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DIFFERENCES OF BOUNDED
SEMI-CONTINUOUS FUNCTIONS, I

HASKELL ROSENTHAL

The University of Texas at Austin

ABSTRACT. Structural properties are given for D(K), the Banach algebra of (com-
plex) differences of bounded semi-continuous functons on a metric space K. For
example, it is proved that if all finite derived sets of K are non-empty, then a com-
plex function ¢ operates on D(K) (i.e., ¢ o f € D(K) for all f € D(K)) if and only
if ¢ is locally Lipschitz. Another example: if W C K and g € D(W) is real-valued,
then it is proved that g extends to a g in D(K) with [|g|lp(x) = ll9llp(w)- Con-
siderable attention is devoted to SD(K), the closure in D(K) of the set of simple
functions in D(K). Thus it is proved that every member of SD(K) is a (complex)
difference of semi-continuous functions in SD(K), and that |f| belongs to SD(K)
if f does. An intrinsic characterization of SD(K) is given, in terms of transfinite
oscillation sets. Using the transfinite oscillations, alternate proofs are given of the
results of Chaatit, Mascioni and Rosenthal that functions of finite Baire-index be-
long to SD(K), and that SD(K) # D(K) for interesting K. It is proved that the
“variable oscillation criterion” characterizes functions belonging to Bl/4(K), thus
answering an open problem raised in earlier work of Haydon, Odell and Rosenthal.
It is also proved that f belongs to Bj/4(K) (if and) only if f is a uniform limit
of simple D-functions of uniformly bounded D-norm iff osc,, f is bounded; the last
equivalence has also been obtained by V. Farmaki, using other methods. Elementary
computations of the D-norm of some special simple functions are given; for example
the D-norm of X 4 for a given set A is computed precisely, in terms of 37 A, the j-th
boundary of 4, j = 1,2,.... The main structural results on SD(K) and By /4(K) are
obtained using the finite oscillations of a given function. The higher order oscillations
are exploited for the study of the transfinite analogues of B;,4(K), in subsequent

work.
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2 HASKELL ROSENTHAL
INTRODUCTION.

Let K be a fixed metric space. A function f : K — C is called a (complex)
difference of bounded semi-continuous functions if there exist bounded lower semi-
continuous functions ¢1,...,¢4 on K with f = (1 — p2) + (3 — v4). We denote
the set of all such functions by D(K); we also refer to functions in D(K) as D-
functions. A classical result of Baire (proved in Section 1 for completeness) yields
that f € D(K) if and only if there exists a sequence (¢;) of continuous functions

on K with

1 su (k)| < oo and f = . pointwise.
(1) kGEZI%( )| F=Y ¢ p

Now defining ||f||p = inf{sup, > |p;(k)| : (¢;) is a sequence of continuous
functions on K satisfying (1)}, it is easily seen that D(K) is a Banach algebra, and
of course D(K) C By(K) where By(K) denotes the first Baire class of bounded
functions on K, i.e., the space of all bounded functions on K which are the limit
of a pointwise convergent sequence of continuous functions on K.

The primary applications of D(K) in analysis seem to occur in the case where
K is compact. For example, a separable Banach space X contains a subspace
isomorphic to ¢ if and only if there is an f in X** ~ X with f | K in D(K), where
K is the unit ball of X* in its w*-topology (cf. [HOR], [R1]). Using invariants of
D(K), it is proved in [R1] that ¢y embeds in X provided X is non-reflexive and
Y™ is weakly sequentially complete for all subspaces Y of X. For applications to
spreading models in Banach spaces, see [F1], [F2] and [R3].

We are interested here in the intrinsic properties of D(K ), and compactness or
completeness of K plays no role here; moreover if, e.g., W is an open subset of
K, then D(W) plays a natural role in the study of D(K) itself. We give several
permanence properties of D(K), which may be useful in further study, and obtain
some results which hopefully illustrate the fascinating structure of this Banach
algebra.

For example, we obtain that if K™ + () for all n (where K™ is the n** derived
set of K), then the functions ¢ on C which operate on D(K) are precisely those
which are locally Lipschitz (Proposition 2.8 below). (¢ operates on D(K) if o f €
D(K) for all f € D(K). If K" = () for some n, then every bounded function on
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DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, 1 3

We next give a certain oscillation invariant which gives a useful lower bound for
D-norms. For ¢ : K — [—00, 00| an extended real-valued function, let Uy denote
the upper semi-continuous envelope of ¢; (Up)(z) = lim,_, p(y) for all z € K.
(We use non-exclusive lim sups; thus equivalently, Up(x) = infy sup, ¢y ¢(y), the
inf over all open neighborhoods of X.) Now for f : K — C, we define osc f, the

lower oscillation of f, by

(2) osc f(z) = lim [f(y) = f()| forall z €K .
Then we define osc f, the oscillation of f, by

(3) oscf=Uoscf.

Now let n > 1 and (g;) be a sequence of non-negative integers, either infinite
or of length at least n. We define the oscillation sets os;(f, (¢;)) by induction as
follows.

First, for ¢ > 0, set os(f,e) = {x € K : osc f(x) > €}; then let osi(f, (g;)) =
os(f,e1). If 1 < j < n and os;(f, (¢;) has been defined, let os;+1(f, (i) = os(f |
W,ej41) where W = os;(f, (€:))-

If e > 0 is given and ¢; = ¢ for all i, we set 0s,(f,&) = os,(f, (g;)) for all n. It
is also useful to set osg(f, (¢;)) = K. We then have the following result, refining a

similar lemma in [HOR].

Lemma 1. Let f : K — C be a given D-function and suppose n and (¢;)i—, are
given with os,(f, (g;)) # 0. Then > e; < ||fllp. (We prove this in Lemma 1.8
below. )

It turns out that this invariant characterizes a larger class of functions, termed

By /4(K), and also yields the D-norm of all simple D-functions.

Definition. B;/,(K) denotes the class of all functions f : K — C so that there

exists a sequence (f,) in D(K) and a A < oo so that
(4) fn — [ uniformly and || follp <A forall n .

For f € By/4(K), we define [/ f|5,, as the infimum of the \'s satisfying (4)

. AL r N N TS\ R T R N T T YT T I R



4 HASKELL ROSENTHAL

moreover Bi,,(K) is a Banach algebra. B, ,4(K) is introduced in [HOR], where it
is shown that e.g., if K = [0,1], By/4(K) ~ D(K) # (. In fact, Lemma 1 easily
yields that if f € By/4(K) and os,(f,&;) # 0, then Y77, &; < || fllB,,,-

We obtain here the following characterization of By ,4(K).

Theorem 2. Let f : K — C be a given function. Then the following are equivalent.
(a) f € Bija(K).
(b) There ezists a sequence (@) of simple D-functions with @, — f uniformly
and sup,, ||¢nllp < oo.
(¢) There exists a constant X\ so that for any n and sequence (g;)_; of non-

negative numbers,
(5) if osp(f, (i) #0, then Zsl- <A
i=1

Moreover, if f is real-valued and [3 is the best constant X satisfying (5) for alln

and sequences (g;), then

(6) 3(Ifllse +8) <M fllByyu < 1flloo +35 -

This result answers Problem 8.2 in [HOR] in the affirmative. (The results in
[HORJ, using an equivalent invariant given there, yield the necessity of the condition
(5) above.) The proof of Theorem 2 uses a basic invariant for D-functions, the

transfinite oscillations, which we now recall (cf. [R1]).

Definition. Let f : K — C be a given function, o an ordinal. We define the ot”
oscillation of f, oscy f, by induction, as follows: set osco f = 0. Suppose 5 > 0 is
a given ordinal and osc, f has been defined for all o < (. If B is a successor, say

0 =a+1, we define

(7) oscg f () Z?}ijﬂgﬁ(lf(y)—f(w)HOSCa f(y)) forall xeK .

If B is a limit ordinal, we set

(8) oscgf = sup oscq f .
a<f
Finally, we set oscg f = Uoscgf.

Evidently we have that osc; f = osc f and osc; f = osc f. The a'* oscillation
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DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, 1 5

[KL], for f : K — R (and K compact, which is not essential), which is denoted
Vo (f). va(f) is defined in exactly the same way, but with the absolute value signs
omitted in (7). The transfinite oscillations appear to be more appropriate than the
va(f)’s, for the study of the Banach space properties of D(K) and related objects
such as D(K). In the present paper, we really only use the finite oscillations
oscy f,o0sco f,... and of course the natural limit of these, osc,, f. The fundamental
connection between the oscillation sets and the oscillation functions is given in

Lemma 3.8, which immediately yields the following result.

Lemma 3. Let f : K — C be a given function. Then | osc, flleo =supd o &i:

n > 1 and (g;)_, are positive numbers with os,(f, (¢;)) # 0.
We thus obtain

Corollary 4. Let f : K — C be a bounded function. Then f belongs to B ,4(K)

if and only if osc,, f is a bounded function.

(This result is also obtained by V. Farmaki (for K compact) in [F'1] using different
methods.) In a subsequent paper [R2], we will exploit the higher order oscillations

to study the transfinite analogues of By /4(K).

Remark. V. Farmaki and A. Louveau have recently proved the following remarkable

identity for real-valued f [FL]:

£ By ,. = || 1]+ o8cu f| . -

See the Remark following Theroem 4.3 below, for some discussion of this result

(which I learned about after writing the first draft of this article).

The finite oscillations of a function are our basic tool here in studying the simple

D-functions and the following natural class.

Definition. Let SD(K) be the closure of the set of simple D-functions in D(K).
Members of SD(K) are called strong D-functions.

Since the simple D-functions are an algebra, it follows immediately that SD(K)

is a Banach sub-algebra of D(K'). The next result itself lies rather below the surface

/0 1*1 . 411 . YT L1\



6 HASKELL ROSENTHAL
Theorem 5. Let f: K — C be a strong D-function.

(a) f is a (complex) difference of semi-continuous strong D-functions.

(b) |f| is a strong D-function.

In fact, for (a), we prove (see Proposition 4.8 below) that if f is real-valued in
SD(K), and € > 0 is given, there exist u,v non-negative lower semi-continuous
functions in D(K) with f =u—v and ||u+v||e < ||fllD +&-

It follows from results in [HOR] that if e.g., K is compact uncountable, then the
D and Bj/4-norms are not equivalent on D(K). This does not occur on SD(K),

however. The techniques which prove Theorems 2 and 5 yield the following.
Corollary 6. Let f € SD(K), with f real-valued. Then |/f|5,,, = | flb-

We now indicate the organization and contents of this work. The exposition is
intended to be comprehensive; thus readers interested mainly in the proofs of the
results stated so far, can skip quite a bit. For example, Theorem 2 follows from
the results of Section 3, through Corollary 3.8, and the results of Section 4 through
Theorem 4.3. The same applies to Lemma 3 and Corollary 4. Theorem 5 and
Corollary 6 require the further development in Section 4, through Theorem 4.14.
The development in Sections 1 and 2 does not require the transfinite oscillations,
and is perhaps more elementary because of this.

Section 1 consists of preliminary results, most of which are not explicitly used
in the sequel, though they motivate much of what follows. Fix K a metric space;
we let By /5(K) denote the uniform closure of D(K) in the bounded functions on
K. The development through Corollary 1.5 deals with the fact that D(K) is a
semi-simple Banach algebra with K densely embedded in its maximal ideal space,
Q. Bj/3(K) can be identified with C'(€2), and then properties of By /5(K), proved
later on, yield that  is totally disconnected, with the simple functions in C(£2)
already belonging to D(K).

Proposition 1.6 deals with extension issues, and yields the (perhaps surprising)
result that if W is an arbitrary subset of K and g is real-valued in D(W), then g
extends to a function g in D(K), with ||g||p(x) = [|9l|pew). If W belongs to D, the
algebra of sets generated by the open subsets of K, then gXy, already belongs to

™/ 1 *‘CYYXY” *_ (. T T 4O 1y A 11 —— all 1



DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, 1 7

Lemma 1.8 yields the lower bound for the D-norm given in Lemma 1. The
proof is similar to an argument in [HOR]; however 1.8, for real-valued functions,
also follows from the independent development in Section 3. Lemma 1.8 is used
to characterize B;/o(K) in Proposition 1.9, recapturing a result given in [HOR];
and then Proposition 1.10 yields that simple functions in By /o(K) are already D-
functions.

Proposition 1.4 yields the following localization principle: if a function locally
belongs to D with the local D-norms uniformly bounded then it belongs to D.
The proof is achieved via partitions of unity; an alternative argument, involving
transfinite oscillations, follows from the results of Section 3. We end Section 1 with
a proof of Baire’s famous theorem: every lower semi-continuous function is the limit
of an increasing sequence of continuous functions (Proposition 1.18).

Section 2 solves the following problem: given a set A, find ||[Xal|p. It is easily
seen (as shown in Section 1) that X4 is a D-function if and only if A belongs to
D; in turn, this happens if and only if A is a finite disjoint union of differences of
closed sets. We then obtain the solution to the following problem, as a by-product:
given A in D, find the smallest integer k with A a union of k£ disjoint differences of
closed sets W1, ..., Wy. (Actually, our results here also hold for arbitrary Hausdorff
spaces.) The solution is as follows: for A C K, let 9’A = A, the boundary of A,
and let 0" A, the n** boundary of A, equal the boundary of A N o™~ 1A, relative to
0" 1A (for n > 1). Now define i(A), the Baire-index of A, as the largest n with
0" A # (; if no such n exists, set i(A) = oo. Theorem 2.2 now yields that A € D iff
X4 €DK) iffn L i(A) <oo. FANOA =0, |Xallp =n;if ANO"A#D, then
|Xallp =n-+1. Finally, there exist k disjoint differences of closed sets Wy, ... , Wy
with A =¥, W; and |[Xallp = X0, Xw: | p where k = [2£L] if ANO"A =0,
k= [% + 1] if ANO™A #£ (. If A is a disjoint union of £ differences of closed sets,
then £ > k.

We then show in Proposition 2.6 that if K is any metric space with all its
finite derived sets non-empty, then for all n, there exist subsets A, B of K with
i(A) =i(B) =nand |Xa||p = n, |[Xg||p = n+1. It then follows, via Corollary 2.7,
that D(K) # By /2(K) # B1(K) for any such K. We conclude Section 2 with the
result that for such K, ¢ : C — C operates on D(K) iff ¢ is locally Lipschitz

/Y.y ay O) /rm1. _ . 4 421 42 1. 11 _ Tr*°*°._  _1°*J3 £~ g4 4T\



8 HASKELL ROSENTHAL

due jointly to F. Chaatit and the author [C].)

Section 3 treats some properties and first applications of the transfinite oscilla-
tions. After summarizing several elementary properties in Proposition 3.1, we give
the basic structure theorem concerning the transfinite oscillations, in Theorem 3.2.
The result yields the following information: If f : K — R is bounded, there is an

ordinal v with osc, f = oscy41 f; we denote the least such ordinal by ipf. Then

if o = ipf, f € D(K) iff osco f is bounded, and then ||f|lp = || |f| + osca fllco;

A—oscq f+f
2 )

A—oscy f—r

5 , u,v are both

moreover if then X\ = ||f||lp and u = v =
non-negative lower semi-continuous, and of course f =u—v, ||[u+v|| = ||f|D-
Moreover || fllqp = || 0sca flloo, where || fllgp = inf{[|f — ¢l : ¢ € Cy(K)}.

If we define, for fixed z € K, | fllqp@m) = inf ||f | Ullgpw), the inf over all
open neighborhoods U of z, we obtain in Corollary 3.5 that osc, f(2) = || f|lqD(x)
(where av = ip f). Moreover the “quotient D-semi-norm” | f||,p is attained; i.e.,
[ fllqp = If = ¢llp for some ¢ € Cy(K).

The technical Lemma 3.6 characterizes the finite oscillations in terms of the
oscillation sets osi(f, (¢;)), and yields Lemma 3 above, as an immediate corollary
(Corollary 3.7). The development up to this point easily yields that functions of
finite Baire-index are D-functions, as shown in [CMR] by different methods. To
formulate this concept, first define, for ¢ > 0, the e-Baire index of a bounded
f: K —C,ig(f,¢), as the largest n with os, (f,&) # 0 (or set ig(f,e) = oo if there
is no such n). Proposition 1.9 yields that f € By o(K) iffip(f,e) < oo for alle > 0.
Now set ig(f) = sup.sqin(f,e). We say f is of finite Baire-index if ig(f) < oo.
(It is easily seen that simple D-functions are of finite Baire-index; cf. the proof of
Proposition 1.10). Now Corollary 3.8 yields that if n = ig(f) < oo, then ip(f) <n
and if f is real valued, ||f|lp < (2n + 1)||f]|co; this estimate is moreover best
possible, in general (cf. the discussion following the proof of Proposition 3.10). A
little more work is required to recapture the result of [CMR] that functions of finite
Baire-index are actually strong D-functions; this is done in Section 4.

The rest of Section 3 illustrates the preceding general results with the compu-
tation of finite oscillations and D-norms of some simple functions. For example,
Proposition 3.10 yields the precise description of osc, f if f = X4 with n = i(A);

it turns out that the boundaries 97 A, 0 < j < n, are the only invariant. Proposi-
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DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, 1 9

well as the fact that ||X4|/,p = n. Finally, Proposition 3.11 yields the D-norm of a
certain natural class of simple D-functions, namely the functions f so that letting
n = ig(f) and defining Ky = K and K;;1 = {z € K; : f | Kj is discontinuous at
x}, then f | K; ~ K14 is constant, for all 0 < j < n.

Section 4 deals with the proofs of the results stated at the beginning. We show
that continuous bounded functions belong to SD in Proposition 4.1; it follows
that if K = Ko D K1 D -+ D K,, ¢ : K — C is bounded, and ¢ | K; ~
K11 is continuous for all 7, then also ¢ € SD and ig(p) < n (Proposition 4.2).
Theorem 4.3 then yields the characterizations of B;,4 given by Theorem 2 and
Corollary 4 (in virtue of Lemma 3). We then give further permanence properties
of SD; thus if f € SD, then (osc, f) converges uniformly (Proposition 4.4), and
hence ipf < w and osc,f = osc, f (Corollary 4.5). We next obtain that the
By /4 and D-norms coincide for real f in SD in Corollary 4.6 (Corollary 6 above),
and then establish that every SD function is a difference of lower semi-continuous
S D-functions in Proposition 4.8 (Theorem 5a above).

