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On Weakly Null FDD’s in Banach Spaces

by

E. OpELL,* H.P. ROSENTHAL* AND TH. SCHLUMPRECHT

Abstract. In this paper we show that every sequence (F;,) of finite dimensional
subspaces of a real or complex Banach space with increasing dimensions can be
“refined” to yield an F.D.D. (G,), still having increasing dimensions, so that
either every bounded sequence (z,), with z,, € G,, for n € IN, is weakly null, or
every normalized sequence (z,), with z, € G,, for n € IN, is equivalent to the
unit vector basis of /5.

Crucial to the proof are two stabilization results concerning Lipschitz func-
tions on finite dimensional normed spaces. These results also lead to other ap-
plications. We show, for example, that every infinite dimensional Banach space
X contains an F.D.D. (F},), with lim,,_,,, dim(F},) = oo, so that all normalized
sequences (z,,), with x,, € F,, n € IN, have the same spreading model over X.
This spreading model must necessarily be 1-unconditional over X.

§1. Introduction

Let (F,,) and (G,,) be two sequences of finite dimensional subspaces of a Banach space X.
We say (Fy,) is large if lim,,_, o, dim F;,, = co. We say (G,,) is a refinement of (F),) if there
is a strictly increasing sequence (k,,) C IN so that G,, is a subspace of F}, for all n € IN. If
each (F},) has a given basis b,, = (fi(n) 11 <i<dimF),), wesay (G,) is a block refinement
of (F,,) with respect to (b,,) if G,, is spanned by a block basis of b,, for all n. (F},) is called
an F.D.D. (Finite Dimensional Decomposition) if (F},) is a Schauder-decomposition for
its closed linear span. It is readily seen (using the standard Mazur argument) that every
large sequence (F;,) has a large F.D.D. refinement (G,,); moreover (G,,) can be chosen to
be a block-refinement of (F;,) with respect to (b,) for a given sequence of bases (b,,) of
the F.D.D. We say (G,,) is weakly null if every bounded sequence (x,) with (z,) € G,
for all n, is weakly null. We say (G,,) is uniformly-£; if there exists a C' > 0 such that

all normalized sequences (x,) with z,, € G, for all n, are C-equivalent to the unit vector

* Research partially supported by the National Science Foundation and TARP 235.

1


http://arxiv.org/abs/math.FA/9207207v1

basis of ¢1. Of course (G,,) is uniformly-¢; precisely when (G,,) is an ¢;-F.D.D.; that is,
the closed linear span of the G,,’s is canonically isomorphic to (> ®G,,)1, the space of all
sequences (g, ) with g, € G,, for all n and ||(g,)|| o S lgnll < oo

Except as noted, our terminology is standard and may be found in the book [LT]. All
Banach spaces are assumed to be separable.

If (z,,) (resp. (G,)) is a (finite or infinite) sequence of elements of (resp. finite-
dimensional subspaces of) a Banach space X, [z,] (resp. [G},]) denotes the closed linear
span of (x,) (resp. (G,)). Sx denotes the unit sphere of X and Ba(X) its unit ball.

Our main result is the following.

Theorem 1. Let (F),,) be a large sequence of finite-dimensional subspaces of a Banach
space X. Then there exists a large refinement (G,,) of (F),) so that either (G,,) is a weakly
null FDD or (G,,) is an ¢1-FDD. Furthermore if there is a given sequence (b,,) of bases of
the F,,’s with uniformly bounded basis constants, then the above sequence (G,,) can be

chosen to be a block refinement of (F,,) with respect to (by,).

Theorem 1 can be viewed as a block version of the ¢;-theorem of the second named
author, which says that every normalized sequence (z,,) in a Banach space X has a sub-
sequence which is either equivalent to the unit vector basis of ¢; or is weak Cauchy [R1].
Using Krivine’s theorem [K] (which is also used the in proof of Theorem 1), one gets fur-
ther structural consequences of this block version. Krivine’s theorem (as refined in [R2]

and finally in [L]) may be formulated as follows:

Given a large sequence (F),) of finite-dimensional subspaces of a Banach space
with bases (f,,) with uniformly bounded basis constants, there exists a block
refinement (G,,) of (F,) with block bases (g,) of the f,’s so that for all n, n =

dim(G,) and g, is 1 + L-equivalent to the unit vector basis of {1.

Of course it thus follows that the G,,’s in the conclusion of Theorem 1 can be chosen to
be uniformly isomorphic to £}, for some 1 < p < co. We thus obtain immediately the

following result.

Corollary 2. Let (F,) be a large sequence of finite dimensional subspaces of a Banach

space X, with given bases (b,,) with uniformly bounded basic constants; and assume no
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normalized sequence (f,) with f,, € F,, for all n, has a weak Cauchy subsequence. Then
there exists 1 < p < oo and a block refinement (G,,) of (F,,) with respect to (b,,), such

that [G,] is canonically isomorphic to () ®(}):.

