THE MOTIVIC STRUCTURES LS;; AND S, IN THE COHOMOLOGY
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SAMIR CANNING, HANNAH LARSON, SAM PAYNE, AND THOMAS WILLWACHER

ABSTRACT. We study the appearances of LS12 and S14 in the weight-graded compactly sup-
ported cohomology of moduli spaces of curves. As applications, we prove new nonvanishing
results for the middle cohomology groups of Mgy and My; and give evidence to support the
conjecture that dimg H29%(M,) grows at least exponentially with g for almost all k.

1. INTRODUCTION

There are few isomorphism classes of irreducible Hodge structures and f-adic Galois rep-
resentations that appear as subquotients of the compactly supported cohomology groups
of moduli spaces of smooth and stable curves in motivic weights less than or equal to 15,
and these are completely classified in [3,6], confirming predictions from arithmetic [10]. It
is therefore natural to study these cohomology groups by computing the multiplicities with
which each of these irreducible motivic structures appear.

The strategy of studying the cohomology of moduli spaces one motivic structure at a time
has already proved fruitful; appearances of the trivial motivic structure in weight zero refuted
a longstanding conjecture about the cohomology of M, and established new connections to
graph cohomology and Grothendieck-Teichmiiller theory [8,9]. Graph complex techniques
were then used to study multiplicities of the structures L and Si5 in weights 2 and 11,
respectively, providing many nontrivial new lower bounds on dimensions of cohomology
groups of M, [14,15]. Further computations of Euler characteristics (alternating sums of
multiplicities) of Si2 and LS in weights 11 and 13 were used to prove that M, does not
have polynomial point count for g > 9 [7].

Here we pursue some natural next steps in this program, focusing on LS;s and Sy in
motivic weights 13 and 15, respectively. Throughout, we consider rational cohomology groups
of algebraic varieties and Deligne-Mumford stacks over Q with their associated motivic
structures, i.e., a rational mixed Hodge structure and an action of Gal(@]@) on the extension
of scalars to Q. The structures L := H2(P), Sgyy := Wi H*(M, ), and LS;5 := L ®q Sia
play a special role. We say that a cohomology group is of Tate type if the associated graded
of its weight filtration is a direct sum of tensor powers of L. If X is smooth then, by Poincaré
duality, H*(X) is of Tate type if and only if H(X) is of Tate type.

1.1. Weight 13 cohomology. In [7, Section 4], we gave a presentation for H3(M,,) for
all ¢ and n. Surprisingly, this presentation stabilizes with the genus; it is independent of
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g, for ¢ > 2. Here, we use this presentation to produce a graph complex that computes
gris H*(M,,,) and study its cohomology for small g and n.

Recall that H*(M,,,,) is of Tate type for 3g+2n < 24 [7, Theorem 1.5]. Thus gr}¥ H*(M,.,)
vanishes when £ is odd and 3g+2n < 24. We improve this vanishing bound by one for k = 13.

Proposition 1.1. If 3g + 2n < 25 then gris HX(M,.,,) = 0.

We also compute gri% H:(M,,,) in the first cases where it does not vanish, when 3¢ + 2n
is 26 or 27. Let &y, denote the Kronecker delta function, i.e., dp,, = 1 if n = 0 and is 0
otherwise. For a partition A of a positive integer n, let V) denote the corresponding Specht
module, which is an irreducible representation of S,,.

Theorem 1.2. Suppose 3g + 2n € {26,27}. Then grib HX(M,,,) is nonzero only in degree
k(g,n) =3g+mn—2—don,

and there is an S, -equivariant isomorphism gr{s W gFom (Mgn) = Zy,, @ LS1o, where

Z112 = Va0 Zz10 = Vino Z39 = Vo
Z4,7 = ‘/17 Z5’6 = ‘/16 D ‘/214 26,4 & ‘/14
Zry = Vis @ Vi Zs1 2 Q Zoo = Q

In particular, we have gri% H?*(Myg) = LS;5.

Note that griy H24(My) is also nonzero; the shift of Wy HS(M3) A WoHY (M) appearing in
the first term of [14, Theorem 1.2] contributes a summand isomorphic to L.

1.2. Weight 15 cohomology and appearances of S;s. Next, we describe the Syg-isotypic
part of H*(M,,,). Note that Sis is not a subquotient of the cohomology of M, ,, for g # 1,
by [6, Theorem 1.1]. Hence, the essential case is when g = 1. There is a canonical splitting

H15(M1715) =SV
where V5 = B L2S,,, by [6, Lemma 8.3]. The subspace S;5 C H'®*(M, 15) is the image of
H§5(M1,15) — HlS(mLm),

or, equivalently, the kernel of the restriction map H (M, 15) — H(OM, 15). The following
description of H%(M,,) is well-known to experts (cf. [12,13]).

Let K'° := Vin—14)112 denote the S,-representation associated to the hook shape Young
diagram of size n with 15 boxes in the first column. (For n < 15, we set K!5 := 0.) It is
an irreducible S,-representation of dimension ("1_41) generated by elements kp, for ordered
subsets P C {1,...,n} of size 15, with relations

(1.1) kspy = sgn(o) - kp, and Z T Kfagydyrars) =0,

for any permutation o of P, and any size 16 ordered subset {ag,...,a15} C {1,...,n}.
Theorem 1.3. There is an S, -equivariant direct sum decomposition of the form
H®(My,) = (K, ©g Si6) @ Vi,

where the underlying motivic structure of the second summand is V> = @ L?S,.
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The isomorphism identifies (Q - kp) ® Sy with the pullback of S;5 € H**(M p) under the
forgetful map M, — M p.

We now focus on the 516 isotypic subspace of gri% H:(M,,). By Theorem 1.3, we have a
direct sum decomposition of Hodge structures or ¢-adic Galois representations

(1.2) gr15H*(./\/l n) = Ugn ® W,
where
U, = EPSis and W, = PHLSp.
Recall also that griy H*(M,,) = 0 for 3g 4+ 2n < 24, by [7, Theorem 1.5]. We have the
following improved vanishing result for Uy,,.

Proposition 1.4. If 3g + 2n < 32 then U, ,, = 0.

In particular, in the key special case where there are no marked points, the motivic structure
Si6 does not appear in grit HX(M,) for g < 10.

Following the usual convention, we omit the second subscript when n = 0 and write
Uy := Ugyp. Let Uy C grit H¥(M,) denote the degree k part of U,.

Theorem 1.5. For g = 11, the Sig-isotypic subspace of grit H (M) is given by
~ 516 fO?” k= 30,
Upn = {

0 otherwise.
For g =12, we have Uy = 0.

Thus, we have shown that the middle cohomology group H3°(M;;) does not vanish, which
was not previously known. See §6 for a complete computation of Uy, in the cases where
3g + 2n < 36.

Although we do not yet have a complete description of Uy, e.g., in terms of shifts of
symmetric and exterior powers of weight zero cohomology groups of smaller moduli spaces,
as in [14, Theorem 1.2], we produce a large subspace of this form.

Let Vg’k denote the degree k and genus g part of the r-fold symmetric power

Sym” (@ WOH:(Mh)).

Here we follow the Koszul sign convention, so the underlying graded vector space of the
symmetric algebra on a graded vector space U* is Sym*(U®*®) @ \"(U°49).

Theorem 1.6. There is an z'njectz've map

The injectlon we construct comes from a Subcomplex of a graph complex that computes Ug;
see §7 for details. The map (1.3) is not surjective; for example, Uy, is not in the image.
Theorem 1.6 yields many new nonvanishing results and lower bounds on the dimensions of

cohomology groups of M. For instance, the exponential growth of dim H2972°(M,), which

was not previously known is deduced from the summand mG % using the exponential

growth of dim WyH29(M,). We similarly prove exponential growth of dim H29™%(M,) for

20 other values of k for which this was not previously known; see Corollary 7.4.
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The following picture illustrates the values of k for which dimg H2**(M,) is now known
to grow at least exponentially with k, with dark gray boxes for the previously known cases
(from weight 0, 2 and 11) and light gray boxes for the new contributions from Uj,.
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This provides further evidence for the conjecture that dim H297*(M,) grows at least expo-
nentially with ¢ for all but finitely many non-negative integers k [15, Conjecture 1.3]. The
analogous statement for moduli spaces of principally polarized abelian varieties is a recent
theorem: the dimension of H?7*(A,) grows at least exponentially with g for all but finitely
many non-negative integers k [4, Corollary 1.5].