Next, we assemble some tools to prove Theorem 5b. We first recall the basic
index result given in [CMR]; if f, g are given bounded functions and € > 0 is given,
thenip(f+g.€) <ip(f,5)+in(g, 5) (Lemma 4.10), and use this and the preceding
development to recapture the result in [CMR] that functions of finite index belong
to SD (Corollary 4.11). We then recall the class B?/Q(K), given in [CMR], of
bounded functions f with lim._,¢eip(f,e) = 0, and give the result of [CMR] that
B? /2 is a linear space and complex lattice, containing SD, whose semi-continuous
members belong to SD (Proposition 4.12).

We then prove that f € SD implies |f| € SD, as follows: first we show, in
Lemma 4.13, that for f € SD, there is an upper semi-continuous strong D-function
F > 0 with F'+ | f| upper semi-continuous. It follows that F'+ |f| is strong D since
it belongs to B?/Q, whence |f]| is strong D. (At the end of Section 4, we give an
intrinsic characterization of SD which also yields Theorem 5b, in a perhaps more
natural way.)

We next give a variety of examples of functions failing the various criteria for
SD given above. For example, we construct in Example 3 a D-function g with

ip=w+1(sog¢& SD by Corollary 4.5). In Example 5, we construct a function

0 TN A DTN OIS (s ot 11~ TN



10 HASKELL ROSENTHAL

The rest of Section 4 deals with an intrinsic criterion characterizing strong D.
We generalize the sets os,(f,e) to os,(f,a,e) for a given ordinal «, by setting
0Spt1(fya,e) ={x € L : 08¢y f | L > ¢ with L = o0s,(f,a,¢)}, and then define
i(f,a,e) = sup{n > 0 : 0s,(f,a,e) # 0}. Corollary 4.18 yields that ei(f, a,e) <
|| 0SCaw flloo forall f,e > 0 and ordinals a. We prove a generalization of Lemma 4.10
in Lemma 4.20 (with essentially the same proof as that of 4.10 given in [CMR)),

and use this and preceding results to establish

Theorem 4.19. A bounded function f is strong D if and only iflim._g€i(f,w,€) =
0 and ip(f | W) <w for all closed sets W.

Most of the results given here were presented in topics courses at the University
of Texas at Austin during the academic years 1991-1993. I am grateful to the

course-participants for their patience and support of this work.
§1. PRELIMINARIES.

We begin with some elementary algebraic and lattice properties of D(K).

Proposition 1.1. Let K be a metric space
(a) D(K) is a commutative Banach algebra with identity.
(b) If | € D(K), then [f| € D(K) and |[[f[[lp < [|f]lp-
(¢c) If f is in D(K) and infy |f(k)| > 0, then 1/f € D(K).

Proof. We omit the routine proof of (a). To see (b), let € > 0, and choose (f,,) in
Cy(K) with f, — f pointwise and

(1) Al + D |t = fal < I fp + 2
But then |f,,| — |f| pointwise, and

(2) AL+ D | fasal = |fal [ <N flD+e
by (1).

Hence || |f]|lp < ||f|lp + € for all € > 0, so (b) is proved. To prove (c), suppose
first that f > 0, and say ¢ = infrex f(k) > 0. Now choose (f,) in Cp(K) with
fn — f pointwise, satisfying (1). We may obviously assume the f,,’s are real-valued.

Now define (g,,) by

7\ o rf v, COC. 11



DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, I 11
Then we have that g, — f pointwise, and moreover

(4) lgn+1 — gn| < |fns1 — fn| forall n.

But evidently gi — % pointwise, and

Z |gn+1 gn 52 Z |fn+1 fn| :

n—1 gn+lgn

oo

(5) =

—1 gn—l—l dn

Evidently we then have

©) ‘91 * Z

Hence % € D and in fact

1 1 1
7 I3, =5+ &0
@ <5+ w0
Finally, if f is arbitrary, we have that ff = |f|? is in D(K) by (a), so by what we
have proved, 1/(ff) € D(K), hence + f 7 belongs also to D(K). O

1
+ = (Iflp +e)

‘ 1
gn—l—l dn _5

The following is an immediate consequence of 1.1(b).

Corollary 1.2. D(K) is a real function lattice. That is, if f,g are real-valued in
D(K), then fV g, f A g belong to D(K), and

If Vyllo < [Ifllo+ llgllo

If Agllo < |[fllo+llgllo -

Proof. This is immediate from 1.1(b) and the standard formulas

(8) Vg (f+g);|f gl

Remark. Evidently 1.1(b) yields that in D(K), f — |f] is continuous at f = 0, and
so also the lattice operations are continuous at 0. However none of these operations

are continuous at other points in D(K), for general K.

We may define an involution * on D(K) by f* = f for all f in D. Evidently
we have that ||f*||p = ||f]| for all f. It then follows immediately from 1.1(c) that
D(K) is a “completely symmetric ring” as defined in [N]. That is, we let © denote
the “structure space,” or “maximal ideal space,” of D(K), namely the set of all

multiplicative linear functionals on D(K), endowed with the topology of pointwise

convergence. For f in D(K), we define f on Q by f(w) = w(f) for all w € Q.

e T T T Y N T T T T I R N e



12 HASKELL ROSENTHAL

Corollary 1.3.

F:(f) forall f in D(K) .

Proof. Since 1+ f*f is invertible in D(K) for all f, by 1.1(c), this follows directly
from a result in [N]. The proof, however, is even simpler here than in [N], and is
as follows. Since it is evident that f belongs to D(K) if and only if its real and
imaginary parts belong, it suffices to prove that if f in D is real-valued (on K),
then f is real-valued. (For then writing f = u + iv, with u = Re f, v = Im f, we
have that f* = u* — iv* :ﬂ—i@:m.)

By the general theory of commutative Banach algebras, the complex number A
belongs to the range of f if and only if f — A1 is not invertible. But if A = a + 10
say, with 3 # 0, then |f — A1| > || > 0, hence f — A1 is invertible in D(K), by
1.1(c). O

It follows from 1.3 and the Stone-Weierstrass theorem that D is dense in C (Q);
indeed, D is a point-separating conjugation closed subalgebra of C(£2) which con-
tains the constants. We define Bj/2(K) to be the uniform closure of D in K,
endowed with the sup-norm. We show below that Bj/,(K) can be canonically
identified with C(92).

We shall give below several alternate characterizations of By o(K), which yield
the following result (see Propositions 1.9 and 1.10). (A function is called simple if

its range is a finite set.)

Proposition 1.4. Let K be a given metric space.
(a) The set of simple functions in By /o(K) is dense in By jo(K).
(b) Every simple function in By 5(K) belongs to D(K).

We now deduce some properties of 2.

Corollary 1.5. Let K be a metric space, §) the structure space of D(K), and T :
K — Q) the canonical map. Then TK is dense in 2, and ) is totally disconnected.
In fact, given A, B disjoint closed subsets of ), there exists a {0,1}-valued f in
D(K) with f =1 on A and f =0 on B.

Proof. Suppose it were false that 7K = . Then we could choose g in C(£) and
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fin D(K) with
(10) I1f = glloo < 5 -

But (10) yields that

(11) (W) > 2 and |f(r(k))| <L forall ke K .

Hence, |f — f(w)- 1] > 3 on K, so by Proposition 1.1(c), f — f(w) - 1 is invertible.
But by general Banach algebra theory, f — f (w) - 1 is singular. This contradiction
establishes our first assertion.

Next, it follows that we may extend the map A : D(K) — C(Q), defined by
A(f) = f, to a bijection, also denoted A, between Bi/2(K) and C(£2). A thus
extended will be an algebraic isometry, in the sup-norms. Indeed, let f in By 5(K);
we claim there is a continuous g on Q with g(7k) = f(k), all k € K. Once the claim
is proved, we have of course that g is unique, since 7K is dense in €); so we define
f = g. The uniqueness of ¢ also yields that A is an into-algebraic isometry, and the
fact that D is dense in C(£2) (as noted above) yields that A : Bi2(K) — C(Q) is
a surjection. To prove the claim, just choose (f,,) in D(K) with f, — f uniformly
on K. But then trivially (f,) converges uniformly on 7K, and since (f,) C C(Q)
and TK = Q, ( fn) converges uniformly on €2, to a continuous g, proving the claim.

Now in general, a compact Hausdorff space X is totally disconnected if and only
if the simple members of C'(X) are dense in C(X). Thus we now obtain that €2 is
totally disconnected, by Proposition 1.4(a).

Finally, a standard compactness argument shows that if A and B are closed
disjoint subsets of €2, there exists a clopen set F with A C F and BN E = (). Thus
X is continuous on €2, and so there is an f in By /o(K) with f = Xg. f is of course
{0, 1}-valued on K, since A is an algebra-isomorphism, and thus f belongs to D(K)
by Proposition 1.4(b). O

We next treat the extension of D-functions. Given A C K and f: A — C, we
use the notation fX 4 to denote the function on K which is zero off A and agrees
with f on A. Also, we say that A C K is a difference of closed sets, or a DCS, if
there exist closed subsets A1, Ay of K with A = Ay ~ A,. The class of all such sets

L D D e n Y alel
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Proposition 1.6. Let W C K be non-empty and f in D(W) be given.
(a) There exists a g in D(K) with g | W = f. Moreover,
(i) if f is real-valued, g may be chosen (real-valued) with | gl pxy = || flpow);
(i) if W is a DCS and € > 0 is given, then g may be chosen with |g|px) <
Ifllpewy +e.
(b) IfWis a DCS, then || fXw | p(x)y < 2|/ f || pw), while if W is open, then || fXw || px) =
11l Dow)-

The proof of the qualitative part of (a) is quite simple, and in fact it’s easily seen
that for f real-valued, a g may be chosen extending f with | f||px) < 2[[f|lpw)-

We show this first, then prove all the assertions of 1.6, for completeness.

Proof of the qualitative part of (a). Suppose first that u is a non-negative lower

semi-continuous function on W and define @ on W by

(k) = lim ( i supinfu(V N W) , the sup over all open neighborhoods V' of k).

w—k
weW

Evidently @ is then lower semi-continuous on W, and of course % | W = u.

Next, if f in D(W) is real-valued, then by Theorem 3.5 of [R1] (indicated also
below), we may choose u, v non-negative lower semi-continuous with f = v —wv and
|u +v]lse = || fl|pew)- Then defining 4, v as above, and setting f=a—10 (on W),
then evidently f | W = f and for k € W, @(k)+ (k) < limy—k, wew w(w)+ov(w) <
i ol whence ey = 1oy Now i e smply st 3 = ||f||D<W> and
define @ = @ - Xvw + A Xow, 0=17- Xy + A - Xow, then setting g = i — 0,
g€ D(K), g| W = f,and ||g|pi) < 2||fllpw), for we easily have that @ and

v are both lower semi-continuous. Of course the general complex-valued case now

follows immediately.
To obtain the assertions (a)(i),(ii) in 1.6, we use the following result.

Lemma 1.7. Let W be a closed subset of K, A\ < oo, and (¢;) a sequence of

continuous complex-valued functions on W with
(12) Z|gpj ) <A forallweW .

Then there exists (¢;) a sequence of continuous functions on K with ¢; | W = ¢;

for all j and
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Proof of Lemma 1.7. We require the following linear version of the Tietze extension

theorem (cf. [D]):

Fact. Let W be a closed subset of a metric space X. There exists a linear operator
T :Cp(W) — Cy(X) satistying

(a) T1yw = 1x.

(b) Tflw = f for all f.

(©) 1T lloo = | flloc for all f.
We note that T' is then positive, i.e., f > 0 implies T'f > 0. It follows further that

(14) [ Tol < Tlel for all p € Cp(W) .
Indeed, if ¢ is real-valued, then ¢ = p* — ™, so
Tl =Te" —Te™| <Te" +Te™ =Tlg] .
If ¢ is complex-valued, fix x € X and choose A with |[A\| =1 so that
Tol(x) = ATpx = Thp(z) = (T Re Ap)(z) < T|ReAp|(z) < T|he|(x) = Tle|(x) -

Now to obtain 1.7, let T" be as in the Fact, and simple set ¢; = T'p; for all j.

Now fixing n,

(15) D UIB =D 1Tl < Tlg,| by (14)
j=1 j=1

j=1
=T(Z|¢j\) <X,
j=1

the last inequality holding by the positivity of 7" and (12). Of course since n is
arbitrary, (13) holds, completing the proof of 1.7.
We next prove the second assertion in 1.6(b). Assume W is open. First note

that we may choose a sequence (¢;) in Cp(K) with
(16) @; >0 for all j and ngj = Xy pointwise.

To see this elementary result, choose K71 C Ky C --- closed subsets of K with
W = U2, K;. Inductively choose a sequence (f;) in Cy(K) as follows. First,
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16 HASKELL ROSENTHAL

Suppose f; chosen with F) g {z : fj(x) # 0} C W. Then choose fj;1: K — [0,1]
continuous with f;4; =1 on K11 UF; and {z : fj;1(z) # 0} C W. Now setting

w1 = f1, ¢; = fj — fj—1 for all j > 1, then (p;) satisfies (16).

Now let ¢ > 0, and choose (g;) in Cp(W) with > |g;| < |[fllpw) + € and
f = > f; pointwise. But then it follows that g;Xy ¢; belongs to Cy(K) for all
i and j, simply because g;Xw is continuous on W and bounded on K while ¢;
is continuous on K and vanishes on K ~ W. Then f - Xy = Z” giXwe; and
> 19:Xweil < || fllpw) + €. Since € > 0 is arbitrary, the assertion is proved.

To obtain 1.6(a)(ii), first suppose W is closed, and given ¢ > 0, choose (¢;)
in Cp(W) with > |p;| < ||fllpow) +¢€ and f = > p;-pointwise. Now applying
Lemma 1.7, with ($;) as in its statement, we obtain 1.6(a)(ii) by letting g = > @,
pointwise. Finally if W is a general DCS, it is easily seen that there is a closed
set A and an open set U with W = ANU. Thus W is a relatively open subset
of A, and so letting h = (f - Xw) | A, ||hl|pcay = || fllpw). Finally, for ¢ > 0,
choose g extending h to K as above, with ||g||px) < || f|lpw) + €. Now evidently
we have that if W is open non-empty, then |[Xw|p = 1, whence if W is closed,
|Xw || < 2 since Xy = 1. Evidently then ||[Xw || < 2 if also W is a DCS, using the
representation given above. Thus the first assertion of 1.6(b) follows from (1.6)(ii);
for given € > 0, choose g in D(K) with g | W = f and ||g||px) < || fllpw) + €.
Then g - Xw = f - Xw and so || f - Xw || < 2||f||lpw + 2¢, but € > 0 is arbitrary.

Finally, for (a)(i), suppose f is real-valued. We proved above that then there

exist 4, ¥ non-negative lower semi-continuous functions on W with

[@ 4 0lloc = [ fllpw) and (@ —0) [W = f .

It follows that we may choose (¢;) a sequence in Cy(W) with 4+ v = ) |¢;| and
4—0 =) ; pointwise. Now applying Lemma 1.7 with (¢;) as in its statement, we
obtain that setting g = > &, then ||g|p(x) = || fllpow) and f | W = g, completing
the proof. [

Remark. Let D = D(K) denote the algebra of sets generated by the closed subsets
of K. A standard set-theoretic result yields that a set belongs to D if and only

if it is a finite disjoint union of members of DCS. Thus evidently we obtain that
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function in By, is a D-function, i.e., D-measurable; of course it follows that in
turn every simple D-function belongs to D(K). Finally, we note the following fact,

whose proof is left to the reader.

Fact. Let W C K. The following are equivalent.
(a) Wis a DCS.
(b) There exist subsets A and U of K with A closed, U open, and W = ANU.
(¢) There exist closed subsets A and B of A with A D B, B nowhere dense relative
to A,and W = A ~ B.
The representation in (c) is unique, for then A equals W, while B equals the

boundary of W relative to A.

We next give a fundamental lower bound for the D-norm, refining a similar result

in [HOR]. (For f: K — C a general function not in D(K), we set || f||p = c0.)

Lemma 1.8. Let f: K — C be a bounded function, n a positive integer, and (6;)
a sequence of positive numbers of length at least n. Then if os,(f, (6;)) # 0,

(17) £l = > 6+ [1F [ osn(f, (8:)lloo -
i=1
Remark. We shall show below (in ...... ) that for f a simple real-valued D-function,

or more generally, for f € SD, that the above estimate is exact. That is,
|fllp equals the sup of the right-hand side in the inequality (17), over all n
and (8;) with os,(f, (8;)) # 0.

Proof of Lemma 1.8. We may trivially assume f € D, otherwise there is nothing to

prove. Fix (f,) a sequence in Cy(K) with f,, — f pointwise. We seek to estimate

(18) T € sup |1/ +Z|fn+1 Falk)] -

The following tool easily yields Lemma 1.8.

Sub-Lemma. Let U be an open set in K with U Nos,(f, (6;)) # 0, and 0 < e <
Soi 1 0;. There exist my < mg < --- < ma, and V an open non-empty subset of U

with

(19) zn: | froes — frmos_o| > anéi —c on V.
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Proof. Let us first prove the Sub-Lemma, by induction on n. For n = 1, let
d = d1; of course then os(f, (6;)) = os(f,d). We thus must find V and i < j with
\fj — fil >6—eon V.

First choose u € U with osc f(u) > 6. Now set o = ¢/3, and choose k € U with

(20) osc f(k)>d—a.

Then choose i with |f;(k) — f(k)] < a. By continuity of f;, choose YW an open
neighborhood of k£ with W C U and

(21) [fi = f(R)] <aonW.

Now using (20), we may choose w € W with

(22) Fw) = f(k) >3 —a.

Next, choose j > i with |f;(w) — f(w)| < a. Again by continuity of f;, we may
choose V an open neighborhood of w with ¥V C W and

(23) lfi— flw)<aonV.

Then evidently by (21)-(23), |f; — f;| > 6 —3a =6 — e on V. This establishes the
n = 1 case. Now suppose the result proved for n, let (J;) a sequence of length at
least n 4+ 1 be given, and set Y = 0s,(f, (0;)). Then by definition, os,+1(f, (0;)) =
os(f | Y,0,41). Now assuming U NY 4 is non-empty, then since  is a relatively
open subset of Y, by the n = 1 case there exists W a non-empty relatively open

subset of Y with W C U and m; < msy with
(24) |y — fry| >0 —€/20on W .

Now let W = {x € K : |fp,(x) — fm,(z)] > 0 — /2. Then W is an open subset of
K, and of course WNY D W is non-empty, so by the induction hypothesis applied
to (fj)j>ms, We may choose mg < --- < my(p41) With m3 > mo and V a non-empty

open subset of W with

n+1

(25) > fonay = Fnays| >§:5i—gonv.
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This completes the proof of the Sub-Lemma, for we have trivially that | f,,, — fm, | >
Opt1 —€/2onVsince VCW. O

To prove Lemma 1.8 itself, let ¢ > 0, set A = ||f | 0s,(f, (6;))|lcc and choose
k € os,(f, (0;)) with

(26) [f(R)>A—e.