Now Corollary 2 trivially implies that if X has the Schur property and contains £})’s
uniformly, then (@Zg)l embeds in X. Of course this is trivial if 1 < p < 2, since then ¢, is
finitely represented in /1. However the following immediate block version does not appear

to be obvious for any value of p larger than 1.

Corollary 3. Let X have the Schur property, and suppose, for some 1 < p < oo, that
¢, is block finitely represented in a particular basic sequence (x;) in X. Then some block

basis of (x;) is equivalent to the natural basis of () ®f})1.

A famous question in Banach space theory was whether any infinite dimensional Ba-
nach space X which does not contain ¢; isomorphically must contain an infinite-dimensional
subspace with a separable dual. This is equivalent to asking whether such an X contains
a shrinking basic sequence (x,); i.e., a basic sequence (x,) so that each bounded block
basis (yn) is weakly null. Of course if (z,) is such a sequence and (k,,) is an increasing
sequence in NU{0} with k,.1 — k, — oo, then setting F,, = [l’i]?iﬁ“, (F},) is a large
weakly null FDD. However T. Gowers [G2]| has recently solved the general problem in
the negative; i.e., there is a Banach space X not containing ¢;, with no shrinking basic

sequences. Nevertheless, Theorem 1 gives at once that every basic sequence in any X not

containing ¢1 has a block basis (xz,) which yields large weakly null FDD’s as above.

Corollary 4. If ¢y is not isomorphically contained in X and (y,) Is a basic sequence in
X, then for each increasing sequence (k,) C INU{0} there exists a block basis (x,,) of (y,)

so that (F),) is weakly null, where F,, = [asi]f;;giﬂ for all n.

Corollary 4 motivates the following problem.

Problem. Assume /; is not contained in X. Does there exist a basic sequence (z,) so
that all bounded “admissible” block bases of (z,) converge weakly to zero? (We call a

block basis (y,) of (x,) admissible if y, = Zf;l a(n)xm@ where for each n, ¢, € N,

i



(a§”>) € R and ¢, < m§”> < mé”) < < mg:). In the terminology of [FJ] this just

says that for all n, supp(y,) (with respect to (z,,)) is an admissible subset of IN.)

Another corollary of Theorem 1 is the following result, stated in [R6, Corollary 22] and
proved there using Theorem 1 and the Borsuk antipodal mapping theorem. Corollary 5

was obtained independently by W.B. Johnson and T. Gamelin [CGJ].

Corollary 5. Assume {1 does not embed in X, where X is an infinite dimensional Banach
space. Then there exists a normalized weakly null basic sequence (x;) in X possessing a

normalized sequence of biorthogonal functionals.

The main tools needed to prove Theorem 1 will be the following two finite dimensional
“stabilization principles.” The first one was observed by V. Milman (see [MS, p.6]) in
connection with A. Dvoretzky’s famous theorem that in every infinite dimensional Banach
space one finds, for each € > 0 and n € IN, an n-dimensional subspace F' which is (1 + ¢)-
isomorphic to ¢§. The second stabilization principle follows mainly from Lemberg’s [L]

proof of Krivine’s theorem.

First Stabilization Principle.
For every C > 0, e > 0 and k € IN there is an n = n(C,e,k) € IN so that: If F is an
n-dimensional normed space and f : F' — IR is C-Lipschitz (i.e., |f(x) — f(y)| < Cllz — y|

for xz,y € F'), then there is a k-dimensional subspace G of F' so that

osc(flsg) =sup{|f(z) — f(y)| s,y € S} <e.

Second Stabilization Principle.
For all C > 0, e > 0 and k € IN there is an n = n(C,e,k) € IN so that if F' is an
n-dimensional normed space with a basis (x;)I"_;, whose basis constant does not exceed C,

and if f : F — R is C-Lipschitz, then there is a block basis (y;)%_; of (z;)"_, so that

osc<f|g[y.}k ) <e.

tli=1

Since on the one hand the second stabilization principle nearly follows in a straightfor-

ward manner from the proof of Krivine’s theorem (the only exception is the case F' = (7 ),
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but on the other hand does not follow from the statement of Krivine’s theorem itself, we
will sketch the proof in section 3.

The next result gives another application of the above stabilization principles. The
result yields that for a given Lipschitz function f and large sequence (F},) of X of finite-
dimensional subspaces, there exists a large refinement (G, ), a Banach space E with a
one-unconditional basis (e;), and a function f : E — IR so that for all sequences (x;) with

fi € Sg, for all 4, and all k, and all sequences («;) € Ba({)

k k
f(z aiei) = nk>..h>r21_>oo f (Z azxn) :
i=1 =1

The result may be formulated quantitatively as follows: (coo denotes the linear space of
finitely supported real valued functions on IN. We write for A, B € Rand e >0, A= B
if [A— B| <e.)

