

||E c:(9; — G5 ”,, = (E [c; lp)lle(l — oP)HPfrIIP
for any scalars ¢, ---, ¢;,. Thus
122 cigin = ||Eci$7ill,, — 122 eig: — ) Hp
(15) > (E | e; Ip)lle[g -1 - 5p)1/pk(p~1)/p]
= (T lel)"NVI—¢ by (11) .
But by (13); ||Ecigi||p < N|[>Zcig:||,, hence
1T o, = VT =T le:l?)” = @ — (X |e:|™)'™ by (10) .
This proves (A) in virtue of the fact that g — ¢-g is an isometry between Y
and Y. We pass now to the proof of the sublemma, which will be established
by induction. (The fact that | g;| = K on E; will be important for the proof,
although it was not used in the above reasoning.)
To begin the proof, choose g, Y so that ||g.[, = N and [|g:| =1,
and let E, = {t:|¢,(t)| = K}. Then S [, [Pdv < K7,
£y

Ll |g.[7dv = N» — K»™ = N> by (12) .
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Now suppose 1 <j <k, g, +++,9; and E,, ---, E; have been chosen, satis-
fying the conclusion of the sublemma. Then v(~ ij=1 E)) > 0; indeed
v(E;) < 1/K for all ¢, hence

. y k
i gy=sL<f <1 by (12) .
(UL, )_K_K< y (12)
Now let
(16) = Jiz: |95 | Am; + CAmvi_yms
where

1 — i.}::.;lg g dv
J Ej
w(~U”, E))

Then « is everywhere positive, S dy = 1, and moreover

a7 c=1-—¢.
Thus by (14), we may choose a function g,,,€ Y so that S | G511 [Pyt~ Pdy =
N7 and || gl = 1. .

Now by (16), if te U;_, E;, then

_ k p—1 . .
=) < (2 . i )
(18) () = <EK> (since 3 |9:| 2z, = Kon Ul_, E) ,
hence
- kP k!

T AR < (2 L < N7 - .
19) Sug;la,.'g’“w dv=<éK) Slga. ldVSN(éK)
Therefore

SNUJ'_ .|gj+1lp01_pd” = S g

i=1F4 ~Ui=1

l 9+ Ip"/’L—pdv
B

(20) b e
z[1- () »
or
1) §~ gty z @ - 971 - (1) |V

by (20) and (17).
Now put Ej,, = {#: g;.,(¥) = K} N ~U’_, E:. Then
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#) S g Pl = K7 g | gir | dy = K?7*;
~EjN~U]_\E;
hence
[gi |Pdy = (1 — 5)”4[1 - ("—k—>p_l]N »_ Kt
(23) “Fit ¢K
= O"N* by (21), (22), and (12) . Q.E.D.

Remarks 1. The proof of Lemma 6 involves only finite-dimensional
spaces, and yields the following quantitative result: Given 1 < p, < 2, k,
and ¢ > 0, there exists a p with p > v, and an N, so that ¢f R is a subspace
of L' with I, (R) = N, then there exist r, -+, 7, in R satisfying (A).

2. It follows from Lemma 6 and the proof of Theorem 8 below that <f
R is a subspace of L' and 1 < p, < 2, then I, (R) = oo if and only if for all
€ >0 and positive integers k, there are k elements r,, « -+, r, in R satisfying (A).

The next lemma is known but we know of no published proof. For the
sake of completeness, we give a (possibly new) argument here.

LEMMA 7. Let K and 7 be given, with k a positive integer and 0 <7 < 1.
Then there exists an ¢ = e(k,n) so that if r,, «-+,r, are elements of L'(t)
satisfying (A) for p, = 1, then there exist k disjoint measurable subsets
F, ... F,of Qsothat forallt, 1 <1<k,

[, 17 1y > 1= 7.

Proof. We shall show that ¢ may be taken equal to %°/8%k*. We begin
with some elementary considerations. Suppose 0< 6 <1 (0 to be determined
later) and 0 < da < b < a; then (§/2)a <a + b — V'&® + &°. From this, it
follows that if x,, --., x, are non-negative numbers satisfying x; < =, for
all 7 and

0%, < maX;c;<r1 &; »
then

(24) -‘Z—max,-x,-§x1+°”+xk—'l/xf+~--+xi.