Next choose mg with |fp, (k)] > A —e. Thenlet U = {z € K : |fp,, (k)] > A —¢}.
U Nosy(f,(6;)) # 0, so by the Sub-Lemma (applied to (f;);j>m,), we may choose

my < -+ Mo, With mg < my and v € Y with

S 1z = Pz ) @) > D085 =< .
=1 i=1

Hence since v € U,

(27) |me(v)|+Z|fmzi_fﬂ’in71|(U>|>)‘+Z§i_26-
=1

i=1
But a collapsing series argument easily yields that 7 > |f, (V)] + D 0 [fins: —
fmas_1|(v). Hence 7 > XN+ Y7 | §; — 2¢; since € > 0 is arbitrary, Lemma 1.8 is

proved. [J

Remark. For f : K — C a given function, set os¢ f(x) = lim, .. |f(y) — f(2)],
for all z € K. We term osc f the upper oscillation of f. ©sc f is usually de-
fined as the oscillation of f; however our definition of osc f is more appropriate
for the study of D(K). Now if f is a real-valued function and Lf is its lower
semi-continuous “envelope,” Lf(x) & lim, ., f(y) for all x € K, then we have
that osc f = max{Uf — f,f — Lf} whileosc f = Uf — Lf. Gsc f is upper-semi-
continuous but osc f is not, in general. It is worth pointing out that for general
f:K — C,oscf <oscf < 2o0scf and ||0SC floo < 2| f|loo, While if f is non-
negative, then || osc fllooc = ||fllco- In [HOR], for a given f and sequence (g;) of pos-
itive numbers, sets K, (f, (¢;)) are defined inductively by letting Ko(f, (g;)) = K
and K,+1(f, (i) = {x € K, : 05 f | K, > €p+1}. Then it follows easily that
Kn(f,(F)) Cosn(f, (&) C Kn(f, (). Thus Kn(f, (d:)) # 0 = 326 < 2[|f[|p by
Lemma 1.8.

We next give a characterization of By /o(K). This is implied by Proposition 2.3
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somewhat different than the treatment in [HOR]. We first define, for ¢ > 0, the

(finite) Baire e-oscillation index of f, ig(f,¢), as follows:

ig(f,e) =sup{n:os,(f,e) #0} .

(We take the sup in {0,1,2,...} U{oc}.) Finally, we say that f is of finite Baire
index provided there is an n < oo with ig(f,e) < n for all ¢ > 0; then we define
ig(f), the Baire index of f, by ig(f) = maxcsoip(f,e). (Thus f is continuous iff
ig(f) =0.) It follows immediately from the above remark that f is of finite Baire
index if and only if for some n and all e > 0, K;(f,¢) # 0 implies j < n; in fact, as in
[HOR], setting G(f) = least n with K,,(f,e) = 0 for alle > 0, then ig(f)+1 = B(f).
It is moreover easily seen (as shown in the proof of Proposition 1.10 below), that

every simple D-function is of finite Baire index.

Proposition 1.9. Let f : K — C be a bounded function. Then the following are
equivalent.

(8) f € Bya(K).

(b) ig(f,e) < oo for alle > 0.

(¢) f is a uniform limit of simple D-functions.

Proof. (c¢) = (a) is trivial, since simple D-functions belong to D(K).

(a) = (b). This is a consequence of Lemma 1.8 and the following simple consid-
erations.

First, we note that for any functions f and g, osc(f 4 g) < osc f + osc g, which
implies that |osc f —osc g| < osc(f —g). Now let 0 < n < e/2 and f, g be such that
lg — flloo <n. Then by the above,

(28) |osc f —oscg| < 2n
Now it follows easily that
(29) osy(f,e) C osp(g,e —2n) for all n .

Indeed, for n = 1, this simply says that oscf > ¢ = o0sg > ¢ — 2n, which is
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osy(g,e — 2n). But then
ospr1(f,€) = os(f|L, )
C 0s(g|L,e — 2n) by the n = 1 case
C os(g|W,e — 2n) since L C W

= 0Snt1(g,€ —2n) .
Now let € > 0, and f € B;/2(K). Choose g € D(K) with

9
(30) lg = Flloo < 5 -

Now choose n a positive integer with

9
(31) ns > llgllo -

It then follows from Lemma 1.8 that os,(g,c/3) = (). But then by (29), 0s,(f,¢) =
0; thus ig(f,e) < n, and (b) is proved.

(b) = (c) follows easily from the following simple fact.

Sublemma. Let X be a metric space, f : X — C a bounded function, and € > 0.
Suppose osc f < € on X. Then given n > 0, there is a simple D-function g on X
with |g — f| <e+n.

Proof. Since f is bounded, we may choose n and cq,... ,c, distinct elements of
f(X) so that {c1,...,c,} is an n-net for f(X). Now our hypothesis yields that
given z € X, there is an open neighborhood U of z with |f(y) — f(z)| < € for all
y € U. But now choosing i with |¢; — f(z)| < n, we have that |f(y) —ci| < e+
for y € U. Thus letting W; = {z € X : |f(x) — ¢;| < e + n} and U; be the interior
of W;, we have that X = UU;. Now simply let F, = Uy, F; = U; ~ Uj<i U; for
1 < i < n. Then the F;’s are in DCS, X = |J;_, F}, so setting g = > i, ¢;Xp,,

then g is a simple D-function with |g — f| <e+n. O

We now show (b) = (c). Let ¢ > 0, and n = ip(f,e). Thus by definition,
0Sp+1(f,€) = 0; we then have that if X; = os;(f,€) ~ 0s;11(f,¢) thenosc f | X; < e
for all 0 < ¢ < n. Thus by the Sub-Lemma, we may choose for each i, a simple
D-function g; on X; with |g; — f| < 2 on X;. Then letting g = Y., ¢iXx,, g is a
simple D-function on K, with |g — f| < 2¢, 50 ||g — f|leo < 2e. O
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Proposition 1.10. Let f be a simple function in By /5(K). Then f is a simple

D-function.

Proof. Let f be non-constant, and ¢y, ... , ¢, be the distinct values of f (so n > 2).
Let ¢ = min{|c; — ¢j| : @ # j}. Then it follows that if W C K, w € W, and
osc flw(w) < e, then f is constant on a relative neighborhood of w (in W'). Thus
if osc flw < e, f is continuous on W3 if dy,... ,dy are the distinct values of f on
W, then setting W; = {z € W : f(x) = d;}, then the W;’s are relatively open, and
hence relatively clopen subsets of W; of course then f|w = > d;Xw,. If W is itself
a DCS in K, then we have that the W;’s themselves are DCS’s in K.

Now since f € By/2(K), n g ip(f,e) < oo. Setting X; = 0s;(f, &) ~ 0s;+1(f, )
for 0 < i < n, and fixing i, then osc f|X; < & by definition. The above observation
thus yields that f|X; is a D(X;)-function. Since X; itself is a DCS in K, f =
oo [Xx, is a simple D-function.

Remark. The above argument yields a natural method for computing ig(f) for f
a simple D-function. Define sets Ko = K D K; D Ky --- inductively by letting
K1 ={z € K; : f|K, is discontinuous at x}. Then the above argument yields
that if ¢ is as defined at the beginning of the proof, then K; = os;(f,e) = os;(f,€’)
for all j and 0 < &’ < &; hence ig(f) is the largest n with K,, # (). The argument
also shows directly that if W C K and Xy is a D-function, then W is a finite

disjoint union of DCS’s.

In the sequel, we shall find it convenient to introduce the following semi-norm

on D(K).

Definition. Define || - |l4p = || - [|qp(x) on D(K) by

= inf — , all fe DK) .
£l = __int _11f = ¢llo f € D(K)

For course this is really the quotient norm on D(K)/Cy(K); that is, letting 7 :
D(K) — D(K)/Cy(K) be the canonical map, then ||7f|| = || f|l;p- It is easily seen
that for all f € D(K)

I£llap = infsup 37 (s = )01
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Several of our preceding results can also be formulated in terms of || - ||,p. For

example, the proof of Lemma 1.8 easily yields that

(33) 0sn(f,(8:)) # 0 — [ fllap = > 6 -
i=1
The following result shows the simple connection between || - ||p and || - ||4p-

Proposition 1.11. For any f € D(K), |[fllqp < lfllp < [[fllec + 1 fllgp-

The first inequality is trivial. To prove the second one, we note the following

elementary result, whose proof is left to the reader.

Lemma 1.12. Fix X\ > 0, and for z a complex number, let

{z:xﬁ if |2| > A

(34 z if |z] < A.

z
Then z — Z is Lipschitz with constant one; that is,

(35) |Z—w| < |z—w| for all complex numbers z,w .

Proof of Proposition 1.11. Using the formulation (32), let £ > 0 and choose (f,,) in
Cy(K) with f,, — f pointwise and

(36) D fngr = fal < lfllgp +¢ -

n=1

Now let A = || f]|co and assume without loss of generality that A > 0. But then also

e~

fn — f pointwise (where (f,,)(k) = fn(k), as defined in (34)).
Lemma 1.12 shows that fn is continuous for all n, and of course
1D < AT+ D 1 faer = Fallloo
SA+D |farr = fal oo (by Lemma 1.12)

<A+ fllgp +e
Since € > 0 is arbitrary, 1.12 is proved. [

The proof of 1.11 immediately yields the following.

Corollary 1.13. Let f be in D(K), and ¢ > 0 be given. There exists a sequence
(fn) in Co(K) with f, — f pointwise, |fi] + 3 |fus1 — fal < |fllp + ¢, and
[fnllos < [[flloc for all m.

We conclude this section with several applications of partitions of unity; in par-
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Proposition 1.14. Let A > 0, and f : K — C be a given bounded function.
(a) If for allx € K, there is an open neighborhood U, of x with || f | Uzl pw,) < A,
then f € D(K) and || f|lpx) < A
(b) If for all x € K, there is an open neighborhood U, of X with ||f | Usllqp(w,) <
A, then |1 £, < A

Remark. We give an alternate proof of the first part in Section 3, over the real

scalars, using the transfinite oscillations rather than partitions of unity.

We first recall the basic results concerning the existence of partitions of unity;

of course all results are valid for paracompact spaces in general.

Definition. An open cover U of K is called locally finite if every point in K is

contained in some open set meeting only finitely many members of U.

Definition. Given V a locally finite open cover of K, a family P = {p, : v € V} of
continuous functions on K 1is called a partition of unity fitting V if for allv €V,
(a) 0<p, <1
(b) suppp, = {k € K :py (k) # 0} C
(©) 2peypo =1

Now our needed topological-analytical result may be formulated as follows (cf.

[KD)-

Lemma 1.15. (The Partition of Unity Lemma).
(a) Ewvery open cover of a metric space has a locally finite refinement.

(b) For every locally finite open cover V of a metric space, there exists a partition

of unity P fitting V.

It is convenient to isolate the next simple principle, which will be used several

times in the sequel.

Lemma 1.16. Let V be an open cover of K, and P a partition of unity fitting V.
Suppose for each v € V, there is given p, € Cy(V). Then ¢ a Y ovev(©uXy)py is
a continuous function on K. If moreover for some A < 00, ||@y]loo < A for all v,

then also ||p|lec < A.

Proof. We first note that fixing v € V, then (¢, X,)p, is continuous on K. Indeed,

LN L b Y S o Y Y S S A W S o R
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is continuous on K and p,(x) = 0, py(x,) — 0, 50 (puXy)(2n)py(zn) — 0 since ¢,
is bounded.

Next, given x € K, choose F a finite non-empty subset of P and U an open
neighborhood of z with UNV = () all v ¢ F. But then by property (b) of the above
definition, ¢ | U =} . p(¢jXy)py | U, which is of course continuous on U. Finally,
letting [|y)lee < A for all v € V, then for k € K, |p(k)] < 3 ey l1@5]lcopo (k) <

A pp(k)=A O
We now pass to the proof of the Localization Principle.

Proof of 1.14.
(a) Let U i {U, : x € K} be as in the statement, and let V be an open locally
finite refinement of U; then let P be a partition of unity fitting V. Let ¢ > 0. It

follows that given v € V, we may choose (¢7)32; in Cy(v) so that

Z“Pﬂ <|If lvllpw) +e<A+e

J

(37)
and f = Z ¢ pointwise on v .
J

Now fix j and define ¢; on K by

(38) 0i = > (¥IX)py -

veyY
By Lemma 1.16, ¢, € Cy(K); we then have

> el <303 el Xupe
J

(39> veVY J

<Y (A +e)py = A+e by (32)
veEV

Again using (37),
i =3 eXupy =) fru="F.
J veV j veV
Thus we have proved f € D(K) with || f||p < A+ €. Since € > 0 is arbitrary, (a) is
proved.
To prove (b), this time let € > 0, fix v € V and choose g, € Cy(v) and (¢}) in
Cp(v) with

{40\ ( |, AV - Y | ~ awnd £ _ 1 ( AU
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But then ||gy||cc < A+ f|loote, S0 g is bounded. Finally, define g = > ,,(guX0 )Py

and ¢; by (38) for all j. By Lemma 1.16, g is continuous and again, (39) holds.
Finally, we check that

(41) f=9+) ;-

Indeed,

g+ i =2 > (9v+¥Xupy

veV j

=Y f-p, by (40)

vey

=f.

Thus || f|lqp < A+ ¢; since € > 0 is arbitrary, ||f|l;p <A O

The next result shows that functions of small oscillation are close to continuous
functions. The qualitative result is of course standard; however our quantitative
version is essentially immediate from Lemmas 1.15 and 1.16 and also holds for the

complex scalars.

Proposition 1.17. Let f : K — C and ¢ > 0 be given, and suppose osc f(z) < €

for all x € K. Then there is a continuous ¢ on K with |p — f| < e.

Comment. Of course if f is bounded, ¢ is also, with ||¢]lec < ||f]loo + &

Proof. Given z € X, choose U, an open neighborhood of = so that
(42) |fly) — f(x)| <eforally e U, .

Let V be a locally finite open refinement of ¢/ & {Upy:z€ X}and P = {p, : v €V}
a partition of unity fitting V. For each v € V, choose = with v C U,; then set
Ao = f(z).

Now simply set ¢ = > -\, Aypy. By Lemma 1.16, ¢ is continuous. Since f =
> f - by, we have that

o= f1=1D"w = Fpol < Ao = flps <€ by (42). O

veY veY
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Proposition 1.18. Let f : K — R be a lower semi-continuous function. There
exists a sequence of real-valued continuous functions (¢;) on K with 1 < g <

< < i1 < -0 and @ — f pointwise.

Remark. Of course if f > 0, we easily obtain that we may choose the ¢;’s > 0
also, by simply setting ¢, = max{y,;,0} for all j. ;jFrom this it follows that if
f is a non-negative bounded lower semi-continuous function, then ||f||p = || f||co-
Finally, if f is a bounded semi-continuous function, then we obtain that ||f||p <
3| fllo- Indeed, let A = || f|lco and assume without loss of generality that f is lower
semi-continuous. But then f 4 A1l is non-negative lower semi-continuous, hence

If +Mp = ||f + A1]joe < 2X, whence | f||p < 3.

Proof of Proposition 1.18.

It suffices instead to construct a sequence (¢,,) of continuous real-valued func-
tions on K so that ¢, < f for all n and f = sup p,, (pointwise). We then simply
let @, = max{e1,...,p,} for all n.

Now fix n a positive integer, and let x € K. By the lower semi-continuity of f

we may choose an open neighborhood U, of z, of diameter at most 1/n, so that
1 .
(43) fu) > f(x) — - for all win U, .

Let V,, be an open locally finite refinement of U u {U, : = € K}, and let
(p)vey, be a partition of unity fitting V,,. Given v € V,,, choose U, with v C Uy,;
then set A\ = f(z) — 2. Now define ¢, by

(44) Pn = Z Zpg :

’UGVn

(In the above, “n” is an index, not a power!)
Then by Lemma 1.16, ¢,, is continuous. Now we have, for v in V), that Al'p} <
fpr. Indeed, on v, this is obvious by the definition of A\I}. But off v, both sides of

the inequality are zero. Thus,
dDAmpi< > foi=f
vEV, vEV,

Finally, we verify that f = sup,, ¢,. Fix x € K and € > 0. Then choose W an
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on K, W ={y: p(y,z) <r}). Now let n be chosen with L < r, L < e. Suppose
p(z) # 0. Thus z € v. Choose U, € U with v C Uy and A} = f(y) — 1. Now
diam U, < 1. Hence p(z,y) < 1,s0y € W. Thus A > f(z) —e— 1 > f(z) — 2e.
But then AI'pl(xz) > (f(z) — 2¢)pl(z). Of course this holds trivially if p}!(z) = 0
as well. Thus ¢, (z) = > AIpl(x) > Y (f(z) — 2¢)pl(x) = f(x) — 2¢. That is,

v

sup ¢, > f — 2e. Since € > 0 is arbitrary, the proof is complete. [

§2. THE D-NORM OF THE CHARACTERISTIC FUNCTION OF A SET.

In this section, we give a topological method for computing the D-norm of a
{0, 1}-valued function, and apply our result to show that the locally Lipschitz func-
tions are precisely those which operate on D(K) for general K. We also solve the
problem of representing a set W in D as a union of k disjoint DCS’s with k optimal;
it turns out that k ~ & where n = |[Xw||p.

As always, K is a fixed metric space. For A C K, 0A denotes the boundary of A.
If L C K, then 0p A denotes the boundary of AN L, relative to L. Thus, x € 9 A
iff x € L and there exist sequences (z,) and (y,) converging to x with z,, in L ~ A
and y, in AN L, for all n.

We then define 0" A, the n** boundary of A, as follows: 0°4 = K.

If 0" A has been defined, then 0"*' A = 91, A where L = 9" A. It follows imme-
diately by induction that 0" A is closed for all n. As we shall see shortly, A € D iff

0" A = () for some n.

Remark. The definition is easily extended to all ordinal numbers «a, rather than just
the finite ones. Thus, if 3 is a limit ordinal, set 9%A = ﬂa<6 0“A. If B=a+1,
set 0°A = Op A where L = 0%A. Again 0°A is closed for all 3. If K is a Polish
space we then have that X 4 is a Baire-1 function if and only if 9*A = () for some
o < wy. Since AN (%A ~ 98T A) is a clopen subset of 9°A ~ 951 A for all 3, it
follows that (Jg_, AN (0P A ~ OPFLA) represents A as an F, whose complement is
also on F,; i.e., we obtain the classical fact (cf. [H]) that A is then both F, and
Gs.