Theorem 6. Let X be an infinite dimensional Banach space and let f : X — IR be
Lipschitz. Let (e,) C Ry with lim,, &, = 0 and let (F,) be a large sequence of
finite dimensional subspaces of X. There exists a large refinement (G,) of (F,) and a
function f : coo N Ba(ls) — R so that: For all k € IN and ny,ns,...,nx € IN with

k<ny <ng<---<ny, and all (a;)¥_, € Ba(¢%)),

k
f(Oél,OéQ,...,Oék,0,0,...) = f(zazxz)
i=1

whenever x; € SGni for 1 < i < k. Moreover if each F,, has a given basis b,, whose basis
constant does not exceed some fixed number, (G,,) may be chosen to be a block refinement

of (F,,) with respect to (by,).

Theorem 6 has a consequence concerning spreading models, and in fact the Banach
space “E” given in the above qualitative formulation may be chosen to be a spreading
model of X. Recall that (see e.g., [BL] or [O]) every seminormalized basic sequence in X

admits a subsequence (x,,) satisfying: For all z € X, k € N and ()Y, C R,

exists.

ni—o0 Mg—00 N — 00

k
lim lim ... lim Hx + Z ; T,
i=1
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The limit is denoted by ||z + Zle a;e;|| and defines a norm on X & E where F = [¢;]. E
is called a spreading model of X and X @ E is called a spreading model of (x;) over X.

(e;) is 1-unconditional over X if for all x € X, (a;)¥ C R and (g;) with |g;| = 1 for all i,

k k
Hm + Z aeql| = Hm + Zsiaiei
i=1 i=1
Corollary 7. Every large sequence (F,) of finite dimensional subspaces of an infinite
dimensional Banach space X has a large refinement (G,,) with the following property: All
sequences (x,,), with z,, € Sg, for n € IN, have the same spreading model E = [e;] over
X. In particular (e;) is 1-unconditional over X. Moreover, G,, can be chosen, so that for

alle > 0, k € N and x € X there exists kg € IN such that if kg < ny < ng < --- < ng, then

k k
Hx—l—Zaiei — H.’E—FZO@.’EZ <e€
=1 =1

whenever z; € Sg,, ,i=1,...,k, and (a;)¥_, € Ba(¢~).

n;’

As usual, there is a corresponding “block refinement” version. Corollary 7 follows from
Theorem 6 and a standard diagonal argument using the Lipschitz functions f,(y) = ||z +y/|
as x ranges over a dense subset of X. The result that every Banach space X has a spreading
model which is 1-unconditional over X is due to the second named author, see [R4], [R5].

We note finally an application of Theorems 1 and 6 to the Banach-Saks property. The
following principle was discovered in 1975 (cf. [R2]; a proof may be found in [BL]).

Given (z;) a semi-normalized weakly null sequence in a Banach space, there is a

subsequence (z;) so that either (') has a spreading model isomorphic to {1, or

J
L > -1 @]l — 0 asn — oo for all further subsequences (z7/) of (7).
Now in fact one may assume in any case that (x;) generates a spreading model, with
basis (b;) say; then the second alternative occurs precisely when (b;) itself is weakly null.

In this case, one has ||+ 37, bjl| — 0 as n — oco. Then, e.g., setting e, = 2[| 3", bj],

(z);) can be chosen so that L > j—1 77|l < &y, for all subsequences (z7) of (z7).

The following result now follows immediately from Theorem 1 and Corollary 7.
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Corollary 8. Let (Fj) be a large sequence of finite dimensional subspaces of a Banach
space X, so that no normalized sequence (f;), with f; € F; for all j, has a subsequence
equivalent to the {;-basis. Then there is a large weakly null FDD refinement (G;) of (Fj),
having one of the following mutually exclusive alternatives:

1) (G,) is uniformly anti-Banach-Saks; that is, there is a § > 0 so that

>0 lim ||gnl|

n—oo

for all strictly increasing sequences (nj) in IN and all sequences (g;) € H;’;l BaGyp;.
2) (G;) is uniformly Banach-Saks; that is, there is a sequence (e;) of positive numbers

tending to zero so that

1 n
EHZ%H <eg, forall n,
j=1

all strictly increasing sequences (n;) in IN, and all sequences (g;) € H;; Ba Gy,;. Moreover
if the F,,’s have bases b,, with uniformly bounded basis constants, (G, ) may be chosen to

be a block refinement of (F,,) with respect to (b,).

§2. Proofs of Theorems 1 and 6.