Now let ¢,, «+-, ¢, denote the first &£ Rademacher functions. (¢ denotes
the function defined on the real line, periodic with period one, such that

o) =1 if ogx<%;

$(@) = —1 if %gxa;
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¢i(x) = ¢(2''x) for all j and x.) We use here only the fact that the ¢;’s are
orthonormal and each of modulus one. Now let ¢ = 7*/8k% let r, «--, 7,
satisfy (A) for p, =1, and let a,, ---, a, be any k scalars. Then for any
real s,

[, IS ar®s@ | dpo = @ - 9 Tlal -

Integrating this inequality with respect to s, changing the order of
integration, and using the orthonormality of the ¢,’s we obtain

I, (1@ 1) du

- S S | Z airi(t)gi(s) | dsdpu(t)

21 -9% |a| = | Tlan®dpo - <Tlal,
the last equality holding because || ;|| = 1 for all 5. Hence
25) ol | = () 1) Jdu® < e ol

Now foreach ¢, 1 <¢ =<k, let
Fi={z:0|r®|>|r@)]| forall j+#1, 1<j=<k}.

Then the F';’s are disjoint, and moreover for each ¢ and j # 1, S [7;|du<
Fi
0; thus for all j,

(26) SUH v dpe < (k — 1)5 .
i

Now let B= ~U; F; and let te B. Then by (24) and the definition
of the F’s,

%max,- lr@®) | < 17 | — (O 17 @)™
hence
@) | Lmax,n® e < | (51001 - (S 1n 0140 < e

the last inequality holding by (25).
Hence by (26) and (27)

(28) SNF.I“Id”<(k_1)5+%<k<5+%€'>

for all i. Now let 6 = 1”2¢; then the definition of ¢ and (28) yield im-
mediately that F,, ..., F, satisfy the conclusion of the lemma. Q.E.D.
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We are now prepared for the main structural result of this paper.

THEOREM 8. Let v be a (not necessarily finite) measure, 1 <p<2, and
R a closed linear subspace of L*(v). Then either

(i) there exists a p’ > p such that R imbeds in L*'(v), or

(il) for all € > 0, there exists a subspace Y of R, an invertible operator
T from Y onto l?, and a projection P from L*(v) onto Ysothat || T || T7||=
l1+¢c and||P||<1+e.

Proof. We first assume that v is a probability measure. Suppose p =1
and R is non-reflexive. Then (ii) holds by the results of [7]. On the other
hand, if R is reflexive, then by Theorem 5, it suffices to prove that I,(R)<
for some p > 1. Since the unit ball of R is weakly compact, it is uniformly
absolutely continuous. Thus there exists a 6 > 0 so that fe R and ||f||=1
implies

(29) S |fldy < % for all measurable F with v(F) < 4.
F

Now choose k a positive integer so that 1/k < 4, and let ¢ = ¢(k, 1/2)
as defined in Lemma 7. If I,(R) = o for all p > 1, then by (the crucial)
Lemma 6, we may choose 7, ---, 7, in R satisfying (A) for p, = 1.

Hence by Lemma 7, there are k disjoint measurable sets F,, .-+, F, so
that S \7:|dv>1/2 for all 5. But for some i, v(Fy) =< 1/k <9, con-
tradicting (29).

Now suppose 1 < p < 2, and that for all M and ¢ >0 with e <1,
there exists on fe R with ||f]||, = 1 and

| IFP@dve) =1 —¢.
{z:1f(z) | 2M}

Then the results of [7] imply that (ii) holds. On the other hand, if there is
an M and ¢ > 0 with e < 1, so that
| fIP@)dv(@) =1 —¢

S(z:lf(z)lzll)

if feR and ||f||, =1, then putting K = M/, ||f]|l, < K||f]|, for all
fe R. Thenif X denotes the Banach space whose elements are in R, endowed
with the L'-norm, d(R, X) < K and moreover I, (X) < K by Theorem 1. It
now suffices in view of Theorem 5, to prove that I,(X) < - for some
P’ > p. Suppose this were false. Then for all positive %, we could choose
7y, +++, 1 in X, satisfying (A) for “e” = 1/2 (with “p,” = p). Let f, <+, fi
satisfy (7) for n = k and any scalars ¢,, -+, ¢, and let ¢, ---, ¢, be given
scalars. Then
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ey

Q

> Leari(w) 17) " dy(w)

30) SOSD |3 eifit)rs(w) | dy(w)dt by (7) and Fubini’s theorem

v

L tesuy Yt by (&).

Thus I,(X) = (1/2)r} (as defined in Lemma 3) for all positive integers %, so
by Lemma 3, I,(X) = <o, a contradiction.

To prove the general case, we observe that if A is a o-finite measure,
then L*(\) is isometric to L*(y¢) for some probability measure g. Now
suppose R contains a subspace Y isomorphic to [*. Then there is a mea-
surable set S of o-finite measure such that Y L*(v|S).

