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On certain classes of Baire-1 functions

with applications to Banach space theory

R. Haydon, E. Odell and H. Rosenthal

Abstract

Certain subclasses of B;(K), the Baire-1 functions on a compact metric space K, are
defined and characterized. Some applications to Banach spaces are given.

0. Introduction.

Let X be a separable infinite dimensional Banach space and let K denote its dual ball,
Ba(X™), with the weak™ topology. K is compact metric and X may be naturally identified
with a closed subspace of C'(K). X** may also be identified with a closed subspace of
Ao (K), the Banach space of bounded affine functions on K in the sup norm. Our general
objective is to deduce information about the isomorphic structure of X or its subspaces
from the topological nature of the functions F' € X** C A (K). A classical example of
this type of result is: X is reflexive if and only if X** C C(K).

A second example is the following theorem. (Bj(K) is the class of bounded Baire-1
functions on K and DBSC(K) is the subclass of differences of bounded semicontinuous
functions on K. The precise definitions appear below in §1.) We write Y — X if YV is

isomorphic to a subspace of X.
Theorem A. Let X be a separable Banach space and let K = Ba(X*) with the weak*
topology.
b) [7] co — X iff [ X** N DBSC(K)]\ C(K) # 0.
Theorem A provides the motivation for this paper: What can be said about X if
X** N [B1(K)\ DBSC(K)] # 07 To study this problem we consider various subclasses of
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B;(K) for an arbitrary compact metric space K. J. Bourgain has also used this approach
and some of our results and techniques overlap with those of [8,9,10]. In a different di-
rection, generalizations of By (K) to spaces where K is not compact metric with ensuing
applications to Banach space theory have been developed in [22].

In §1 we consider two subclasses of B;(K) denoted By /4(K) and By /o(K) satisfying
(0.1) C(K) C DBSC(K) C By4(K) C By/2(K) C B1(K) .

Our interest in these classes stems from Theorem B (which we prove in §3).

Theorem B. Let K be a compact metric space and let (f,) be a uniformly bounded

sequence in C(K) which converges pointwise to F' € B (K).

a) If F ¢ By 5(K), then (f,) has a subsequence whose spreading model is equivalent
to the unit vector basis of /7.
b) If F € By4(K) \ C(K), there exists (gn), a convex block subsequence of (fy),

whose spreading model is equivalent to the summing basis for cg.

Theorem B may be regarded as a local version of Theorem A (see Corollary 3.10). In
fact the proof is really a localization of the proof of Theorem A. In Theorem 3.7 we show
that the converse to a) holds and thus we obtain a characterization of By (K)\ By 2(K) in
terms of ¢; spreading models. We do not know if the condition in b) characterizes B, /4(K)
(see Problem 8.1).

Given that our main objective is to deduce information about the subspaces of X
from the nature of ' € X** N Bi(K), it is useful to introduce the following definition.

Let C be a class of separable infinite-dimensional Banach spaces and let F' € B;(K).
F is said to govern C if whenever (f,) C C(K) is a uniformly bounded sequence converging
pointwise to F', then there exists a Y € C which embeds into [(f,,)], the closed linear span
of (fn). We also say that F' strictly governs C if whenever (f,) C C(K) is a uniformly
bounded sequence converging pointwise to F', there exists a convex block subsequence (g;,)
of (fn) and a Y € C with [(g,,)] isomorphic to Y.

Theorem A (b) can be more precisely formulated as: if FF € DBSC(K) \ C(K),
then F' governs {cp}. (In fact Corollary 3.5 below yields that F' € By (K) \ C(K) strictly
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governs {cp} if and only if F € DBSC(K).) In §4 we prove that the same result holds if
F e DSC(K)\ C(K). (A more general result, with a different proof, has been obtained
by Elton [13].) We also note in §4 that there are functions that govern {co} but are not in
DSC(K).

In §6 we give a characterization of Bj4(K) (Theorem 6.1) and use it to give an
example of an F' € By/4(K) \ C(K) which does not govern {cg}. Thus Theorem B (b) is
best possible.

In §7 we note that there exists a K and an F' € By/5(K) which governs {/;}. We
also give an example of an F' € By /5(K) which governs C = {X : X is separable and X*
is nonseparable} but does not govern {¢;}.

§1 contains the definitions of the classes DBSC(K), DSC(K), By 2(K) and By 4(K).
At the end of §1 we briefly recall the notion of spreading model. In §2 we recall some ordinal
indices which are used to study Bi(K). A detailed study of such indices can be found in
[25]. Our use of these indices and many of the results of this paper have been motivated
by [8,9,10]. Proposition 2.3 precisely characterizes B, /2(K) in terms of our index.

In §5 we show that the inclusions in (0.1) are, in general, proper. We first deduce this
from a Banach space perspective. Subsequently, we consider the case where K is countable.
Proposition 5.3 specifies precisely how large K must be in order for each separate inclusion
in (0.1) to be proper.

In §8 we summarize some problems raised throughout this paper and raise some new
questions regarding B /4(K).

We are hopeful that our approach will shed some light on the central problem: if X
is infinite dimensional, does X contain an infinite dimensional reflexive subspace or an
isomorph of ¢y or /1?7 A different attack has been mounted on this problem in the last few
years by Ghoussoub and Maurey. The interested reader should also consult their papers
(e.g., [18,19,20,21]). Another fruitful approach has been via the theory of types ([26], [24],
[38]). We wish to thank S. Dilworth and R. Neidinger for useful suggestions.



1. Definitions.

In this section we give the basic definitions of the Baire-1 subclasses in which we are inter-
ested. Let K be a compact metric space. By(K) shall denote the class of bounded Baire-1
functions on K, i.e., the pointwise limits of (uniformly bounded) pointwise converging
sequences (f,) C C(K). DBSC(K) = {F : K — R | there exists (f,):2, C C(K) and

C < oo such that fy =0, (f,) converges pointwise to F' and

(1.1) > U fagi(k) = fu(k)| < C forall ke K} .
n=0

If F € DBSC(K) we set |F|p = inf{C' | there exists (f,,)2>, € C(K) converging pointwise
to F' satisfying (1.1) with fo = 0}. DBSC(K) is thus precisely those F’s which are the
“difference of bounded semicontinuous functions on K.” Indeed if (f,,) satisfies (1.1), then
F = Iy — Fy where Fi (k) = 3277 (fat1 — fa) T (k) and Fa(k) = 3277 (frr1 — fn) ™ (k) are
both (lower) semicontinuous. The converse is equally trivial.

It is easy to prove that (DBSC(K),|- |p) is a Banach space by using the series
criterion for completeness. The fact that | F||oo < |F|p but the two norms are in general
not equivalent on DBSC/(K), leads naturally to the following two definitions.

By o(K)={F € Bi(K) | there exists a sequence
(F,) € DBSC(K) converging uniformly to F'} and
Byy(K)={F € Bi(K) | there exists (F},)

converging uniformly to F with sup |F,|p < oo} .

It can be shown that DBSC(K) is a Banach algebra under pointwise multiplication,
and hence Bj/5(K) can be identified with C(2), where  is the “structure space” or
“maximal ideal space” of Q2. Thus By /4(K) also has a natural interpretation in the general
context of commutative Banach algebras.

There is a natural norm on By /4(K) given by
|F|1/4 = inf{C : there exists (F,) converging uniformly with sup |F,,|p < C}

Furthermore (B ,4(K), |-|1/4) is a Banach space. One way to see this is to use the following
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Lemma 1.1. Let (M,d;) be a complete metric space and let do be a metric on M with
di(z,y) < do(x,y) for all x,y € M. If all dy-closed balls in M are also dy-closed, then
(M, d3) is complete.

The hypotheses of the lemma apply to M = {F : |F|;;, < 1} and di,ds given,

respectively, by [ - [l and | - |1 /4.

Remark 1.2. While we shall confine our attention to B/, and Bj 4, one could of course
continue the game, defining
Bys(K)={F € Bi(K) | there exists (F,,) C DBSC(K)
with |F, — F|;/4 — 0} and
By 16(K) = {F € By(K) | there exists F,

with sup |F,|p < oo and |F, — Fl|;4 — 0} .
This could be continued obtaining
DBSC(K) C -+ C Byjg2a(K) C Byjgen-1(K) C -+ C Byja(K)
with By 92n (K) having a norm | - |;/92» which, using Lemma 1.1, is easily seen to be

complete.

There is another class of Baire-1 functions that shall interest us, the differences of

(not necessarily bounded) semi-continuous functions on K.
DSC(K)={F:K — IR there exists a uniformly bounded sequence

(fn)org € C(K) converging pointwise to F' with

> (k) = f(B)| < o0 for ke K}
n=0

An interesting subclass of DSC(K), is PS(K ), the pointwise limits of pointwise stabilizing

(pointwise ultimately constant) sequences.
PS(K)={F € By(K) | there exists a uniformly bounded sequence
(fn) € C(K) with the property that for all £ € K there exists

m € N such that f,(k) = F(k) for n>m} .
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Remark 1.3. We discuss PS(K) in Proposition 4.9. Both of these classes were considered
in [10], and as noted there, if an indicator function 14 € B1(K), then 14 € PS(K). Indeed
A must be both F,, and G5 (cf. Proposition 2.1 below) and so we can write A =, F;, =
N,, Gn where Fy C Fy C --- are closed sets and G; O G2 D --- are open sets. Then by
the Tietze extension theorem, for each n choose f,, € Ba(C(K)) with f,, identically 1 on
F,, and identically 0 on K \ G,,. Thus for all k € K, (f,,(k))n is ultimately 14 (k).

The summing basis (sy) for (an isomorph of) ¢ is characterized by

k
||Zan3n|| ZSUP|ZCM| :
ko=

Let (x,) be a seminormalized basic sequence. A basic sequence (e, ) is said to be a
spreading model of (z,) if for all k£ € IN and all € > 0 there exist N so that if N < n; <

ng < --- < ng and (a;)¥ C R with sup, |a;| < 1, then

k k
1Y aiall = 1Y aseill| <e .
i=1 i=1
For further information on spreading models see [4].