Our study of the multiplicity of Sy in grit HX(M,,) also leads naturally to a generating
function for the corresponding Euler characteristic. See Theorem 8.1. The result is similar
to the generating function for the weight 11 Euler characteristic of M, ,, from [15, Section 7].

2. GRAPH COMPLEXES IN WEIGHT 13

In this section, we define and study graph complexes that compute the weight 13 graded
piece of HX(M,,). We start with the Getzler-Kapronov graph complex, obtained as the
Feynman transform of the modular operad H'3(M), and then pass to a simpler quasi-
isomorphic graph complex whose generators we explicitly describe.

2.1. Reminder of the Feynman transform. Recall, e.g. from [14, Section 2|, that the
associated graded of the weight filtration

gty H (M) = WiH (M) /Wit H (Mg,0)

[

is identified with the cohomology of the Feynman transform of H (M), the modular cooperad
whose (g,n) part is H*(M,,). This Feynman transform is also known as the Getzler—
Kapranov graph complex and is denoted

(2.1) GKM( b (@H* My, n,) @ Q[-1]7FE ))/N

I" stable graph  veV(T

where the sum is over stable graphs of type (g,n). The relations in (2.1) are induced by iso-
morphisms of stable graphs; the end result is isomorphic to a direct sum over representatives
of the finitely many isomorphism classes of stable graphs of type (g, n), and the contribution
of [I'] is the Aut(T")-coinvariants of the parenthesized expression. The differential is induced
by pullback along the tautological clutching and gluing maps.

Each element of GK,, is represented by a linear combination of stable graphs with n
numbered legs, such that the sum of the genera g, of the vertices plus the first Betti number
of the graph is g, and such that each vertex v of valence n, is decorated by an element of
H*(M,, ). When each vertex is decorated by a homogeneous element of cohomological
degree k,, we say that the weight of the decorated graph is k = )" k.

Let GK’;n denote the subspace spanned by generators of weight k. The differential pre-
serves these subspaces, giving a direct sum decomposition GK,,, = P, GK’;’n. By construc-
tion GK’;n is isomorphic to the weight k row of the Ej-page of the weight spectral sequence

associated to the inclusion M, , C Mg,n.



The differential on GK’;}n has two terms,
d = dy + de.

The piece d¢ acts by creating a self-loop at a vertex

. (o)
de = ()
The decoration at the new vertex, which has a genus g, —1 and valence n,+2, is obtained from
the decoration x € H* (M,, ,,,) via pullback along the morphism &: M,, 1,12 — My, n,-
Similarly, the piece dy acts as the sum over all vertices of all possible ways of splitting a
vertex into two vertices joined by an edge,

v R-T PR

so that the new decoration is the pullback

Z ¥ @2 =9
of v € H* (Mgv,nv) under the appropriate gluing morphism 1 : Mh/,n/ X Mh//,n// — ﬂgv -
Here h' + 1" = g, and n' + n” = n, + 2. We are interested in the case of weight &k = 13.
Since H" (M,,,) = 0 for odd k' < 11 [3], generators of GK,> are of the following two forms:

A. Graphs with one vertex v of weight k, = 13;
B. Graphs with one vertex v of weight k£, = 11 and one vertex u of weight k, = 2.

In either case, all other vertices have weight zero. We also note that a weight 11 vertex must
have genus g, = 1 and valence n, > 11, by [5, Theorem 1.1]. Similarly, a weight 13 vertex
w must have genus g, > 1 and valence n,, > 10 by [7, Theorem 1.7].

2.2. Simplifying GK;?’n. Next, we simplify the graph complex GK;?’,L, following the analogous
construction in weight 2 [14]. We define the graded subspace

7 13
Iy CGK,7,

to be the subspace spanned by decorated graphs with one or more of the following features:

(1) A weight 0 vertex of positive genus.

(2) A weight 2 vertex 2 of genus g, > 2.

(3) A weight 2 vertex of genus g, = 1 and valence n, > 2, or of genus g, = 1 and valence
n, = 1 such that the unique neighbor is a vertex of weight 0.

(4) A weight 13 vertex w of genus g, > 2.

We also recall that a weight 11 vertex must necessarily have genus 1 for the graph to be a
non-zero element of GK;?n. We then define

Ly =1y, +dl,, C GKE,

to be the differential closure of fgﬁn, and we define the quotient complex

GKJ? = GK /1y,
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The goal is to show the following proposition, to be proven in Section 2.5 below.

Proposition 2.1. The projection GK.?, — GKI3 is a quasi-isomorphism.

For now, we give a more explicit description of I,

Lemma 2.2. The subspace I, C GK13n 15 spanned by decorated graphs possessing at least

one of the features (1)-(4) above together with the following graphs:
(5) Graphs with a loop attached to a weight 0 vertex.

X

(6) Graphs with a loop attached to a weight 2 vertex u of genus g, = 0 and decoration in
the image of the pullback under the corresponding gluing map &: /\/l()n — M, 2.
(7) Linear combinations (dg + dy)I', where I' has a weight 13 vertex of genus 2.

Proof. The subspace I,,, is evidently generated by graphs having one the features (1)-(4)
above, and elements dI', where I' is again such a graph.

First suppose that I" has feature (1), i.e., a weight zero vertex w of genus g, > 1. If
gw > 1, then all terms in dI" also have this feature. If g, = 1, then all terms in dI" have this
feature, except for one arising from dcI", that corresponds to creating a self-loop at w and
creates feature (5). Thus dI lies in the span of graphs with features (1) and (5). Conversely,
given any graph I with feature (5), let I' be be the graph that contracts the self-loop and
replaces it with a genus 1 vertex shows. Then I is a term in dI" and all other terms have
already been shown to lie in I, ,, so I is also in I,.

Next suppose I' has feature (2), i.e., a weight 2 vertex u of genus g, > 2. Then any term
in dI" has a weight 2 vertex of genus > 2, a weight zero vertex of genus > 1, or a weight 2
vertex of genus 1 with a self-loop, and hence necessarily of valence > 3. (Note that one can
never have a (2,0) vertex because H'3(My) = 0.) Hence dI" € I,,.

Next suppose I' has feature (3), i.e., a weight 2 vertex u of genus 1 as stated. Then
dyl is a linear combination of terms that again have feature (2) or (1), so that dyl’ € .Em
Likewise, the only term in d¢I" that is not readily in fgm is obtained by creating the self-loop
at u, giving rise to the graphs having feature (6). Thus, dI" lies in the span of graphs with
features (1), (2), and (6). Conversely, given a graph I'' with feature (6), let I' be the graph
that contracts the self-loop at u and decorates the resulting genus 1 vertex with the class
guaranteed to pullback to the decoration at u. Because H?(M3) = 0, the vertex u must
have valence at least 4; this ensures that the graph I' has feature (3). By construction, I" is
a term in dI" and all other terms have already been shown to lie in I, so I lies in I ,,.