Using what we’ve already proved and noting that L?(v|S) is the range
of a contractive projection on L*(y), it now follows that (ii) holds. Now if
for all ¢ > 0 and sets S of finite measure, there is an r€ R so that ||| =1
and ||7-¥s|| < e, then we may choose disjoint measurable sets S,, S,, - --
and elements 7,7, -+ in R so that for all n, [|7r.xs, ||=1— 1/2" and
|| 7. || = 1. Standard arguments yield that the closed linear span of the »;’s
is isomorphic to I°.

Thus, assuming that R contains no subspace isomorphic to [?, there
exists a set S of finite measure so that putting R’ = {r-ys: r € R}, then R’
is isomorphic to R. Of course then R’ also contains no subspace isomorphic
to I#, and since (1/v(S))v|S is a probability measure, we again have that R’
(and hence R) imbeds into L*'(v| S) for some p’ > p. Q.E.D.

Remarks 1. If the second alternative fails for R, then in fact there is
a set F of o-finite measure such that R is contained in L?(v|F'). For if this
were not so, there would exist a non-compact operator from R to I*. Since
R imbeds in L*'(y) for some p’ > p, this is impossible in virtue of the
results of the Appendix of [13]. We also note that by Theorem 5 (and also
the proof of Theorem 8), the condition (i) may be replaced by the condition
(i"): there exists a p’ > p such that I, (R) < . (Strictly speaking, we only
defined I,(R) for subspaces R of L'(¢) for some p. However, I (R) =
sup I,(E), the sup taken over all finite-dimensional subspaces of R, and
hence since all such isometrically imbed in L', I,(R) is unambiguously
defined in general, for all 1 < ¢, p <2, Rc L*(v). In fact, I,(R) can also
be defined intrinsically, using the remarks following Corollary 2.)

2. It follows from the results of [4] and Theorem 8 that if the Banach
space X is isometric to a quotient space of a reflexive subspace of L'(¢), then
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every operator from a C(S)-space to X is 2-a.s.. The arguments of [4] in
question and those of the present paper do not make use of Grothendieck’s
inequalities; and yield his result that if the Banach space X is such that
both X and X* imbeds in L'(y) for some v, then X is isomorphic to a Hilbert
space. (It follows easily from the results of [7] that such an X must be
reflexive.)

The proof of Theorem 8 (together with the techniques of [11] for the
case p > 1) shows that a quantitative version of Theorem 8 holds, which
yields information concerning finite-dimensional subspaces of L?. The result
asserts that given a sequence of subspaces of L” (p < 2), then either the
entire sequence uniformly imbeds in L* for some p’ > p, or its members
contain almost-isometric copies of 2 which are the range of almost contrac-
tive projections. Phrased another way, we have

THEOREM 9. Let 1 < p < 2, k a positive integer, and ¢ > 0 be given.
Then there exists a K < o and a p’ > p, so that for all subspaces X of
Lr(y), either

() I(X) < K, and hence X ts K-isomorphic to some subspace of L (1);
or

(i) There exists a subspace of X which is (1 + ¢&)-isomorphic to 1} and
1 + ¢)-complemented in L*().

We omit the details of the proof (but see the remarks at the end of
§ 2). This result (for the case p = 1) has consequences for the finite-dimen-
sional &, spaces. We recall that the projection constant of a finite-dimen-
sional space X, is the minimum of the numbers )\ so that X is A-complemented
in Y for all spaces Y containing X. If the projection constant of X is at
most N, X is called a &P,-space. Our next result shows that if ¥ is @, and X
is of high enough dimension, then X contains almost-isometric copies of 7.

COROLLARY 10. Given \, n, and €, there is an N so that if X is a P;-
space of dimension at least N, there exists a subspace of X which is (1 + ¢€)-
wsomorphic to I3,

Proof. It is known (but unfortunately unpublished) that there is an m
(depending only on A and ¢) so that if a Banach space contains a 2)-isomorph
of Iy, then it contains a (1+¢)-isomorph of I;. By Theorem 9, we may choose
Kand p > 1 so that for any subspace R of L', either R contains a 2-com-
plemented 2-isomorph of I}, or I,(R) < K; let 1/p+1/g=1. We may assume
that X C[0, 1] and that there is a projection P from C]J0, 1] onto X of
norm at most A. It follows that there is a subspace R of L' with d(R, X*) <
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A We shall show that if N is large enough, then I,(R) > K. We have by
Corollary 2, that since d(R*, X) <\,

(31) the g-a.s. norm of P is at most || P|[I,(R)» < NMI,(R) .

