On the Fundamental Theorem(s) of Calculus

1 Three basic quantities

The Fundamental Theorem of Calculus (FTC) is actually two theorems, re-
lating three quantities that I list in decreasing order of importance. Typically,
“A” students understand all three quantities and how they’re related, “B”
students understand the first two and how they’re related, and “C” students
only understand anti-derivatives.

1. The definite integral f:f(x)dx is the limit limNﬁoo(Zi]Lf(xf)Ax),
where Az = (b — a)/N and z} is a sample point chosen somewhere
between z;_1 = a + (i — 1)Az and x; = a + iAz. We have seen how
the definite integral is related to areas under curves, distance traveled,
volumes of pyramids and moments of inertia. In general, any bulk
quantity can be represented as a definite integral (although it may
possibly be in more than 1 dimension, something beyond the scope of

M408N).

2. An anti-derivative of f(x) is a function F'(x) whose derivative is F'(z) =
f(z). A function may have more than one anti-derivative: both z? and
2% + 17 are anti-derivatives of 2z. However, any two anti-derivatives
differ by a constant. We sometimes get sloppy and speak about “the”
anti-derivative of 2z being 2% + C, where C is an arbitrary constant.
Strictly speaking we should talk about the anti-derivative with respect
to a variable, just as we talk about the derivative with respect to a
variable, but in context it’s usually obvious.

3. An indefinite integral is an integral whose endpoint is the variable. For
instance F(t) = fot e*ds is a quantity that depends on t. (It happens to
equal e —1.) The indefinite integral A(z) = [ f(s)ds is the arca under
the graph of f between a and x. If v(¢) is the velocity of a particle at
time ¢, then f; v(s)ds is the distance traveled between time a and time
t. Note that the variable of integration is not x or t. When x or ¢ is the
endpoint, the quantity that varies from a to x (or ¢) has to be called
something else.



2 Version 2 of the FTC

The most commonly used version of the FTC relates definite integrals to
anti-derivatives.

Theorem 1 (FTC, version 2) . If F(x) is differentiable on the interval
la,b], and if F'(x) = f(x), then

b
/ f(x)dx = F(b) — F(a).

This is an wncredibly powerful tool for computing integrals, since finding
anti-derivatives is usually a lot easier than taking limits of sums. For instance,

3
/ e“dr = "2 = e® — ¢!, and
1

4
/ 3t%dt = t** | = 4% — (—1)® = 65.
-1
The notation F(z)|® is shorthand for F'(b) — F(a). In the first example, f(x)
was € and F'(z) was also €”. In the second example, f(t) was 3t* and F(t)
was t3.

Note that the FTC works for any anti-derivative. If we had worked with
F(t) = t* + 123 instead of ¢*, we would have obtained

4
/ 3t2dt = (* + 123)[*, = 187 — 122 = 65.

-1
Different calculation, but the same answer. Adding C' to F' increases both
F(b) and F(a) by C, and leaves F(b) — F(a) unchanged.

The proof of the FTC (version 2) follows the slogan “The whole change
is the sum of the little changes”.

Break the interval [a, b] into N pieces, each of size Az = (b —a)/N. Let
To=a, r1 =a+ Az, r; = a + iAx, etc. Then write

F(b)=F(a) = (F(x1)=F(w0))+(F(w2) = F (1)) +(F(25) = F(x2))+- - - (F(an) = F(2n-1)),

By the Mean Value Theorem, there is a point x; between F(x;_;) and F(z;)
such that F'(z}) = [F(x;) — F(x;-1)]/Ax. That means that

F(x;) — F(x;—1) = F'(2}) Az = f(z})Ax.
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Therefore,
N
F(b) - Fla) = fla})Ac.
i=1

Taking a limit as N — oo, the left hand side remains unchanged, and the
right hand side becomes f; f(z)dx.

3 Version 1

Version 1 relates indefinite integrals to anti-derivatives. In words, it says that
the indefinite integral is an anti-derivative:

Theorem 2 If f(x) is a continuous function, then F(x) = [T f(s)ds is a
differentiable function, and F'(x) = f(x).

Proof: By definition, F'(x) = limy,_o[F(z + h) — F(x)]/h. However,

Flz+h) — F(z) = / s / " F(s)ds = / sy

This is the area under the graph of f between z and x + h. Since f is
continuous and h is small, f is nearly a constant between x and x 4+ h, and
the area of the curve is approximately the height f(x) times the width h.
Dividing by h and taking a limit as h — 0 gives f(z).

Another proof involves thinking about distance. Imagine that f(¢) is the
velocity at time ¢. Then F(t) = fj f(s)ds is the distance traveled between
time a and time ¢. This is z(¢) — z(a), where x denotes “position”, since
the distance traveled is the final position minus the initial position. The
derivative of the position x(t) is the velocity f(t), and the derivative of z(a)
is zero, so the derivative of F'is f.

Version 1 of the FTC tells us that every continuous function has an anti-
derivative (even if we can’t find a formula for it), and that this anti-derivative
is the indefinite integral. Turning things around, we can compute indefinite
integrals by finding anti-derivatives. Changing the starting point a is the
same as adding a constant to F'(z), so we usually say that an indefinite
integral is only defined up to an additive constant. That is, the indefinite
integral of 2z (with respect to x) is 22 + C.
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The notation for indefinite integrals is horrible, but standard. When you
see [ f(x)dz, with no subscripts or superscripts on the [ sign, it means
[7 f(s)ds.

Many (most?) students ignore the concept of an indefinite integral, and
think of [ f(z)dz as simply denoting an anti-derivative, which makes Version
1 of the FTC pretty well meaningless. That’s a mistake, and I hope you don’t
make it, but for most purposes you can get away with it!

4 Relating the Versions

In most books (including ours), Version 1 is taught first, and then Version 2
is derived from Version 1. The proof goes something like this:

Let F(x) be an anti-derivative of f(x). Since [ f(s)ds is also an anti-
derivative of f(z), we must have [* f(s)ds = F(x)+ C. However, 0 =
[Zf(s)ds = F(a) + C, so C = —F(a). Thus [’ f(s)ds = F(z) — F(a).
Plugging in = = b gives f; f(s)ds = F(b) — F(a), which is FTC, Version 2.

Getting Version 1 from Version 2 is even easier. Let F' be an anti-
derivative of f. If F'(b)—F(a) = fab f(s)ds, then we must have F(z)—F(a) =
[ f(s)ds. Taking the derivative of both sides gives L [* f(s)ds = F'(z) =
().

5 Version 1 and the chain rule

2
One often sees problems like % flx tan~!(s)ds. This can be solved using the
chain rule, with u = 22. Since

u
— [ tan"'(s)ds = tan""
], an~ " (s)ds = tan™ " (u),
we must have

d R N du 1,2
o [/1 tan (s)ds} (du/l tan (s)ds) T rtan™ " (z7)

More generally, "
d h(x
= s = i a)
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Problems involving a variable lower limit get solved by turning things

upside-down:
d [? d v
[ eas= g (= [ ss) =5

Combining the two tricks we get the following result:

d h(z)

dr 1) = S = S5 @)