Proof of Theorem 1. Without loss of generality we can assume that X = C(K), the
space of all real or complex valued continuous functions on a compact metric space K.
For f € C(K) we let f* = max(f,0) in the real case; in the complex case we put f* =
min((Re f)*, (Im f)*). For A C K we let || - |4 be the seminorm on C(K) defined by
[flla = supeea |f(§)|. Let (F,) be a large sequence of finite dimensional subspaces of
C(K). Since (F},) has a large FDD-refinement, we assume without loss of generality that
(F,) is already an FDD.

We consider the following two cases.

CAsE 1:

(1) For all nonempty closed sets K C K, all € > 0 and all large refinements (H,,) of (F},)
there is a relatively open set U C K, U # ), and a large refinement (H,,) of (H,) so
that

sup || fllv <e, for fe U Sa.
nelN



CASE 2:
(2) There are a nonempty closed set Ky C K, g > 0 and a large refinement (H,) of

(F},) so that for all nonempty and relatively open sets U C Ky and all further large
refinements (H,,) of (H,),

liminf sup |hlly > eo .
nTee heSg,

Clearly, cases 1 and 2 are mutually exclusive and the failure of one implies the other
holds. We will show that assuming case 1, we can find a weakly null large refinement (G,,)
of (F},). Assuming case 2, we shall produce a uniformly-¢; large refinement (G,,) of (F},).

Assume that (1) is satisfied and let ¢ > 0 be arbitrary. Let K(®) = K and (HT(LO)) =
(F,). We will choose by transfinite induction for each o < w; (where wy is the first
uncountable ordinal), a closed subset K(®) of K and a large refinement (Hfla)) of (F,), so
that
(3) KB C K@ and, if K(® # (), then K ; K@ whenever o < f3.

(4) Except for perhaps finitely many elements, (H,(Lﬁ )) is a refinement of (Hfla)) whenever

a < (.

(5) Forall £ € K\ K(®),

limsup sup [f(§)[<e

n—oo feSH,SLa)

Assume that for some a < wy, (K), -, and (HT(LV))7<Q have been chosen. If « = v+ 1

and KO = set K(® = () and (H) = (H). fa=~+1 and KO # (), by (1) there
exists a large refinement (Hr(f‘)) of (Hr(ﬂ)) and a relatively open set U ¢ KO, U # 0, so
that

| fllu <e forall fe U Sy -

nelN
Set K(®) = KM\ U.
If a = lim,, . ¥, for some strictly increasing sequence (7,), set Ko = (), K, and
let (Hfla)) be a “diagonal sequence” of (H,({ym))n’mew, chosen such that for each m, except

for perhaps finitely many terms, (Hr(fx)) is a large refinement of (H,(ﬁm)).
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Since K is compact and metric, (thus K satisfies the Lindel6ff condition) we conclude
that for some o < wy, K¥ = K@) for o < 8 < wy. By (3) it follows that K(®) = () and
from (5) it follows that for all £ € K,

limsup sup [f(§)|<e.

n—oo fESHfla)

We let (Hff)) = (Hfla)). Repeating this argument for a sequence (¢,,,) C R4 with e, | 0
one obtains for each m € IN, a large refinement (H,(fm))nE]N, of (Hffm‘l)), satisfying for

all ¢ € K,

If we let (G,,) be a diagonal sequence of (Hff"L))mmeN, still satisfying lim,,_,~ dim(G,,) =
0o, we deduce that for all £ € K,

lim  sup [£(€)]=0.

n—oo feSq

Thus (G,,) is a weakly null large refinement of (F,).
We now assume that (2) is satisfied and let Ky C K, 9 > 0 and (H,,) be as in (2).
Let ey = g¢ in the real case and ¢; = 50/\/5 in the complex case. Let D be a countable

dense subset of K. By passing to a large refinement of (H,) we can assume that

(6) lim sup [f(§)]=0 forall £€D .

n— oo feSu,

Indeed, let dq,ds,... be an enumeration of D and let m; < mg < --- be such that
dim H,,, > 2n; then set H, = {x € Hy,, : 2(d;) =0 for 1 <i <n}. Now dim H), > n for
all n, so (H)) is the desired large refinement. Let ¢1/34 > 6 > 0. By induction we will
choose an increasing sequence of integers (k) and for each n, a subspace G,, of Hy,, and
a finite set II,, consisting of nonempty relatively open subsets of K so that the following

conditions are satisfied:
(7) dim(G,,) > n,

and



(8) For every g € Sg.., and every U € II,,_1 (let Il = {K(}) there are Uy,U; € 11,

n’

U, UU; CU, so that

9 v, >e1—6 and |gllu, <6 .