Thus, the g-absolutely summing norm of the identity operator on X is at
most \I,(R). But the latter is at least N'? by the results of [5]. Combining
this observation with (31), we have for N > K*, that I,(R) > K, and
consequently X contains a 2\-isomorph of [;;, whence X contains a (1 + ¢)-
isomorph of 3. Q.E.D.

Theorem 8 yields that reflexive quotients of C(S)-spaces are isomorphic
to quotients of L*(y)-spaces (for some p < o), and also incidentally gives a
new proof of Grothendieck’s theorem that complemented reflexive subspaces
of C(S)-spaces are finite-dimensional.

COROLLARY 11. Let X be reflexive and a continwous linear image of
some C(S)-space. Then there isa 2 < q < oo such that every operator from
a C(S)-space to X is q-a.s. In particular, there is a probability measure pt so
that X 1s isomorphic to a quotient space of L%(t).

Proof. X* is isomorphic to a subspace of C(S)*, which in turn may be
identified with L'(v) for some (not necessarily finite) measure v. But the
proof of Theorem 8 easily yields that X* is in fact isomorphic to a subspace
of L'(¢) for some probability measure g, and the conclusion of Corollary 11
now follows from Theorems 5 and 8. (This also shows that if X is a com-
plemented subspace of some C(S)-space, then X is finite-dimensional, for
then the identity operator on X is g-a.s.) Q.E.D.

Remarks. Of course a quantitative version of Corollary 11 follows from
Theorem 9. The version: Given ¢ and n, thereisa Kanda 2 < q < o so0
that if X is isometric to a quotient space of C|0, 1], then either X contains
a subspace Y with d(X,13) <1 + ¢, or there is a quotient space Y of L?
so that d(X, Y) < K. This result thus implies a finite-dimensional analogue
of the result of Pelczynski’s that if X is non-reflexive and a quotient of a
C(S)-space, then X contains an isomorph of ¢, [10].

It is known that every non-reflexive subspace of L' contains a subspace
isomorphic to I! [7], and also that L* has an unconditional basis for 1 < p < .
Thus in view of the results of [1], we have immediately

COROLLARY 12. Ewery closed linear subspace of L' of imfinite dimen-
sion, contains a subspace with an unconditional basis.

Our final result yields information about subspaces of L?, analogous to
that yielded by Theorem 5 concerning subspaces of L'. Its proof is an
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immediate consequence of our previous work, and shall be omitted. (For
the implication 3 = 1 in its statement, see the remark, page 211 of [13].)

THEOREM 13. Let 1 < p < 2, and let X be a closed infinite dimensional
subspace of L*(p). Then the following are all equivalent:

1. I(X) < oo.

2. There is a constant K so that ||z||, =< K ||« ||, for all x € X.

3. X contains no subspace tsomorphic to l*.

4. If (X,) is any sequence of subspaces of X with dim X, = n for all
n, then d(X,, [2) — .

5. X imbeds in L* () for some p’ > p.

6. There exists a p' > p, an everywhere positive integrable function ¢

with qudp =1, anda K < o so that for all e X,
1 o 1—pt i/p’
Lol = (12 os@axn)” <K=l

7. Ewvery operator from X to I? is compact.

8. FEwvery operator from every C(S)-space to X* is g-a.s., where 1/p +
1/qg = 1.

9. Thereexists a surjective g-a.s. operator from some C(S)-space onto X*.
Moreover if any of these conditions failed, then for all € >0, X contains a
1 + e)-isomorph of 1? which is (1 + €)-complemented L*(t).

Remarks. Our observations following Lemma 3 show that 3 =4 may
be sharpened as follows:
If X c L* is such that there exists a sequence (X,) of subspaces of X
satisfying
d(X.,, 1)

(og 7)/? —0 as m— o, then I,(X) = =,

and consequently X contains a (complemented) isomorph of 77.

We wish finally, to make some concluding remarks concerning localiza-
tions of our theorems. Fix 1 < p < 2.

Let us say that a Banach space X satisfies P, ., if there are elements
7, +++, 1, in X, satisfying (A) for p, = p. Now our results yield that if X
is a subspace of L7, so that for some 0 < ¢ < 1, X satisfies P, for all k,
the X contains an isomorph of I*. In view of the techniques of [11], this
result may be localized as follows:

Given 1<p<2 0<e<1l 0<7n<1, and N, there exists a k; so
that if X is a subspace of L* satisfying P,.; then there exists a subspace Y
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of X, with d(Y,1%) <1+, and a projection P from L* onto Y with
[PI=1+ 7.
To see this, we let ¢ = p/(p — 1) and define (as in [11])