We now have the following simple result.

Proposition 2.1. Let A C K. Then

R . V2 . V2 —_— N/
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(b) 0"A = 0s,(Xa,¢€) for all positive integers n, and 0 < e < 1.

Proof.

(a) If z ¢ OA, then X4 is continuous at z, so the various oscillations given in
(a) are all zero at . Now it is also evident that 0 <8scX 4 < 1. Suppose = € JA,
and choose (z,), (y,) converging to x with (z,) C~ A, (y,) C A. If z is in A,
then osc X 4(x) > lim,, o0 [Xa(zn) — Xa(x)| = 1. If 2 is not in A, then osc X4 (z) >
limy, 00 [Xa(yn) — Xa(x)| = 1. thus oscXa(x) =1 < oscXa(z) <05 Xa(z) < 1.
This proves (a). Thus we obtain that os(X4,e) = 0A for any 0 < ¢ < 1. Then
(b) follows easily by induction. Indeed, we have just seen its validity for n = 1.
Suppose proved for n. But then os,41(Xa,e) = 08(X4|L,e) where L = 0™ A; but
this equals 01, A, again by the n = 1 case. [

We now define the (finite) index, i(A), of A C K as follows:

Definition. i(A) equals the largest n with 9™ A # (), if there is such an n; otherwise
i(A) = oc.

Of course we say that A is a set of finite indez if i(A) < co. Evidently Proposi-
tion 2.1 shows that i(A) = ig(Xa,e) for all 0 < e < 1. Thus i(4) =ip(Xa).

We may now formulate the main structural result of this section. Besides giving
a formula for the exact computation of D-norm of X4, for any given set in D,
we also obtain the rather surprising result that there exist k£ and disjoint DCS’s

Wi,..., Wi with [[Xalp = 325, [Xw,

D-

Theorem 2.2. A belongs to D if and only if A is of finite index. Suppose this is
the case, and let n = i(A).
(a) [[Xallqgp = n.
(b) (i) If AN9"A =1, then || Xa|lp = n.
(il) If ANO"A # 0, then || Xallp =n+ 1.
(c) If AN O"A = 0, then letting k = [2F1], A is a union of k disjoint DCS’s;
moreover one of these sets may be chosen open in case n is odd.
(d) If AnO"A # 0, then letting k = [§ + 1], A is a union of k disjoint DCS’s;

moreover one of these may be chosen open in case n is even.

The proofs of (c), (d) are constructive, and also yield the optimal number of

1 . _* 4, TNYC'Y_ 1. e e A
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Corollary 2.3. Let A, n be as above, and let k be as in case (c¢) or (d). Suppose
Wi, ..., Wy, are disjoint DCS’s with A =J;*, W;. Then m > k.

Proof. We have that

D§2m.

(1) Xallo <) IXw,

i=1

Thus in case (c), n < 2m by (b)(i), so m > 2, hence m > [2L]. The proof for case
(d) is identical, using (b)(ii). O

Let us next dispose of the parts of Theorem 2.2 that follow immediately from
our previous results. To see the first assertion, suppose A € D. Then X4 € D,
hence by Proposition 1.9 and the previous result, A is of finite index. But if
n = i(A) < oo, then A = J;_, AN (0'A ~ 8" A), and for each i, we have that
setting L = 0°A ~ 0" A, then AN L is a relatively clopen subset of L, hence ANL
is a DCS, so A € D. Next, as noted in Section 1, if 0s,(f, &) # 0, then the proof of
Lemma 1.8 easily yields that || f||,p > ne. Hence since os,, (X4, 1) = 0" A by Propo-
sition 2.1, [ X4llqp > n. We delay the proof of the reverse inequality until Section 3,
where we shall see that the natural properties of transfinite oscillations render this
transparent. Evidently we have immediately that ||[X4||p > n in case (b)(i), and
in case (b)(ii), Lemma 1.8 gives that if f = Xa, ||fllp > n+ [|f|osn(f,1)]|cc =
n+ || fl0"Alle0 =n+ 1.

Finally, |[Xa|lp < nin (b)(i), [[Xal|p <n+1in (b)(ii), follows immediately from
(c) and (d). (2.2(b)may also be deduced, alternatively, from the general structural
result in Section 3.) Indeed, let A = U?:l W; with the W;’s disjoint DCS’s, k as in

(c) or (d). Now in case (c), if n is even, then [|[Xa||p < Zle IXw,|lp <2k =mn. If

n is odd, then one of the W;’s may be chosen open, say Wj is open. But then

1
Xallp < 1+2(k:—1):1+2<n_2l_ )-2=n.
Similarly, in case (d), we again obtain that ||X4||p < n+ 1. Thus it remains to
construct the representations in (c¢) and (d). We first require two simple results.
Lemma 2.4. Let AC K and i(A) < 1. Then A is a DCS.

Proof. Tf i(A) = 0, A is a clopen set, since then A = (), so this is trivial. Suppose

e/ AN\ 1 NT . *C A~ 9O A N N Y, Y T s & I R
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ANOA # (. Since 0?4 = (), AN OA is a relatively clopen subset of A, so there
exists an open set V with VNO0A = ANO0JA. Let U =V UInt A. We claim that
A= ANU, (hence A is a DCS). First, if z € A and x ¢ Int A, then z € DA, hence
r€ ANJACU,sox € ANU. Butifx € ANU and = ¢ Int A, then z € V,
r€EA=r€cdA=2€VNIACA O

Remark. 1t is easily seen that if W is a DCS, then (W) < 2. Indeed, choose A D B
closed with B nowhere dense in A, and W = A ~ B. Then B C OW C A. But
then W N OW is a relatively open subset of W, hence its index relative to OW is
at most 1. In fact, (W) = 2 if and only if W N 0W is relatively open in OW but

not a closed set.

Given sets A and B, and j an integer, let 37(A|B) denote the j** boundary of
AN B, relative to B. (Thus 0(A|B) = 0p(A).)

Lemma 2.5.
(a) Let B,U be given sets with U open in K, and j > 0. Then & (BlU) =
("B)nu.
(b) Let A be any set, i any integer. Then AN (9'A ~ 972 A) is a DCS.

Proof.

(a) The statement is evident for j = 1. In fact, we have for any set M that
OvruB = (03 B) NU. But then if the result is proved for j and M = 87 B, we have
that (0"T1B)NU = 0y BNU and 7T (B|U) = B by induction hypothesis.

(b) Let X = 90°A, U = 9'A ~ 9"72A, B = AN X. Now we compute indices
relative to X. Evidently, I/ is open in X. By Lemma 2.4, it suffices to prove that
i(BNU|U) is at most one. For then BNU is a relative DCS in U, so it’s a DCS in K.
Now by (a), 0% (B|U) = (0% B) NU = (0"72A) NU = (), proving the assertion. [J

We now complete the proof of Theorem 2.2, (except for the equaltiy in (a))
proving (¢) and (d). Suppose then A N9J"A = (), and first assume n is even, so
k = 2. Then setting W; = AN (0%A ~ §2(+1 A), we have that W; is a DCS by
Lemma 2.5(b), and of course A = Uf;ol W;, so this case is proved. If n is odd, then
n =2k —1 (k as in (c)). This time set W; = AN (0?2714 ~ 9?"T1A) for 1 <i < k
and Wy = AN ~ 9'A. Then W, is open, W; is a DCS for all 1 < i < k as before,
and A = Uf:ol W;. Thus (c) is proved. Finally, for case (d), suppose first n is even.
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and Wy = AN ~ 0'A. Thus W, is open, the W;’s are DCS’s, and A = Uf:_ol W;
as before. (Note that 92*~'A = () since i(A) = 2k — 2.) Finally, suppose n is odd.
Then n = 2k — 1, and thus we simply set W; = AN (0% A ~ 0?72 A) for 0 <i < k.
Again using that 0?4 = (), A = U?:o W;, completing the proof. [

We next give examples of the phenomena described in the Theorem. For K a
metric space, o an ordinal, K(® denotes the at derived set of K. Thus, K(©) = K
by definition, and K1) denotes the set of cluster points of K. If K(® has been
defined for all & < 3 and 3 is a successor, say § = « + 1, then K(®) = (K (2)1),
Otherwise, K% = Na<s K@),

Proposition 2.6. Let K be a metric space such that K™ £ 0 for alln=1,2,....
Then for every positive integer n, there exist sets A, B C K, with i(A) =n, i(B) =

n, |Xallp =n and |[Xg||p =n+ 1.

Proof. The hypotheses imply that we may choose closed subsets K = X D X! D

X?2>...D> X" D X" ... so that
(2) X" is nowhere dense in X for all n.

Indeed, if K has no perfect subset, we may simply set X" = K" for all n. Other-
wise, we may apply the following topological fact: if X is a perfect metric space (i.e.,
XMW = X £0), there exists a closed perfect nowhere-dense subset Y of X. We may
then simply choose Y a closed perfect subset, and choose Y =YY > ... D Y" > ...
with Y *! nowhere-dense in Y for all n; then set X" = Y™ for n > 1.

Now fix n, and suppose first that n is odd, say n = 2k + 1. Let A = U?:o X2 ~

X279+l We then claim:

A =X’ forall0 <i<mn, and
(3)

oMttA=1.

Suppose this is proved for 0 < 7 < n. Now if ¢ < n, then if ¢ is even, say i = 27,
ANJA D X% ~ X2+ and since then X279 ~ X2+l 5 X+l  Xi+2 and
AN (X~ XH2) = (), 9'F1A D XiFl ~ Xi+2 = X! we clearly have that
OttA > X But X% ~ X2+ is a relatively open subset of 9°A, so 9"t1A =
X1 On the other hand, if i is odd, say i = 2j — 1, then AN AN (XZ~1 ~

~ 27\ h ™ 4 .+ x99 _1 ~29 1 _ 4 1 1. 140 oA
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O"1A C X%, Since X% ~ X%t ¢ ANP A and X% ~ Xt c X2-1 ~ X2,
QLA S X% ~ X2+ Thus 914 D X2 ~ X2+1 = X%, Finally, if i = n,
we obtain that AN 9™ A = (), proving (3). Hence we have that i(4) = n, and by
Theorem 2.2, that ||[Xalp = n.

Next, let B = (U‘I;:1 X%l ~ X2) U X?k+1 Again, by a proof about identical

to the above, we have
(4) OB=Xforal0<i<nand ""'B=0.

Thus again i(B) = n. Evidently now BN9"B = X" # (), so |[Xg|lp = n+ 1 by
Theorem 2.2.

Finally, if n is even, say n = 2k, let A = U?Zl X2%-1 ~ X% and B =
(U;:é X2 ~ X241y U X2?*. We again have that (3) and (4) hold, so i(A) =
i(B) =n and ||[Xallp =n, |[Xg||p =n + 1 by Theorem 2.2. O

Corollary 2.7. Let K satisfy the hypotheses of Proposition 2.6. Then D(K) #
By 5(K). Moreover there exists a set A C K with X4 € B1(K) ~ By 2(K).

Proof. Since D(K) C By /(K) and the D-norm is stronger than the sup-norm, were
D(K) = By/2(K), the norms would be equivalent by a theorem of Banach. But
of course Proposition 2.6 shows they are not. Finally, letting the sets X7 be as in
the proof of 2.6, the set A = U;io X% ~ X%7*1 has the property that i(A) = oo,
hence X4 ¢ By 2(K); since 0“1 A =0, X4 belongs to By(K). O

Remarks. 1. We may also easily construct explicit functions which belong to
By /2(K) but not to D(K). Thus, if K is as in 2.6, we may choose disjoint open
subsets Uy, Us,... of K, and for each n, a subset A,, of U, with i(A4,) = n and
X4, |lp = n. Nowlet f =35>, ﬁXAm Then f is clearly the uniform limit of
D(K)-functions, hence is in By /o(K). However || f|p > ||f|Un|D > % = /n for
all n, hence f ¢ D(K).

2. We obtain, in the next section, that if however X (") = () for some n, then

every bounded function on K belongs to D(K); thus D(K) = By 2(K) = B1(K) =
(> (K).

Our final result shows that a function ¢ : C — C operates on D(K) (for in-
teresting K') precisely when ¢ is locally Lipschitz; that is, ¢ is Lipschitz on com-
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z1)—p(22)|

sup{ |<P(|21_Z2| 21 # 22, 21,22 € W} ||@||Lip is called the Lipschitz constant of

®.)

Proposition 2.8. Let p: K — C be a given function.

(a) If ¢ is locally Lipschitz, then po f € D(K) for all f € D(K).

(b) If conversely K satisfies the hypotheses of Proposition 2.6 and po f € D(K)
for all f € D(K), then ¢ is locally Lipschitz.

Remark. (a) is due jointly to F. Chaatit and the author (cf. [C]). We note also that
the proof of (a) yields that for f € D(K) and ¢ locally Lipschitz

lpo fllap <l | WllLipl[ fllqp where W= {z: |2 < || flloc} -

(a) Let A\ = ||f|loc and suppose that ¢ has Lipschitz constant at most M on
{2z : |z] < A}. Then we claim that

() lpo fllp < ll¢llee + M| fliD -

Let € > 0. By Corollary 1.13, we may choose (f,,) in Cp(K) with f,, — f, || falleo <

A for all n, and

(6) [l ) U frr = fal < NI fllp +e

Since ¢ is continuous, ¢(f,) — ¢(f) and by the definition of M,

(7) [o(frt1) — o(fn)| £ M| frt1 — fol for all n.

Hence by (6) and (7),

(8) le(Fl+ D le(fas1) = e(fa)l < llelloo + M (I fllp + ) -

Of course (8) yields the estimate in (5), as well as the estimate in the above remark.
(b) Suppose to the contrary that ¢ operates on D(K) but ¢ is not locally Lip-
schitz. Suppose first that ¢ is continuous. Then by compactness, it follows that

there exist a scalar zy and for all n scalars, u,,, v, with u, # v, so that

(9) v o — 2z and 12n) — o)

— X asn — oo .
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Now we may assume without loss of generality that zop = ¢(29) = 0. Indeed, simply
replace ¢ by 1, where ¥(z) = ¢(z + 20) — ¥(20), if necessary; since ¢ operates on
D, so does .

Next, suppose a,b are distinct complex numbers, n is a positive integer, and
K =XyD X; D Xy D--- D X, are closed non-empty subsets of K with Xj;
nowhere dense in X; 1 for all i, 1 <i <n. Let X,,41 =0 = X,, for all m > n and
define g by g =0 on Xy ~ X; and

g=aon Xg;_1~ Xy
(10) g="bon Xy ~ Xo; 1
foralli=1,2,... ;

we then have
(11) nlb—al —2/b] < |lgllp < (n+1)|b—a| + 2|

Indeed, the proof of Proposition 2.2 yields that n|b — a| < |lg — bXx,||p <
(n+1)|b— al, since 2 (g — bXx,) = X4 where i(A) = n.

Now by (9), and the continuity of ¢, for each j we may choose distinct complex

numbers a; and b; with

(12) p(ay)], [p(by)] < 1
(13) a], b, < %
(14) 0(b;) — plaz)| > jlb; — ay] -

Then choose n; a positive integer with

1 1
— <Ibj—ai[ < —.
n; +1 n;

(15)
By (13), we have n; > j for all j.

Next, we may choose disjoint open sets Uy, Us,... in K with U;nj) # () for all
j. Finally, fix j, let n = n; and (by the proof of Proposition 2.2), choose sets
X1 D - D X, as above, with X; a closed nowhere dense subset of U;. Then define
g on U; by (10), where a = a;, b = b;. Of course we simply define g to be zero off
the union of the U;’s; again fixing j, we have by (11), (13) and (15) that

lg | Ujllp < (nj + 1)][bj — aj| + 2[by|

16
(16) <2—i—l<3.
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thus, g € D, with ||g||p < 3.
Now again, fixing j, we have by (11), (12) and (14) that

(@0 9) [ Ujllp = njlebs) — ela;)| = 2|e(b;)]

(17) > jnjlb; — aj| —2
.o Ny
> — 2 by (15).
]nj+1 y (15)

Thus [[¢og||p > sup, j —2 = 00, 80 pog ¢ D. This contradiction completes the

nj+1
proof of (b), in case ¢ is continuous. Now if ¢ is not continuous, but ¢ still operates,
then without loss of generality (by making the same modification as above), we may
assume that ¢(0) = 0 and ¢ is discontinuous at 0. Thus we may choose numbers

ai,asz,... and § > 0 so that for all n,

1
(18) lan| < 7 and |¢(an)| >0 .

Next, let the sets K = X° D X! D X?... be chosen as in the proof of 2.6, and
define f by

(19) f = Z anxxzn—1NX2n .
n=1
Since [lanXx2n-1x20||p < ge=r for all n, and D(K) is a Banach space, f € D(K).
However
(20) @ o f = Z (p(an)XX2n—1NX2n .

n=1

It then follows from (18), by the same argument as in the proof of 2.6, that
(21) X, =o0sp(po f,6) forall n.

Thus by Proposition 1.9, ¢ o f does not even belong to B /o(K). This contra-

diction completes the proof. [J

§3. THE TRANSFINITE OSCILLATIONS; PROPERTIES AND FIRST APPLICATIONS.

In this section, we introduce the transfinite oscillations as a tool in studying
D(K). As noted in the introduction, our main applications (given in Section 4),
really only involve the finite oscillations. However we give some initial general
results here; deeper applications involving arbitrary ordinals are given in [R3].

We begin by listing some useful permanence properties of the transfinite oscilla-

g
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Proposition 3.1. Let f,g be given complex-valued functions on K, t a complex
number, and o, 6 non-zero ordinals.

(a) osco f is an upper semi-continuous [0, co]-valued function: if a < 3, then

oscq f < osca f.

) oscq tf =|tloscy f and oscy (f + g) < o0scq f + 0scy g
(c) osca fg < U|flosca g+ Ulglosca f-

(d) oscq |f| < oscq f-

) Ifoscy f = 0Scaqt1 f, then osc, f = oscg f for all B > a. Moreover if f is real-
valued, this happens if and only if osc, f = f are both upper semi-continuous
functions.

(f) If f is semi-continuous, then osc, f = osc f = osc f = 0sc f.

(g) oscq f =o0sco(f + @) for all continuous ¢ : K — C.

Proof. The assertions up to the “moreover” statement in (e), as well as the assertion
(g), are easily proved by transfinite induction. For example, to see the assertion in
(c), (where we define 0o-0 = 00), suppose [ is a non-zero ordinal and the inequality
proved for all ordinals @ < 3. Now suppose first that § is a successor ordinal, say

08 =a+ 1. Then we have for z,y in K that

[f(W)a(y) = f(x)g(x)] < [fW)llg(y) — g(x)| + |g(x)| [ f(y) — f(z)]
<Ulfl(ylg(y) — g(x)| + Ulg|(x)[f(y) — f(=)] .