Once we have chosen (G},) in this way we conclude that (G,,) must be uniformly-¢;. To see
this, fix (f,,) with f, € Sg, for all n € IN. For each n, let 4, ={k € K : f,(k) > 1 — d}
and B, = {k € K : |f.(k)| < §}. Evidently A, N B, = 0 for all n. We shall show that
(A, By) is an independent sequence of pairs, in the terminology of [R1]. Once this is done,

a refinement of the argument in [R1] yields that (f,,) is g—equivalent to the ¢;-basis.

Indeed, we first can inductively choose sets (Ui(n) i=1,2,...,2") C (") so that

S >e1—6 and  ||flln: <0

U vl U o

i=1 =1

and so that UQ(?) U UQ(;QI C U;n_l) forn € Nand j = 1,2,...,2""'. Now fix N, I
and J non-empty disjoint subsets of {1,..., N}, say with TUJ ={1,..., N}. We see that
MNner AnN,,cs Bn is non-empty by defining the following sequence of sets Cy, C1, . .., Cn:
Let UY = Ko = Cp, 1 <n < N, and suppose C,,_1 is chosen with C,, _; = U}n_l) for some
1<j<2 L Ifnel, set C, = Uéﬁl, otherwise set C,, = UQ(?). Then the C,,’s satisfy

that ﬂi\]:lCn;é@and foralln, C, C A, ifnecl,C, CB,ifncJ.

Now let Z;V:l la;| =1 with a; = b; + ic; for j < N. By multiplying by —1, ¢ or —i if
necessary we may assume that Zjvzl b}" >1/4. Let I ={j < N:b; >0and ¢; >0} and

J={j<N:b; >0and ¢; <0}. Thus either

0|

> (bi+¢) > % or > (bj—¢) >

Jel jeJ

Suppose the first sum exceeds 1/8. Now by the independence of (A,,, B,,), choose k € K
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such that f;’(k) >¢ep—06 for j €l and |f;(k)] <éforj¢I. Let fj(k) =B, +iC;. Then
N N
S astit] = (X o)
j=1 j=1
= ‘ > (0,05 + Bjcj)‘
j=1
> (b,C; + Bjc;) = Y _|b;C; + Bjey|

jelI JéI

(51—(5> €1
> -2 — .
- 8 6>16

A similar estimate ensues if the second sum exceeds 1/8. Thus (f,,) is indeed i—f—equivalen’c
to the ¢!-basis.

Assume that for some n > 1, I1,,_; and k,,_1 (let kg = 0) are chosen. Now consider the
finite family of Lipschitz functions defined on C'(K) by f — ||f*||lv, U € II,,_1. Since (H,,)
is large, we may use the first stabilization principle in order to pass to a large refinement

(H;) of (H;)i>k,_, so that for some family (agU) :U €Tl, 1,3 € N)in RT we have

()

)
af) =7 < <af

N
4

whenever U € Il,_1, i € N and f € Sz . (From (2) we deduce that there exists ig € IN so
that for all ¢ > i and U € II,,_; we have al(.U) > e — %. Indeed, in the real case we only
have to observe that if || ||y > g then ||fT]| > €0 or ||(=f)F || > €o; in the complex we
find for any f € C(K) for which | f||lz > €0, a point £ € U with |f(£)| > €o and then a
complex number a, with |a| = 1, so that Re(a - f(£)) = Im(a- f(£)) = (a- f(£))". Thus
Ia- f)*llov = Z5llfllv > e1. We deduce that
(9 174 > e - 3
forall U € II;,—1, @ > i and f € Spg .

Now using (6), we pick, for each U € II,,_1, an element £y € UND and find an iy > g

so that dim(H;,) > n and so that

(10) s |f(Ev)] < 3
resg,
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Let (f,)¢_; be a finite g—net for SHil' We find by (9) and (10) for each U € II,,_1, non-
empty open subsets VO(U),VI(U), . ..,VZ(U) so that f:_|VS(U) > g1 — 2 and ||f5HVO(U) < 3,
for s = 1,2,...,¢. This implies that for all f € Sﬁil we have ||f||VO(U) < ¢, and for
some 1 < s < /¢ (namely the s for which ||f — fs]| < g) we have f+|VS(U) > g7 — 0.
Set II,, = {VO(U) U € Hn_l} U {VS(U) 1<s<t,UE€ Hn_l}, G, = I:Iil, and choose
k, > k,_1 so that ﬁil C Hy, . This completes the induction and thus the proof of the
first version of Theorem 1.

The “block-version” of Theorem 1 is proved in exactly the same way using the second
stabilization principle instead of the first. One need only note that block refinements could

be taken wherever we took simple refinements. [ |

Proof of Theorem 6. As in the proof of Theorem 1 we will only show the first version of
Theorem 6. The “block-version” is left to the reader. We shall assume that X is a Banach
space over IR. The complex case does not provide any further difficulties.