We recall that if (f,) € Ba(C(K)) converges pointwise to F' € By(K) \ C(K) then
there exists a C' = C'(F') such that (f,,) has a basic subsequence ( f},) with basis constant C
which C-dominates (s,,). Thus C|| > anf) | > || >_ ansn||, for all (a,) C R (see e.g., [31]).
Furthermore (f]) can be taken to have a spreading model [4]. The constant C' depends
only on sup{osc(F, k) | k € K} (see §2 for the definition of osc(F, k)).

Finally we recall that a sequence (g,) in a Banach space is a convez block subsequence

of (fn) if gn = D27=01 11 aifi where (p,) is an increasing sequence of integers, (a;) C R*

and for each n, Y775 a; = 1.



2. Ordinal Indices for B;(K).

Let (K, d) be a compact metric space and let F' : K — IR be a bounded function. The Baire
characterization theorem [3] states that F' € By(K) iff for all closed nonempty L C K,
F } ;, has a point of continuity (relative to the compact space (L,d)). This leads naturally
to an ordinal index for Baire-1 functions which we now describe.

For a closed set L C K and ¢ € L let the oscillation of F}L at ¢ be given by
oscr,(F,0) = lim. o sup{f(¢1) — f(¢2) | £; € L and d(¢;,f) < € for i = 1,2}. We define the
oscillation of F' over L by oscy F' = sup{F(¢1) — F({3) | {1,0¢5 € L}.

For § > 0, let Ko(F,0) = K and if a < wy let

Kat1(F,0) = {k € Ko(F,0) | osce_(rs)(F. k) > 6} .

For limit ordinals «, set

Ko (F,6) = () Ks(F,6) .
B<a

Note that K, (F,0) is always closed and K, (F,§) DO Kg(F,0) if a < 8. The index B(F, )
is given by

B(F,6) =inf{a <wy | Ko(F,6) =0}

provided K, (F,d) = ) for some o < w; and ((F,d) = wy otherwise. Since K is separa-
ble, the transfinite sequence (K, (F,J))a<w, must stabilize: there exists f < wy so that
K,(F,§) = Kg(F,0) for 8 > a.

The Baire characterization theorem yields that B(F,d) < wy for all § > 0 iff F' €
B (K). In fact we have the following proposition. In its statement .4 denotes the algebra
of ambiguous subsets of K. Thus A € A iff A is both F, and Gs. Also we write [F < q]
for the set {k € K | F(k) < a}.

Proposition 2.1. Let F': K — IR be a bounded function on the compact metric space
K. The following are equivalent.

1) F € B1(K).

2) B(F,0) < wy for all 6 > 0.

3) For a and b real, [F' < a] and [F > b] are both G5 subsets of K.
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4) For U an open subset of R, F~1(U) is an F, subset of K.

5) For a < b, [F < a] and [F > b] may be separated by disjoint sets in A. Equiva-
lently, there exists A € A with [F <a] C A and A N [F > b] = 0.

6) F is the uniform limit of a sequence of A-simple functions (A-measurable func-
tions with finite range).

7) F is the uniform limit of a sequence (g,) C DSC(K).

8) F is the uniform limit of a sequence (g,) C PS(K).

The proof is standard and can be compiled from [23]. We are more interested in an
analogous characterization of By /»(K). Before stating that proposition we need a few more
definitions.

D shall denote the algebra of all finite unions of differences of closed subsets of K. D
is easily seen to be a subalgebra of A.

One of the statements in our next proposition involves another ordinal index for Baire-
1 functions, a(F;a,b), which as we shall see is closely related to our index. For a < b, let

Ko(F;a,b) = K and for any ordinal «, let
Kot1(Fja,b) ={k € K,(F;a,b)| forall e>0andi=1,2,
there exist k; € Ko (F;a,b) with d(k;, k) <e,

F(k1)>b and F(ke) <a}.

Equivalently, Ko41 = Ko N [F <a] N K, N [F > b]. At limit ordinals o we set

Ky (F;a,b) = m Kg(F;a,b) .
B<o
As before these sets are closed and decreasing. We let o(F;a,b) = inf{y <w; | K,(F;a,b) =
0} if K\(F;a,b) =0 for some v < wy and let a(F'; a,b) = wy otherwise.

Remark 2.2. The index a(F};a,b) is only very slightly different from the index L(F,a,b)
considered by Bourgain [8]. L(F;a,b) = inf{n < w; | there exists a transfinite increasing
sequence of open sets (Gq)a<y With Go = 0, G, = K, Gay1 \ G is disjoint from either

[FF < a]or[F >0V foral a <nand G, = J,_.,Gq if ¥ < nis a limit ordinal}. In

a<ly

fact one can show that if a(F';a,b) = n+ n where n is a limit ordinal and n € IN, then
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L(F,a,b) € {n+2n,n+ 2n — 1}. In Proposition 2.3 we shall show that a(F;a,b) < w
for all a < b iff B(F,d) < w for all 6 > 0. We note that a more general result has
subsequently been obtained in [25]. Indeed if we define B(F) = sup{B(F;d) | 6 > 0}
and a(F) = sup{a(F;a,b) | a < b rational} then Kechris and Louveau have shown that
B(F) < wt iff a(F) < wt.

Also we note that the following result follows from [8]. Let X be a separable Banach
space not containing ¢;. Let K = Ba(X™*) in its weak™® topology. Then

sup{B(z™*|x) : ¥ € X} <wy .

Proposition 2.3. Let I' : K — IR be a bounded function on the compact metric space

K. The following are equivalent

1) F € By(K).

2) F is the uniform limit of D-simple functions on K.

3) Fora < b, [F < a] and [F > b] may be separated by disjoint sets in D.
1) B(F) <.

5) a(F;a,b) <w for all a < b.

Proof.

4) = 5). This follows from the elementary observation that for all ordinals o and reals
a<b, Ko(Fia,b) C Ko (F,b—a), and the fact that 4) holds if and only if 5(F,J) < w for
all 6 > 0.

5) = 3). Let K; = K;(F;a,b). Thus K = Ky 2 Ky 2 --- 2 K, = () where
n = «a(F;a,b). Let

D:O(FgaﬂKi_l)\([FZb]ﬂKi_ﬁED.

=1



Since K; = ([F <a]NK;—1)N([F > b NK;_1),

D ([FSa]ﬁKl_l\Kl)

I
-

-
I
MR

U
-

-
I
MR

NFSQHKFQ\KJ

([F <aln (Ko \ Ki) = [F<aq].

I

-
Il
—

Since K;_; is closed,

DC| J(Kiaa\[F>bNK;_1)

-

-
Il
—

MFAQFEMH&AH

N
IC-

JEia\[F28]) =K\ [F>1.

=1

3) = 2). This is a standard exercise in real analysis.

2) = 1). Since every D-simple function can be expressed in the form Zle a;1r,
where the L;’s are closed sets and DBSC(K) is a linear space it suffices to recall that
1, € DBSC(K) whenever L is closed. In fact 1, is upper semicontinuous.

1) = 4). Let F be the uniform limit of (F},) C DBSC(K). For § > 0 and n sufficiently
large, B(F,20) < B(F,,d) and thus is suffices to prove that for G € DBSC(K), (G, ) < w

for 6 > 0. This is immediate from the following

Lemma 2.4. If m € IN, § > 0 and G : K — R is such that K,,(G,8) # 0, then
|G|D > m5/4.

Proof. Let (gn,) € C(K) converge pointwise to G. It suffices to show that there exist
integers n; < ng < -+ < npq1 and k € K such that |gy,., (k) — gn, (k)| > 0/4 for
1< <m.

Let ny =1, ko € K,,,(G,0) and let Uy be a neighborhood of kq for which oscy, gn, <
§/8. Choose k{ and k2 in Uy N K,,_1(G,d) with G(k}) — G(k3) > 35/4. Then choose
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ne > np such that g,, (ki) — gn,(kZ) > 35/4. Thus there is a nonempty neighborhood
U; C Uy of either k§ or k2 such that for k € Uy, |gn, (k) — gn, (k)| > 5/4.

Similarly we can find a neighborhood Us C U; of a point in K,,,_1(G,d) and ng > no
so that for k € Us, |gny (k) — gn, (k)| > §/4, etc. [ |

Remarks 2.5. 1. Of course by using a bit more care one can show that |G|p > md/2

whenever K,,(G, ) # 0.

2. Following [25] we say that for F € By(K), F € BS(K) iff 3(F) < wt. Thus
By 2(K) = B{(K) by Proposition 2.3, a result also observed in [25].

3. We do not yet have an index characterization of Bj,4(K’), however we have a
necessary condition (which may be sufficient). To describe this we first must generalize
our index above. Let F': K — IR and let (§;)$2, be positive numbers. Set Ko(F, (6;)) = K

and for 0 < 4 set
K (F, ((5])) = {k? € KZ(F, ((5])) | OSCKZ-(F,((SJ-))(F, ]{7) > 5i—l—1} .

Proposition 2.6. Let I' € By/4(K). Then there exists an M < oo so that if K, (F, (6;)) #
0, then >"7" 6; < M.

Proof. Let F be the uniform limit of (G,,) with |G,|p < C' < oo for all n. Suppose that
K, (F,(5;)) # 0 for some sequence (6;)52, € R*. Since K, (F,(6;)) € Kn(Gm, (5;/2)) for
large m, the latter set is non-empty as well. The proof of Lemma 2.4 yields

If G: K — Rand (6;)2, C R is such that K, (G, (5;)) # 0,
(2.1)

then |G|D > 4-1 Z ;.
i=1
Thus by (2.1) we have, for large m, C > |G,,|p > 47130 | 4
and so Y 1, 0; < 4C. [ |

We shall explore in greater detail in §3 and §8 some questions related to the problem
of an index characterization of Baire-1/4. The following proposition gives a sufficient

index criterion for a function to be Baire-1/4. It also shows (via Proposition 2.3) that if

F € By3(K) \ By4(K), then 3(F) = w.
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Proposition 2.7. Let F' € By(K). If B(F) < w, then F € By 4(K).