Finally, if I' has feature (4) and g, > 3, then dI' is again a linear combination of graphs
having features (2) and (4). If g, = 2, then dI" is of type (7). O

2.3. The part of type (12,1). Each term in the Getzler—Kapranov graph complex comes
with an associated Q-Hodge structure, and the differentials respect the Hodge decomposition
after tensoring with C. Hence, we have a Hodge decomposition

GK},©C= P GKr.
p+q=k
Specializing to k = 13, we have
GK13 ®(C GK121@GK1 ,12

gm



because the rank 2 Hodge structure LS;2 has types (12,1) and (1,12). Similarly,
[gn ® C _ 112,1 D [1,12 GK13 ® C GKlQ 1 D GKl 12

gmn
with GK!2! = GK %! /T12! and GKL1? = GK})\? /112
gn S
We introduce graphical notatlon for generators of GK}%!, following [14,15]. Generators
are decorated graphs, and graphs having features (1)—(7) are set to zero. Because of (1), we
may assume that all weight 0 vertices are decorated by 1 € H%(M,,,), omit the decoration
and genus, and just draw a black vertex.

Similarly, because of (5), we may assume that there are no loops attached to weight zero
vertices. Because of (2), we may assume that all weight 2 vertices have genus < 1. The
decorations dg on a weight two vertex of genus zero can be graphically represented by drawing
the vertex as two vertices, connected by a special edge

22 Ko

Because of (3), we may assume all weight 2, genus 1 vertices have valence 1 and represent
them by a crossed self-edge
5ir7’
=Y

We draw the generator wy at the weight 11 vertex (of genus 1) as

<

For the weight 13 vertex of genus 1, we recall the presentation of H'*'(M,) in [7].
Consider the parametrized boundary divisors of M, ,, of the form

LA MLAUP X MO,ACUp’ — Ml,n'
For each such boundary divisor, there is a push forward map
et HO(Myay) @ HO M1 aey) © H'YO (W sy x Moseiy) — H' (M),

)

We consider classes of the form

(23) ZBCA = LA*(WBUp X 1)

where B C A C {1 .,n} with B increasing of size 10. Here, wpy, is the pullback under
the forgetful map /\/11 n — M, gy, of the generator w € H'™ 0(./\/11 11) corresponding to the
Ramanujan cusp form. The elements Zp- 4 generate H'*'(M,), by [7, Lemma 4.11]. We
depict the weight 13 vertex (of genus 1) decorated by the generator Zgc4 € H'*'(M,,,) by

<

We use these drawings to make the relations (7) more precise.
Lemma 2.3. The graded subspace ];31’1 1s spanned by graphs ' € GK;?;} that satisfy either

of the conditions (1)-(6) above, and in addition by the following elements:
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(7") Graphs with a weight 13 vertez of genus 1 with a self-edge (s,t), decorated by Zpca
such that |A¢| > 3 and s,t € A°.

Ao %

(7") Linear combinations I' — I where T' is a graph as in (7) but with A° = {s,t}, and
I is the same graph as I' except that the weight 13 vertex is replaced by a weight 11
vertex and a 0;..-decorated weight 2 vertex:

s s

Note that the relations (7') and (7”) allow us to remove all generators from GK!? that
have a Zpca-decorated weight 13 vertex with a self edge (s,t) such that s,t € A°. We just
need to keep in mind that if A° = {s,t} these graphs are not zero in GK!3 . rather they are
identified with the right hand term in (7”).

gm?

Proof. The argument is similar to the proof of Lemma 2.2, but we must revisit the generators
of the form (7). We consider expressions dI' where I' has a weight 13 vertex v of genus 2
decorated with Zpc 4. The only terms in dI' that do not have any of the forms (1)—(6) above
are as follows: First, d¢I" has a term creating a self-edge at v, that is of the form

-

Second, dyI" has terms from splitting v into a weight 11 and a weight 2 vertex, each of genus
1. Because of the genus 1 vertex of weight 2, these terms are of the form (3) above, except in
the special case that the new weight 2 vertex has valence 1. When the new weight 2 vertex
has valence 1, the contribution to dyI' is determined by setting S = @ in [7, Lemma 4.5].
We now consider two cases.

Case 1: Suppose our starting decoration has A¢ # @. Then the term in dy where the new
weight 2 vertex has valence 1 is zero by [7, Lemma 4.5]. In this case, the only term in dI’
not already known to be in I,,, is d¢I", which has the form (7’). In this case, the vertex on
the right has valence at least 3 because the A¢ for our original decoration was non-empty.
Conversely, given a graph I as in (7’), contracting the self-loop and replacing it with a genus
1 vertex gives a graph I' such that dI is I plus terms already known to be in ;%"

Case 2: Suppose our starting decoration has A° = @. Then by [7, Lemma 4.5, the term
in dy in which the new weight 2 vertex has valence 1 is decorated by — € H?(M, ). But
in H%(M, ), we have ¢ = D L 8ir, by [1, Theorem 2.2]. This yields the second graph pictured
n (7). Since A® = @, the first graph pictured in (7”) is d¢T". O

2.4. One-vertex complex. The proof of Proposition 2.1 will use the spectral sequence on
GK;?’n from the filtration by the number of vertices. To this end, we need to study the
one-vertex complexes

Vo = (Hk(M n) 5 H"(My_1ns2)s, 5.5 H*(Mg_pnion)sys, £ >

amn

introduced in [14, Section 4]. Asin loc. cit., the action of the wreath product Su1S;, = Sj, x S

is understood to include a sign that accounts for the permutation of the tensor factors
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Q[-1]®" in . From [14 we recall the following results on the cohomology:

ifg=h=0andn>3
otherw1se
H?*(Mo,) if g=0,h=0,and n >4
1 = = >
(2.4) 2 V2 Qi 2 ?fg 1,h=0,and n>1 ‘
H*(Mopio)s, /S H*(My,) ifg=1,h=1 andn >2
0 otherwise

We recall that H? /\/l(m ) is spanned by the classes d4 = dp4 = d4c for A C {1,...,n}, and
the subspace &* HZ(MM) C H?*(Moi2)s, is spanned by classes 64 with {n + 1, n+2}C A
or {n+1,n+2} C A“

Note that Vgl}l has at most one non-zero term, and we obtain

H11+h(V11) o HH(MLnJrZh)SzZSh if g=h+1 .
o 0 otherwise

Lemma 2.4. We have
H¥(M Jsasn/J ifg=h+1
13+h/y/13Y\ __ 1,n+2h )S21Sy, g
H * (‘/g,n> - { !

0 otherwise

where J = §*H13(m2,n+gh_2)5215h_1 for h > 1 and J = 0 for h = 0. Concretely, if we
decompose J @ C = J121 @ JY12 then J'>! is spanned for h > 0 by the Zpca such that
{s,t} C A, where s,t correspond to the markings connected by &.

Proof. We consider the term of degree 13 + h,

H'Y (Mg ni2n)sus,
in the complex ‘/917211 We index the n + 2h marked points in M 425 by the set

Spi={1,...,n,81,t1,...,Sh, tn}

We think of self-edges being present between s; and ¢; (for j = 1,...,h). The coinvariants
HYY (M, _pnion)sys, is a quotient of H'2 (M, ,10n), and is therefore generated by the
images of Zpica € H?Y (M, pnion) with B C A’ C S,. Below, we identify a subset of
these generators that is a basis.

The two endpoints s;,%; of our self-edges can each be in one of the three disjoint sets
B' A"\ B, or (A")°. Accordingly there are 6 different types of such self-edges, of which one
(both endpoints in B’) is zero due to symmetry.

Denote the number of self-edges in the five remaining types by his, hi3, hao, hos, and hgs,
where hi, is the number of self-edges between the kth and /th disjoint sets. If any of
hoo, hog, or hsz is 2 or more, this element vanishes in the space of coinvariants because of
the sign for permuting edges. Let B C A C {1,...,n} and numbers hoy, hoz, hgz € {0, 1},
hlg, hlg Z 0 be given such that h12 + h13 + h22 + h23 + h33 = h, |B| + hlg + h13 = 10 and
2(g—h—1) 4 |A°| + hys + haz + 2hz3 > 2. Here the last condition ensures that |(A")¢] > 2 if
g—h—1=0. Then we set

ﬁ = (h‘].27 h’137 h227 h237 h‘33) a‘nd ZBCA,Q - ZBCA,h12,h13,h22,h23,h33 = ZB’CA’)
9



with B’ := B U {517 ceey 5h12+h13} and

r . /
A= (AU B ) U {th s 7th12} U {3h12+h13+17 th12+h13+1}:l—l{sh12+h13+h22+17 v >5h12+h13+h22+h23}'
~~
if hoo =1

Then the Zgca, form a basis for H'21(M,_j, n1an)sys, if we require in addition the following
condition coming from [7, Lemma 4.11]:

o If [(A)] =2 and g = h+ 1, then min((A")¢) € {1,...,n} and min(A’)¢ < min(B’),
where we order the set S, = {1,...,n,s1,t1,...,Sh,tr} as indicated.