Let f : X — IR be Lipschitz and let ¢, | 0. We accomplish the proof by induction,
insuring the conditions in the Theorem for a fixed k > 2. Precisely, we shall choose for each

k, a large sequence (G;k)) of finite dimensional subspaces so that (G;kﬂ)) is a refinement

of (G%k)) ((Gg)) = (F,)), and a function C®) : Ba(¢%)) — IR, so that
flarmy + - +agzy) = 0 (ay,... ay)

whenever (ay,...,ax) € Ba(f®) and zj, € S(Ggﬁ)), forall 1 <np <mng <--- < ng.
Once this is done, then by diagonalization we finally find a large refinement (G,,) of
(F,,) and functions C*) : Ba(¢%) — R, k € N so that for all k € N and all k < ny <

ng < --- < ng we have
Flawmy + aoy + - + agzr) = C%(ay, ..., ap)

whenever x; € Sq. , fori=1,2,... k.

n; )

Clearly we have that

C(k)(al,ag,...,ak) = C’(k+s)(oz1,042,...,ak,O,O,...,O)
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for k,s € IN and (a1, as,...,ar) € Ba(f~), and, thus, if we put
f(al, ey 0,0,0,..) = C(k)(al, gy ..., Q) ,
for k € N and (a;)%_, € Ba(¢%), f has the required properties.

We now indicate in detail how to carry this out for k = 2. First note the following

Fact. Let g : Sx — IR be Lipschitz and let (L,,) be any large sequence of finite dimensional

subspaces of X. Let §,, | 0. There exist a large refinement (L,) of (L,,) and C' € IR such
that for all n and y € S} ,

This follows easily from the first stabilization theorem. One first obtains a large
refinement (I:/n) of (L,) and (C,) C IR such that g(y) o/ C, for y € Sin' (Cy) is
bounded so for some subsequence (Cy,) and C € R, |C, — C| < 0,/2 for all n. Let
Ln =Ly,

Let H; = Fy. Choose finite sets D; C Dy C -+ C Ba(¢2)) and D; C Dy C --- C Sy,
so that for all n, D, is an &,-net for Ba(¢%)) and D, is an &,-net for Sg,. For x € Sg,
and (o, 8) € Ba(f%,), y — f(ax+ By) is a Lipschitz function on X. Thus by iterating the
fact above a finite number of times we obtain a large refinement (FT(Ll’l))oo of (F,) and

n=1

(C(a, B,7))(a,8,2)eD: xD; © IR such that for all (o, 3) € Dy, z € Dy and y € F,Sl’l),

flaz + By) = Cla, B,2) .

(e @]

Repeating this argument inductively we obtain for all k¥ € IN, a large refinement (}fl(Ll’k))n:1

of (Fx"* V)22 and (C(av, B,))(a,p,0)e 0y x D, Such that

flaz + By) 2 C(a, B, )

if (a, ) € Dy, © € Dy, and y € F,Sl’k). By diagonalization we obtain a large refinement
(F,(Ll))oo of (F,,) with the property

n=1

i) For k € N, (o, 8,2) € D X D, n >k, and y € F,El),

flaz+ By) 2 C(a, B, ) .

13



Suppose that the Lipschitz constant of f is K > 1, i.e., |f(z) — f(y)| < K[|z — y||. Then
for (o, B), (o', 8') € Ba(¢2,), z,2’ € Sg,, and ||y = 1, we have
|f(ax + By) — f(d/a" + B'y)| < Kl[(ax — o'z) + (¢'z — o'2") + (B - 8')y]|
< K(la—a|+]8= |+ |z —2"]) .
. From this and i) we obtain
i) |C(e,B,2) = C(a/, 3, 2")| < Kla —a/| + |8~ '] + [l — 2'|]

whenever («, ), (¢/, ') € UD,, and x, 2’ € UD,,. Thus we can uniquely extend C(«, 3, x)
to a function C : Ba(f2) x Sy, — R which satisfies ii) for all (o, ), (o, 3') € Ba(f%)

and x, 2z’ € Sy, . Furthermore, by replacing (F,gl)) by an appropriate subsequence, we may

assume that

iii) For n € N, (o, 8,x) € Ba({%,) x Sy, and y € S,

flaz + By) = CM(a, B, 2) .

Set Hy = F,%) where ns is chosen so that dim Hs > dim H;. Proceeding as above we

obtain a function
CP: Ba(f%) x Sy, = R

and a large refinement (Fflz)) of (Fr(ll)) so that

v) | (e, B,2) - CBNa, 8, 2)| < K [ja — /| + |8 — B] + |1z — ']
for all (a, B), (!, ') € Ba({?,) and x, 2" € Sy, and

v)  flaz+ By) = C¥a, B, z)
for all x € Sp,, (o, ) € Ba({?%,) and y € SF1§2)'

We continue in this manner obtaining a large refinement (H,,) of (F},) and, for & € IN,

functions C'* : Ba(f2.) x Sy, — R satisfying

vi)  [CW(a, B,2) = CW(o, B, 2")| < Kla — o/ + 18 = B + ||z — ]
for (o, B), (o', 8') € Ba(¢%,) and x, 2" € Sy, and

vii)  flax + By) 2= CH(a, 8, 2)
for all (o, 3) € Ba(¢2,), z € Sy, and y € Sy, with n > k.