Proof. Without loss of generality let F': K — [0,1] with S(F) < n. Thus o(F;a,b) <n
for all a < b. It follows from the proof of 5) = 3) in Proposition 2.3 that for all 0 <
a < b < 1 there exists a D € D with |1p|p < 2n, [FF<a| C D and [F >b N D =40.
Thus for all m < oo there exist sets D1 2O Dy O -+ D Dy, in D with [F > i/m] C D;,
[F <(i—1)/m] N D; =0 and |1p,|p < 2n for i < m. In particular if G = >_." , m *1p,,
then ||F — Glloo <m™! and |G|p < 2n. [ |

The following proposition is related to work of A. Sersouri [39]. It is of interest to us
because it shows that a separable Banach space X can have functions of large index in
X** and yet be quite nice. In fact it shows there are Baire-1 functions of arbitrarily large
index which strictly govern the class of quasireflexive (order 1) Banach spaces. Our proof

was motivated by discussions with A. Pelczynski.

Proposition 2.8. For all v < w; there exists a quasireflexive (of order 1) Banach space

Q- such that Q3" = Q @ (F,) where 3(F,) > 7.
(The index 3(F) is computed with respect to Ba(Q%).)

Remark 2.9. In §6 we shall show the existence of a quasireflexive space whose new

functional (in the second dual) is Baire-1/4.

Proof of Proposition 2.8. We use interpolation, namely the method of [12]. (This has also
been used in [19] in a slightly different manner to produce a quasireflexive space from a
weak™ convergent sequence.)

To begin let v < w; be any ordinal and choose a compact metric space K containing
an ambiguous set A, with a(14.; %, %
of the functions Fj described in §5 with 6 > w”+.) Choose a sequence (f,,) € Ba(C(K))

) > ~v. (For example 14, could be taken to be one

converging pointwise to 14 such that (14_, f1, f2,...) is basic in C(K)**. Let W be the
closed convex hull of {+f,}>2, in C(K). Let @, be the Banach space obtained from
W C Ba(C(K)) by [DFJP]-interpolation. Thus for all n € IN, || - ||,, is the gauge of
Un = 2"W + 27"Ba(C(K)), and Q, = {z € C(K) : [z ]l = (X, llzlI2)"/? < oo}
Following the notation of [12], we let C' = Ba(Q,) = {z € C(K) : ||z | < 1} and let

12



J: @y — C(K) be the natural semiembedding.

We first observe that @), is quasireflexive of order 1. Indeed it is easy to check that
W, the weak* closure of W in C(K)** is just

W = {iaifi +asola, : |as] +§:|ai| < 1} )
i=1 i=1
Furthermore C' C [W] ([12], Lemma 1(v)) which has the basis (1a,, f1, f2,...). Now
7 Qr — C(K)** is one-to-one and (j**)~'(C(K)) = @, (Lemma 1(iii)). Thus if
F, € Q5 satisfies j*"F, = 14, then Q2" = Q, @ (F,). Of course F, must be the weak*
limit of (57 (fn))n in Q%*.
It remains to show that 3(F,) > ~. We shall prove

(2.2) a(Fy;1,3)>a(1a,;1,2)

v 404

SN

)

=

where f is the index computed with respect to Fy, € Bi(3Ba(Q%)). Since 3(F,) >
1

a(Fy; 15, 3) > a(Fy; 1, 2), the result follows.

Since |j|| < 3, if Ko = 3Ba(Q3) and Hy = Ba(C(K)*), then j*Hy C K. More

generally if Kz = {y* € K3 | for all non-empty relative weak* neighborhoods U of y*
in Kg there exists yi,y3 € U with F,(y]) > 2 and F,(y3) < 1} and Hgy, is defined
similarly in terms of 14_, then j*Hgy 1 C Kpgy1 for all 3, since j* is w*-continuous and

F,(j x*) = (j**F,)z* = 14_(z*). This proves (2.2). [ |
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3. Theorem B.

For the proof of Theorem (B) (a) we need a lemma. Recall that a collection of pairs of

subsets of K, (A;, B;)!,, is said to be (Boolean) independent if for all I C {1,...,n},

Lemma 3.1. Let F : K — R be the pointwise limit of (f,) C C(K). If K,,(F;a,b) # 0
for some m € IN and a < b, then for a < a’ < b’ < b there exists a subsequence (f) of
(fn) so that if ny < --- < np, then (A], , B, )i, are independent where A; = [f] < d']
and B), = [f] >"b'].

Proof. The proof is similar to that of Lemma 2.4 and is actually a local version of the
proof of the main result of [35] (see [8] for a more general discussion of the consequences
of Kg(F;a,b)#0).

We first show how to choose a finite subsequence (f,,, ), of (f5) so that (A,,, Byn,)™,
is independent, where A,, = [f,, < d'] and B,, = [f,, > V/]. Let ky € K,,(F;a,b).
Thus there exist ko and k; in K,,—1(F;a,b) with F(ky) < a and F(k1) > b. Choose
ny and neighborhoods Uy and U; of kg and kq, respectively, so that f,, < a’ on Uy and
fny >0 onUy. Let k., ., € U, N Kypy_o(F;a,b) for e1,e9 € {0,1} with F(ke, o) < a and
F(ke,,1) > b for 1 € {0,1}. Choose ny > ny and neighborhoods Uy, ., C U,, of k., ., s0
that f,, < a’ on U, ¢ and f,, > b on U, 1 (for e1,e52 € {0,1}). Continue up to f,, . The
sets (An,, Bp,)1" are then independent since for I C {1,...,m}, N,y An, N (Nigr B, 2
Uey.ey, 0 where g; =0ifi e T and g; =1if i ¢ I.

Now the existence of an infinite subsequence (f;) satisfying the conclusion of 3.1
follows immediately from Ramsey’s theorem. Indeed, by the latter, there exists (f,) a
subsequence of ( f,,) so that (f/,) satisfies the conclusion, or such that for all ny < --- < ny,,

(A}, B,,.)i%, is not independent. But we have proved that the second alternative is

impossible.

Proof of Theorem B(a). (f,) is a bounded sequence in C'(K) converging pointwise to
F ¢ By/5(K). By Proposition 2.3 there exists a < b so that K,,(F';a,b) # () for all m € IN.
By passing to a subsequence we may assume (f,) has a spreading model. Furthermore

by Lemma 3.1, passing to subsequences and diagonalization we may assume that for some

14



a <a <b <b (A,,Bn,)", is independent whenever m < n; < ng < -+ < Ny,
and A,, = [fn, < @], By, = [fn, > V']. By Proposition 4 of [36] it follows that there
exists C' < oo so that (f,,)™, is C-equivalent to the unit vector basis of ¢]* whenever

m<ng <--- <Ny, [ ]

The proof of Theorem B(b) will require a more precise version of Theorem A(b) and
the following elementary lemma (which follows easily from the Hahn-Banach theorem). If

C' is a subset of a Banach space X, C denotes the w*-closure of C in X**.

Lemma 3.3. Let C and D be convex subsets of X. Then md(C,D) = md(C,D). By

md(C, D) we mean the minimum distance,
inf{llc—d||ceC, de D} .

The variant of Theorem A(b) which we need is

Lemma 3.4. Let F: K — R be bounded and let (f,) C C(K) converge pointwise to F’
with Y 00 o [ fa+1(k) — fu(k)| < M for all k € K (fo =0). Suppose osc(F, k) > § for some
d > 0. Then there exists a subsequence (f,) of (f,) which is C = C(M,0) equivalent to

the summing basis.

Let FF € B1(K)\ C(K). It is evident that if F' strictly governs {co}, then F €
DBSC(K). The next result shows that the converse is true.

Corollary 3.5. Let F € DBSC(K) and let (f,), M and § be as in the hypothesis of
Lemma 3.4. Let (g,) C C(K) converge pointwise to F with sup,, ||gn|lcc < 00. Then
there exists (hy,), a convex block subsequence of (gy,), which is C(M, §)-equivalent to the

summing basis.
The proof is straightforward from Lemmas 3.3 and 3.4.

Proof of Theorem B(b). Let F' € By,4(K) \ C(K) and let (f,) € C(K) be a bounded
sequence converging pointwise to F'. Choose (F},,) C DBSC(K) which converges uniformly
to F' so that sup,, |F,|p < M < oco. For each n € N, choose (f*)?2, C C(K), f§ =0,
which converges pointwise to F,, and satisfies >_>° o [f& (k) — fI'(k)| < M for k € K.
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Since F' ¢ C'(K) we may assume there exists § > 0 so that for all n, oscx (Fy,, k) > § >
0 for some k € K. Thus, by Lemma 3.4, we may suppose for all n, ()52, is C' = C(M, d)-
equivalent to the summing basis. We may also assume || F,, — F,41]|0c < €, where g, | 0
and for all n € N, Z;‘im—l g < Ep.

By induction and Lemma 3.3 we may replace each sequence (f/*)$2; by a convex block

subsequence (¢7")$2, such that for n > 1,

{there exists a convex block subsequence (A1), of (g7~ 1),

™ with ||g7 — hl||eo < en—1 for ¢ € IN.

Let (g7!)22; be the diagonal sequence. Clearly (gy) converges pointwise to F. Also
by (x) for n > k, md(g;!, co(gf)}?il) < Z?:k gj < ep—1. In fact for k fixed, there exists a
convex block subsequence (d¥),,~ of (gf)?‘;l with [|g" — d¥||e < ex_1 for n > k. Thus
for any k, (97)n>k is an g5_1-perturbation of a sequence (d¥), -z which is C’-equivalent
to the summing basis where C’ depends solely on C.