Note that in the case A = {1,...,n} the element is zero modulo the relations.
In our basis, by [7, Lemma 4.3], the differential £* acts as

0 ifg=h+1orhsgy=1

( Bcil
§ ah127h137h227h23zh33) Z .E I ]
BcAah 27”131”227}7/2371 ,9 > h an h33 0'

The element on the right-hand side (if not 0) is again a basis element of
H1271(mgfhfl,n+2h+2)8228h C V;ﬁ’l

except when g = h + 2 and |A°| = hy3 = hoz = hgz = 0. In the latter case we have

0 if B=1

(2.5) ZBC Ahiz,hishazihas,l = -
C 12,113,N122,723 :EQZ(B\z')CA,h12,h13+17h22:h23»0 if B 7é (Z)

for i := min(B), using the genus 1 relations as in [7, Lemma 4.6]. Computing cohomology,
the basis elements hence cancel in pairs, except for the following:

o Elements Zpc A hyyhishashas,0 10t the case that g = h + 1, with |A°| + hys + heg > 3.
o Elements Zpc A ns.0.ha9 hes0 1 the case that g = h + 1, with A # 0, |A°| + hoz = 2
and min(A°) < min(B).

In particular, these all live in the top degree 13+ g — 1 of the complex V;f’l so that the result
of the lemma follows. 0

Remark 2.5. Note that (2.5) in particular implies that the element Z(g\i)ca,hi9,h15,
with hy3 > 0 is trivial in the cohomology of V13

Similarly, consider the definition of GK121 and Lemma 2.3 above. Let I" € GK12 ! be a
graph that has a weight 13 vertex of the form

(2.6) S

i.e., there is at least one self-edge W_ith one endpoint in B’, the other in (A’)¢, and we have
|(A")¢| = 2. The relations in H'*'(M, ,) are determined by [7, Lemma 4.6] (for n = 12) and
the paragraph following it (for n > 12). Using these relations, we have that

(2.7) }L@ —

modulo graphs of the form in (7’ ), so the above equahty holds in GK}%!. In particular,

h22,h23,0

generators of W;%ﬂ of the form (2.6) can be replaced by generators of the form given by

the right-hand graph in the previous equation. Furthermore, note that in the case of two
10



marked edges parallel to the crossed edge (as in the picture below) the graph is in fact zero
in GK;%' by the relations in H'*'(Mj,) and symmetry:

(2.8) 7@:—%%@ =0

2.5. Proof of Proposition 2.1. We equip both the domain and target of the projection
m: GKy — GK(2 /1y, =: GK*,

with the descending filtration on the number of vertices in the generating graphs. The
associated spectral sequences automatically converge to the cohomologies by finite dimen-
sionality. Hence it is sufficient to show that the morphism 7 induces a quasi-isomorphism on
the E)-pages of the spectral sequences. First consider the E°-page: The associated graded
differential on GK13 is given by dg, while on GKlgn/]g n 1t is zero. The complex (GKg s de) 1s
identified with a sum of direct summands of tensor products of one-vertex complexes. More
precisely, we may write

(OK ) = (Dorern i, U
where the sum is over isomorphism classes of stable graphs without self-loops of genus g,
with n external legs and with weighted vertices of total weight 13, and the V;]’z“jnv are the
one-vertex complexes of the preceding section. Since taking cohomology commutes with
taking coinvariants under finite group actions, as well as sums and tensor products, we find
that the Fj-page of our spectral sequence is

El = H( K;gn, d <@ ®UEV(F)H gv’nv) ® @[ ]®|E(F)|>Aut(r)

Comparing the cohomologies of the one-vertex complexes H (Vq’zfnv) computed in the previous

section with the definition of GKE’W we see that the induced map E; — W;Sn is almost an

isomorphism. The only difference is that by (2.4) the cohomology of V12m is non-trivial in
degree 2 for every m > 1 (represented by d;,), whereas in the definition of W;‘gn we set all
graphs with a genus-1-weight-2 vertex of valence > 1 or not adjacent to the weight 11 vertex
to zero. To address this difference one proceeds again as in [14] and considers a second,
nested spectral sequence such that the differential on the associated graded splits off the
weight 2 vertex and creates a univalent vertex.

el

This differential has a homotopy that contracts the complex E; to the subcomplex spanned
by graphs such that the weight 2 vertex (if present) is univalent and connected to the weight
11 vertex. Hence the map E; — GK13 is a quasi-isomorphism and we are done. 0]

2.6. The differential on GK!%'. Recall from Section 2.1 that the differential on GKg,, has
two terms d = dy+dg. This differential descends to a differential on the complex Wu ! whose
combinatorial form we shall now describe. First, the piece d¢ is zero on GK;2 L essentlally

by construction. Graphically the piece dy acts by splitting vertices. We shall describe the

action on each type of vertex.
11



o Weight 0 vertices: Here dy acts by replacing the vertex with two vertices, summing
over all ways of attaching the incident half-edges:

Db

o Weight 2 vertex: Here it is helpful to represent the decoration at the weight 2 vertex
by drawing two vertices connected by a crossed edge, see (2.2). Then the action of
the differential has three terms, see also [14, Section 3.3].

R D o

(29) b +b'"=b a’+a'"=a

R

The ) in the second line indicates a decorations with a 1)-class at the marking pointing
to the other vertex. The 1 class here can (and should) again be replaced by a
decoration by boundary classes dg using the relations on H* (Mo,n).

o Weight 11 vertex: A weight 11 vertex with decoration wy is split by pushing off a
subset of the half-edges not in A and at most one half-edge in A:

(2.10) DI DI

Note that there must be eleven marked half-edges at the vertex, but we only draw 3
for simplicity of the picture.

e Weight 13 vertex: It is again helpful to represent the decoration (by Zpc4, say) at
the weight 13 vertex by drawing two vertices connected by a crossed edge. The action
of the differential dy is then determined by the pullback formulas [7, Lemmas 4.4 and
4.5]. Graphically, this reads:

R TSN S SO S 3 e s> S
S s

Again, the 1-class decoration in the second line can be replaced by a boundary class
using the relations between 1/-classes and boundary classes in genus 0 and 1.

3. LOw EXCESS COMPUTATIONS IN WEIGHT 13

3.1. Blown-up pictures of graphs. Generators of GK!%! are connected graphs, with ex-
actly one vertex of weight 11 or 13, and for the decoratlon of this vertex we may use the
graphical notation of the previous section. Here we perform explicit computations of the
cohomology of GK}%! for the pairs (g,n) such that 3g + 2n is at most 27. In particular, we
prove Proposition 1 1 and Theorem 1.2. To this end, we need to enumerate all contributing
graphs, and this is notationally easier if we draw our graphs differently, using the blown-up
picture as in [14,15]. More precisely, for a weight 11 vertex decorated by wa, we remove the

genus 1 vertex, leaving the edges incident to v as external legs. Of those, we mark the ones
12



in A with a symbol w and the others by e.

| (I |

Similarly, a weight 13 vertex decorated by Zg-4 is represented as in the following picture

ot it

A

We emphasize that this is merely a different way of drawing graphs. Furthermore, we remind

the reader that due to the relations on the decorations, our graph complex W;%’f is not fully

combinatorial, i.e., there are relations between some graphs.
3.2. Excess. We define the excess
E(g,n) :=3g 4+ 2n — 25.