(3)

Now suppose none of the terms U|f|(z), oscgf(z), Ulg|(z), and oscg g(z) are
equal to infinity. Then by induction hypothesis, we have

05Cat1.fg(x) < limy . U|f|(y)|g(y) — g(x)| + U f(y) osca g(y)
(4) + limy ., Ulg|(2)|f(y) — f(x)| + Ulgl(x) osca f(y)

+limy o (Ulgl(y) — Ulgl(z)) osca f(y) -

The last term above is at most zero, since lim, . [U|g|(y)—U|g|(z)] limy— oscq f(y) =
0, by the upper semi-continuity of U|g|. Thus (4) yields

(5) oscp fg(x) < Ulf|(z)oscsg(z) + Ulg|(z)oscs f(x) -

Of course (5) holds trivially by our convention, if any of these terms equal infinity.

Again, if § is a limit ordinal, we obtain that (5) holds, by simply taking sups. The
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Next, we pass to the “moreover” assertion in (e), and the proof of (f). (These
may also be found in [R1], but for completeness we give them again, here.)
To prove the “moreover” assertion in (e), we first note that osc,, f < 0scay1f <

0SCq+1 f. It then follows that
(6) 0S8Cqt1 f = 0scq f if and only if 0scat1f = oscq f

(for if the latter equality holds, then since osc,, f is upper semi-continuous, 0scq11 f =
Uoscat+1f =Uoscy f =o0scq f).

Now assume f is real valued, and suppose first that osc, f = oscq41 f. To see
that osc,, f + f is upper semi-continuous, let x € K and (y,) be a sequence in K

with y,, — . Then
lim osca f(yn) + f(yn) — f(2)

n—oo

< n@o 08Caq f(Yn) + | f(yn) — f()]

< 05Cat1 f(2) = 0sCq f(2) by (6).

Hence

lim osc, f(n) + f(yn) < oscq f(z) + f(2)

n—oo

proving osc, f + f is upper semi-continuous. Since oscg f = oscg —f for all 3 by
3.4(b), it follows immediate upon replacing f by —f that also osc, f — f is upper
semi-continuous.

Now suppose conversely that osc, +f are upper semi-continuous, yet oscq41 f #
08Co, f- Then by (6) we may choose x € K so that oscoi1f(z) > osc, f(x).
But 63¢as1£(x) = i, . | F(y) — £(2)] + 0sca f(y) = max{lim, . (f(y) - £(2)) +
oscq f(y), limy_.(f(z) — f(y)) + osca f(y)}. Thus either

(7)) ?}ljrri f(y) = flx) + osca f(y) > osca f(2)
(7)(it) E f(z) = fy) + osca f(y) > osca f(2) .

But if (7)(i) holds, f + osc, f is not upper semi-continuous, while if (7)(ii) holds,
(—f) + 0scy f is not upper semi-continuous.

Finally, to prove (f), suppose without loss of generality that f is upper semi-
continuous. (For if f is lower semi-continuous, —f is upper semi-continuous, and

08Cq, f = 08co, —f.) But then f = U f and hence
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But thenoscf+ f=f—Lf+ f=2f—Lfandoscf— f=—Lf;thusoscf=+f

are both upper semi-continuous, so (f) follows from (e). O

Remarks. 1. Actually, an appropriate version of (e) holds for complex valued f
as well. The result: osc, f = oscqt1 f if and only if osco, f + Repf is upper
semi-continuous for all scalars p with |p| = 1. To see this, suppose first osc, f =
0S8Cq+1 f- Since oscy f = oscy puf if || = 1, it obviously suffices to prove (in general)
that osc, f+ Re f is upper semi-continuous. Were this false, we could choose x and
(x,,) converging to x with

lim Re f(z,) + (0scq f)(zn) > Re f(z) + oscqy f(z) .

But then
o f(2) 2 lim |f(a) = f(@)] +o5cn f(z2)

> nlggo Re [f(xn) — f(x)} + 0scq f(2n) > 0scq f(T) ,

contradicting our hypothesis. Conversely, were it false that osc, f = oscqt1 f,

choose x € K and (z,,) converging to x so that
(Sé—éa-l-lf(x) = nll_)l’folo ‘f(xn) - f(.i())| + 08Cq f(xn) > 0SCq f(.il)) :

We may assume without loss of generality that L I im,, o |f(x)— f(z,)] exists;
thus also M & osca f(zy,) exists, and since M < osc,, f(z), L > 0 (and M < o0).
But then it follows that we may choose p with |u| = 1 so that setting z,, = f(z,) —
f(x) for all n, then after pursuing to a subsequence if necessary, we have that
L =lim, . Repz,. (If L = co, p = £1 or +i works; otherwise let p,z, = |2/,
|n| = 1, and after passing to a subsequence, suppose p,, — p.) But then we have

that

05Cat1f(x) = nh_{{)lo Re [Nf(xn) - Nf(x)] + 0scq f(zn) > 0scq f(2)

which shows that osc, f + Re pf is not upper semi-continuous.

2. For a an arbitrary ordinal, we let D, (K) denote the set of all bounded
f:+ K — C with osc, f bounded (for a > w; if 0 < a < w, let Do(K) = By /2(K)).
It follows from 3.1 (b), (c), and transfinite induction that D,(K) is a Banach
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yields that By,4(K) = D, (K). If K is separable, Theorem 3.2 below yields that
Na<w, Pa(K) = D(K). The Banach algebras D, (K), as well as the transfinite
analogues of By ,4(K), are studied in [R2].

We may now formulate a fundamental structural result for D(K). (Recall that
for a metric space K, wt K denotes the smallest possible cardinality of a base for
the open subsets of K; thus wt K = w if K is infinite separable; of course we identify

cardinals with “initial” ordinals.)

Theorem 3.2. Let K be an infinite metric space and f : K — C be a bounded
function. Let p be the least cardinal number with p > wt K. There exists an ordinal
a with a < p so that oscy f = oscg f for all B > a. Letting T be the least such «,
then f is in D(K) if and only if osc, f is bounded. When f is real valued and this

occurs, then

(9) Ifllo = N1f]+oscr flloe

and

(10) [fllqp = [l oscr flloo -

Moreover setting A = || | f| + 0s¢r flloo, u = % and v = %, u,v are
non-negative lower semi-continuous functions with f = u—v and || f||p = ||[u+v]co-

The proof is a minor modification of the one given in [R1]. We summarize the
ingredients, but refer to [R1] for certain details. We also note that the qualitative
part of Theorem 3.2 (i.e., the first four sentences in its statement) follows from the

earlier work of A.L. Kechris and A. Louveau [KL].
Lemma 3.3. Let u,v be non-negative bounded lower semi-continuous functions on
K. Then for all ordinals a,

(11) 0scq(u — v) < osc(u+v) .

For the proof, see Lemma 3.6 of [R1]. The next stability result appears in [KL]

for compact metric spaces; the generalization to arbitrary metric spaces presents

1YY



DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, 1 41

Lemma 3.4. Let p be as in Theorem 3.2, and (¢a)a < i be a family of upper
semi-continuous extended real-valued functions defined on K so that o < g for

all « < B. Then there is an ordinal oo < p so that ¢, = @g for all B > a.

Proof. This is essentially the same as the argument for Lemma 3.7 of [R1], but we
give the argument for the sake of completeness. Suppose not. Then by renumbering,

we may assume that

(12) Vo F# Pat1 forall a<p.

Now let B be a base for the open subsets of K with card B = wt K. Fix o < p;
by (12), we may choose x = z, € K with ¢,(z) < @a+1(x). Then by the upper

semi-continuity of ¢, choose U, € B so that x € U, and

(13) Ao L suppa(Ua) < ot (@) .

Now we may choose an uncountable subset I' of u so that
(14) Ua:Ugd:fU forall o,f€l .

Indeed, for each U € B, let I'y = {a < pu: Uy = U}. Then p = Jyeplv.
Now in fact, we must have that card'y = p for some U € B; for otherwise
letting k = card B, p would be at most card k X kK = k.

Finally, we have that for I" satisfying (14),
(15) Ao <Ag if a<pB, a,fel.

Indeed, fixing o < B in I and letting = = z, as above, we have that A\, < pa+1(z) <
wp(z) < suppg(U) = Ag. But of course since I' is uncountable, (15) is impossi-
ble. [

Proof of Theorem 3.2.

The first assertion follows immediately from the preceding Lemma and 3.1(a).
Next, assume f is real-valued. Then if f is in D(K), f = u—wv for some lower semi-
continuous bounded functions w and v; then osc, f < osc(u + v) by Lemma 3.3,

so osc, f is bounded. Conversely, if osc, f is bounded, let A\,u and v be as in
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osc; f = oscr41 f, osc, f £ f are upper semi-continuous by Proposition 3.1(e),
which implies the lower semi-continuity of u and v; since u, v are bounded, we have
that f is in D(K).

Finally, for the norm identity, we first note that
(15) [fllp < llu+vloe = [[A —o0scr flloo <A

For the reverse inequality, let ¢ > 0, and choose g, h non-negative lower semi-
continuous with f =g —h and [|g + hlle < ||fllD + .

Then
|f| +oscr f=|g— h|+ osc (g —h)

<|g — h| 4+ osc(g+ h) by Lemma 3.3
=lg—h[+U(g+h)—(9+h)
<U(g+h).

Hence A = |[[f] + oscr flleo < (U(g + h)lloc = [lg + hlloe < [[f]lD + €. Since e >0

is arbitrary, (9) is proved.

To prove (10), we first observe that

(16) [oscr flloe <[ fllgn -

Indeed, if ¢ € Cy(K), then by what we have already shown and Proposition 3.1(g),

for any ordinal «,

[osca flloe = [l0sCa(f + @)oo < IIf +¢lln -

Thus taking the inf over ¢ in C(K) and letting o = 7, we obtain (16).
For the other inequality, let ¢ > 0. We shall prove that for all x € K, there

exists U an open neighborhood of = so that

(17) Iflgpry < oser f(z) + e

Once this is proved, we have by the localization principle, Proposition 1.14(b), that

(18) [fllqp < [loscr flloo +€ -

Of course since € > 0 is arbitrary, we then obtain the opposite inequality in (16)
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Now fixing = € K, since osc, f(x) = osc, f(z), we may choose U an open neigh-

borhood of z so that

(19) |f(y) — f(x)|+osc, f(y) <osc, f(z)+e forall yeU .

Now setting 5 = f(z), we have proved that

(20) Sug |f(u) — Bl + osc, f(u) <oscr f(z)+e€ .
ue

But of course osc,(f — 3) = osc, f = oscr41 f = osc-11(f — B). In particular, this
holds on U. Thus, by (9) (i.e., the first norm assertion of the theorem), we have by
(20) that

1f = Bllpw) < oser f(z)+e,

which of course yields (17).
The theorem is thus established for real-valued functions. Now suppose f is
complex-valued. Then it is easily established by transfinite induction that if g =

Re f or Im f, then
(21) 08Cq g < 08cy f for all ordinals « .

Thus we obtain that oscgg < oscg f = osc, f for all § > 7 (where 7 is as in
the statement of the Theorem). Hence if osc, f is bounded and [ is such that
oscg+1 g = oscgg for both g = Re f and g = Im f, then oscgRe f, oscgIm f are
both bounded, whence f is in D(K) since its real and imaginary parts belong to
D(K). Of course if fisin D(K), then we trivially have that Re f, Im f belong to
D(K), and then osc, f < osc; Re f + osc, Im f by Proposition 3.4b; thus osc, f is
bounded. This completes the proof of Theorem 3.2. [

We next give several complements and remarks concerning Theorem 3.2.

Let f : K — C be a general function. We define the D-index of f, denoted
ip(f), to be the least ordinal a so that osc, f = 0sca+1 f. We show in [R2] that
if K is an uncountable compact metric space, then for f € D(K), ipf may be
any countable ordinal. (An analogous index and result were previously obtained in
[KL].)

Evidently if n = ip(f) < oo, and f is real-valued, we obtain from Theorem 3.2
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then || oscy, flleo < n||flls). In particular, by Proposition 3.1, we recapture our
observation at the end of Section 2 that if f is semi-continuous, [|f||p < 3||f]|co;
moreover if f is non-negative, then || f||p < 2| f]|co-

Suppose o = ipf and f € D(K), with f real-valued. Since osc,, f & f are both
upper semi-continuous, it follows that osc,, f + |f| = max{osc, f+ f, osc f — f} is
upper semi-continuous, and since f = WTJ”C, also oscy f+fT, oscy f+f~ are upper
semi-continuous. Thus we obtain f = u—v where v = oscy, f+fT, v = 0scq f+f;
u, v are non-negative upper semi-continuous and again ||u + v||sc = || f||D-

We also note that for f € D(K) complex valued and o = ip(f), we have

(22) sl < 1f+osca flloo < 2 fllp -

Indeed, let § = max{a,ip Re f, ipIm f}. Then
Ifllp < [[Re fllp + [ Im fllp
= |[Re f| +oscg Re flloc + || [ Tm f| + 0scs Im f o
< 2[[|f]+ oscp flloo by (21))
= 2[[|f[ 4 osca flloc -
On the other hand, |f|+osc, f < |Re f|+o0scq Re f+ |Im f| + osc, Im f by Propo-
sition 3.1(b). Hence
[/ 4 0sca flloo < || Re f| + 0sca Re flloo + || [ Im f| 4 0scq Im fl|o
< ||Ref|lp + ||[Im f||p by Theorem 3.5
<2|fllp -

Remark. Actually, we may obtain a decomposition of an arbitrary complex-valued
D-function into a linear combination of semi-continuous functions, without passing
to the possibly higher indices of its real and imaginary parts; also the considerations
about absolute values hold as well. Thus, suppose f € D(K) and o = ipf. We
then have (by the Remark following the proof of Proposition 3.2) that if F' = osc,, f,
then

(%) F + Repf is upper semi-continuous for all scalars p with |u| = 1.

Thus in particular, '+ Re f and F' + Reif are upper semi-continuous, so setting
F4+Re f F—Ref ~ F—Rezf ~ F+Reif 1+ ~ o~ 11
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semi-continuous, and f = (u — v) + i(a — ©). Finally, we note that if F' is any
non-negative bounded upper semi-continuous function satisfying (), then it follows

that F' + |f| is upper semi-continuous. Thus osc, f + |f| is upper semi-continuous.

To see the above claim, suppose to the contrary that F' + |f| is not upper semi-

continuous. Then choose x and (x,,) converging to z with
lim Fleg) + |f](@a) > F(@) +|f](@)

By passing to subsequences, we may assume that L & lim,, o F(x,) and M =
lim,, oo | f|(xy,) exist. Since L < F(z) by the upper semi-continuity of F', we have
that M > 0. Choose p, with |u,| = 1 and |f|(x,) = Re pnf(x,) for all n. By
passing to a further subsequence, we may assume that u 4 im [, exists. Since f

is bounded, Re(u,, — ) f(xy,) — 0, whence M = lim,,_.., Re pf(z,). But then

lim [F(z,) + Repf (2,)] > F(z) + |f|(x) > F(x) + Re pf () .

n—oo

contradicting ().
The next result yields an interpretation of the function osc,, f, for a« = ip f, and

also shows the quotient norm || f||,p is always attained (for real-valued f).

Definition. Given f: K — C a bounded function and x € K, set

| fllgpz) = inf{|[f | Ullqp : U is an open neighborhood of z} .

Corollary 3.5. Let f: K — R be a bounded function and o = ipf.
(a) oscq f(x) = || fllqp(x) for all x € K.
(b) If f € D(K), there exists a p € Cy(K) with || f|lqp = ||f — ¢llb-

Remark. The proof of (b) yields an alternate proof of (10) in Theorem 3.2; the

proof doesn’t use partitions of unity.

Proof. (a) Let x € K. If osc, f(x) < oo, then by the upper semi-continuity of
0SCq f, given € > 0, there is an open neighborhood U of z with osc, | U <
oscq f(x) + €, and hence by Theorem 3.2, f € D(U); moreover ip(f | U) < «,

so also we have that
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(where the equality follows by (10) of Theorem 3.2). Thus (a) follows when osc,, f(z) <
0o, since € > 0 is arbitrary. Again if f € D(U) for some open neighborhood U of
x, we obtain that osc, f(z) < || f | Ullqp < 00, and this establishes (a), for we also
get that then osc, f(z) = oo iff f ¢ D(U) for every open neighborhood U of x.
To prove (b), we first recall the standard result (the Hahn interposition theorem):
given u, £ upper, lower semi-continuous functions respectively on a metric space K,
with u < £, there exists a continuous function ¢ on K with u < ¢ < /.

Now let f € D(K), and f = || oscq f|leo- It suffices to prove there exists a

continuous ¢ on K with

(23) osCo f =B <@—f<B—oscaf.

Indeed, then ¢ satisfies

(24) ‘f_ 90‘ +OSCaf < 5

Of course then ¢ is bounded, since f is, and moreover ip(f — @) = ipf, so by

Theorem 3.2, since also osc,, f = osco(f — @),

(25) If —ellp=1f —¢+oscalf — @)oo <8 .

However it follows from (9) of 3.2 also that || osc, flleo < || fllqp, Whence || f —
ellp = fllqp-

Now set w = f 4+ osco f — B, £ = f — osc, f + (; then u,f are upper, lower
semi-continuous respectively, by Theorem 3.2, and of course u < ¢, for this just
says osc, f < (3. Hence by the Hahn interposition theorem, there is a continuous

¢ with u < ¢ < /; then ¢ satisfies (23), completing the proof. [

We recall that for f : K — R bounded; || 05C f| oo = inf,ec, (k) | f — ¢lloo, and
again the infimum is attained. Thus also 0S¢ f(z) may be obtained as the local
distance (at x) from f to Cy(K), just as we have done for D(K). Now suppose
f € D(K) and ipf = 1. Then we obtain that ||osc f||cc = infuec,x) |f — ¢llD>
(and the infimum is attained). thus osc f in this case, is the appropriate measure
for the D-distance to Cp(K), while 65¢ f gives the measure for the sup-distance.