CX = inf¢ SUDfser I‘f‘ip/ilf‘¢llq H1 ’

the infimum taken over all non-negative ¢ in L' with |||, = 1 and [0, 1] =
{z: ¢(x) = 0}. Then the techniques of [11] show that there exists a K (de-
pending only on p, N, and %), so that if Cy = K, then X contains a Y with
the desired properties. Now for any X < L, I(X) < Cy (by the remark
following the proof of Corollary 2). Moreover, if X satisfies P,,., then our
proof of Theorem 8 (specifically, the equalities and inequalities (30)) yields
easily that I,(X) = (1 — ¢)rf (where 7} is defined in Lemma 3); and con-
sequently C; = (1 — ¢)rf. The desired result now follows in view of the
fact that 7§ — oo as k— oo. (This argument also shows that there exists a
function g, from the nonnegative extended reals to themselves, with

I(X) £ Cx < g,([,(X)) forall X L* .

We don’t know if g, can be taken to be linear, or even to be the identity
function.)

Appendix. p — 7 absolutely summing operators defined on C(S)-spaces

Definition. Given Banach spaces X and Y, 1< p, r< -, and an
operator T: X— Y; T is called p — r absolutely summing (notation —
» — r-a.s.) if there is a constant K < oo, so that for any integer » and n
elements ,, -+, 2, in X,

(32) (i, || Tw: 7)< Ksup (27, | <%, 2y )",

the supremum taken over all 2* € X* with ||2* || < 1. The smallest possible
K satisfying (32) for all n, «,, ---, x, € X, will be called the p — r-a.s. norm
of T.

An analysis very similar to that of § 1 yields the following

PROPOSITION Al. Let 1 <p, r< oo, 1/p+1/g=1=1/r+1/s, X a
Banach space, and K < co. Then the following statements are all equivalent:

1. For every compact Hausdorff space S and operator T:C(S)—X, T
18 P — 7r-a.8. with p — r-a.s. norm less than or equal to || T|| K.

2. Foralln, x, «++, 2, in X, and matrices (y;) A1=it=<n, 1<j<n)
of scalars;

(Ei H Ej Yii; HP)I/P é Ksupj (E, lyii ‘r)l/r Supyesx. E; ‘ <y, xi> I .
3. Foralln, x, -, 2, in X, and y,, +++, y, in X*,
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20 B sy 1) = K (S, 19:117)" supesg 2o, [ <y, | -

Now if 2 < p < oo, it is a theorem of Kwapien [8] that every operator
from a C(S)-space to L* is p’-a.s. for all p’ > p. (This result also follows
immediately from our Theorem 5, see the remarks following its proof.)
Moreover, by the results of [8] and [15] (see also our Theorem 5) there are
operators from a C(S)-space to L? which are not p-a.s. Nevertheless, we do
obtain the

PROPOSITION A2. Let r, p be given with 2=<1r < p < . Every operator
Jrom a C(S)-space to L* is p — r-a.s.

Proof. Define sand g by 1/r + 1/s=1/p +1/g =1. Let f,, f,, -+ bea
sequence of independent symmetric identically distributed random variables,
stable of exponent s, normalized so that for all scalars ¢, - - -, c,,

(33) || 2o el [[1 = (E [‘hla)l/8 .
(In the case of complex scalars, let the f;’s be chosen as in the remark

following Theorem 1.) Then we also know, since 1 < ¢ < s < 2, that there
is a constant K (depending only on r and p) so that for all scalars ¢, «--, ¢,,

(34) 122 esfill, = K2 le: )" .
We now apply the third statement of Proposition Al. By homogeneity,
we may assume that x,, ---, z, in L” are given so that

(35) 2y ey =y, for all ye L°.
Now letting y,, .-, ¥, be given in L? we have that
Ej (E., l <yi) xi> ls)lls = Ej S IE, <yi, x3>f1(t) | dt by (33)

Ei l Ei i@y, ;) | dt

Il
ey

= |12, £itw: |, at by (35)

< (|| 1= soue I draw)” by Fidlder's ineavality

= K({| (T wtw) [ dw) " by (39)

<K <S 37 yi(w) |"dw> since £ < 1
= K5 llws 1)

We thus have by Proposition Al, that every operator T from a C(S)-space
to L? is p — r-a.s. with p — r-a.s. norm at most || T|| K . Q.E.D.
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Remark. It was previously known that every operator from a C(S)-
space to L” is p — 2 a.s. (c.f. [9]). We also note that in the case of the real
scalars, it can be shown that there is a constant C, depending only on p,
so that

K< Cp<s i q)t/q ,

where K, p, s, and ¢ are as in the above proof.
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