We will compute the cohomology of GK!%! for all pairs g,n such that E(g,n) < 2.
To this end, let us write each generator I' of W;’zﬁl as a union of its blown-up components:

r=c,u.-.-uUd.
Let g; be the contribution of C; to the genus of I'. More precisely,
gi = D'(Ch) + #re + F#w — 1,

i.e., the loop order of C; plus the number of its € and w labeled legs minus one. Then we
define the excess of C; as

(3.1) E(C;) == 3g; + 2n; — 24w = 3h' (C;) + 3#€ + #w + 2n; — 3.

Lemma 3.1. The excess 1s additive over blown-up components, in the sense that for any
graph ' = Cy U --- U Cy, € GK% we have

(3.2) E(g,n) = E(Cy)+ -+ E(Cy),
and the excess of each blown-up component is non-negative.

Proof. For the first statement note that ¢ = 1 + Zle gi, and the total number of w-legs
must be 11. The second statement follows as in [15, Lemma 4.2]. O

The excess provides a measure of the combinatorial complexity of the relevant graphs. In
particular, the additivity property of the above lemma helps us to organize our calculations.
By enumerating all blown up components of low excess, it becomes possible to compute
H*(GK}%!) by hand for all g,n with E(g,n) < 2.

13



3.3. Excess 0 and proof of Proposition 1.1. Blown-up components of excess 0 must
have loop order 0 and at most 3 legs by (3.1) and are hence easily seen to be one of the

following forms:
/N AN

w—17 :
J or W w w or W w w

Using the conventions introduced in §2.3, each generator of G_K12 ! must have exactly one
marked edge. Graphs with the third component in the list above are however zero in GK12 !
by (2.8). This means that every generator I' € GK;?nl must have a blown-up Component of
excess at least one, and we arrive at the following corollary of Lemma 3.1, that is also stated
as Proposition 1.1 in the introduction.

Corollary 3.2. If E(g,n) < 1 then gri} H*(M,,,) = 0.

3.4. Excess 1. We next consider the case of excess one. In this case generators of G_K;?;Ll
must be unions of blown-up components of excess zero as above, and one blown-up component
of excess one, containing a crossed edge. The combinatorially possible excess 1 components
with a crossed edge are:

Y ?) w U w TN

ww j 24 w w

(3.3)

Y an N (? N o oD
w 24

w W w w o wWw w w W ww w’

The first and the fourth component can be replaced by other terms using the relations in
Remark 2.5. Thus, if E(g,n) = 1, we have three possible generators for GK}%!:

Y Y NI
w

oot AN

w w T w W ow w W w
ro— w—1...w—n /AN N PN
s W w w Wwwwww w

In each case, the total number of w-legs must be 11. Note that the graphs F ) and T'Y only

exist in genera g > 4. When g > 4 and n is such that 3g + 2n = 26, the three graphs above
(0)

form a basis of GK!2!. In genus 2, we have that GK3%; 10 1s one-dimensional, spanned by T

The cohomological degree of the graphs I' Z(TZ and F ) above is k = 24 — n, while that of
% s k = 23 —n. Using (2.11), one checks that the differential sends ' to a non-zero
multiple of F plus a multiple of Fm Note that of the six terms in (2.11) only the the third
and the fifth term contribute, with the third term producmg a multiple of F P (after using

the relation (2.7)), and the fifth term producing Ff; (after replacing the 1 class with a

boundary class). In particular, the first term in the second line of (2.11) is zero in this case
14



because there cannot be a weight 13 vertex of genus 1 and valence 11. In the end, we retain
only one-dimensional cohomology, generated by 1o

irr”

We hence obtain:

— Vi for k=14 — Viz for k=17
H* GK12’1 _ 1 H* GK12’1 _ 1
( 2’10) 0 otherwise ( 47 ) 0 otherwise
Hk<W12’1) _ ‘/14 for £k =20 Hk(wlll) _ ‘/1 for k = 23
6.4 0 otherwise 81 0  otherwise.

3.5. Excess 2. A general generator I' of GK!%! in excess 2 can have either two blown-up
components of excess one each, or one component of excess 2, necessarily with a crossed
edge. As in [15, Section 4.2], the relevant excess one components without crossed edge are

(3.4) w—¢€ or AN ZAN / ‘

j w w www w w w W w "

Combining one such blown-up component and one from (3.3) we obtain 12 possible gener-
ators with two blown-up components of excess 1. There is a larger set of possible excess 2
components containing a crossed edge, listed below.

Orwz‘jorwww

Y R AN

or wwe:( ) or w ww %Y wvoww i Y owuw w
or ;o =00 J,=0o0o JSovww 7 W w w w
or wwwww:< ) or

/ \ syrim.o

W w w w W

The first two graphs in the third line are zero in W;?ﬁl because of rule (3) above. Additionally,
some graphs can be expressed through other generators via the relations, which is written as
= (---), see again Remark 2.5. We hence end up with an additional 8 generators with one

blown-up component of excess 2. Collecting all 20 generators, the differential is as follows:
15



Degree 25 — n:

T® = o wmn AN, A AN, =0
Y S
TSI S AP P

Tppy = w—1w—n /0 O D Lm0
Ly o= w1 A AN AT 0
M=o A AN AT =0
Fg) = tew—n NN wmi — 0
Iy = w—tw—n A, AL AT =0
Note that the generators ng), FZ@) are not independent; there are relations from the weight

13 relations, depending on the genus. If ¢ = 1, only Fg) contributes, and modulo relations the

contribution is the irreducible representation Voin—2. If ¢ > 3 and n > 2, the I’Z(-Q) are linearly

independent, the ngz.) can be expressed through the FEZ)

iS ‘/1n @ ‘/vQ]_n—Q.

, and the overall S,-representation

Degree 24 — n:

Airr w W W W wwww bzrr
e NS NI WA I NS 3
Fg? = 1w N N ﬂw\w SN e F;,? + (const)ljg’i)rr
T = vmtw—n AN N o ? =Y AT+ (const)T(2),
P o= B D, )
Iy = omtva—a 0o A o =T 4 (const)TE),
Fg) = 1w NN AN, - :I:F ) + (const)T' bw
ri,? e R BN VA AR D +<const>
>



Degree 23 — n:
F(2) = w—1 - »w—n,/b

w w w w

F(g) = w—1 --w—n /l\u, /l\w w—¢€ w/jbw — F(Q) + ZZ’:F (2) + (COTLSt)FbZ :t 1—‘%) Il: 31_‘%/)

AN AN |—>3F (const)Fg)) (canst)F(Q)

WWWWW W Ww w 4irr

j
T® = o iw—n AN AN NS 6F + (const)T) + (const)F(;)

5 www WWWwWwww W w

We can now compute the cohomology of GK!%! for 3¢ + 2n = 27. The complex is concen-
trated in degrees 23 — n, 24 — n, 25 — n. Note that some generators exist only for higher
genus or higher n. There is no cocycle of degree 23 — n, since the image of the differential is
of full dimension. This is seen already by looking only at the leading terms Fz() 4), Fg), Fg,) :
Note that these generators only exist for g large enough, i.e., g > 4 or g > 7 respectively.
But if they do not (because g is too small), the same holds for the corresponding generators
of degree 23 — n. Hence we conclude that H?~"(GK!%!) = 0 for all g,n considered.