We next give a basic tool for computing the finite oscillation functions. For
example, this result, combined with Theorem 3.2, implies Lemma 1.8 for real func-

tions; we shall see shortly that it also yields immediately (in combination with 3.2)
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Lemma 3.6. Let f : K — C be bounded, n a positive integer, and x € K given.
Then
(26)

k

oscy, f(z) = sup{Zai 1<k<n,e>0 forall 1<i<k, and z € osi(f, (82))} .
i=1

Remark. We interpret the sup of the empty sum to be zero. Now let W,,(z) be the

term on the right side of the equality in (26). Then it is obvious that

Wy(z) = Sup{z g;:g; >0 for all i and z € os,(f, (5,))} .
i=1
Indeed, suppose n, (¢;)I_; are given, and i1 < --- < i, are the indices j with ¢; > 0.

Then os,,(f, (€i)) = osk(f, (€))-

Proof of 3.6. 1t is most convenient to prove the two relevant inequalities by induc-

tion on n. Let us first then show (by induction on k) that for e; > 0 all 1 <i <k,

k
(27) x € osk(f, (¢;)) implies osck f(z) > Zei .
i=1

Now this is trivial for £ = 1. Suppose proved for k, and let then = € osgy1(f, (£:)).
Set Y = osk(f,(¢;)) and g = f | Y. Since then osc g(z) > ex41, given 0 < € < €p41,

we may choose (z,,) in Y with z,, — = and
(28) 0sc g(xpm,) > €x41 — € for all m .

Now fixing m we may choose (y7*) in Y so that y7* — x, as j — oo and

(29) |9(xm) — g(y;")| > exy1 — € for all j .

Hence,

05Ck+1.f (Tm) > j@folo |f(zm) = f(yi")| + oscy f(y]")

k
>epr1— €+ Z g; by (28) and the induction hypotheses.
i=1
Thus osciy1 f(2) > lim,, oo 05Ck 41 f(Tm) > Zf;l g; — €. Since € > 0 is arbitrary,
(27) follows, and thus we have for all n and x that osc,, f(x) > W,,(x) (where W,

is defined in the above Remark). It remains to prove
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Again, this is obvious for n = 1, since we need only take ¢ = osc f(z); then
x € os1(f,e). Suppose n > 1 and the statement proved for n. Fix z and choose

(x;) with z; — x and
(31) 61/ (w5) — 0Cn41 f(z) a5 § — o0 |

Then choose for each j, a sequence (y7,) with

(32 G¥ensaf () = m_ [F(w;) — F(y)] + oscq Fluh)
We may further assume, by passing to subsequences of (z;), and then of (v )%°_,
if necessary, that

lim |f(z;) — f(y2,)] = §; and lim osc, f(y7,) u Aj exist,

and that moreover 4 lim; .o d; and A = lim;_,o A\; exist. Thus
(33) 0sCnt1 f(z) =0+ X

Now if § = 0, then osc,11 f(x) = osc, f(z) and so oscp+1 f(z) < W,(z) <
Wyg1(z). Similarly, if A = 0, osc,41 f(x) = osc f(z) and we are done. So we
assume 9, A > 0. Now let € > 0, ¢ < min{d, \}. By passing to further subsequences,

we may now assume that

(i) d0j >0 —cand \j > A —¢cforallj,
(34) .
(ii) oscy, f(yl,) > XA — ¢ for all j and m.

It then follows by the induction hypothesis, that for each j and m, we may choose

non-negative sequences (8(-j ’m))n L with yJ. € osc,(f, (€7™)) and

(35) Z 6§j’m) >A—¢.
i=1

On the other hand, since we have that 2n||f|l > osc, f(yd,) > doi e?’"”,
J,m

the sequences (g;

) are uniformly bounded. It then follows, by passing to further

subsequences of (y7,) and (z;) if necessary, that we may assume for each i, that

: : im df .
(i) lim '™ = &l exists,
m—00

(36) .
(ii) lim & & - exists.
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We now have, from (35), that
(37) deizA—e>0.
i=1

Now let i3 < -+ <'ig be the indices j with e; > 0, and let 0 < 7 < minj<;<x&;;-
By finally passing again to further subsequences, we may at last assume (using

(36)) that ege > g;, —n for all £ and all j, and finally that

(38) el™ >e, —nforall 1 <(<k, allj,allm.
Now let py =¢€;, — 1, 1 < ¢ < k. Then we have that

(39) y) € osci(f, (o)) for all j and m.

Indeed, this follows from the following observation: Fix j and m, and let €/™ = 0
if r # iy any £; otherwise if 7 = iy, let €™ = py; then since 2™ < /™ for all

1 <r <n by (38),

(40) oscn (f, (ezm)) C oscy (f, €2™) = osc(f, (1)) -

Now since osc(f, (i¢)) is closed, then fixing j, we have since z; = lim, o ¥7,

and (39) holds, that

(41) z € osci(f, (ke)) -
Also
k
(42) ZueZA—s—kn
=1

(To see (42),

k n
D me=) (ei,—n) =) e —kn=A—e—knby (37)).

k
(=1 (=1 =1

At last, set pg+1 = 8§ —e. Since |f(z;) — f(y2,)] > § — € for all m, and (39) holds,

we have that

A\ - /7 / NN C_ 11 -
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Finally, since osci11(f, (1)) is closed, by (43) we have that also x € osci41(f, (141))-
We have by (42) and the definition of pj41 that

k+1
ZMz‘Z}\—l—é—%—kn

i=1
= 08Cp11 f(x) —2e — kn (by (33)).

But € > 0, n > 0 were arbitrary (and k < n), so we have indeed proved (30) for the

“n+1" case. U

We now draw several simple consequences of the lemma. The first one gives an
alternate formula for computing osc,, f. (The norm assertion in its statement is

given as Lemma 3 of the Introduction.)

Corollary 3.7. Let f: K — C be a bounded function.
(a) For all x € K,

k
ﬁ:wf(x):sup{25¢:1§k<oo,5¢>0f0ralllgi§k,
i=1

and x € osk(f, (5,))} :
(b)

k
|| 0sCw flloo = sup{Zai 1 <k<oo, g >0 foralli and osg(f, (;)) # @} .

=1

Proof. (a) follows immediately from Lemma 3.6 and the definition: osc,, f(x) =
SUPj <o 05Ck (f(2). (b) follows immediately from (a) and the definition: osc,, f =

Uoscy, f, whence || 0scy, flloo = [|0SCw floo- O

The next result shows in particular that functions of finite Baire-index belong to
D; this is proved by alternate methods in [CMR] (with a little more work, we also
recapture in Section 4, Corollary 4.11, the result of [CMR] that such functions are
in SD).

Corollary 3.8. Let f : K — C be of finite Baire index. Then f € D(K) and
ip(f) <ip(f). In particular if n = ig(f) and f is real-valued,

A AN\ I ell o Ly 1 1N el 711 e D | e 1 | a1l el
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Remark. We show below (as a simple exercise) that these estimates are best possible

(for any K with K(™) = () for all m = 1,2,...).

Proof. Let then n be as above, and suppose (6Z~)§:1 given with ¢; > 0 for all ¢ and
osi(f, (i) # 0. Let € = minj<;<k&;. Then osg(f,e) # 0, hence by definition of
ig(f), k < n. It then follows by Lemma 3.6 that osc,, f = osc,41 f, so ip(f) < n.
Thus by Theorem 3.2, if f is real,

(45) [fllp = [/ + oscn flloe and [[fllgp = [[0scn flloo -

The estimates in (44) are now immediate. [

Corollary 3.9. If some finite derived set of K is empty, then every bounded func-
tion on K belongs to D(K).

Proof. Suppose K™ = (), K1) = (. Now fixing f : K — C bounded and & > 0,
it follows easily by induction that os;(f,e) € KU) for all j = 1,2,.... Hence
ipf<mn,so fe D(K). O

We next illustrate some of these results by computing the finite oscillations and
D-norms of some simple functions. We first give the case of characteristic functions

of sets.

Proposition 3.10. Let A be a non-clopen set in D(K), andn = i(A); set f = X4.
Then for 1 <m <n,
osC f(x) =3 forallz € A~ 1A, 0<j<m
(46)
0S¢y, f(z) =m for allz € O™A
It follows immediately, by Corollary 3.8, that then also n = ip(f). Indeed,
we have that ip(f) < ig(f) = n by 3.8; but (46) shows that osc,—1 f # osc, f.
Moreover this, together with Theorem 3.2, proves Theorem 2.2(a) and gives another

proof of Theorem 2.2(b). Indeed we have by 3.2 that || f||;p = || 0s¢,, f||cc = 1, while
1fllp =1I|fl+oscfllec=nif ANO"A=0; =n+1if ANI"AH#0].

Proof of 3.10. We prove (46) by induction on m. For notational convenience, set

K7 = &7 A for all j. First note that since f is {0, 1}-valued, osc,, f < m for all

o N 1 O /T . C. 4 *72 C_ 11 T 1 1 4941 4 e | r_



52 HASKELL ROSENTHAL

any non-negative function g and all m < oco.) Since each point of K! = 0A is a
cluster point of A and ~ A, osc f | K! > 1; hence osc f | K! = 1, and of course
osc f | (K° ~ K') =0 (recall that A = K by definition).

Suppose (46) established for 1 < m < n. Now it follows that i(A |~ K™*1)
the index of AN ~ K™*! relative to the metric space ~ K™*t! equals m. Hence
(08Crmi1 f) |~ K™ = oscna1 (f |~ K™ = (osc,, f) |~ K™ and this satisfies
(46). Now if z € K™ 1N A, since K™ = 9(A | K™), we may choose (z;) in K™ ~
A with x; — z. But then oscp,41 f(z) > limj_o0 | f(z;)— f(z)|4+0sCp, f(z;) = m+1.
Similarly if x € K™ ~ A, choose (z,) in K™ N A with x,, —  to again obtain
0SCmt1f(x) > m + 1. Since oscpy1 f < m + 1, we have thus established that

oscmi1 f=m+1on K™ completing the proof. [J

By Proposition 2.6, if K(™) = () for all m, we thus obtain that for all finite
integers n, there exists an f in D(K) with i¢pf = n. To see that the estimates in
Corollary 3.8 are best possible in such a K, fix n, choose sets K = K° D K' D
.- D K" > K" = () with K7 closed non-empty nowhere dense in K7~! for all

j=1,2,...,n, and now define f on K by
(47) f(z)=(=1) for ze K ~K/T' j=0,1,...,n.

Of course f = 2X4 — 1, where A = (K® ~ K') U (K? ~ K3)U---. Thus since
i(A) =n, ipf =n, and osc,, f = 20sc,, X4 for all m. So by what we have already
proved, ipf = n and moreover osc,, f = 2n on K™. Hence |f|+ osc, f =2n+1 on

K™, and trivially |f| 4+ osc,, f < 2n + 1. Thus by Theorem 3.2,

Ifllp = [ [f]+oscn fllo =2n+1
(48) [ fllgp = [[oscn flloe = 2n

and | osc flloo=1".

Thus for this f, since || f||ooc = 1, the inequalities in (44) are all equalities.

For another example, let J[0, 1] denote the space of all real-valued bounded
functions on [0, 1] with only jump-discontinuities; i.e., all functions f so that f(z+),
f(xz—), the “right and left limits,” exist at each x. As is well known, J[0,1] is a
Banach algebra under the sup-norm; if f € J[0,1] and ¢ > 0, then os(f,¢) is
a finite set, hence ipf < 1 for all such f. Evidently then igf = 1 = ipf iff

r - T 11 Y 11 ml.. = TINn 11 — 1Nl 11 Vds )l KD PR T P
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proof, is due jointly to F. Chaatit and the author; cf. [C].) It then follows that
1 fllp < 3| fllec and || fllqp < 2||f|lec for all f € J[0,1]. Finally, we have for any
f e J[o,1], x € [0,1], that

(49)  osc f(x) = max{|f(z) — f(z—)|,|f(2) = fla+)[} ,
(50) o8¢ f(x) = max{|f(z) — f(z=)|, [f(2) = f(z)| [f(a+) = f(z=)]} -

Evidently if f € J[0, 1] and is right-continuous, we have that 6sc f = osc f and
hence || f|qp = 2inf{|| f— ¢l : ¢ € C[0,1]}. (However if e.g., f = X[0,3)—X(3,1],
then || osc f|loc = 1 and || 05C f|loc = 2; then f has the same distance from C]0, 1],
in both the D and sup-norms.)

We give one last example, computing the D-norms for a natural class of simple

D-functions.

Proposition 3.11. Letn > 1 and K = Ko D --- D K, be non-empty closed
subsets of K with K; nowhere dense in K;_1 for all 1 <i < mn; set K,,1 = 0. Let
ag, - .. ,a, be given real numbers, and f : K — R be the function with f | (K; ~

Kiy1) =a; for all0 <i<n. Then

(51) 1Fllp =D lai — aia] +lan| and |[flgp = lai —aia| .

i=1 i=1

Proof. Let 1 < j <n. We shall prove by induction that

j
oscj f < Z la; — aj—1| on ~ Kjiq,
i—1

(52)
with equality holding on K; ~ Kj; .

The proof for j = 1 is rather evident, for f is continuous on Ky ~ K;, and
if x € Ki ~ Ky, then choosing (zy) in Ky ~ K; with zx — x we have that
osc f(x) = limg_o0 | f(xx) — f(z)] = |a1 — ap|. On the other hand, it’s clear that
osc f(z) < |a; —agl|, which shows immediately that osc f(z) = U osc f(x) = |a1 —ag|
also.

Now suppose j < n and (52) is proved for j. We seek to prove this for j + 1.
Again if we let © € K1 ~ Kj 2, we may choose (z) in K; ~ K1 with z;, — z,
and then

0scj1f(z) 2 lim [f(wy) — f(@)| + osc; f(xk)

(53) J
= laje1 —a;| + Y la; —ai_1] .
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To obtain the reverse inequality, let A = ||oscji1 f |~ Kjt2l/co, and assume
A > 0. We must show
J+1

(54) A S Z \ai — CLZ'_1| .
i=1

Since f is simple, there must be a smallest ¢, 0 < i < j, and an « ¢ K, o with

A = 08C;41 f(x). Then
(55) osc; f(z) < A

Indeed otherwise, again since f is simple, there would exist a y with osc; f(x) =
A = osc; f(y), contradicting the definition of i. Now if # ¢ K;i i then since
ipf |~ Kjt1 < j, ipf < j, and so osc; f(xz) = osc; f(z), whence (54) holds by
our induction hypothesis (52). Thus suppose x € K;11 and choose a sequence (x)

in K with z,, — x and

(56) osci1 f(w) = lim |f(zx) — f(x)] +osc; f(zn) -

Now without loss of generality, by passing to a subsequence, we may assume there

isanr, 0 <r <j+1, with
xr € K. ~ K, forall k.

In fact, » = j 4+ 1 is impossible, for then we obtain that osc;11f(z) < osc; f(x),
contradicting (55). Again, since ipf |~ K,+1 < r, we have that osc; f = osc, f on

~ K,11, and thus by (52) and (56),

s
0sCig1 f(2) < lajir — anl + Y lay — ap_1]

=1
j+1 r
< Y ar—aea|+ ) lag— ae]
l=r+1 /=1

proving (54). Of course (53) and (54) establish (52) for j + 1.
The conclusion of 3.11 now follows immediately from Theorem 3.2, for ipf <n
and hence [|fllqp = [loscn fI| = X274 lai — ai—a| by (52), while [|f|lp = [I[f] +

08Cp flloo = Z?Zl la; — ai—1| + |an|. (Indeed, on K; ~ Kjiq, osc, f = osc; f, so
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Remarks. 1. Of course (52) holds for complex numbers ag, ... ,a, as well. Now
assuming (as we may) that a; # a; 41 for all 0 <7 <mn —1, then igf = n. It can be
shown that ip f = n if and only if a; ¢ co{a;—1,a,41} forall 1 <i<n—1.

2. It follows from Theorem 2.3 that if f € D(K) is real-valued and K = |J,~., W},
the W;’s closed, then || f| px) = maxi<i<m ||f | Willpw,). (Cf. Lemma 4.21 and
the remark following its proof.) Call a function satisfying the hypotheses of 3.11
a cell. It can be shown that if f is a simple D-function, then there exist closed
non-empty sets Wi, ..., Wy, with K = J/", W, and f | W; a cell, for all i. Thus
in theory, one can compute the D-norm of an arbitrary simple D-function, using

this fact and 3.11.

§4. STRONG D-FUNCTIONS.

We begin with some natural examples of strong D-functions, needed in the se-
quel. Our first result is also shown in [CMR]; we give it again here, for completeness.

(As before, K denotes a given metric space.)
Proposition 4.1. FEvery bounded continuous function on K is a strong D-function.

Proof. Obviously it suffices to prove that continuous bounded real-valued functions
f are in SD(K). Let f be such a function, and suppose without loss of generality
that || f|lc < 1. Let € > 0. We shall show there is an upper semi-continuous simple

function ¢ with
(1) 0<f-p<e.

It follows, since then f — ¢ is non-negative lower semi-continuous, that ||f —¢||p =
| f — ¢lloo < ¢, proving our result.
Choose n with % < &, let —n < j <, and set 4, = {w € K+ < f(u) < 21},

Now define ¢ by
@) =3 I
()0 - n Aj .
j=—-n
It is then trivial that ¢ is a simple D-function and that (1) holds, so we need only
verify that ¢ is upper semi-continuous. Let then € K, and (x;) a sequence in K

with z; — x such that A g lim; ¢(x;) exists. We must show that

7\ A Y
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Since (A;)
that there is a j so that x;, € A; for all k. But then for all k, ¢(x)) = % and since

% < flzg) < % for all k,

7—_p Is a partition of K, by passing to a subsequence, we may assume

)+ 1
< f(z) < It by the continuity of f .
n

S [~

(4)
Thus A\ = % and ¢(x) = % or %, so (3) holds. O

We next give a useful class of functions of finite-index, containing S(K), the

space of simple D functions on K.

Proposition 4.2. Letn > 1, and K = Ky D K1 D - D K, D K,o1 = 0 be
closed subsets of K, with K,, # 0. Let f : K — C be such that f | (K; ~ K;+1)
belongs to Cy(K; ~ K;11) for alli. Then f belongs to SD(K) and igf < n.

Proof. 1t is worth noting first that if W is a DCS, then for any g : W — C,
(5) g € SD(W) if and only if gXw € SD(K) .

(Recall that g - Xy =0 off W; =g on W.)
Indeed, it is evident that g is a simple D-function on W if and only if gXy is a
simple D-function on K. Thus if g - Xy € SD(K), choose (f,,) simple D-functions
on K with f, — ¢ - Xy in D-norm; then evidently f,, | W — ¢ in D(W)-norm.
Conversely, if (f,,) is a sequence of simple D-functions on W and f,, — ¢ in D(W),
we have that f,Xw — gXw in D(K), since || fXw — 9Xwl p(x) < 2|[fn — 9llDw)
for all n by Proposition 1.6.
Now let f be as in 4.2. We thus have by the preceding result that f € SD(K),
since letting ; = f | K; ~ K41, then ¢; € SD(K; ~ K1), and f =37 0 0iXkmKisy -
Now to show the index assertion, let € > 0 be given. We then have by induction

that
(6) os;j(f,e) C K; forall j<n.