By Lemma 3.3 applied to co(f,,) and co(g)), there are convex block subsequences (g,)
of (fn) and (gn) of (g}) with ||gn — gnllec — 0. Since (Gn)n>i is an &;_;-perturbation
of a sequence which is C’-equivalent to the summing basis, (g,) and hence (g,) has a

subsequence which has spreading model equivalent to the summing basis. [ |

Remark 3.6. The constant of equivalence of the spreading model of (g,,) with the summing

basis depends solely upon supy.c j oscx (F, k) and |F /4.
Our next theorem is a converse to Theorem B(a).

Theorem 3.7. Let ' € By(K). Assume that whenever (f,) C C(K) is a uniformly
bounded sequence converging pointwise to F', then any spreading model of ( f,,) is equiva-

lent to the unit vector basis of £1. Then F ¢ By 5(K).

Lemma 3.8. Let I' € By/5(K)\ C(K), ||F|l« < 1. Then there exists (f,) € C(K)
converging pointwise to F with spreading model (e,) and a function M : RT — R*

satisfying

(3.1) 1D aneall < MY ansal +e ) lal
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for all (a,) C R and € > 0.

Proof. Let (g,) € Ba(C(K)) converge pointwise to F' and let €, | 0. By the proof of
Theorem B(b) we can choose (f,), a convex block subsequence of (g, ) such that for all m,

(fn)S2,, is an e,,-perturbation of a sequence which is M (&,,, F')-equivalent to the summing

basis. [ ]

Proof of Theorem 3.7. This is immediate from Lemma 3.8, since if (e, ) satisfies (3.1), then

1|+« :
lim — —1)%;|| =0
dm, 2l eve] <o
i=1
In particular (e;) is not equivalent to the unit vector basis of ¢;. [ |

The proof of Theorem 3.7 combined with Theorem B(a) yields the following result.
Let F € B1(K). Then F ¢ B, 5(K) if and only if there exists (f,) € C(K), a uniformly
bounded sequence converging pointwise to F, so that if (g,,) is a convex block subsequence
of (f,), then some subsequence of (g,,) has the unit vector basis of £* as a spreading model.

We do not know if the converse to Theorem B(b) is valid.

Problem 3.9. Let F € B;(K) and C < oo be such that whenever (f,) is a uniformly
bounded sequence in C(K) converging pointwise to F, then there exists (g,), a convex

block subsequence of (f,,) with spreading model C-equivalent to the summing basis. Is

F € By y(K)?

We now turn to the Banach space implications of Theorem B. Let K be compact
metric and let X be a closed subspace of C(K). For example, K could be Ba(X*) but we
do not require this. X** is naturally isometric to X+ C C(K)**. In this setting it can be
shown (see [35]) that if By (X) = {z** € X** : there exists (z,) C X with (z,) converging
weak™® in X** to **}, then B1(X) C B1(C(K)) and B;(C(K)) is naturally identified with
Bi(K).

Corollary 3.10. Let K be compact metric and let X be a closed subspace of C(K).

a) If X** N [B1(K)\B1/2(K)] # 0, then X contains a basic sequence with spreading

model equivalent to the unit vector basis of /7.
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b) If [X** N Byya(K)]\ X # 0 then X contains a basic sequence with spreading

model equivalent to the summing basis.

Remark 3.11. 'This corollary has immediate purely local consequences. Thus if X and K
are as above and X does not contain £;°’s uniformly, then X** N By /4(K) C X. Moreover

if X is B-convex, i.e., does not contain £},’s uniformly, then X**\ X C By 5(K) \ By /4(K).

4. DSC(K).

Theorem 4.1. Let K be compact metric and let F' € DSC(K) \ C(K). Then F governs
{co}-

Remark 4.2. If X is a separable Banach space, K = Ba(X™*) in its weak* topology
and F' € X**, then if FF € DSC(K), F € DBSC(K) (and hence for such functions
Theorem 4.1 follows from Theorem A). To see this assertion, first choose (f,) uniformly
bounded in C(K) so that f, — F pointwise and Y -~ |fnt1(k) — fnu(k)| < oo for all
k € K. Now since F' € B1(X), we may choose (g;) a convex block subsequence of (f;)
and (z;) a sequence in X with ||g; — z;|| < 277 for all j. But then it follows that x; — F
pointwise and moreover > 77 | |2;41(k) — 2;(k)| < oo for all k € K. Thus by the uniform

boundedness principle,

sugz |zj41(k) —x;(k)] < oo,
so F'€ DBSC(K).

Theorem 4.1 follows from the stronger result of Elton [13] which was motivated by

work of Fonf [16].

Theorem. [13]. Let X be a Banach space and let £ be the set of extreme points of
Ba(X*). Let (z;) be a normalized basic sequence in X such that Y .-, |&*(x;)] < oo for
all z* € €. Then ¢y — [(x;)].

Theorem 4.1. can be phrased in this way provided & is replaced by £. However we
wish to present a separate proof of our weaker result which seems to be of interest in its
own right. The main step is given by the following lemma. If Y is a subspace of C(K),

UCK and r >0, we say U r-norms Y if ||y‘U||oo > r|ly|| for all y € Y.
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Lemma 4.3. Let L be a compact metric space and let (f;) be a normalized basic sequence
in C(L). If cy %~ [(fi)], then there exists a nonempty compact set K C L and a normalized
block basis (g;) of (f;) so that

for any nonempty relatively open subset U of K there are an
(4.1)

r >0 and an ng € IN such that U r-norms [(g,)32

’I’L:’I’Lo] ‘

Remark 4.4. 1t can be deduced from [36] that [(x,,)] contains an isomorph of ¢; iff there
exists a compact set K C L such that (4.1) holds for some fixed r > 0 independent of U.

Proof of Lemma 4.3. Let (Up,)o0_; be a base of open sets for L. We inductively construct

for each m a normalized block basis (f]™)52, of (f;) and a certain subsequence M of IN.

Let (f?) = (f;) and suppose (™), has been chosen. There are two possibilities.
(i) There is a normalized block basis (g;) of (f/™)2, with ||gi‘U |loo — 0 as i — oo.

(ii) There exists no such sequence.

If (i) holds, choose (f"*1)2°, to be a normalized block basis of (f/™)32, with

(4.2) 1]y, lloo < 27"l flloe forall fe [(f" )]

and put m in M. If (i) holds let (f*t1)2, = (f)2, and put m in N\M. Let K =

7

L\ U,cp Um and for all n € M let g, = fgill We may assume M is infinite or else the
conclusion of the lemma is satisfied with K = L and g; = f/™ (m = max M or 0 if M = ().
First we check that K # 0. If K = (), then L C UJ,,cps Un- By compactness there

exists n1 € M so that L C U, cps . p<n, Un- But then since [|gy, < 27 (m+Y) for

1, lloc
n € M with n < ny, we have ||gn, ||« < 1, a contradiction.

We claim that K and (g,) satisfy (4.1). If not there exist (h,), a normalized block
basis of (g,,) and a Uy, such that K N U, # () and so m ¢ M yet Hhi‘fmﬁm | < 27¢ for all
i. Indeed there must exist m’ € M with K N U, # () and (h;), a normalized block basis
of (gn), with Hhi‘KﬂUm/ | < 2% Then choose m € N so that U,, C U, and K NU,, # 0.

Let jo = m and if j; is defined choose j;11 > j; so that

Unnlh,>271¢C |J Un.

neM
n<Ji+1
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This can be done since Uy, N [h;, > 27 C Uy N [hy, > 277 C L\ K = J,cps Un- This
completes the definition of ji,ja,... . Now for t € Uy, |hj,(t)] > 27% for at most one i.
Indeed let g be the first integer such that [hy, (¢)] > 27% (if such an ig exists). Then
t € Unew , n<jiyss Un and for i > g, hj, is a normalized element in [(g;);>;,,jem] =
(P55 5em) € [(FFF)pzg001). Thus if ¢ € Uy with n < jigs1,n € M, then hy, €
(£ ) g 1] and so by (4.2), [hs, (8)] < lIhs |, || <275 <27

Thus > 52, |hj,(¢)] < 2 for all t € U,,. Since U,, norms [h;,], it follows from [7] that

[

co <= [hj,], a contradiction. |

Proof of Theorem 4.1. Let (f,) be a bounded sequence in C(K) converging pointwise to
F. By Lemma 3.3 and passing to a convex block subsequence of (f,,), if necessary, we may
suppose that Y 0" | | fot1(k) — fn(k)| < oo for all k € K. Also since F ¢ C(K), by passing
to a subsequence (f,) C (fn) we may assume that (hy,) = (f3,, — f2,41) is a seminormalized
basic sequence satisfying Y -~ |k, (k)] < oo for all k € K. If ¢y ¥ [(hy)], then by
Lemma 4.3 there exist (g, ), a normalized block basis of (h,), and a closed nonempty set
Ky C K satisfying (4.1) (with K replaced by Kj).

For m € N set K,,, = {k € Ko : > _,|9n(k)] < m}. Since (g,) is a normalized
block basis of (hy,), Y ooy lgn(k)| < oo for all k € K and thus | ._, K,,, = Ko. By the
Baire category theorem there exists mg so that K,,, has nonempty interior U (relative to

Ky). Choose ng and r > 0 so that U r-norms [(gn)n>n,]. Since > |gn| < mo on U, (gn) is

equivalent to the unit vector basis of ¢y [7], a contradiction. [ |

A natural problem is to classify those functions F' € B;(K) which govern {co}. We
do not know how to do this, but it is easy to see that this class is strictly larger than

DSC(K).

Ezxzample 4.5. Let L be a countable compact metric space, large enough so that there exists
an F' € B1(L)\ DBSC(L) (see Proposition 5.3). Choose a bounded sequence (f,,) C C(L)
which converges pointwise to F' and let X = [(f,)]. C(L) is cp-saturated (every infinite
dimensional subspace of C'(L) contains ¢y isomorphically) and thus X is ¢p-saturated. Thus
F governs {¢p} by Lemma 3.3. Let K = Ba(X™*). F ¢ DSC(K) or otherwise (Remark 4.2)
F € DBSC(K) and hence F € DBSC(L). Using this example, it can be shown that if
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K is any uncountable compact metric space, there exists an F' € By(K)\ DSC(K) which

governs {co}.