Next we consider cocycles x of degree 24 — n. The general cocycle is a linear combination

of the 9 generators in degree 24 — n. By adding an exact term to x we may however assume

that this linear combination does not involve Fl() 4), F(Q) F(E,). Assume first that n > 1. Then

we claim that no linear combination of the remamlng generators can be closed. This is so
because the image of the generators under the differential is already of full rank if projected

to the subspace spanned by the “leading terms” Fl(ngw Fl(j), F@), Fﬁ)m F%) Fg) Hence we

have H**~"(GK!%!) = 0 for n > 1. In the special case n =0, i.e., g = 9, the generator re

J,arr

of degree 25 does not exist, while Fe & does exist. Hence a linear combination of I'; Z)TT and
@

Y, is a cocycle, so that H?'(GKg§') is one-dimensional.
Finally, we consider degree 25 — n. Any element x of that degree is a cocyle. By adding

exact terms we may ensure that z does not involve the generators Fl(jzr, Fz(;?’ F;,?, Fg), Fg),

and in addition we have to mod out the linear combination ; +1rt? (for g > 1, n > 0),

7 wrr
that accounts for one copy of the sign representation Vj» of S,,. Our x can hence be a linear

combination of the generators F(2 r'® and FEJQ-). The generators Fl@ exist for ¢ > 3 and

J.urr
n > 1 and contribute the representatlon Vin@®Vain—2 of S,,. As explained above the generators

FJ o and F in total contribute an S,, representation V5;n-2 if g = 1, and a representation
Vin @ Voin-—2 for g > 1, n > 0. As mentioned above, in the case ¢ > 1 we have to remove
the Vi again (since it is in the image of the differential). Hence we arrive at the following

cohomology table:

Hk(@iié) _ ‘/2110 for k& :. 13 (GK12 1> ‘/19 D ‘/217 & ‘/217 for k :' 16
' 0 otherwise otherwise
Hk(ﬁé%l) _ ‘/16 D ‘/214 @ ‘/214 for k :' 19 H (GK12 1) ‘/13 b ‘/21 b ‘/21 for k :‘ 29
’ otherwise otherwise

C fork=24
0 otherwise.

HY(GKsg') = {

This completes the proof of Theorem 1.2.
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4. THE Si6-ISOTYPIC PART OF H'5(M,,,)

In this section, we prove Theorem 1.3, describing the Sig-isotypic part of H 15(ﬂg7n).
By [6, Theorem 1.1], the Syg-isotypic part of H'(M,,) vanishes for ¢ > 2. Moreover,
HY(My,,) = 0 for all n. It remains to consider the case g = 1.

Proof of Theorem 1.3. By the argument in [7, Section 4.1}, it suffices to work in the category
of Hodge structures. We have a right exact sequence of Hodge structures

HB3(OM,,) S HS (M) — WisHS(My,.) — 0,

where the first morphism « is of Hodge type (1,1). The image of « is therefore disjoint
from HYO(M,,) ® H*'®(M,,). Because Sis ® C is of Hodge type (15,0), (0, 15), it follows
that the Sg-isotypic parts of WisH®(M,,,) and H'>(M,,,) agree. By [6, Proposition 2.2],
W15H15(M17n> = K,,llf) X 516- ]

Remark 4.1. Essentially the same argument shows that the Sy, -isotypic part of H*(M,,,)
is K¥ ®Sy,1. For odd k > 17 and g > 2, the S, -isotypic part of Hk(mg,n) is not well
understood. For example, it is known that the S;g-isotypic part of H'"(Ms 14) is nontrivial
in the category of (-adic Galois representations, by [16]. On the automorphic side of the
Langlands correspondence, this corresponds to a Saito—Kurokawa lift of the cusp form w of
level 1 and weight 18 from SLy(Z) to Spy(Z), via relations between the cohomology of Ma,,
and that of local systems on A,. This cusp form w can also be used to construct an explicit
holomorphic 17-form on M2,14 [11, Section 3.5], and hence the real Hodge structure S;gs @ R
appears in H 17(M2714). However, it is an open problem to show that the rational Hodge
structure S;g appears in the cohomology of My 14. Moreover, it is unknown (in both Hodge
structures and (-adic Galois representations) whether the Sjg-isotypic part of H'"(M,,,) is
non-zero in any case where g > 3.

For subsequent calculations, we write an explicit basis for H 15’0(ﬂ17n). A weight 16
cusp form wys for SLy(Z) is a generator for H'%?(M, 15), on which S;5 acts by the sign
representation [2]. Let A C {1,...,n} be an ordered subset of size 15. For each such A, we
have a forgetful map

fa: Ml,n — MI,A;

and we define wy := fiw;s. Following exactly the same argument as in [5, Section 2.3], one
can show that the set of forms {ws : 1 € A, A increasing} forms a basis for H>(M,,,).
To each such subset A, we associate the tableau T4 of shape (n — 14,1') with symbols
of A in order down the first column and the rest of the first row filled in increasing order.
The isomorphism H15’0(ﬂ17n) = Vin—14y114 = K!® sends w4 to the Specht module generator
associated to Ty.

5. GRAPH COMPLEXES FOR M, IN TYPE (15,0)

In this section, we briefly describe how, in a manner similar to [15], one can construct
complexes B,5 and C;5, whose cohomology computes the type (15,0) part of H}(M,y).
The only difference between the complexes we describe here and the complexes in [15] is
that the truncation happens at 15 marked half-edges.

18



5.1. Graph complexes. As discussed in Section 2.3, above, the cohomology operad H (M)
carries a pure Hodge structure that induces a decomposition of the Feynman transform

k ~ )
GK!, @ C= H GKre
pt+ag=k

The type (15,0) part GKéi’LO computes the corresponding part of the weight-graded compactly
supported cohomology of M, ,,

H*(GKE&O) = gr1570Hj(./\/lg7n) = ng grlSH* (Mg ns C).

Here, F' denotes the Hodge filtration in the mixed Hodge structure. In other words, the graph
complex GK150 computes the type (15,0) part of the pure Hodge structure grit H*(M,.,).
The generators of GK150 are stable graphs with n external legs, with one special vertex v
of genus 1 decorated by an element of H”%(M, ). All other vertices w are decorated by
an element of H°(M,, ,.), and since this vector space is one-dimensional, we will tacitly
assume that they are decorated by 1 and omit the decoration from further discussion. Recall
the explicit description of H¥O(Mj,,) of Theorem 1.3. Graphically, we may denote the
decoration wy € H%(M,,,) by marking the 15 half-edges in A by arrows.

S 4
Furthermore, we define the graded subspace

15,0 15,0

157 CGK

spanned by graphs that have either a self-loop at a weight 0 vertex or a weight 0 vertex of

positive genus. The subspace ;% is evidently closed under the differential, dI;%° C 1;%°,
so that we may consider the quotient complex

GK15 0 — GK15 0/[15 0‘
Lemma 5.1. The projection to the quotient GK;»> — GKI%0 is a quasi-isomorphism.
Proof. The proof is identical to that of [15, Proposition 3.2]. O

To go further, recall from [15, Section 3.1] the definition of the auxiliary graph complex
Xgn- Generators of X,, are graphs with one special vertex with an arbitrary subset of
marked incident half-edges. The differential is given by splitting vertices, and removing a
half-edge from the set of marked half-edges. The complex X, ,, is acyclic, i.e., H(X,,) =0,
see [15, Lemma 3.4]. We define the subcomplex

X5 C X
spanned by graphs such that the number of marked half-edges is < r. We then define
(5.1) Cph = X' —29]

(5.2) B, = (Xgm/X;—;f) [—30].
By acyclicity of X, we have that

(5.3) H(Bglf;l) 129 H(Cfn),



and the isomorphism is the connecting homomorphism in the natural long exact cohomology
sequence associated to the short exact sequence

(5.4) 0= X0t = X = Xgn/ X0 —
There is a natural morphism of dg vector spaces
15 _, FR15,0
B, — GK%
defined on generators by sending a graph to itself. See [15, Definition 3.5ff.] for the analogous

construction in weight 11, which differs only in the replacement of the truncation constant
14 by 10.