14



(Actually it might be necessary to pass to a subsequence of (H,,) to obtain the precise
estimate vii).)

We now apply the first stabilization result to finite sets of functions C*l(a, 3,-). Let
n € Nand 0 < &€ < min{la — |+ |8 -7 : (o,8) # (&, 5") € D,}. Consider for
a fixed k the Lipschitz functions C!¥l(a, 8,-) : Sy, — R for (a, ) € D,,. If dim Hy, is
sufficiently large there exists Hy C Hy, dim Hj, > n and (C*(a, B))(a.8)ep, € R so that
CH(a, B,2) = C*(a, B) for all z € Sg, and (a, 3) € Dy,. Thus this plus vi) yields

[C*(a, B) = CF(a, B) < K[la — /| + |3~ f]] +2¢
<3K[la—d|+]8- 5]
for (o, 3), (¢, ") € D;. The last inequality holds by the choice of & and the fact that
K> 1.
We inductively use this argument for the parameters (n,&,) where &, | 0 rapidly
chosen depending on (D,,) and (¢,). We obtain a large refinement (I,,) of (H,) with

dim 7,, > n and functions C™ : D,, — IR satisfying
viii)  |C(a, ) = O™ (o, B)] < 3K [Ja — o[ + |8 — B[] for (e, B), (', B) € Dy,
and

ix) For all x € Sy, and («, 3) € D,

flax + By) = C™(a, ) whenever y € Sj qg>n.

q )

For n € IN, the function (C¥|p, )g>, are uniformly Lipschitz. Thus by a compactness
argument we can find a Lipschitz function C'? : UD; — IR and ky < ky < --- so that for
all n and (o, B) € Dy,

C(a,5) = O (. )

C®) thus uniquely extends to a continuous function C® : Ba(f2,) — R. Letting (Gﬁf))oo

n=1

be a suitable subsequence of (I, ) we obtain

X) f(axn1 + ﬁxnz) 621 0(2) (aaﬂ) for all (aaﬁ) < Ba(ggo)7
ny < ng, Tp, € SG<2> and x,, € SG<2>
ny no

which was what was needed to be proved in the case k = 2. [ |
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§3. A Sketch of the Proof of the Second Stabilization Principle

The reader unfamiliar with Lemberg’s proof might first wish to read that argument (see
[MS, Ch.12]). In order to shorten the proof we will not only use Lemberg’s proof of

Krivine’s theorem but also the quantitative version of this theorem.

Theorem 9. (see [R3]) ForeveryC > 1, > 0andk € N, thereisann = n(C,e, k) € N
so that: If F' is a Banach space of dimension n and if (f;)'_, is a basis of F' having basis
constant not exceeding C, then there exists a block basis (g;)*_, of (f;)"_, and ap € [1, ]

so that (g;)¥_, is (14 ¢)-equivalent to the unit basis of ().

In view of Theorem 9 we only have to prove the second stabilization principle for finite
dimensional ¢,-spaces. Using a compactness argument, similar to the argument of [R3] by
which Theorem 9 was deduced from the finite dimensional version of Krivine’s theorem,

we only have to show the following claim.

Claim 1. Let X =/,,1 <p < oo, or X =cg, and let f : X — IR be a Lipschitz function.
For each ¢ > 0 and k € IN there exists a block basis (y;)¥_, of (e;) (the unit vector basis
of X ) so that osc(f|5[y_]k ) < e.

i=1
Proof of Claim 1. We need some notation. For x,y € cog we say x and y have the same
distribution, and write :L'dgty, if x = Zle e, and y = Zle e, for some k € IN,
(ai)le C IR, resp. €, and n1 < ny < ---ni and my < mg < ---my. We define for
x,y € X Ncoo,
dis(z,y) = inf {||53 -9l : 7% and gdgty} :

For x € cpp, we let supp(z) = {i € IN : z; # 0}, and write z < y for x,y € ¢ if
max(supp(z)) < min(supp(y)).

We first reduce claim 1 to the case that f is 1-unconditional and 1-spreading. By
this we mean that (> «aje;) = f(O_ |alen,) for all > aje; € X and all strictly increasing
sequences (n;) C IN.

