M427K Second Midterm Exam, March 7, 2008
1. Consider the differential equation y” — 2y’ + 5y = 0.
a) Find the general solution.

Since the roots of the polynomial 72 — 2r +5 = 0 are r = 1 & 2i, our
solution is y(t) = cye cos(2t) + coe’ sin(2t).

b) Find the solution with the initial conditions y(0) = 1 and y’(0) = 5.

Note that y(0) = ¢; and y'(0) = ¢; + 2¢9, so ¢4 = 1 and ¢; = 2 and
y(t) = €' cos(2t) + 2¢' sin(2t).
c¢) Find a particular solution to y” — 2y’ + 5y = 17 cos(2t).

Plugging in y = A cos(2t)+B sin(2t) gives y”"—2y'+5y = (A—4B) cos(2t)+
(B+4A)sin(2t),s0 A =1and B = —4, and y = cos(2t) — 4 sin(2t) (plus any
answer from part (a)).

2. Consider the differential equation y” — 3y” + 2y’ = 0.
a) Find the general solution.

The roots of r3 — 37?2 + 2r are 0, 1, and 2, so our general solution is
y(t) = c1 + coe® + cze?.

b) Find a particular solution to y"” — 3y” 4 2y’ = 6e".

Try y = Ae~'. Then v — 3y” +2y' = —64e!,s0 A= —1and y = —e '
¢) Find the solution to ¢y —3y”+2y' = 6e~* with initial conditions y(0) = 18,
y'(0) = 25, y”(0) = 35.

We have y(t) = —e™' + ¢1 + e’ + cze?, so y(0) = —1 + ¢; + ¢ + cs,
y'(0) =1+ co+2¢3 and y”(0) = —1 + ¢y + 4c3. Setting these equal to 18, 25,
and 35 gives ¢; = 1, ¢co = 12 and ¢3 = 6, so y(t) = —e~ ' + 1 + 12¢" + 6e*.



3a. Let A be a 4 by 6 matrix whose reduced row-echelon form is
1 2 0 3 0 5

A |10 0 1 40 6
RREE= 10 0 0 0 1 7
000000

Find all solutions to AZ = 0.

Read off the equations from the rows of Arrpr:

ry = —21'2 — 31’4 — 5[E6
To = X9+ 0xy+ Oxg
r3 = 0—4x, — 6x¢

s = 0+24+4+0
rs = 0+0—Txg
re = 0+0+ x4
That is ¥ = ¢1(—2,1,0,0,0,0) +cy(-3,0,—4,1,0,0) +c3(—5,0, —6,0, —7,1)7.

11 1 =2
. . 1 2 4 =3 .
b) Consider the matrix A = 5 4 9 _7 | Are the columns of this
4 7 14 -12
1
matrix linearly independent? If so, express 8 as a linear combination of
0

the columns of A. If not, find a nontrivial linear combination of the columns
that equals zero.

1 0 0 =3
. . 01 0 2 .
Row-reducing A gives 00 1 —1]%° the columns are linearly de-
00 0 O
pendent. Specifically 3v; — 205 + v3 + U4 = 0, where ¥ is the i-th column of

A.
4a) Find the eigenvalues and eigenvectors of the matrix (;1 ?)

A—4

The characteristic polynomial is 5

-2 o 9 B
)\_1‘—)\ 5\ — 6, whose

roots are 6 and —1. The corresponding eigenvectors are (1) and (_25 )



b) The matrix (6

9 3) has eigenvalues 1 and 8, with corresponding eigen-

vectors <_11) and (g) Find the general solution to the equations

Ty = 6x; + 5o
Ty = 211+ 3,

1 5
= t 8t
x—cle( 1>+026 (2)

c¢) Find the solution with initial conditions z;(0) = 7, x9(0) = 7.

Since 7(0) = <_Cél++52622) = (;), we must row-reduce (_11 g ; ;)
1

to get ¢; = —3 and ¢y = 2, so T(t) = —3¢ (_1 ) +2¢8 (52 ), or equivalently
x1 = —3el + 10e® and zo = 3e! + 4e®.