Question 4.6. Let F' € B1(K). If F governs {co} does there exist a bounded sequence
(fn) € C(K) converging pointwise to F' and a w*-closed set L C Ba[(f,)]* such that L
norms [(f,)] and F‘L € DSC(L)? (Could L be taken to be countable?)

Question 4.7. Let F € By(K). Suppose there exists (f,) C C(K), a bounded sequence
converging pointwise to F' and satisfying > 7 | |fnt1(k) — fn(k)| < oo for all k in some

residual set (complement of a first category set). Does F' govern {co}?

We should also mention the following result of Bourgain which gives some global

information about the class DSC(K).

Proposition 4.8. [10] Let F' € DSC(K) \ C(K) and Iet (f,) be a bounded sequence in
C(K) converging pointwise to F' with > |fn+1(k) — f(k)| < oo for all k € K. Then there
exists a subsequence (f!) of (f,) with [(f])]* separable.

It follows that if ' € DSC(K) \ C(K), then F strictly governs the class C of infinite
dimensional Banach spaces with separable duals. However we don’t know that if ' governs

{co}, then F strictly governs C. (A negative answer, of course, would give a negative answer

to 4.6.)
We give a somewhat different proof than that of [10].

Proof. We may assume that ||f,|| = 1 for all n. As mentioned in the introduction there
exists a subsequence (f,,) of (f,) which is basic and C;-dominates the summing basis for
some C; < oo. It follows that (h,)7° is seminormalized basic where hy = f{ and h, =
fr— fl_y for n > 1. [Indeed let (a;)* be given and let 1 < n < m with || >} a;h;]| = 1.
Sy aihi = (a1 —ao) f{ + -+ (@n1 — an) fr_1 + anfy = f +anfy,. I | f]| > 3, then
IS ahi]| > CoYIfll > 271C5 " where Cy is the basis constant of (f7). Otherwise
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|a,| > 3 and so

(ai — aix1)fi

S
=1
Cb'+-1 ‘):E:

<02+1 10 H Z — Qit+1 Sl+amSmH

m—1

> (Cs + 1)_101_1‘ > (ai—aiq) + am‘

= (Co+ 1) 'CrMan| =27 (Co+ 1) MO ]

Also for k € K, > | |hn(k)| < co. Thus (hy,) is shrinking. Indeed if (h,,) has basis

constant C and g,, = f;;i 41 a;h; is a normalized block basis, then for k € K
Pn+1
n(k)] < i hi(k
ol < (s lad) 30 Inich)
i=pn+1
Pn+1
<(C+Dmin g™ Y k)]
’ 1=pn+1
which goes to 0 as n — oo. [ |

The following proposition characterizes the subclass PS(K) of DSC(K) which was
defined in §1.

Proposition 4.9. Let F' € B1(K). The following are equivalent.
a) e PS(K).
b) For all closed L C K, F‘L is continuous on a relatively open dense subset of L.
c) There exists n < wy and a family (K, )a<y of closed subsets of K with Ky = K,

=0, K, = K, if v is a limit ordinal and K, 2O Kpg if a < 3, such that

a<y

F‘KQ\KQH is continuous for all a.
d) There exists a sequence (K,) of closed subsets of K with K,, C K, for all n

such that K =, K,, and F‘K is continuous for all n.
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Remark 4.10. Property (c) suggests the following index for PS(K):
I(F)=inf{n <wy : 3 (Ka)a<y satisfying (c)} .

Proof of 4.9. d) = a): Let (K,,) be as in d) and for n € IN let f,, € C(K,,) be given by
fn=F } K. By the Tietze extension theorem there exists an extension of f,, f; € C(K),
with || fnllso < |Fllse. Clearly (f,) is pointwise stabilizing and has limit F.

a) = b): For n € IN set

L,={ke€L: fnk)=F(k) for m>n}

where (f,) € C(K), ||fall < ||F]| and (f,) is pointwise stabilizing with limit F. Let
G =J,,int(L,). Thus G is open in L. Also by the Baire Category theorem, G is dense in
L.

b) = ¢): Let Ky = K and let K; =~ G where Gy is a dense open subset of K
and F' is continuous on Gy. Now if K, is defined choose G, a dense open subset of K,
so that F}Ka is continuous on G, and set K,y1 = K, \ Go. At limit ordinals v, set
K, = ﬂa<7 K, . Since K is a separable metric space, K, = ) for some n < w;.

c) = d): Let (Kqa)a<y be asin c¢). Let £, | 0 and for each n set K, , = {k € K, :
d(k,Kyy1) > &,} where d is the metric on K. Let K, = Ua<n K, . We note that K,
is closed. Indeed let (k;) C K, converge to k. Then there exists a < n so that k € K,
but k ¢ K,41. We claim that k; € K, , for sufficiently large ¢ and thus k € K, , since
K, p is closed. To see this note first that if k; ¢ K, then d(k;, k) > &,. Thus for large i,
k; € K, and (since k ¢ Koy1) ki ¢ Kot1. Hence k; € K, for large i (since the K, ,,’s
are disjoint in n).

Finally F‘Kn is continuous, for if (k;) C K,, and (k;) converges to k € K, ,,, then by

the above argument k; € K, , for large ¢ and F’ ‘ K is continuous. [ |
We end this section with an improvement of Proposition 4.8 in a special case.

Proposition 4.11. Let K be a compact metric space and let F' be a simple Baire-1
function on K. Then there exists (f,) C C(K) converging pointwise to F' such that [(f,)]

embeds into C(L) for some countable compact space L.
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Proof. First we consider the case where K is totally disconnected. Choose &) > 0 so that
if F(k1) # F(k2), then |F (k1) — F(k2)| > &. Let K, = K (F, &) for a < n with K, = 0.

By our choice of &, is continuous (with respect to K,) for all a < 7.

F‘K(X\K(l+1
Choose a countable partition (D;) of K into closed sets with the following properties.
a) diamD; — 0
b) for each j, D; is a relatively clopen subset of K, \ K41 for some a < 7 such

that F}D} is constant.
J

This can be done as follows. For each a choose a finite partition of relatively clopen
subsets of K, \ K,+1 such that F' is constant on each set of the partition. Each such set
is relatively open in K, and thus may be in turn partitioned into a countable number of
relatively clopen subsets of K,. List all the sets thus obtained for all & < n as (C;)$2;.
Each C; is closed in K and thus may in turn be partitioned into a finite number of closed
subsets of diameter not exceeding 1/i. We list all these sets as (D;)32 ;.

Let L = K/{D;} be the quotient space of K. Since each Dj; is closed and diam D; — 0,
L is compact metric. For n € IN choose f,, € C(L) with || fn|lee < [|F|leo and f,(D;) equal
to the constant value of F‘ D, for j < n. Let ¢ : K — L denote the quotient map and let
fu = fno . Clearly f, € C(K), ||fall < ||F| and (f.) converges pointwise to F. Also
[(f,)] is isometric to [(f,)] € C(L).

For the general case let ¢ : A — K be a continuous surjection and let F' be a simple
Baire-1 function on K. By the first part of the proof there exist (f,,) € C(A) converging
pointwise to F' o ¢ and a countable compact metric space L such that [(f,)] — C(L). Let
(gn) be a bounded sequence in C'(K) converging pointwise to F'. By Lemma 3.3 there
exist convex block subsequences (h,) and (d,) of (g,) and (f,), respectively, such that
2 llgn © ¢ — dn|| < 0o. Thus [(gn)] = [(gn 0 @)] — C(L). L

Question 4.12. Does Proposition 4.11 remain true if we only assume F' € PS(K) or even
F € DSC(K)? Note that if F satisfies the conclusion of 4.11, F strictly governs the class

of cp-saturated spaces, while it is not clear that DSC functions have this property.
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5. The Baire-1 Solar System.

In this section we shall examine the relationships between the various classes of Baire-
1 functions which we have defined. We begin with a result which follows easily from
the Banach space theory — that developed above and some examples presented in later

sections.
Proposition 5.1. Let K be an uncountable compact metric space. Then
(5.1) C(K) & DBSC(K) G Byja(K) S Byja(K) S Bi(K) .

Proof. Since C(K) and C(K') are isomorphic whenever K and K’ are both uncountable
compact metric spaces [29], it suffices to separately consider each of the inclusions in (5.1).
Thus if we show C(K’) # DBSC(K') for some uncountable compact metric space K’,
then C(K) # DBSC(K) as well. Indeed if j : C(K) — C(K’) is an onto isomorphism,
then 7= j*|p, (k) : B1(K) — B1(K’). is an onto isomorphism satisfying j(DBSC(K)) =
DBSC(K'), J(B1/a(K)) = Bya(K') and j(By/2(K)) = By/a(K').

For the first inclusion, C(K) & DBSC(K), let X = ¢o. Then K = (Ba(X*),w*) is
uncountable compact metric and, as is well known, X** C DBSC(K). In particular if
F € X**\ X, then F € DBSC(K) \ C(K).

The fact that By /4(K) 2 DBSC(K) follows from Theorem A(b) and our example in
86 where we produce a nonreflexive separable Banach space X not containing ¢y such that
X** C By4(K), where K = Ba(X™).

For the next inclusion let X = J, the James space. J is not reflexive and has no
spreading model isomorphic to ¢o or ¢, [1]. Thus if K = (Ba(J*),w"), then X**\ X C
Bi/2(K) \ By4(K) by virtue of Theorem B.

For the last inclusion let Y be the quasi-reflexive space of order 1 (see the proof of
Proposition 6.3) whose dual is J(e;), where (e;) is the unit vector basis of Tsirelson’s space.
It is proved in [32] that the only spreading models of Y are isomorphic to ¢;. Thus by The-
orem 3.7,if Y** =Y @ (F) and K = Ba(Y™), then F' ¢ By /5(K). An alternative method

would be to consider the quasi-reflexive spaces ()., constructed in Proposition 2.8. [ |

Remark 5.2. How does the class DSC(K) relate to the classes in (5.1)7 Of course we
always have DBSC(K) C DSC(K) and in fact for K an uncountable compact metric
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space we have the following diagram.