Indeed, the assertion is trivial for 7 = 0. Suppose proved for j < n. But then
0sj41(f,e) =o0s f| L,e) where L = os;(f,e). Since f is continuous on K; ~ K1,
it is continuous on L ~ K11, whence 0sj1+1(f, &) C Kji1.

Of course (6) yields that os,+1(f,e) = 0, since f is assumed continuous on K.

ml . 31 4 S LN\ m
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Remark. 1t is evident that every simple D-function satisfies the hypotheses of 4.2.
Indeed, let f be such a function, let A1,..., Ax be the distinct values of f, and set
e =min{|\; —A;| 14 # 7,1 <14,j <k}. Then it follows (as noted in Section 1) that
if LC K,ze€ L,and oscf | L(z) <e, fis continuous at . Now let n = ig(f,¢),
and let K; = osj(f,e) for j = 1,2,.... Then K,,;1 = 0 and f | K; ~ Kj4 is

continuous for all 0 < j < n. Moreover then igf = n.

We next prove the characterization of By /4 given in Theorem 2 of the Introduc-

tion. Thanks to Lemma 3.6, this follows from the following result.

Theorem 4.3. Let f: K — C be a given function. Then the following are equiv-
alent.
(a) f € Buja().
(b) There exists a sequence (@) of simple D-functions with @, — f uniformly
and sup ||¢n||p < o0.
(c) oscy f is bounded.

Moreover when this occurs and f is real-valued,

(7) 31 Flloe + l[oscy flloo) < [1fllB1/0 < flloo + 3l 0scw flloo -

To obtain Theorem 2, of the Introduction, simply note that by Corollary 3.7,
B = | oscy f|loo, where 3 is defined in the statement of Theorem 2. We also note

that for f € B4, [ complex-valued

(8> |||f|+6§éwf||oo < ||f||B1/4 :

This follows directly from Lemma 1.8; hence the first inequality in (7) also holds for

complex-valued functions. The argument below does not use Lemma 1.8, however.

Remark. After writing the first draft of this paper, we learned of the following
remarkable result of V. Farmaki and A. Louveau [FL].

If f is a real-valued function on K, then

1£llByy0 = || 1F] + 03¢ f]] . -

(We obtain this identity for strong D-functions f in Corollary 4.6 below). The proof
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yields that if osc,, f is bounded (with f real), then there exists a sequence (@) of
simple D-functions with ¢,, — f uniformly and ||¢.||p < || fllec + 3| 08¢w f||o for
all n. Although this estimate is probably not optimal, it seems unlikely that one

could choose such a sequence (¢,,) with ||onllp < ||| f] + 0S¢y, fl|o for all n.

Proof of 4.3. We may obviously assume that f is real-valued. To see (8), suppose
first f isin By/4 and let A = || f[|p, ,- Let n be a positive integer, ¢ > 0, and choose
¢ in D(K) with

€
) Jollo < A+e and flp— fll < © |
Then applying Proposition 3.1(b),
(10> 0scy [ —o0sc, p < OSCn(f - §0> < 2””@ - f“oo < 2.

Thus
[f]+oscy | < lip| +o0sc o +32 by (9), (10)

< |l¢llp + 3¢ by Theorem 3.2

< A+4e by (9).
Since € > 0 is arbitrary and |f| + osc,, f = sup,, | f| + osc, f, (8) now follows, and
of course (8) yields the first inequality in (7).
Suppose conversely that osc, f is bounded and let u = | osc, f|lco. Now fix

e >0 and set n =ig(f,e). Then
(11) ne < u by Corollary 3.9.

Now let K7 = osc;(f,e) for j = 0,1,2,...; thus K" # (), K™™' = ). By Proposi-

0.
tion 1.17, we may choose a function ¢ : K — R so that for all j, 0 < j < n,
(12) ¢ | (K7 ~ K7*1) is continuous and |¢(z) — f(z)| < € for z € K7 ~ K71 |
Evidently we thus have

(13) lo = flloo <€

Now by Proposition 4.2, ¢ € SD(K) and moreover ig(¢) < n, so by Corol-
lary 3.8, ip(¢) < n, and thus by Theorem 3.2,

/1 A\ " 11 Mmoo -
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Now we have that

(15) 08Cy, @ < 08¢y, f+ osc,(f — @) < p+2ne by (13)

< 3w by (11).
Thus (13), (14) and (15) yield

(16) lellp < [ £lloc + 3l 0scw flloo +e -

Applying (13) and (16) for arbitrary €, we have thus established the existence of
a sequence (y;) in SD(K) with ¢; — f uniformly and

(17) j@go leillp < [1flloo + 3l 0sCu flloe -

Of course this proves f € By /4, and moreover yields the right hand side of (7). A
simple density argument yields that in fact we may choose the ¢;’s to be simple

D-functions, thus yielding (b) and completing the proof. [

Remark. Define the quotient By 4-semi-norm, || - |45, ,, by |fll¢5,,, = inf{|f —
ollB,,, + ¢ € Cp(K)}. We then easily obtain that for f € By, ||fllgs,,, is
equivalent to ||osc, f|leo- Indeed, the proof of Theorem 4.3 yields that for real
fy lloscy flloo < | fllgp,,,- On the other hand, we have by (7) that

£lasya < _inf 1 = el + 3] o5cs

< JJosc flloo + 3[l0scu flloo < 40sce || flloo -

That is, we have

[oscy flloo < 1fllgBy,s < 4ll0scy flloo -

We next give some useful oscillation invariants for SD(K).
Proposition 4.4. Let f € SD(K). Then (osc, )22, converges uniformly to
oscy, f-

We delay the proof, to draw some immediate consequences.

Corollary 4.5. Let f € SD(K). Then

(a) ipf <w

N
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(b) osc,f = osc, f.

Proof.

(a) Let £ > 0 and choose n with
(18) osc, [ <osc, f+e.
It follows that fixing x € K, then

(19) 05Cu1.f(2) < 0sCni1 f(z) +¢ .

Of course (19) yields that osc,+1f < osc,, f+¢; since € > 0 is arbitrary, osc,11f =
osc, f = oscyq1 f =o0sc, f=ipf <w.

(b) This is immediate from 4.4, since osc,f = sup,, osc, f = lim,_ . osc, f
point-wise.

We shall use Corollary 4.5 later on, to construct some simple examples of func-
tions in D(K) ~ SD(K) for suitable K. The fact that D(K) ~ SD(K) is non-
empty in general, is obtained by different arguments in [CMR]. Now it follows also
by the results in [HOR] that the || - [[p and || - ||, are not equivalent on D, in

general. This also produces functions in D ~ SD, by the following result.
Corollary 4.6. Let f € SD(K), f real-valued. Then ||f||p = [|f|5, .-

Proof. We have that [|f[|5,, < |[f][p by definition. On the other hand, by the

previous corollary and Theorem 3.2,

Iflp = [[1f]+ 0scu flleo since ipf <w

= [[[f]+ oscw flloe < [[fB14 »
the last equality holding by the (8) (as shown in the proof of Theorem 4.3). O

To prove Proposition 4.4, we first note that if « is any ordinal and (f,,), f are in
D with f, — fin D(K), then also osc, f — osc, f uniformly. Indeed, this follows

immediately from the following simple result.

Lemma 4.7. Let f,g belong to D(K), and « be a given ordinal. Then ||osc, f —
08Ca Jlloo < If —9llp if f, g are real-valued, while || oscq f — 0scq glloo < 2||f —9llD

i general.

Proof. By Proposition 3.1(b), osc,, f < 0S¢ g+0scq (f —g) and so osc, g < oscy, f+
0scq (g — f), also osco (f — g) = 0sca(g — f), whence
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Lemma 4.7 now follows immediately from Theorem 3.2, since osc, ¢ < ||¢||p for

real-valued ¢, osc, ¢ < 2||¢||p for complex-valued ¢ (cf. (22) in Section 3). O
Proof of Proposition 4.4.

Let € > 0 and choose ¢ a simple D-function with

(21) lp—flp <e.

Then by Lemma 4.7,
(22) || 0sCq ¢ — 08Cq floo < 2¢ for any ordinal « .

As noted in the remark following Proposition 4.2, ¢ is of finite Baire-index. Thus
if n > ipp, we have that osc, ¢ = osc, ¢. Applying (22) for @« = n, a = w, we

obtain via the triangle inequality that
(23) | osc,, f — 0scy, flloo < 4de .

This proves 4.4. [

The next result yields that SD is the span of its semi-continuous members. (This
is Theorem 5a of the Introduction.) The proof uses the quantitative information in

Theorem 3.2.

Proposition 4.8. Let f € SD(K), € > 0, f real-valued. There exist non-negative

u, v lower semi-continuous functions belonging to SD so that
(24) f=u—v and [Ju+vlle <|fllp+e.

We first require the corresponding result for simple functions.

Lemma 4.9. Let f be a simple D-function.
(a) osc, f is simple for alln =0,1,2,....
(b) If f is real-valued, there exist simple mon-negative lower semi-continuous

functions u and v with
(25) f=u—v and |lu+vle=]|flp -

) o Y
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(a): Let A1,..., Mg be the distinct values of f. Let W = {|A\; — ;| : 1 <14,j < k}.
Let Lj = {w; 4+ ---+w, : 1 <7 < jand w; € W for all i} if j > 1; let Lo = {0}.
Evidently L; is a finite set, for all j. We then have that

(26) osc; f is valued in L; for all j.

This is trivial for j = 0; suppose the result proved for j. Let x € K, and choose

(x;) in K, x; — x, with

oscj1f(z) = lim [f(zn) = f(z)] + osc; f(zn) -

By passing to a subsequence, we may chose w € W and z € L; so that |f(x,) —
f(z)| = w and osc; f(z,) = z for all n. Evidently then oscjy1f(z) = w + 2, and
this belongs to Lj;1. It is now evident that also Uosc,11f = oscjt1 f is valued in
Lji1. Hence (26) holds and thus (a) is proved.

(b): Since f is of finite Baire index, there is an n < co with ipf = n. Thus by
Theorem 3.2, letting A = || f||p, we have that f = u — v and ||u + v|| = A, where

A+f—oscy f A—f—oscy f
2

U=t v = , and u,v are lower semi-continuous non-negative.

Now u and v are simple functions by part (a), proving (b). O

Proof of Proposition 4.8. Recall that S(K') denotes the family of simple D-functions

on K. Since SD(K) = S(K) by definition, a standard density argument shows that
given € > 0 and f € SD(K), we may choose (f,) in S(K) with

(27) Y lfallo <fllp+¢ and f=>" fa

(where the series in (27) converges in D(K)). By Lemma 4.9(b), for each n we may

choose u,,, v, > 0 simple lower semi-continuous with

(28) fn =up — v, and anHD = ||un+vn||oo .

Now set u = > u, and v = > v,. Since the series Y wu, and > v, converge
uniformly, u,v are non-negative lower semi-continuous, and of course f = u — v,

and for any x € K,

u(z) +o(x) =Y (un+0a)(@) < Y|l fallp <[ fllp +¢ by (43).

Hence ||u+ v||oo < ||f|lp + &. Finally, we have that >  w,, > v, converge to u,v
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semi-continuous function, since this is the uniform limit of Z;"’:n 41 Uj as m — oo.

But then ||u — uy||p = [|[u — Unl|oo < Z;’;nﬂ |uj]loc — 0 as n — oo (by (27) and

28)); the argument for v is identical. Thus since Y ", u; and > ", v; are simple
j=1" j=1"J

for all n, u,v belong to SD. [

Remark. If f € SD(K) and osc,, f is also in SD(K), then Theorem 3.2 and Corol-
lary 4.5a yield Proposition 4.8, with in fact the functions u, v in its statement chosen
with || f||p = |[u+v||~. However it can be seen that for any compact metric space K
with K@) 2 (), there exists an f : K — R with ig(f) = 1, yet osc; = osc f = O8c f

(= osc,, f) is not strong-D.

We next assemble some tools to prove that SD is a complex lattice. We require

the following structural lemma, which is obtained in [CMR].

Lemma 4.10. Let f and g belong to By /4(K), e > 0. Thenip(f+g,e) <ip(f,5)+
7:B (97 %)
(We establish a generalization of this result later, in Lemma 4.20, in order to

characterize SD intrinsically.) It follows immediately from 4.10 that if f and g are
of finite Baire index, so is f + g and

(29) is(f+9) <is(f)+islg) -

Proposition 4.2, together with (29), easily yields that functions of finite index
are strong D. This result is obtained in [CMR] by (29) and other methods.
Corollary 4.11. FEwvery function of finite Baire index belongs to SD.

Proof. Assume that f is real valued on K, of finite Baire index, let n = ig(f), and
let £ > 0. Setting K7 = os;(f,¢) for all j, then K™™' = (), and by Proposition 1.17,

we may choose a function ¢ on K so that for all 0 < 5 < n,
(30) | (K; ~ Kjy1) is continuous and |¢ — f| <eon K; ~ Kj41 .

By Proposition 4.2, we have that ¢ € SD(K) and ip(¢) < n. Hence by Lemma 4.10,
applying (29), ig(¢ — f) < 2n. Thus by Corollary 3.8, ip(p — f) < 2n, and thus
by (3.44), ||l¢ — fllp < (4n+ 1)e. Since € > 0 is arbitrary, the result is proved. O
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Definition. B? /2(K ) denotes the family of all bounded functions f : K — C so that

(31) i%eiB(f,e)zo.

We need the following result, established in [CMR] and reproved here for com-

pleteness.

Proposition 4.12.
(a) SD(K) C BY ,(K).
(b) If f € B?/Z(K) and f is semi-continuous, then f € SD(K).

(c) B?/Q(K) is a linear space. Moreover |f| € B?/Q(K) provided f € B?/Q(K).

Proof. We first show (c). If f,g € B?/z(K), then using Lemma 4.10,
limeig(f+g,e) <2limdip(f,d) +21lim dig(g,d) =0 .
e—0 5—0 5—0

Thus f+g € B?/Q(K). If X is a non-zero scalar and € > 0, then by induction
we see that os;(\f,e) = osj(f,ﬁ) for all j, hence ig(\f,e) = iB(f,le), and so
lim. g eip(Af,e) = |A|lims_o dip(f,0) = 0. Finally, os;(|f],e) C os;(f,¢) for all
Jj, hence ig(|fl,e) < ig(f,e), whence |f| € B?/Q(K), proving (c). To prove (a),
let f € SD(K), assume without loss of generality that f is real, let n > 0, and
choose g a simple D-function with || f — g||p < 7. It then follows by Lemma 1.8 (or
Theorem 3.2 and Lemma 3.6) that

(32) eig(f —g,e) <n forall e>0.

Since ¢ is a simple D-function, ¢ has finite index; say pu = ig(g). Then by
Lemma 4.10, for any € > 0,

i) in(1-0.5) +ein(05)

< 2n+¢ep by (32) and the definition of p.

Hence lim, g cig(f,€) < 2. Since n > 0 is arbitrary, (31) holds.
Finally, to prove (b), suppose without loss of generality that f is upper semi-

continuous, let n > 0, and choose £ > 0 so that
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Let then n = ig(f,¢) and set K/ = os;(f,¢) for all j. Thus K™ # 0, K" ™! = ()
since for all j, osc f | (K7 ~ KIt!) < ¢, we may choose for each j a continuous
function ¢; on K7 ~ K7T! with |p; — f| < e on K7 ~ KIT1,

Now set g = Z?:o 0 Xgi~gi+1. By Proposition 4.2, g € SD(K). Fixing j and
letting W = K7 ~ KJT1 then evidently f — ¢ is upper semi-continuous on W;

hence

(34) 15 = 9) | Wlhoaw) < 31 — glloe < 3¢ -

Thus by Corollary 1.8,

(35) 1(f —9)Xwlpx) < 6e .

Thus

1 =gllp = || D20 = 9Ppcsmarcra |
j=0

< Z 1(f = 9)XKkinxit1]lD

j=0
< 6ne + 6¢
< Ty by (33).
Since 1 > 0 is arbitrary, we have proved f € SD(K). O

We need one last rather delicate structural result.

Lemma 4.13. Let f belong to SD(K). There exists a non-negative upper semi-

continuous function F, belonging to SD(K), so that F'+|f| is upper semi-continuous.

We can now easily prove that SD(K) is a complex function lattice, completing

the proof of Theorem 5 of the Introduction.
Theorem 4.14. Let f € SD(K). Then |f| € SD(K).

Proof. Let f € SD. Hence by (a) and (c) of Proposition 4.12, |f| € BY ,(K).

Choosing F as in Lemma 4.13, F € B} ,(K) and hence F + [f| € BY ,(K) by
4.12. But then since F' + |f| is upper semi-continuous, F'+ |f| € SD by 4.12(b), so

|fle SD. O

Remark. Of course 4.14 is equivalent to the statement that if f, g are real functions
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fact that only Lipschitz functions operate on SD (Proposition 2.8). We also give an
alternate proof of 4.14 in the remarks at the end of this section, using the structural

characterization of SD given there.

Proof of Lemma 4.13. Let f and € be as in the statement. By the argument in the
Remark following the proof of Theorem 3.2, it suffices to construct F' a non-negative

strong D upper semi-continuous function so that
(36) F + Repf is upper semi-continuous for all p with |u| = 1.

Let € > 0, and choose (f,,) simple D-functions with

(37) Y lfullp <oo and f=>fn.

Now for each n, let F,, = osc,, f,. Since f,, is simple, it is of finite index, and hence
F,, = oscyy,, frn for some m,, < oo; thus by Lemma 4.9, F}, is simple. Now it follows

by Theorem 3.2 that

(38) 1En + [fnl lloo < 2[[fnllD -

Thus we have that

(39) D NPl <00

It follows that the series Y F, converges in D-norm, to a function F say. Indeed,
we have for all n that |F,||p < 2||F.|e since the F,’s are non-negative upper
semi-continuous. Hence F' € SD, and F' is non-negative upper semi-continuous,
since it is a uniform limit of such functions. Now since >’ f,, converges uniformly
to f, then given p a scalar with |u| = 1, >  Repuf, converges uniformly to Re puf.
But by the Remark following the proof of Theorem 3.2, we have that F,, + Re uf,
is upper semi-continuous for all n. Now by (37) and (38), > F,, + Re uf,, converges
uniformly to F'+ Re puf; thus F' + Re uf is upper semi-continuous, being a uniform

limit of such functions. Hence (36) holds, completing the proof. [

Remark. Suppose f is real-valued, and € > 0 is given. Then with a little more

care in the proof, using the fact that then || F, +|fn| [|coc = || fnl|p for all n, we may
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proof also constructs our F' so that F'+ f are both upper semi-continuous. Thus
setting A = ||F' + | f| || ooy v = ’\_TFJ”I, v = %_f, we have that u,v > 0 are lower
semi-continuous S D-functions with f = u — v and ||u + v||s < ||f]|D + €; that is,

we recapture Proposition 4.8.