Proposition 5.2. The morphism B, — GKI*0 is a quasi-isomorphism. In particular,
gr1570H:(/\/lg7n) = H*(B;,sn) = H*(C;iz)‘
Proof. The proof is identical to the proof of [15, Proposition 3.6]. O

In what follows, we will again draw graphs in the “blown-up” picture, removing the special
vertex v so that the half-edges incident at v become external legs. The legs corresponding
to marked half-edges will be marked by a symbol w, and the non-marked half-edges by a
symbol e. See [15, Section 3.2] or Section 3.1, above.

6. LOW EXCESS COMPUTATIONS IN TYPE (15,0)
We define the excess of a generator I' of X, ,, to be
ET) =3(g— 1)+ 2n — 2#w,
where #w is the number of w-legs of I'. We also define
E'(g,n) :=3g + 2n — 33.
Any generator I' for B,% has #w > 15, and hence
E(T) < E'(g.n).

Furthermore FE(I') = E’'(g,n) mod 2.
Write each generator I' for B >, as a union of its blown-up components:

r=Cc,u---udc.
The excess is additive
EM)=EC;U---UCy)=E(Cy)+---+ E(Cy),

if we continue to define the excess of components by (3.1). As in [15, Lemma 4.2], the excess
of all generators of B;il is non-negative. Hence, we obtain the following result, stated as
Proposition 1.4 in the introduction.

Corollary 6.1. If E'(g,n) < 0 then gr5 o Hi (M) = 0.

The low-excess computations of [15, Section 4] in weight 11 carry over almost unaltered to
the type (15,0) situation. We hence only briefly recall the arguments and state the results,

leaving details to loc. cit.
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6.1. Case E’(g,n) =0. When E’(g,n) = 0, the generators of By, have the following form:

(6.1) M= w—1..-w—n AN : /L\

www O w w

Note that there are n (w—j)-edges and gT_l tripods with three w-legs each. The cohomological
degree of such a generator is k = 15 + %(g —1).

One hence arrives at the following list of cases in which gr 5 oHY (M) is concentrated in
a single degree k. The S,,-action is by the sign representation in each case.

V15 fOI‘ k =15
Hk(B%Sm) = { ' Hk(B§i2) = {

0 otherwise

‘/112 fOI‘ /{I = 18
0 otherwise

Vie  for k =21
0 otherwise

Vie for k=24
0 otherwise

1B, { HH(BY) {
V13 for k =27

0 otherwise

Q for k=30
0 otherwise

() — { HH (B, {

Note, in particular, that the computation for Bllfo proves the first statement in Theorem 1.5.

6.2. Case E'(g,n) = 1. When E'(g,n) = 1, the relevant generators of B,’, are of the form
F(l):wil...win A\ A\
Www w Wow w

or

Fgl):w—l---w—n /(L\ /{\ 4\

w w Wwww ] oww’

with the understanding that there is no (w— j)-edge in Fg.l). The differential sends I'™ to the

15
g7n

Voin—2 in degree k = 14 + g g, represented by linear combinations of the Fg-l). We obtain:

alternating sum of F§.1). Hence the cohomology of B.° is the irreducible S,-representation

‘/2112 for k =17
0 otherwise

Voo for k=20
0 otherwise

I BE,) = { 1B, ) = {

Vois  for k =23
0 otherwise

Vo1s for k= 26
0 otherwise

H*(Bgy) = { H*(Bg%) = {
Vo for k=29
H* (B, =1 ° .
( 10’2) {O otherwise
6.3. Case E'(g,n) = 2. Suppose E’(g,n) = 2. Realizing some cancellations one sees that
the relevant generators for B, are I'®) as in (6.1) above of degree 15 + 2(g — 1), together

with the following graphs of excess 2:

1w AN A A

ww w W ww e ww
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r® w1 w— T /N /N /{\

i w W w www ] w
re — ov—1 .- w—n /’\ /y\ W—€ Ww—=¢€
wewe w W w W W w

F(2): w—1+:-w—n

wej www w
w

@ ._
M= w—1-w—mn

@ @

After killing terms involving trees with at least 4 leaves, the differential maps I'™, I}, and

FE?J-) to 0. On the remaining generators, it is given by:

r® . Z +T% + (const)I? IR NES a
r2), = £+ £18) re =S 1),

J
Here one needs to take care that when n = 1 or g = 1, some of these generators are absent.

More precisely, the generators F(Z) and F ! are not present when n = 1, nor are FE j), Ffdg)we,

ngj when g = 1. When all of the generators are present, the cohomology consists of one

copy of the sign representation Vi~ of S,,, represented by I @4 ... , and two copies of the
irredueible representation V31n—3, represented by linear combinations of graphs of the form

Fijz. and F : respectlvely Taking into account the special cases n =1 and g = 1, we arrive

at the followmg

(
‘/113 for k =18
V 13 fOI‘ k‘ = 16
Hk(BlliG) - {031 otherwise Hk(B%SB) =\ Vaio © Vapo - for k=19
\0 otherwise
(Virg for k = 21 (Vi for k = 24
H*(B2o) = < Varr @ Ve for k =22 H*(BY%) = < Vi @ Vage for k=25
\ 0 otherwise \ 0 otherwise
(Vi for k = 27
Vi for k=30
H*(By)) = Va1 @V for k=28 H*(Bi7,) ={ ' o
' ) ’ 0  otherwise
0 otherwise

\

6.4. Case E’(g,n) = 3. In the case E'(g,n) = 3 the computation is slightly more complex,

due to the increase in the number of generators. Proceeding as in [15, Section 4.4] we obtain:
22



Hk(BIE) ) o {‘/2117 P Vo6 B Vas  for k=18
2,15) —

0 otherwise
(Vz110 for k = 20
Hk(Bi,E)lz) = Viis @ Vigs @ Vagyr @ Vo for k=21
\O otherwise
(‘/217 for k = 23
H*(BY3) = { Vigs & Vs @ Vagis @ Vags  for k = 24
\O otherwise
(V214 for k = 26
Hk(Bé?ﬁ) = Vs @ Viyys © Vg @ Vs for kb = 27
KO otherwise

Vo1 for k=29

0 otherwise

Hk(Big,:s) = {

Hk(B%QS,o) =0

The computation for B%S,o completes the proof of Theorem 1.5.

7. INFINITE FAMILIES OF COHOMOLOGY CLASSES IN H(%9 (M)

We now restrict attention to the special case of n = 0, allowing the genus g to be arbitrarily
large. We abbreviate:

15._ pls
B, = By,

C,”> = C3.

Let GCy be the graph complex generated by connected graphs without self-loops in which
every vertex has valence at least 3. Each generator is given an orientation by a total ordering
of the edges. The cohomological degree of a generator is the number of edges. Isomorphic
graphs are identified, and two orientations are identified up to sign. The differential acts by
splitting vertices. Therefore, the differential preserves the loop order, and we write GC(()g) for
the part of loop order g.

Analogously to [15, Theorems 5.1 and 6.1] one shows the following theorems.

Theorem 7.1. There is a map of complezres
F: Sym"(GCo)¥V[—29] & Sym"(GCo)!9~?[-30] — CJ°
that induces an injective map on the level of cohomology
H*2(Sym'"(GCo)W™ V) & H***(Sym'(GCy)“ ™) — H*(C,°).

Idea of proof. The result is shown by the same argument as [15, Theorem 5.1], replacing the
constant 11 by 15. We do not reproduce the full proof here, but instead indicate the main
underlying ideas. The generators of 035 can be represented by blown-up graphs so that 0-14
of the external legs are labeled by a symbol w, and the other external legs are labeled by a

symbol e. The differential splits into three pieces § = 02 4 02 + 4, with §2 splitting a vertex
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and o7 fusing some e-legs and at most one w-leg into a new vertex, while ¢, replaces one w
at a leg by e. We also write d5 := 03 + 0.
Now consider a cocycle z € C}> and decompose it as

T =29+ -+ T4,

where z; is the part with j many w-legs. Then the cocycle condition dz = 0 implies that
T4 18 a cocycle in the complex (035,58), ie., 0sx14 = 0. Furthermore, if x14 is not exact
in (C,°,0), then z cannot be exact in (C}°,ds + d,,), so we have constructed a non-trivial
cohomology class as desired.