Thus DSC(K) is an asteroid in the Baire-1 solar system. Indeed our proof of Proposi-
tion 5.1 along with Theorem 4.1 yields that By ,4(K)\DSC(K) # 0, By /2(K)\[DSC(K)U
Bi/4(K)] # 0 and By(K) \ [DSC(K) U By 2(K)] # 0. The fact that DSC(K) N B1(K) \
Bi)3(K), DSC(K) N By2(K) \ Bi/4(K) and DSC(K) N By,4(K) \ DBSC(K) are all
nonempty follows from Proposition 5.3 below.

We now turn to the case where K is a countable compact metric space. In this setting
we have, of course, DSC(K) = B1(K). However if K is large enough, the classes in (5.1)
are still distinct. Since every countable compact metric space is homeomorphic to some

countable ordinal, given the order topology [30], we confine ourselves to this setting.

Proposition 5.3.
a) If K = w* +, then By;,(K)\ DBSC(K) # 0.
b) If K = w“+, then By /5(K) \ By 4(K) # 0.
¢) If K = w*+, then B, (K) \ By 2(K) # 0.
d) If K =w™, then DBSC(K) \ C(K) # 0.

Before proving this proposition we need some terminology. Recall that an indicator
function 14 is Baire-1 iff A is ambiguous (simultaneously F, and Gs). Thus if A C K
where K is countable compact metric, then 14 € By(K). We begin with a discussion of
such functions.

Let 6 be a countable compact ordinal space (in its order topology). Recursively

we define Iy = (0, I; = {x € § : = is an isolated point of 6}, and for o > 1, I, =
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{z € 6\ Ugcy Ip @ 7 is an isolated point of § \ Ug_, Is}. The I,’s are just the relative
complements of the usual derived sets.
Let us say an ordinal is even if it is of the form ~ 4 2n for some n € IN where v =0

or v is a limit ordinal. Let F5 =14, where 45 = J I,. We have

°1) |[Forslloo =1 and [Fung|p = n.

°2) |F5|p = o0 if § > w¥+.
°1) implies °2) trivially. To see °1), one first notes that K,,(Fyn4,1) # 0. Indeed, K, (Fs,1)
is just the o' derived set of §. Hence |Fi,»|p > n by the proof of Lemma 2.4. We leave

the reverse inequality to the reader.

Definition. We say that a function F' : w"+ — IR is of type 0 if ' = n~'F_ n,. The
domain of F', w"+, is called a space of type 0.

Thus if F is a function of type 0 with domain w”+, |F|p =1 and ||F||oc = n~1.

More generally for n € IN we have the

Definition. A class of real valued functions F,, defined on countable compact metric
spaces is said to be of type n if

a) For F € F,, |F|p > n.

b) For F' € F,,, F is the uniform limit of (F,,) with sup,, |Fn|p < 1.

c) For each € > 0, there is an F' € F,, with || F||~ < €.
The domain of F' € F,, is called a space of type n.
Lemma 5.4. For n € NU{0} there exists a class F,, of functions of type n.

Proof. We have seen that F{ exists. Suppose F,, exists. To obtain functions F' € F, 11
we begin with a function G € F\ defined on a set K. Let (¢;)2; be a list of the isolated
points of K. We enlarge K as follows. To each t; we adjoin a sequence of disjoint clopen
sets K%, K3,... clustering only at ¢;. Each of the K}’s is a space of type n supporting a
function F} of type n with |[Ff|lec < (i +j +m)~". Here m € IN is arbitrary but fixed.
K, 11, the new space of type n + 1, is this enlarged space. Set

G(t), te K
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Let F,,+1 be the set of all such F’s thusly obtained. We must check that F,,,1 satisfies a)
and b) with n replaced by n 4+ 1 ( ¢) is immediate). b) holds since F' is the uniform limit
of (F}) where

G(t), te K
Fip(t) =4 Fj(t), teK;withitj<k
0, otherwise

and each Fj, is the uniform limit of (F} )02, where |F ,,|p < 1 for all n.

Finally we check a). Let (f)5° € C(Kn+1), fo = 0, converge pointwise to F'. Since
F}K = G and |G|p =1, for € > 0 there exist t;, € K and k € IN with Zf:_ol | fit1(tiy) —
fi(ti,)] > 1 —e. Moreover by the nature of G we may assume |G(t;,)] < €. Since the
K;O’S cluster at ¢;, and each f; is continuous there exists jo € IN so that for ¢ € K;g,
Z,’::OI |fiz1(t) — fi(t)| > 1 — € and |fx(t)| < €. But on K;g, (fm) converges pointwise to
F;g and \F;g\ p > n. Thus there exists t € K;g with

|1+ D1 fia(t) = fi(t)| >n - .
i>k
It follows that .
Y fia() = i) >n+1-3¢
i=0

which proves a). H

Remark 5.4. Our proof yields that the spaces of type-n can be constructed within
ww-(n—l—l)_i_'

Proof of Proposition 5.3. a) Let K = w*’+ and choose (by Remark 5.4) a sequence
(K)o, of disjoint clopen subspaces of K with K, of type-n. Let F,, be a function of
type-n supported on K, with ||F,|lcc — 0 and let F' be the sum of the F,’s. Clearly
|F|p = oo since |F,|p > n. Yet F' is the uniform limit of a sequence of functions with
| - |p not exceeding 1.

b) Let (K,)n,en be a sequence of disjoint clopen subspaces of type-0 of w“+ = K
such that K, supports a function F),, which is a multiple of a function of type-0, with
|Fyllee <n~tand |F,|p > n. Define

F(t) = {Fn(t) ift e K,

0 otherwise.
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Clearly F e Bl/Q(K) \ B1/4(K)
c¢) The type-0 function F,. is not Baire-1/2.
d) F,+ is DBSC. |

It is easy to check that the results of Proposition 5.3 are best possible.

6. A Characterization of B;/,(K) and an Example.

In this section we give an example which shows that functions of class Baire-1/4 need not
govern {cp}. Thus Theorem B(b) is best possible. Before giving the example we give a

sufficient (and necessary) criterion for a function to be Baire-1/4.

Theorem 6.1. Let K be a compact metric space and let I' € By(K). Then F € By j4(K)
iff there exists a C' < oo such that for all € > 0 there exists a sequence (Sp)o>, C C(K),
So = 0, with S, (k) — F(k) for all k € K and such that for all subsequences (n;) of
{0} UN and k € K,

(6.1) Yo Sua (k) = Su (k) <O

jeB((ni)’k)
Here B((n:),k) = {j : |Sn,,, (k) — Sn, (k)| > €}
Proof. First assume F' € By 4(K), let € > 0 and let &, | 0. By the proof of Theorem B(b)

there exists (f,)o2, C C(K), fo =0, converging pointwise to F' with the following prop-
erty. For each m € IN, there exists (h}")32, C C(K) with hg' = 0 and

(6.2) me —hM(k)| < M =2|F|y4, for ke K .

Furthermore [|RT* — fjlloc < é&m for j > m.
Let € > 0 and fix m with 4e,,, < e. Let (5,)5 ¢ = (0, fin, frm+1,---), and let (n;) be a
subsequence of {0} UIN and let k£ € K be fixed. Then

(6.3) > [Sn (k) - |<Z\h]+1 — Bk + 2em#B((ny), k) -
JEB((n),k)

Since | f,(k) — fq(k)| > € implies for p > g > m or ¢ = 0 that |k (k) — b (k)| > € —2¢,, >
/2, (6.2) yields that #B((n;), k) < 2M/e. Thus (6.3) yields (6.1) with C' = 2M = 4|F|; 4.
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For the converse, let C' > ¢ > 0 and let (S,)5° € C(K), Sy = 0, converge pointwise to
F and satisfy (6.1) for any subsequence (n;) of {0,1,2,...} and any k € K. For k € K we
linearly extend the sequence (S, (k))22, to (S-(k))r>0. Precisely, if r = An+(1—A)(n+1)
we set Sp.(k) = ASp(k) + (1 — N)S,+1(k). Since the S,’s are continuous, S, € C(K)
as well. Furthermore, if 0 < ry <1y <73 < ---, k € K and B = B((r;),k) = {j :
S0, (K) — S, ()] = <}, then

(6.4) D 1Sk (k) = Sy, (k)] < 3C .
jEB

Indeed if J, ={j € B:n<r; <rjy1 <n+1}#0,thene <37, [S,,, (k) =S, (k)] <
|Sny1(k) — Sn(k)|. If j € B\ U, Jn, there exists integers ¢; and m; with £; —1 < r; <
¢; < mj < rjz1 < mjyr. Thus by linearity for some choice of p; € {¢; —1,¢;} and
q; € {mj,m; + 1} we have ¢ < |S,, (k) — S,, (k)| <|Sy,; (k) — Sp,;(k)|. Thus

S ISk (B) = S (< Y [Sna(k) — Sa(k)]

jeB {n:J,#0}

> 1Se () =S, (R Y S (R) = Spay (R) < 3C

2j€B\Un JIn 2j+1€B\Un JIn

We shall construct a sequence (f,,)02, € C(K), fo =0, such that for k € K,

(6.5) > | fus1(k) = fu(k)| <4C and
n=0
(6.6) if H is the pointwise limit of (f,) then |H — F|s < 5e .

This will complete the proof.

