M346 Second Midterm Exam Solutions, August 5, 2011
1) (25 pts) Consider the matrix A = (;l _22>
a) Find the eigenvalues of A. For each eigenvalue, find a corresponding
eigenvector.

The sum of each row is 6, the trace is 2, and the determinant is -24. From
any two of these facts, or from the characteristic polynomial \? — 2\ — 24,
you get that the two eigenvalues are 6 and -4. From row-reducing A\l — A

you get that the corresponding eigenvectors are <1> and < 1 4> (or <_1>
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b) Compute A" for all n. Make your answer as explicit as possible.
A" = pD"pPTl = é(i _14) <60n (—Z)”) (11 _11>, which equals
< 46"+ (—4)" 6" —(—4)" )
46" —4(=4)" 6" +4(-4)" )"
c¢) Compute e as a function of t. Make your answer as explicit as possible.
6t | ,—4t 6t _ —4t
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as (b), only with €% instead of 6™ and with e instead of (—4)".
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> . This is the same answer

2. (30 points, 2 pages) Let A = ( ) This matrix has eigenvalues 1

and —9 and corresponding eigenvectors (1) and (_11 >

a) Find the solution to x(n + 1) = Ax(n) with initial condition x(0) = <;L)

SinceP=n<1 _11>,P1:<1g _11//22>Y(O) (O)n ()
y<n>—(5’-91>)S°X<>=3(1>+<—9>”(—11> (5 5 ")
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b) Find the solution to = Ax with initial condition x(0 ( )

t

Again y(0) = <?>, soy(t) = (63_6915) and x(t) = 3¢ (i)—{—e—% <_11) —
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¢) Find the solution to % = Ax with initial conditions x(0) = (;l) and

%(0) = (_42)

Now we also have y(0) = P~'x(0) = < Since the first eigenvalue

1
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is positive, y1(t) = y1(0) cosh(t) + yl( )sinh(t) = 3cosh(t) 4 sinh(¢). The

second eigenvalue is negative, so ys(t) = y2(0) cos(3t) + 12(0)sin(3t)/3 =
. 3 cosh(t) + sinh(t) 4 cos(3t) + sin(3t

cos(3t) + sin(3t), so x(t) = <3coshé ; + smhgtg — cosg?)ti — smESti )

3. (15 pts) The differential equations

d

cglifl = e~y
dxg

— = bz
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have a fixed point at 1 = 0, x5 = 1. Find the linear approximation to these
equations near x = <(1)> and determine whether this fixed point is stable.

Explain your reasoning!
T | )

Taking partial derivatives, we get that our matrix is (
5$2 51’1

0 4 1 ' —4 -1
evaluated at (1), or ( 50 ) That is, we have dy/dt ~ ( 5 0 )y7

where y = x — ((1]) The eigenvalues of the matrix are —2 + 4. Since both

eigenvalues have negative real part, both modes are stable, so the fixed point
is stable.
4. (15 points)

On Ry[t] with the inner product (f|g) = [y f(t)g(t)dt, use Gram-Schmidt
to convert {1, 2¢,6t*} to an orthogonal basis.

We start with x; = 1, xo = 2t, x3 = 6t2. We then take y; = x; = 1,
y =2t —UEY — op 11 =941, Then x; = 61> [AIER _ 2 heetior)

6t> 1—1—/3(2t—1)—6t2—3(2t—1)—2:6t2—6t+1.




5. (15 points) In R® with the standard inner product, let V' be the subspace

1 4 7
2 3 4
spanned by | 0 | and | 5 |. Write b = [ 5 [ as the sum of two vectors,
1 —2 1
2 1 2

one in V' and the other orthogonal to V.
There are at least two ways to solve this.

Method 1: We are trying to write b = b + b, where b is in V' and
b, is orthogonal to V. However, a least-square solution to Ax = b is a
true solution to Ax = by, so we just have to find a least-square solution,

1 4
2 3
take by = Ax, and b, = b — b;. The matrix Ais [ 0 5 [, and we get
1 -2
2 1
ATA = (18 ég), while ATb = (22) The least-squares solution is <1),
5 2
) 5 -1
sob”:A(l): 5 landb, =| 0
-1 2
3 -1
Method 2: Use Gram-Schmidt to find an orthogonal basis for V. This
1 3
2 1
yields y; = | 0 | and yo = x5 — %yl =1 5 |. Then by =P, b+ P,b=
1 -3
2 -1

%gyl + %yz and b; = b — by, which gives the same answer as method 1.