Next, suppose we have graph cocycles 71, ...,714 € GCy. Then we may build a cocycle

xMZE?...

by attaching w-legs to 7,...,74 and taking the union of the resulting graphs. This as-
signment produces a morphism of complexes Sym'*(GC)@=D[—29] — (C1*,4;). It is shown
in [15] that this assignment has the following properties.

(1) It is an injection on homology. This can essentially be deduced by an earlier result
of Turchin and the fourth author [17], see also the Appendix of [15].

(2) It extends to a morphism of complexes Sym'*(GCy)9~—1[-29] — (C}°,0). The exten-
sion involves explicit combinatorial expressions (that are tedious to define) for the
missing pieces x13, T12,... of our cocycle z above.

By our consideration above, this shows that we have an embedding in cohomology
Sym'(H (GCy)) W Y[-29] — H(C’15 J).

The embedding of the second summand Sym™(H(GCy))¥~?[-30] is shown similarly, except
that one adds an additional e-e-edge (in the appropriate way) to the leading order term x4,
increasing the genus and degree by one. 0

Theorem 7.2. There is a map of dg vector spaces
E: Sym'(GCy)¥ *[—30] & Sym'(GCy)“~*)[—30] & Sym"(GCy)"~"[—30]
@ Sym*(GCo) ) [-30] & GCY "V [-30] — B
that gives rise to an injective map on cohomology
E: H*(Sym"(GCo)) ™ @ H***(Sym'*(GCo)) ™ & H***(Sym'(GCy))¥ "
@ H30(Sym*(GCy))o= @ H*3°(GCy) W~V — H*(B,).

Idea of proof. The result is shown by the same argument as [15, Theorem 6.1], replacing the
constant 11 by 15. Hence we again only sketch the main idea, which is as follows. Suppose
we are given (non-exact) graph cocycles 7y,...,7, with r any number in {1,4,7,10,13}.
Then we may build a cochain y6 € Bg15 with 16 w-legs of the form

AN LANDQ

Y6 = o w w W ww w




Since y16 has precisely 16 w-legs, this restricts the possible r to the set {1,4,7,10,13}. The
element y;6 satisfies d5y16 = 0, but generally d,y16 # 0. However, as seen in [15], one may
define explicitly a cochain yi5 € B,” with 15 w-legs such that (054 d.,)(y15 +y16) = 0, so that
Y = Y15 + Y16 i a cocycle in (B;5, 9). This construction defines the map E of the theorem.

To check the theorem, one (essentially) has to verify that our cocycle y is not exact. To
this end we may consider its image z := d,y € C}° in the complex C;° (see (5.3), (5.4)), and
then check that z defines a non-trivial cohomology class in the same way as we did in the
proof of Theorem 7.1. In fact, it turns out that x has the form

N LA® O

W w w W ww w

W—€ € — €

where (---) are exact terms or terms with fewer connected components. The leading order
term displayed above represents a non-trivial cohomology class in (C’;E’, Jds), just as in [15,
Proposition 5.9], and hence z represents a non-trivial cohomology class in (035, J). 0]

One furthermore verifies that the images of the injections of Theorems 7.1 and 7.2 are
linearly independent inside gri¥ H¥(M,), just as in [15, Section 6.4].

Corollary 7.3. There is an injection
(Hk 29(Sym14(GC )g 1) ) fan Hk SO(Sym14(GC )g 2) ) @Hk SO(Sym13(GC )) g—3)
@ H*3(Sym'*(GCy)) = @ H*3(Sym"(GCy)) " @ H**°(Sym*(GCy)) Y
@& H"(GCo) ™) ® Sy — gris HY(M,).

Corollary 7.4. The dimension of the compactly supported cohomology Hngrk(/\/lg) grows at
least exponentially with g for all k < 73 with the possible exception of k =1,4,7,71.

This corollary was previously known for many, but not all, values of k in the stated range;
see [15, Corollary 1.2]. The 21 new values of k are:

20,51, 54,55, 56, . .., 69, 70,72, 73.

Proof of Corollary 7.4. It is known that the dimension of H297%(GCy)¥) grows at least ex-
ponentially with g for kK = 0 and x = 3, by [8] and [14, Proposition 2.4], respectively.
Furthermore, H?7(GCy)'®) = Q by computer calculations. Suppose we have an injection

H*(Sym?(GCy))*~" — HE(M,).

as asserted in the previous theorems for various values of p, d, and §'. Then H2**(M,)
grows at least exponentially with g for any k of the form

§—20" 4+ K1+ + Ky,

where the x; € {0,3,7} are such that at least one of them is in {0,3} and at most one
of them is 7. The latter condition arises because the known cohomology in H?9*+7(GCg)@,
namely H?7(GCy)9) =2 Q, is one-dimensional and concentrated in odd degree. Hence its
higher symmetric powers vanish. If p > 2, the resulting values of £ are thus

{6—-20+3j17=0,....,p}U{0—2+3j+7]|j=0,...,p—1}.
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For example, consider the inclusion
H*2(Sym'(GCy)) ™) — HE(M,)
from Corollary 7.3. This provides at least exponential growth for £ in the set
{27,30,33,...,51,54,57,60,63,66,69} U {34,37,40, ...,55,58,61,64,67,70,73}.
Similarly, the other terms of Corollary 7.3 give at least exponential growth for k& in the set:
{26,29,...,68} U {33,36,...,72} U {24,27,...,63} U {31,34,...,67}

U {20,23,...,50} U {27,30,...,54} U {16,19,...,37} U {23,26,...,41}

U {12,15,...,24} U {17,20,...,26} U {8,11}.
This then yields the list of Corollary 7.4. U

8. EULER CHARACTERISTIC OF gry5  H¥(M,,)

The weight 11 Euler characteristic computation of [15, Section 7], carries over to the type
(15,0), by replacing the truncation constant 10 with 14 and hence using C}°, in place of the
complex Cy,, in loc. cit. We just state the final result here.

Theorem 8.1. The equivariant Euler characteristic of the type (15,0) compactly supported
cohomology of the moduli space of curves is computed by the following generating function:

Z ut"xs, (gr150Hc(Mgn)) = Z ug+nXSn(C;,5n)
g,n>0;2g+n>3 g.m
UG 2o 10/ d)(=pa +1 = w?), u)
= —U TS14<H ¢ d|1£ - 1) 5
B U w(Cd)(=pa) w)

00 P 14 )
where Tyt (Y g a0 ) = Y1 aj,

Ey = %ZM@/CD%, Ao o= uf (1 —uh)e, B(z) := Z

dje r>2

B, 1

and Uy(X,u) is characterized by
(=2)*D(=E¢ + X)
['(—E)
= X (log(\eEe) — 1) + (—E; + X — 3)log(1 — E%) + B(—E;+ X) — B(—E)).

log Up(X,u) = log

We provide a computer generated table for small values of (g,n) in Figure 1.

Remark 8.2. In [7], we studied the asymptotic behavior of the weight 11 Euler characteristic
x(gry; He(My)) as g — oo. Given that the formula for the type (15,0) Euler characteristic
above is almost identical to the type (11,0) case (modulo the replacement of the constant
10 by 14 in the truncation operator T<y), the analysis of loc. cit. also applies to the case
above. We hence find the asymptotic formula as g — oo:

Devw for g even
15 0Hc(Mg)) ~ > Gl
x(gry50He(My)) {Dggd% for g odd
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with the constants

10.

11.

12.

13.

14.

15.

16.

17.

. (—4m?)I
D ==2_ g —1sma = V4982 q
) jz8j(2j— 15)!14! 0.498203, an
471'(—47'(2)j

~ 1.24975.

WE

Dodd - _

J

(27 + 1)(25 — 14)114!
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