Each f, shall be an average of functions S; where t : K — [0, 00) is continuous and
Si(k) = Sy (k) for k € K. Let fo = So = 0. Let a7 : [0,00) — [0,1] be identically
0 on [0,¢], identically 1 on [3¢/2,00) and linear on [g,3¢/2]. Let a3 : [0,00) — [0,1] be
identically 0 on [0, 3¢/2], identically 1 on [2¢,00) and linear on [3¢/2,¢]. For ¢ = 1,2 let
ti(k) = a;(|S1(k)|). Let fi = 27%(Sy, + Si,). We next define continuous functions ¢;
for i = 1,2 and j = 1,2,3,4 by t; j(k) = ti(k) + o5(|S2(k) — Sy, (k)[)(2 — ti(k)). Here
o : [0,00) — [0,1] is identically 0 on [0, (4 + j — 1)e/4], identically 1 on [(4 4 j)e/4, oc)
and linear on [(4 + j — 1)e/4, (4 + j)e/4]. Set fo =871 2?21 2?:1 St ;-
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In general if f, = 271272...27" 328, |

over {(i1,...,4n): 1 <i; <27}, We define t;, _; for 1 <i,4q <271 by
tivyings (K) = tiy i, (K)

+ ol (|Sng1 (k) — S,

Tn+1

where the indices of summation range

,,,,, o ) (1=t i, (R)) -

The functions oz;H'l for 1 < j < 2"*! are defined as before to be identically 0 on [0, &+ (j —

1)e27"1], identically 1 on [e + je27"~!] and linear on [¢ + (j — 1)e27" "1 e + je2 " 1].
The point of the construction is this. For k € K and (i1,. .., i) fixed, [Sy, (k)=

.. (k)| is either 0 or a number exceeding ¢ for all but perhaps one choice of 7,,41. [This

,,,,,

is because the nonconstant parts of the o "1’s are disjointly supported.] Also except for at

J
(k) =Sty o, (R)| > & then Sy, (k) = Spya(F).

We next check (6.5). Fix k € K and m € IN. A simple calculation using the triangle

most one value of i1, if [Sy, | »
""" n

inequality shows that

(6.7) Y A fari(k) = fa(k) S AVE Y IS, o (k) = Sey o ()]

n=0 n=0
where the average is taken over {(i1,...,%m) : 1 <i; <27 for all j}. If we fix (i1,...,%m)
and let

B={n<ml||S,,

,,,,,

then

by (6.4).
Now for 1 < n < m fixed, the percentage of terms in the “AVE” of (6.7) for which

0 <|St i (K) =St ., (k)| <eis at most 27=1 Tt follows that

(k) <3C+27 et 427 e

and (6.5) follows from this since € < C.

(6.5) implies (fy,) is pointwise convergent to some function H. For fixed k € K choose
m € IN so that 27"C < ¢, |S;,(k) — F(k)| < ¢ and |f,(k) — H(k)| < e. We claim that
| fr (k) — Sm(k)| < 3¢, which proves (6.6). Indeed

im (F) = Sm(F)| = 2¢

yeestm N/ T — TRy,
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for at most 27™#{ (i1, . .., 4m) : i; < 27} choices of (i1,...,im). Thus |fim(k) — Sp(k)| <

2e+27"C < 3e. [ |

Remark 6.2. Let I' € B1(K). Our proof shows that F' € By 4(K) iff there exists C' < oo
and (Sp,)02, € C(K), Sy = 0, converging pointwise to F' such that for all € > 0 there
exists m € IN such that if (n;) is any subsequence of {0,m, m + 1,...} then (6.1) holds.

Proposition 6.3. There exists a compact metric space K and F' € By,4(K) which does

not govern {cy}.

Proof. Let (e;) be the unit vector basis of the Tsirelson space T constructed in [17] (see
also [11]) and let X = J(e;) be its “Jamesification” as described in [6]. For completeness
we recall the definition of X. Let ¢,, be the linear space of all finitely supported functions
z:IN — R and for n € IN define S, : ¢oo — R by Sy (x) = >0, 2(4). Let Sy = 0. For

T € Cyp let
m
2|l = SUP{H Z(Sm - Spi—1)($)€piHT ’ I1<p1<ni<pz<ng<---<pp< nm} .
i=1

Let X be the completion of (coo, || - ||)-
As shown in [6], the unit vectors (u;) form a boundedly complete normalized basis

for X. Thus X = Y* (where Y = [(u})] € X*). Furthermore it was shown that Y is

(2

quasi-reflexive and Y** has a basis given by {S, u},u3, ...}, where

S(Z aiui> = iai .

) are the biorthogonal functionals to (u;) and S is the weak™ limit in Y** of

Of course (u]
(Sh).

Let K = Ba(X) = Ba(Y™) in the weak™ topology (of Y*). Since Y does not contain
co, our example will be complete if we can prove that S € By /4(K). By Theorem 6.1 it
suffices to prove that if € > 0 then for m € IN with m > 2/¢, if z € Ba(X) and (n;) is a

subsequence of {m, m +1,m +2,...}, then

Z S0 () — Sy, ()| < 2

jEB
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where

B={j:|Sn, ()= Sn(x)]>c}.

We first note that #B < m. Indeed if #B > m, then by the properties of T',

12 ] 2 | 32 (Sny0a () = S @)en, |

jeB

> 27 lme ,

a contradiction. The last inequality is due to the fact that || >, aieillr > 271, |ai
provided min A < #A.

Thus m < min B < #B and so

> 18y (@) = Sy (@)] £ 2| 32 (S (2) = S, @),

jeB jeB .

<2zl <2,

Remark 6.4. Our proof of Proposition 6.3 shows that there exists a quasi-reflexive (of
order one) Banach space Y such that if K = Ba(Y™) then Y™ \'Y C By, (K). In
particular, it follows that there exists an F' € By /4(K) \ C(K) which strictly governs the

class of quasi-reflexive Banach spaces.
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7. Some Bad Baire-1/2 Functions.

In this section we show that functions of class Baire-1/2 need not be that nice.

Proposition 7.1. There exists a compact metric space K and F' € By j5(K) which governs

{01}

Remark 7.2. The first example of an F' € B;(K) which governs {¢; } was due to Bourgain
[9,10]. His ingenious construction forms the motivation behind our next example (Propo-
sition 7.3). Another example of such an F' appears in [2]. While the example of [2] can be

shown to be Baire-1/2, we prefer to present a very slight modification.

Proof. Let (e,) be the unit vector basis of a Lorentz sequence space d,, 1 (see e.g., [27]).
Let J(e;) be the Jamesification of (e,) (see [6]) and let (u;) be the unit vector basis of
J(e;). Thus

1<ni <mi <ng <mg <---<ny <my

k
H Z a;U;
i=1

= sup Hi(i aj)ei
i=1 “j=n;

dw,l

(u;) is a normalized spreading basis for J(e;) which is not equivalent to the unit vector
basis of ¢; and thus by [36], (u;) is weak Cauchy. Furthermore by standard block basis
arguments one can show that J(e;) is hereditarily ¢;. Also if F' is defined by u; — F
weak™ then F' € By /5(K) where K = Ba(J(e;)*). But this is immediate by Theorem B(a)
since (u;), being its own spreading model, does not have ¢; as a spreading model. The
fact that F' governs ¢; follows from Lemma 3.3. Indeed if (f,) is a bounded sequence in
C(K) converging pointwise to F', then some convex block subsequence of (f,,) is a basic

sequence equivalent to some convex block subsequence of (u;). Since [(u;)] is hereditarily

b1, by — [(fn)]- |

Proposition 7.3. There exists a compact metric space K and F € By /5(K) such that F
does not govern {{1} yet F strictly governs {X : X is separable and X* is not separable}.

Remark 7.4. In [33] a function F' € B1(K) \ B;/2(K) was constructed satisfying the
conclusion of Proposition 7.3. The construction we now present will be a modification of

that example.
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Proof of Proposition 7.3. We begin by defining a Banach space Y. (The space Y was
first defined in [34]) Let D = {¢} UJ,,{0,1}" be the dyadic tree with its natural order
(see Remark 4.2) and let (K, )aep be the natural clopen base for the Cantor set A. For
f € C(Ka) we let f € C(A) be given by f(t) = f(t) for t € K, and f(t) = 0 otherwise.
Let

Y = {(fa)aep | fa € C(K,) forall a €D and

¢ 1/2
I(fo)lly = sup{ (Z H Z faHz ) - (S)E_, are disjoint segments in D} < oo} )

k=1 aESk
Y is a Banach space under the given norm.

We shall construct a weak Cauchy sequence (g,) C Y with weak™® limit F' such that

[(hn)] " is nonseparable for every convex block
(7.2)
subsequence (h,,) of (g,) and
there exists a weak™ closed set K C Ba(Y™) such that
(7.3)

K norms [(g,)] and F‘K € Byj(K) .
The proposition follows immediately from (7.1)—(7.3). Indeed to see that F' governs {X : X
is separable and X* is nonseparable}, let (f,,) be a bounded sequence in C'(K) converging
pointwise to F. By Lemma 3.3 there exist convex block subsequences (d,,) and (h,) of
(fn) and (gn), respectively, such that ||d, — hn|c(x) — 0. Since [(h,)]* is nonseparable,
so is [(dn)]*.
Our construction of (g,,) depends upon the following (which in turn follows from our

discussion of functions of type-0 in §5): for n € IN there exists F,, € B1(A) such that

(7.4) |Fnlloc =1 and

|F|p = n . Moreover if (h;) C C(A) converges pointwise to Fj, then
(7.5) there exists k € A, integers £1 < lo < -+-l,y1 and g; = £1 (1 <i < n)

such that > e;(he
=1

(2

— hgz)(k‘) >n—1.

it1

35



Actually our F),’s are indicator functions whose domains are countable compact metric
spaces K. Of course one can embed K into A and the corresponding extended indicator
functions have the desired properties (7.4) and (7.5).

We use “<p” for the natural linear order on D. Thus ¢ < 0 <1 <00 <01 <10 <
11 < 000 < --- . For each a € D choose n, € N and ¢, € R" satisfying the following

seven properties:

i Zﬁe”D cg < L.

