
Differential Topology
Homework 1: Due January 30

There will be weekly homework assignments due each Friday at the beginning of class.
Please work the problems neatly and staple your pages together. There is no need to copy
over the problem or hand in the problem sheet. Please number the problems. Include your
name at the top of your homework! Do not show scratch work.

Try the problems on your own first. Then feel free to discuss them and work together
with classmates, friends, pets, favorite oracle, etc. However, I expect you to write up
your own solutions to the problems. Please come and discuss the problems (and the class
generally) with me during office hours. Feel free to make an appointment with me at other
times, too!

All vector spaces (and eventually manifolds) studied in this class are assumed to be
finite dimensional.

Problem 1. This problem gives practice with the index notation introduced in class.
Note carefully the placement (superscript vs. subscript) of the indices in what follows.
The actual name of the index (i or j or α) is arbitrary, though as always a judicious choice
of notation helps you and your readers.

Let V be an n dimensional vector space. Suppose {ej} and {ẽi} are two bases for V
which are related by the equation

ej =
∑

i

P i
j ẽi,

where P is an invertible matrix. Likewise,

ẽj =
∑

i

Qi
jei,

where Q = P−1.

a. Suppose v ∈ V is a vector. Then we can find real numbers vj and ṽi such that
v =

∑
j vjej =

∑
i ṽiẽi. These are called the coordinates of the vector v in the {ei}

(or {ẽi}) basis. Express ṽi in terms of the vj , and express vi in terms of the ṽj ..

b. Suppose T : V → V is a linear transformation. Relative to the basis {ej} it is
expressed as the matrix A defined by Tej =

∑
k Ak

j ek, and relative to the basis {ẽi}
it is expressed as the matrix B defined by T ẽi =

∑
l Bl

iẽl. What is the relationship
between A and B?

c. The dual space V ∗ is the vector space of all linear functionals V → IR; it is also
n dimensional. Every basis of V gives rise to a dual basis of V ∗. For the basis {ej}
of V the dual basis {φi} of V ∗ is defined by the equation

φi(ej) = δi
j =

{
1, if i = j;
0, otherwise.
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(This equation defines the symbol δi
j .) The dual basis {φ̃j} is defined similarly. Ex-

press φ̃j in terms of the φi.

d. Suppose we have a (co)vector ` ∈ V ∗. We define its coordinates αi relative to the
basis {φi} by the equation ` =

∑
i αiφ

i and its coordinates βj relative to the basis {φ̃j}
by the equation ` =

∑
j βj φ̃

j . Express the αi in terms of the βj , and vice-versa. (Hint:
Compute `(ei) and `(ẽj)).

Problem 2. Prove the Inverse Function Theorem in one dimension: “If f : IR → IR is
continuously differentiable, and if f ′(a) 6= 0, then there exists a neighborhood U of a and
V of f(a) such that 1) f maps U in a 1–1 manner onto V , 2) f−1 : V → U is differentiable
at a, and 3) (f−1)′(f(a)) = 1/f ′(a).”

Problem 3. Let x ∈ IR. A derivation at x is a map D : C∞(IR) → IR such that, for any
smooth functions f, g and any scalar c,

D(f + g) =D(f) + D(g)
D(cf) =cD(f)
D(fg) =f(x)D(g) + g(x)D(f)

The set of derivations at x is denoted Tx(IR), and is the tangent space of IR at x.

a. Show that d/dx, followed by evaluation at a point x, is a derivation at x.

b. Show that Tx(IR) is a vector space, with the obvious notions of addition and scalar
multiplication.

c. Show that Tx(IR) is one-dimensional, with basis d/dx. (Hint: Use Taylor’s theorem).

d. T (IR) =
⋃

x Tx(IR) is called the tangent bundle of IR. Define a reasonable topology for
T (IR).

Problem 4. Consider the set P of all one dimensional subspaces of IR2. Define a natural
topology on P. Can you recognize P as homeomorphic to a familiar space? Generalize to
the space of 1-dimensional subspaces of IRn.
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