
M408S Concept Inventory — sample answers

These questions are open-ended, and are intended to cover the main top-
ics that we learned in M408S. These are not crank-out-an-answer problems!
(There are plenty of those in the book, and you need to practice them, too.)

Please read the original questions and write out answers before comparing
to what is written below. You’ll get a lot more from the exercise that way.

1) If f(x) is a function of one variable, what does f ′(a) mean? How do
you compute it?

f ′(a) = limx→a
f(x)−f(a)

x−a = limh→0
f(a+h)−f(a)

h
. This is the rate at which

the function f(x) is changing as x passes through a. It is also the slope of
the line tangent to y = f(x) at (a, f(a)).

You compute it with a whole bunch of useful formulas, from the deriva-
tives of xn, ex, etc. to the product rule, quotient rule, chain rule, logarithmic
differentiation and implicit differentiation. The formulas are SO powerful
that it’s easy to forget what a derivative really is.

2) What is an anti-derivative?

The anti-derivative of f(x) is a function whose derivative is f(x). Every
continuous function has an anti-derivative, and any two anti-derivatives differ
by a constant.

3) What does the definite integral
∫ b

a
f(x)dx mean?

It’s the limit limN→∞
∑N

i=1 f(x∗i )∆x of a sum, assuming that the limit
exists. It represents the total amount of stuff represented by f(x) (area,
volume, whatever) between x = a and x = b.

4) How do we compute it?

99% of the time we use the Fundamental Theorem of Calculus. Find an
anti-derivative F (x) of f(x) and compute F (b)− F (a).

5) What are some of the things that we can compute using definite inte-
grals?

The main examples we looked at were areas under curves and volumes of
solids, especially solids of revolution. Other standard examples are arclength,
surface area, and work. Almost any bulk quantity can be expressed as an
integral (although not necessarily a 1-dimensional integral).

6) What are some of the strategies for finding anti-derivatives (which we
usually call “integrals” out of laziness)? Under what circumstances do you
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use each one?

a) u-substitution is our bread-and-butter technique and is the chain rule
turned inside-out. We use it so often that the book doesn’t even list it as a
technique of integration.

b) Integration-by-parts is the product rule turned inside out. We use
it when the integrand is the product of two terms, one of which gets a lot
simpler when integrated, and the other of which doesn’t get too much worse
when integrated. (E.g.

∫
x sin(x)dx).

c) We learned a bunch of tricks for doing trig integrals, mostly revolving
around the identity sin2(x) + cos2(x) = 1 and the double-angle formulas
sin2(x) = (1− cos(2x))/2 and cos2(x) = (1 + cos(2x))/2.

d) Trig substitutions like x = a sin(θ) or x = a tan(θ) or x = a sec(θ)
allow us to convert integrals involving expressions like x2 ± a2 or a2 − x2 or
their square roots into trig integrals.

e) Partial fractions is a method for reducing a ratio P (x)/Q(x) of polyno-
mials into a sum of simpler terms, each of which can be integrated separately.

7) What does the differential equation dy
dx

= 3y tell you about y as a
function of x? (Answer this WITHOUT solving the differential equation.
What does the differential equation actually say?)

The equation says that the rate at which the function y is changing (that’s
dy/dx) is 3 times the value of the function (that’s 3y). The more you have,
the faster it grows. The solution to this differential equation is y = Ae3x.

8) What sorts of differential equations do you know how to solve? How
do you solve them?

We know how to solve separable equations dy/dx = f(x)/g(y), and that’s
about it. We cross multiply to get g(y)dy = f(x)dx, integrate both sides
(don’t forget the constant of integration!) and then try to solve for y in
terms of x.

9) What models of growth do you understand? When do you use expo-
nential growth vs. logistic growth?

Exponential growth is where dy/dt is proportional to y. If dy/dt = ry,
then y = Aert. Logistic (or “limited”) growth is where the growth starts
to tap out when y gets too big. The two standard examples are population
growth with a limited food supply or the spread of an epidemic.

10) What does the statement limn→∞ 2−n = 2 mean? Is the statement
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true?

The statment means that, as n gets bigger and bigger, 2−n gets closer
and closer to 2. Of course this statement is false.

11) What does the statement
∑∞

n=0 2−n = 2 mean? Is the statement
true?

It means that, as n gets bigger and bigger, the partial sum 1+1/2+1/4+
· · ·+ 2−n gets closer and closer to 2. This statement is true.

12) What’s the difference between a sequence and a series?

A sequence is a (usually infinite) list of numbers. A series is the sum of
all of the numbers in the list.

To every series
∑
an is associated a sequence {sn} of partial sums. The

sum of the series
∑
an is the limit of the sequence {sn}.

13) What does convergence mean for (a) improper integrals, (b) se-
quences, and (c) series?

There are two kinds of improper integrals. In one kind, the limits of
integration go to infinity, and in the other the function itself blows up. In both
cases you have to take a limit as the region of integration grows. “

∫∞
0
e−xdx

converges” means that limb→∞
∫ b

0
e−xdx exists. “

∫ 1

0
dx
x2 diverges” means that

the limit limb→0

∫ 1

b
dx
x2 doesn’t exist.