In order to reduce claim 1 to the 1-unconditional and 1-spreading case we first pass

to a sequence n; C IN for which
d V4
1 i . ‘
f( ) (Zl Oziei) = klh—r>noo kilinoo . k}gnoo f (Zl Ofienki)
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exists for all £ and scalars oy, as, ..., ap. It follows that f() is 1-spreading on X. If X is
defined over R we let £, = 2, for n € N, and put (&), = (1, —1). If X is defined over
C we let ¢, = n, for n € IN, and (§j>§l1 = e2m3/m) If X =4,, 1 < p < oo, let (u,) be a
sequence in X with u; < wus < --- and

L

dist 1 - =
Uy — WZI ;{te(s_l)gn_H s for ne N .
If X =cg we let (u,) be a sequence in X, with uy < ug < ---, and

n s ln n—1 n s ln
dist -
Up = § o E §t€(s—1)0,+t T E i E §te(nts—1)0,+t
s=1 t=1 s=1 t=1

Note that (u,) is normalized, and that from the fact that f() is 1-spreading it follows that

for some sequence ¢,, | 0 and some subsequence (u,,) of (uy),

k k
A (Z Oéjﬂj+n) = (Z Uj%‘ﬁwrn)
j=1 j=1

whenever k,n € N, |o;| =1, for j =1,2,...,k, and || Z?:l aje;|| = 1.

Pass now to a subsequence (n;) C IN for which

' ¢
£ (Z aiei) = klhinoo kzh—r>noo - ke}l—{noo /e (Z aiﬂnki)
i=1 =1

exists, whenever £ € IN and (ai)le € coo- f (2) is 1-unconditional and 1-spreading and we
need only prove that claim 1 is true for f(2). Thus, in order to finish the proof of claim 1

we need to show the following claim 2.

Claim 2. For every ¢ > 0 and k € IN there is a block basis (x;)%_, of (e;) which is

s

normalized in X, having the property that the set

k
B+(£(31,...,.I‘k): {Zazxzogaz < 17
i=1

k
) E (67307
i=1

has diameter less than ¢ with respect to dis(-,-).

17



Proof of Claim 2.
CASE 1: X =/,, 1 <p<o0.

In this case we consider as in [L] the “rationalized” version of ¢,, ie., {,(D) =
{(zg)gen : D yep |7q|P < 0o} where D =QN(0,1). Let (eq)qep denote the natural basis
of £,(D). For n € IN define the operator T;, : £,(D) — £,(D by

T, (Z aqeq) = Z Z Qq€(q4i—1)/n -
q€D j=1 g€D
For every n € IN, \,, = nt/? is an approximate eigenvalue of T,, [L] and since T, and T,,
commute for n,m € IN one can choose for a fixed m € IN, m > k, and § > 0 a vector
U= .cpuqq € Ba(ly(D)) so that supp(u) = {g € D : uy # 0} is finite, and so that
1Ty (1) — n'/Pu|| < & for all m < n.
Let 21 < 22 < -+ < p, be elements of £, (= ¢,,(IN)), each having the same distribution

S

as u (i.e., g dist Y i1 Ug;€; where g1 < g2 < --- < g5 and supp(u) = {q1,92,...,¢s}). We

deduce that for any scalars aq, as, ..., a with || Zle a;e;|| = 1 we have
. i st F m;\ 1/P
dls(xl , Zaixi) = dls(xl , Z(E) a:z)
i=1 =1
é . 1 e k m; l/p
< dis ml/p lel ’ 2(%) x;

k m;
1 1
< 1/p Zdis(E T, (mi>1/p93i) <k-9,
m
i=1 J=1

where my, ..., my € IN with Zle m; = m are chosen so that > |a; — (Z2)1/?| is minimal,
and where §; depends on m and decreases to zero for m — oo. Thus, choosing m big

enough and 4 small enough we deduce claim 2 in the case that X = /,,.

CASE 2: X = ¢
In this case Lemberg’s argument does not work, but we are able to explicitly write
down the desired vectors x1,xs, ..., Tk.

For 0 < r < 1 we will define a sequence of vectors (y(™) : n € INg) in Ba(cg) N coo. We

18



(n)

put y(© = e; and assuming y(™ = Zle Y, 'e; is chosen we put

12
y(n+1) = Z (7“”+1€3(i—1)+1 + yf")es<i_1>+z + 7“”+1€3(i—1)+3>
i=1
(thus y) = (r,1,7,0,...), y& = (2,7, v2,72, 1,72, 72, r,72,0,...), etc.). Choosing r < 1
big enough and n € IN big enough and letting 1 < z9 < --- < x; all have the same

distribution as y(™ one also deduces claim 2. [ |

Remark. For the case X = ¢, T. Gowers [G] independently obtained a deeper version of
claim 1. He showed that for every Lipschitz function f : ¢y — IR and every € > 0 there is

an infinite dimensional subspace Y of ¢ so that osc(f|s, ) < e. This is false for X = ¢,

(1 <p<o0)[OS].
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