We next give several examples of functions in D ~ S D, illustrating the invariants

for SD given above.
Example 1. A bounded upper semi-continuous function which is not strong-D.

Let K(™ = ) for all n. By the discussion in Remark 1 after Corollary 2.7,

we may choose Uy, Us, ..., disjoint open sets, and for each n, a set A, C U,
with i(A, | U,) = [[Xa,|lp =n. Let g = > 7, X::” and f = osc, g. Then by

Proposition 3.10, for each n, we may choose sets K2 D> K! D> --- D K™ with
K% = U,, K} relatively closed nowhere dense in K:~! for all 1 <i < n, K7 # 0,
K =0, so that

(40) oscwgzoscng:lonK£~K£+1 forall 0<j<n.
n

It follows that K C os,(f, 1), hence ig(f,1) > n for all n, so f fails (31), and so
f ¢ SD by Proposition 4.12.

Alternatively, we may argue directly that ¢ itself is not in SD by showing that
(oscy, g) fails to converge uniformly; since g = u — v for some non-negative upper

semi-continuous functions, we have that either u or v cannot be strong D.
Example 2. A D-function f with osc, f # osc,, f, and ipf = w.

Suppose K is compact with K“) £ (0, and let p € K“). Choose disjoint open
subsets Uy, Us, ... of K with p ¢ |J72, U, so that

(41) dist(p,U,) — 0 as n — o0
and such that for all n, there is a set A,, with

A, CU, and i(A, | U,) =n=|Xa,lp -
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Now it follows that A & U>Z, A, U{p} is closed and f is zero off A, hence also
osc floa = 0. If x € A, x # p, then = € U, for some n, and then osc,, f(z) =

0SCp+1 f(x). Hence

(42) ipflep Sw .

Now we have that

(43) oscg f(p) =0 for k=1,2,... .
Indeed we have that

(44) 1}1_% osck f(y) =0 for any k.
Y#p

For, fix k, let € > 0, choose N with % < €, then choose ¢ > 0 so that p(y,p) < d
and y € U;’;l U, implies j > N, where p is the metric on K. Thenif 0 < p(y,p) < 6,
Yy € U;X;l Uj, oscy f < % < €, while otherwise oscy, f(y) = 0.

We now easily obtain (43) by induction and the continuity of f at p. Indeed,
(43) holds immediately for £ = 1. Suppose proved for k. But then by (44),

oscrt1f(p) < lim [f(y) — f(p)| + lim osck f(y) = 0.
Yy—p Yy—p

Again by (44) for “k” = k+1, we obtain that lim,_,, 0scx4+1 f(y) = 0, so osci41 f(p) =
0.
Now (43) immediately yields that

(45) 05¢, f(p) =0 .

However for each n, we may choose x,, € U,, with osc,, f(z,) = osc,, f(z,) > 1.
Since then z,, — p, osc,, f(p) > 1, so 0sc, f # osc, f. But osc, f < 1 everywhere,

for any a. So

(46) oscy, f(p) = 0scu1(p) =
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Example 3. A D-function g with ipg =w + 1.

Let K and f be as in the preceding example and let ¢ = f + X{p}. We then
have immediately, by (44), that lim,_,, .-, 0sck g(y) = 0 for all k.
It then follows easily by induction that

(47) oscpg(p) =1 forall k.

Now we obtain that osc,g = osc, f, so since 0sc,g is upper semi-continuous,

0S¢, g = osc, g. Now if again z,, € U,, with osc,, f(x,) = osc, f(z,) =1, then

(48) 05Co+19(p) 2 lim |g(zn) —g(p)| + oscu g(wn)
=1+1=2.

But we easily have that osc,,+19 < 2, whence also 0sc,11 g < 2, 80 0scy,4+1 g(p) = 2,
showing ipg > w + 1. Finally, since ipg|~, = w and osc, ¢g|~, < 1, we obtain that
0SCw129(p) < 2, proving that ipg = w + 1.

Of course Examples 2 and 3 both produce functions in D ~ SD, by Corollary 4.5.
(It is shown in [R2] that for all & < wy, there exists a D-function f : [0, 1] — R with
ipf = a; an analogous result for the positive oscillations was obtained previously

in [KL].)

Example 4. A function in B?/Q(K) ~ D(K).

Our construction is similar to one in [HOR]. First fix n and Koy D -+ D K41
with Ky = K, K; closed nowhere dense in K; 1, 1 <i<mn, K, # 0, K,y1 = 0.
Now let aj = (—=1)7/(j+1), 0 < j < n, then define f = f,, by f =a;j on K; ~ K;j 1,
for all 0 < 7 < n. We then have by Proposition 3.11 that

" /1 1 1
4 — — N2]. .
(49) 11l }j(j+j+1)+n+1 ogn

J=1

However we have
(50) gi(f,e) <3 forall e>0.

Indeed, if (g;) = (1 + H%), then os;(f,(e;)) = K, for all j > 1. Hence if % +

(2

1 1 1 1 1
AT <e<i—g+57>1 then os;(f,e) C Kj, but osc f|K; < =T T 7330 SO
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Now again assume K is compact with K() = (): let p € K“), and again choose
disjoint open subsets Uy, Us, ... of K, with p & (.-, U,, satisfying (41), so that
also UT(Ln) > n + 2 for all n.

It then follows that for each n we may choose closed sets Ky O --- D K, with
K7 nowhere dense in K7 forall 0 < j <n, K} # (), and also K§ a closed nowhere
dense subset of U,,. Now let f, be the function on U, with f,, =0 on U,, ~ K{,
fo=(=1)7/j+1on K} ~ K}, ,,0<j<n (with K,/ = (). Then it follows by
(49) and (50) that

(51) | frllD(w,) ~ logn, ei(frn|Upn,e) <3 forall e

(and again i(f,|Uy,,e) =0 if e > 3).

Now let g = > °° o(fu/VIogn)Xy,. It follows immediately from (51) that
g ¢ D(K). However if we fix k and let g, = >, (fn/v1ogn)Xy, , then €i(gy,e) <
3/y/Togk. But then since >"_1 (f,,/v/Togn)Xy, in D(K), we have that Tim, g €i(g, &) <
6/+1ogk, whence g € BY ,(K).

Example 5. A function in B?/Z(K) N(D(K) ~ SD(K)).

Let K, (Uy,), and (f,) as in the preceding example, and now set f = > > ,(f,/logn)Xy, .
Then f € D by localization and (49). The fact that f € BY /2(K) follows from the
argument for Example 4. To see that f ¢ SD, we need only show (by Proposi-
tion 4.4) that (osc, f) does not converge uniformly. Now fixing k, then oscy f|U,, <
(2k/logn) — 0 as n — oco. However by Proposition 3.10, || oscy, fn|Un||ce ~ 2logn,
so || oscn flUn|lco ~ 2.

We pass now to an intrinsic criterion for distinguishing strong D-functions. We

first need an analogue of the finite oscillation sets, for general ordinals.

Definition. Let (a, ... ,a,) be non-zero ordinals and (g1, ... ,&,) be non-negative
numbers. Define the sets os;(f, (o), (¢;)) inductively as follows: os1(f, (o), (gi)) =
o+ o, £(a) = 21} 051 (fy (@), (1)) = (& : 056ay, fIL(2) 2 2541}, where
L = os;(f,(a;),(gi)). In case a; = o and ¢; = ¢ for all 4, set os;(f, o, ¢) =

08;(f, (a;), (€i)). Also, for convenience, set oso(f,a,e) = K.
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Lemma 4.16. Let f : K — C be given. Then for all n, non-zero ordinals
A1,y..., 0y, and x € K,
(51) 0SCay +-tan, fT) = sup{z g;:0<¢; and x € os,(f, (ai),(&;)) .
i=1
We only need here the fact that oscq,+...+q, f(2) dominates the right side of

(51). The proof of the other estimate may be found in [R2].

Sublemma 4.17. Let ordinals v,3, L a non-empty subset of K, and 6 > 0 be
given. If oscy f >0 on L, then

(52) oscy4 f(x) > d +oscag(f|L)(z) forall x €L .

Proof. By induction on 3. This is trivial for # = 0. Suppose proved for 3, and let
x € L. Then

651041/ (@) 2 T 1£(y) = £(0)| + 0540 (9)

> 6+ lim [f(y) = f(2)] + oscs fIL(y)
yeL

= 6 + osca1(f|L) () -
Evidently taking upper semi-continuous envelopes now yields osc,4+g+1 f(z) >
d 4+ oscgt1 f|L(x). The proof for § a limit (with (52) holding for all 5/ < () is
immediate. [

We now prove the needed half of 4.16, by showing
(53) if © € osc,(f, (@), (g;)) , then osca,+...qa, f(x) > Zei .
i=1

We show this by induction on n. The statement is trivial for n = 1. Suppose
proved for n, and let x € os,,41(f, (o), (g;)). Now setting L = os, (f, (o), (¢;)) and
§ = Yo, &, we have that 0scq,+...4q, f > d on L, by the induction hypothesis.
Hence by Sublemma 4.17,

0SCay 4 otanss f(X) = 0 + 0sCq,, f|L(x)

25+5n+1 O

We next define the «, e-index of a function, for a a given ordinal, € > 0.

Definition. i(f,a,e) = sup{n > 0: os,(f,a,e) # 0}.
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Corollary 4.18. ci(f,o,¢) < [ 0scqa-w floo-
Proof. This follows immediately from (53).

We may now formulate the desired criterion.

Theorem 4.19. Let f : K — C be a given bounded function. The following are
equivalent.
(a) f e SD(K).
(b) (i) lim._pei(f,w,e) =0 and
(ii) ipf|W <w for all closed W C K.

In order to prove this, we need the following analogue of 4.10.

Lemma 4.20. For any «, and functions f, g,

i(f +g,a,¢) gi(f,a,%> —i—i(g,a,%) )

Remark. We only need this for a = w.
We prove 4.20 below, after first using it to give the

Proof of Theorem 4.19.

(a) = (b). f € SD implies f € SD(W) for any closed W C K, so (b)(ii) follows
immediately from Corollary 4.5(a). Now suppose first f is a simple D-function and
let n =ip(f).

As we have seen before, there exist closed non-empty subsets K = Ky D --- D K,

with f

Ki~K,p, continuous for all 4, 0 < i < n (where K, 11 = 0). It now follows

easily that for any ¢ > 0,
(54) i(f,w,e) <n

Indeed, since f is continuous on Ky ~ K7, an open set, osc, f = 0 on Ky ~ Ky,
so 0s1(f,w,e) C K;. Assuming we have shown that os;(f,w,e) C K, then again
since osc, f|K; =0on Kj ~ K1, 0sj41(f,w,€) C Kj11. Thus os,41(f, w,e) = 0.

Now assuming f € SD, f real, let n > 0, and choose ¢ a simple D-function with

==\ 1 rll S



DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, I 73
Let n =ip(p). Then we have that for ¢ > 0,
ei(f,w,e) <ei(p — frw, ) —|—5z<<p,w, %) (by Lemma 4.20)
< 2] oscy (@ — f)lloo +en (by Corollary 4.18)
<2n+en by (55).

Thus lim, g €i(f,w, e) < 27, proving (b)(i) since > 0 is arbitrary.
(b) = (a). Assume without loss of generality that f is real, and let n > 0.
Choose € > 0 so that

(56) en <mn, where n=1i(f w,e).

Let then K; = os, ;(f,e) for j =0,1,2,.... Thus Ko D K1 D --- D K,, # () and
Knt1 = 0. Now fix j; since osc f|x;~k, , < 0S¢y flK,~K,;., < €, we may choose

pj € Cp(Kj ~ Kjt1) with
(57) lpj(x) — f(z)| <eforallz € Kj ~ Ky .

Since K; ~ Kj4; is a relatively open subset of Kj, it follows from (57), (b)(ii) and
Theorem 3.2 that

(58> ||SDJ - f|KjNKj+1 ||D Se+ || OSCUJ((:Oj - f)|KjNKj+1 ||O<>
=c+ || OSCy f‘KjNKj.q.l ||OO

<e+e.

Now setting ¢ = Z —0%j " XK,;~K,,,, then o € SD and

(59) o= fllp < Z 1(¢j — F)Xk;mr; 0D
< 22 (05 = K~ D
< 4(n + 1)e by (58)

<4n+¢€ by (56)

<bhm.

Since 1 > 0 is arbitrary, we obtain that f € SD. [

It remains to prove Lemma 4.20. The proof is practically the same as the argu-
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Lemma 4.21. Let a be an ordinal, W1, ... , W, be closed non-empty sets with
K= W, and f: K — C be a bounded function. Then

(60) 0SCq f = 1I£?<Xn oscq fIWiXw, .

Proof. This is easily established by induction. Thus, suppose proved for «, let
x € K, and choose (z,) in K with z,, — = and 0Sca11f(x) = lim, o | f(zn) —
f(x)| 4+ oscq f(zyn). After passing to a subsequence, we may assume there is an ¢
with z,, € W; and osc, f(z,) = oscy f|K;(x,) for all n. Then since W; is closed,
x € Wi, and 0sco1 f(x) < 0SCar1 fIWi(z) < max; 0Scor1 f|Wi(z). (60) now follows
for a + 1, by taking upper semi-continuous envelopes. We omit the even simpler

proof for limit . [

Remark. It follows immediately from Theorem 3.2 and Lemma 4.21 that if W1, ... , W,
are closed non-empty sets with K = J;_, W; and f € D(K), f real-valued, then

1o = max{| fIWillpow,y  [[fllap = max|[f[Willypew,) -

Proof of Lemma 4.20. Let f,g be as in 4.20 and ¢ > 0 be given. For each n =
1,2,... and @ = (64,...,0,) with §; = 0 or 1 for all 1 < i < n, we define closed
subsets L(0) of K as follows:

(61) L(0) = {x € K :oscq f(x) > %} ;o L(1) = {az € K :oscy(x) >

b

| ™

If n>1and L(0) = L(04,...,0,) is defined, let

L(0r,... 0ns1) = {33 € L(0) : osca f | L(6) > g} if G0 =0
(62)
L(0r,... 0ns1) = {a: € L(8) : osca g | L(6) > %} if G =1.

These sets are closed, since osc f, osc g are upper semi-continuous functions. We

then have for all n that
(63) osn(f+g,06)C | L) .
0c{0,1}n

We prove this by induction on n. Now for n = 1, since osc,(f + g) < oscq f +

0scq g, we then have that osc, (f+g)(z) > € implies osc,, f(x) > 5 or osc, g(x) > 5;

591 AL 4 N —TI/DN ' T/AN O Ao\ Y LY



DIFFERENCES OF BOUNDED SEMI-CONTINUOUS FUNCTIONS, 1 75

K, =o0s,(f +9g,a,¢) and & € 0sq ny1(f + g,a,¢€). Thus osco(f +g) | Kn(x) > €.
By Lemma 4.21 and (63), we may then choose 6§ € {0,1}" with x € K,, N L(#) and
0s¢a(f +9) | Kn(z) = osca(f +g) | Kn N L(0)(x)
< osca(f +9) | L(0)(x)
< oscy f | L(O)(z) +oscag | L(O)(z) .
It follows immediately that x € L(04,...,60,,0)U L(64,...,0,,1); thus (62) holds
at n + 1.
Next, fix n and 6 € {0,1}". Let
(64)
j=j0)=card{l1 <i<mn:0,=0} , k=k(#)=card{l1 <i<n:0,=1}.

Then we claim

(65) L(#) C os; (f, a, %) N os (g, a, %) .
Again we prove this by induction on n. The case n = 1 is trivial, by the

definitions of L(0) and L(1). Now suppose (65) is proved for n, and (61, ... ,0,41)
is given; let j = j(01,...,0,) and k = k(01,...,0,). Now if 6,41 = 0, then
JO1,...,0,41) =7+ 1and k(6q,...,0,+1) = k; then by (65), L(01,...,0p4+1) C
L(01,...,0,) Cosi(f,, 5) and by definition and (65),

L1, i) © {o €osy(fi0,5) s osca £ [ 05;(fra,5 ) (@) 2 7}

€
= 0Sj4+1 (f; «, 5) .

Of course if 0,41 = 1, we obtain by the same reasoning that L(61,...,60,4+1) C
osj(f,a, 5) Nospr1(g,a,5) and j = j(01,... ,0n11), K+ 1=K(01,...,0,41); thus
(65) is proved for n + 1, and so established for all n by induction.

Now suppose, for a given n, that os,(f + g,a, &) # (0. Then by (63), there is a
6 € {0,1}"™ with L(0) # 0. Thus letting j and k be as in (64), we have by (65) that
osj(f,,5) # 0 and osk(g,a, 5) # 0. But then n = j+k < i(f, o, 5) +i(g,,5).
Lemma 4.20 is thus established. [J

Remark. The proof of Theorem 4.19 yields a generalization for functions of arbi-

trary D-index, showing that SD occupies a special place in D. We define, for ¢ > 0
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0s7°(f,€) = {z = [fllgp@) = €}, and 032, (f,¢) = {z € L : |[f | Lllgp@) = €}
where L = os;°(f,€). (|fllgpew) is defined preceding Corollary 3.5.) Now let
igp(f,€) = sup{n : os;°(f,e) # 0}. It follows from Theorem 3.2 that in fact
there are ordinals aq, ag,... so that 0s°(f,e) = os,(f, (a;),e) for all n; again by

Corollary 4.18 and Theorem 3.2 we obtain that

eign(f,€) < [loses o, flloo < I fllqp -

The proof of Theorem 4.19 now yields the following rather surprising result:

Theorem. Let f be a bounded function on K. Then f is a strong D-function if

and only if lim._oeigp(f,e) = 0.

This theorem yields that f € SD(K) implies | f| € SD(K) (Theorem 4.14 above).
Indeed, it follows easily from the proof of Proposition 1.16, that if f : K — C is
a given bounded function, then || |f||l;p@=) < ||fllgpe) for all z € K. But then
igp(|f],€) < igp(f,e) for alle > 0, s0 f € SD implies lim._.o€iyp(|f],€) = 0, thus
|f| € SD.
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