Convergence of a sequence {an} means that there is a limiting number L
such that, whenever n is very large, an is very close to L. In other words,
limn→∞ an = L.

Convergence of a series
∑
an means there is a number L such that, when-

ever n is very large, the partial sum sn =
∑n

i=0 ai is close to L.

14) What are some of the techniques for telling whether a series converges?
When do you use each one?

a) Divergence test. If {an} does not converge to 0, then
∑
an diverges.

b) Integral test. If f(x) is a decreasing positive function, then
∑∞

n=1 f(n)
and

∫∞
1
f(x)dx either both converge or both diverge.

c) Comparison tests. If
∑
an and bn are both positive series, then we

can compare the two. If the smaller series diverges, then the bigger series
diverges. If the bigger series converges, then the smaller series converges.
If lim an/bn is a nonzero number, then they either both converge or both
diverge.
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d) Alternating series. If the terms strictly alternate in sign, shrink in size,
and go to zero, then the series converges.

e) Absolute convergence. If
∑
|an| converges, then

∑
an converges.

f) Ratio and root test. These are automated ways of comparing a series
to geometric series.

15) Define the radius of convergence and the interval of convergence of a
power series.

For every series
∑
cn(x − a)n there is a number R, called the radius of

convergence, such that the series converges absolutely for |x − a| < R and
diverges when |x− a| > R.

The interval of convergence is the set of x’s for which it converges. This
is an interval from a−R to a+R, and may include 0, 1 or 2 endpoints.

16) When expressing a (known) function as a power series, how do you
find the coefficients?

Take derivatives and evaluate at x = a: cn = f (n)(a)/n!.

17) How do you take the derivative or integral of a power series?

Term by term, as long as you are within the radius of convergence.

18) What are the Maclaurin series for ex, sin(x), cos(x), ln(1+x), tan−1(x)
and (1 + x)k?

ex =
∑∞

n=1 x
n/n!, sin(x) =

∑∞
n=0

(−1)nx2n+1

(2n+1)!
, cos(x) =

∑∞
n=0

(−1)nx2n

(2n)!
,

ln(1 + x) =
∑∞

n=1
(−1)n+1xn

n
, tan−1(x) =

∑∞
n=0

(−1)nx2n+1

2n+1
, and (1 + x)k =∑∞

n=0

(
k
n

)
xn.

19) How accurate is the approximation Tk(x) ≈ f(x), where Tk(x) is a
k-th order Taylor polynomial.

The error is f (k+1(c)(x − a)k+1/(k + 1)!, where c is a mystery number
somewhere between x and a.

20) What is Taylor series good for?

Evaluating functions, evaluating integrals, solving differential equations,
and taking limits.

21) If f(x, y) is a function of two variables, then what does ∂f/∂x mean?
How do you compute it? (Ditto for ∂f/∂y, but if you understand ∂f/∂x you
probably understand ∂f/∂y.)

fx = ∂f/∂x is the rate at which f(x, y) is changing when we move in the
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x direction and hold y fixed. You compute it using the usual formulas for
derivatives, treating y as if it were a constant.

22) What do fxy and fyx mean? How are they related?

These are second derivatives. fxy means take the partial with respect to
x, and then take the partial of that with respect to y. fyx is the opposite
order. Clairaut’s theorem says that they are equal.

23) What is a double integral?

This is an integral over a 2-dimensional region. Break the region into little
boxes, compute f(x∗, y∗)∆A for a representative point (x∗, y∗) in each box,
add up the contributions, and take a limit as you chop things into smaller
and smaller boxes.

24) What is an iterated integral? How is that different from a double
integral? How do you use iterated integrals to compute double integrals?

An iterated integral is an expression like
∫ 1

0

∫ 3

2
yexydxdy. It means “do a

1-dimensional integral with respect to x, treating y as a constant, and then
integrate the result with respect to y.” (Or sometimes the other way around.)
That’s not the same as integrating over a 2D region, but it can be USED to
integrate over a 2D region. Fubini’s theorem says that, if R = [a, b] × [c, d]
is a rectangle and f(x, y) is a continuous function, then∫ ∫

R

f(x, y)dA =

∫ d

c

∫ b

a

f(x, y)dxdy =

∫ b

a

∫ d

c

f(x, y)dydx.

25) What are Type-I and Type-II regions? How do you do a double
integral over a Type-I region? Over a Type-II region?

A type-I region is a region bounded by two vertical lines and two curves
of the form y = g(x) and y = h(x). A type-II region is bounded by horizontal
lines and curves of the form x = g(y) and x = h(y). A double integral over a

type-I region boils down to the iterated integral,
∫ b

a

∫ h(x)

g(x)
f(x, y)dydx, while

a double integral over a type-II region boils down to
∫ d

c

∫ h(y)

g(y)
f(x, y)dxdy.

26) What is switching the order of integation? How does that work?

Some regions (like rectangles) are both Type-I and Type-II. Integrals over
such regions can be expressed as iterated integrals in two ways, and these
iterated integrals have to be equal. If you get one of them and it’s too hard
to solve, rewrite it as a double integral, then rewrite THAT as the other kind
of iterated integral, and try to do it that way.
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27) What are some of the things that you can compute using double
integrals?

Volumes, populations, average elevations, rainfall, average rainfall.
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