Co'ngt Yo g s < 1/10.
2c, ' Y gaa ca < 1/10.
1—n2' > 9/10.
2

CanCal < 1/10 if a <7, ag.

ii

— e
— e
— e

i)
i)
iii)
iv)
v)
Vi) CopColNayng s < 1/10 if ap <, a.
vii) > gep b3 < oo where bg = E’YELﬁ Cry.
Of course we could trim this list somewhat, but we prefer to list the properties in the form
in which they are used. The ¢,’s and n,’s can be chosen as follows. Let {a1, as,as,...}
be a listing of D in the linear order. Let co, = (22)77. Tt is quickly checked that properties
i), iii), v) and vii) hold. We then choose n,; inductively to be an increasing sequence of
positive integers with n,, = 11 (so that iv) holds). If n,, is picked, choose n,,,, to satisfy
ii) and vi) for o = 4. For each a € D, let F,,, € B1(K,) satisfy (7.4) and (7.5) (with
A replaced by K, and n replaced by n,,).

For each a € D choose (f7)22, C C(K,), f > 0 and ||f}] = 1, so that (f2)52,

converges pointwise to F,_ and is equivalent to (s,) with
(7.6) LA+ D 1 (k) = [ (k)| < no for all k€ K,
Let g, = (cafl)aep. Clearly g, € Y since [|gn]| < > cpCa < 1 by i). Furthermore

01 4 [(gn)] by the following lemma and the fact that for all o, 1 < [fZ : n € IN].

Lemma 7.5. For all o € D, let Y, be a closed subspace of C(K,) which does not contain
51- Let
Yo ={(hg)pep €Y :hoy €Y, and hs =0 if a# 3} .
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Let Z be the closed linear span of {Y, : a € D}. Then Z does not contain (1.

Proof. It is shown in [34] that Y does not contain a sequence (hy,)52; = ((A})aeD)0
which is both equivalent to the unit vector basis of /1 and has the following property: for
all ap € D there exists my € IN so that for m > mg and a <p, ag, hl)) = 0.

But if Z contains ¢, then Y must contain such a sequence (h,). This follows easily
from the fact that if (f,)%2, is an ¢;-basis in Z, then for all € > 0 and «y € D, there
exists a normalized block basis (dn)n2 = ((dg)aen)nzy of (fn) with [|d |lc(x.,) < ¢ for
all n. [ |

Thus by [36] we may pass to a subsequence of (g,,) which is weak Cauchy. By relabeling
we assume that (g,,) itself is weak Cauchy and converges weak™ to F' € Y**.

We next verify (7.2). Let (h,,) be a convex block subsequence of (g,,). For k € A and
h = (ha)aep €Y, define o (h) =3 . o (k) where v; = {a € D : k € Ko}. Clearly 6y,

is a normalized element of Y*. We shall show that

for all & € D there exists k, € K, and h = (hg) € Ba[(h,)]
(7.7)
such that dx_(h) > 7/10 and d6x(h) < 3/10if k € A\ K,.

As in [33] this implies [(h,,)]* is nonseparable. Indeed by (7.7) we can choose (h%)aep C
Bal(hy,)] and a collection of basic clopen sets (K/,)qep in A such that for all o € D,
a) K& oNKL =0,
b) K CK’ for e = 0,1 and
) 0 ( «) > 7/10 for k € K!, and
0k (ha) < 3/10 for k ¢ K.

C

For each branch (a maximal subset linearly ordered by < ) v in D choose k, €
By a) and b) k. is well defined and k. # k. if v # . By ¢), [[(Jk, — k)

a€7

)]H > 2/5 if

T#A
We return to the proof of (7.7). Fix a € D and set h,, = (hj3)gep- Since (hy)n2; is a
convex block subsequence of (cq f2)22 1, (A1), converges pointwise to ¢, F,_. Thus by
(7.5) and (7.6) we may assume (by passing to a subsequence and relabeling, if necessary)
that there exist ¢; = £1 (1 < i <mn,) and k, € K, such that
Ng > nzacglei(héj'l — W) (ko) >ng — 1.

=1
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Let h =ngtegt S0 ei(hivs —hi) = (hg)gep. Thus 1 > hy(ke) > 1—ngt > 9/10 by iv).
Furthermore by applying (7.6) to each 5 < o we have from ii)

> hp(ka) < ngtei epng

B<a B<a

2'ngt Y ng<1/10.

B<a

By the triangle inequality and the definition of h,

Z he(ke) < c;tnyt Z 2cpnq
B>« B>«
=2c," ) g < 1/10 (by iii) ).
B>a

Thus 6k, (h) > 9/10 —2/10 = 7/10 which proves the first part of (7.7).

Let £ € A\ K, be fixed. There exists a unique ag € D (ap # «) with the same
length as g, || = |ag|, such that k € K,,. The calculations above yield >_;_ hs(k) +
> 5oag (k) < 2/10. If ag <1, o then by (7.6)

0< hao — —1 _1261 hz—l—l z (k?)

< n_lcglcaonao < 1/10 (by vi)).

— «

If o <1, o then we have (from the equality above) that
0 < hay(k) <nte can2na = 2ca,c,t < 1/10

by v) ). It follows that d;(h) < 3/10 which completes the proof of (7.7).

Finally, we verify (7.3). Let S = [a, ] = {y € D | o < v < 3} be a finite segment
in D. For k € Kg and f € Y we set 05x(f) = 3, cg (k). dsk(f) is defined similarly if
S =[a,00) ={y € D:a <} is an infinite segment and k € (g Kp. Define

{Z a;ids; k; : (@:)7° € Ba(lz) , (S;)7° are disjoint segments and
k; € m Kz for every z} .

BES;
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From the definition of the norm in Y it is clear that K C Ba(Y™). Furthermore it is easy
to check that K is weak™ closed and K 1-norms Y.
It remains to show that F}K € By/2(K). For m,n € IN let g(n,m) € Y be given by

g(n,m) = (g(n,m)s)gep where

g i |B[<m
= {1
0  otherwise.

Let y* = Zzool a;ds, k;, € K. Then for m fixed,

Z ‘ (n+1,m) — g(n, Z ‘ Zal ~”H(kz) — gf;(kz)}‘

n=1 =1 YES;
[y|<m

<Zlaz| > ZI”"“ — gy (k)|

vyES; n=1
[vI<m

<Z|al| Z cyny (by (7.6) )

YES;
[v|<m

< Z CyMy < 00 .

[v|<m

In particular (g(n,m))5%; converges pointwise on K to a function G, € DBSC(K).
All that remains is to show that |G, — F‘KHC(K) — 0 as m — oo. Let m € IN be
fixed and let y* = Y7, a;ds, , € K. Then

Gy |—)Zachv na

YES;
ly[>m

<Z|az|( Y e ) .

YES;
[v[>m
For each 7 set
PN
YES;
[v[>m
Thus
00 1/2
Gul) - PO < (o00?)
i=1
by Hélder’s inequality. The latter goes to 0 as m — oo by vii). [ |
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8. Problems.

We have previously raised two problems concerning By 4(K).

Problem 8.1. Let F € B1(K) and C < oo be such that if (f,) € C(K) is a bounded
sequence converging pointwise to F', then there exists (g,), a convex block subsequence of

(fn), with spreading model C-equivalent to the summing basis. Is F' € By /4(K)?

Problem 8.2. Let F € B;(K) and assume there exists a C' < oo such that if (¢;) € RT
and K, (F, (;)) # 0, then > 1'e; < C. Is F € By 4(K)?

These problems lead naturally to the following definitions. Let F' € B (K).
|F|; = max {Sup{z 8; : K (F, (3;)) # @} : ||F||oo} :
i=1
Il = max{sup{md : Kpn(F,6) # 0}, [|Fllac} -

|F|s = inf{C : there exist (f,) C C(K) converging pointwise to F

<ol s}

Remark 8.3. We do not know if |F'|; or |F|p are norms. It is clear that |F|s is a norm

ni—oo
ny<---<ng

k
with for all (ai)]f CR, lim H Z @i fn,
i=1

and also that
[ Flloo < [Flp < [F|r <|Fls <|Flia <|Flp

(|F|s < [F[1/4 follows from the proof of Theorem B.) Furthermore, using the series criterion
for completeness, it is easy to show that ({F € B1(K) : |F|s < oo}, | - |s) is a Banach

space.
Problem 8.4. Are|-|r and |- |s equivalent? Are |-|s and |- [;,4 equivalent?

The solution of Problem 8.4 would of course solve Problems 8.1 and 8.2. Furthermore
an affirmative answer to Problem 8.2 would yield an affirmative answer to Problems 8.1

and 8.4.
Proposition 8.5. |-|; and | - |;» are not (in general) equivalent.
Proof. Define F': [0,1]* — R as follows:
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If t() 7£ 0 let
F(to,t1,...) =sinty ! .

Ift():tl:---:tT:07étr+1,set

1

1
F(to,tl,...) = r+28i1’lt;

It’s easy to see that osc(F; (0,t1,ta,...)) = 2 for all ¢1,t9,... € [0,1] and so
Ki(F,e) = {0} x [0,1]\%

whenever 0 < § < 2. Similar calculations show that if r = [2] then
K, (F,e) = {0} x [0,1]\"

and K,11(F,e) = 0. Thus K,,(F,e) # ) implies me < 2. On the other hand, for m > 1,

K, (F (21%%)) — {0} x [0,1]%\™ . n

We conclude by mentioning some further problems for study, some of which have been

raised above.

Problem 8.6. Classify (or give useful sufficient conditions) for a function F' € B;(K) to
govern {X : X* is separable and dim X = oo}. In particular is F' € By,4(K) \ C(K) a

sufficient condition?

Problem 8.7. Classify those F' € Bi(K) which govern {¢;}, which govern {cy}, which

govern {X : X is reflexive} or which govern {X : X is quasi-reflexive}.

We note that if X is a Polish Banach space (i.e., Ba(X) is Polish in the weak topology)
then Edgar and Wheeler [14] have shown that X is hereditarily reflexive (see also [37] and
[18]). Bellenot [5] and Finet [15] have independently extended this result by showing
that whenever X is Polish, if z** € X** \ X then 2**|gq(x+) strictly governs the class of

quasi-reflexive spaces of order 1.
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