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ABsTrACT. We prove that the moduli spaces of curves of genus 22 and 23 are of general type. To
do this, we calculate certain virtual divisor classes of small slope associated to linear series of rank
6 with quadric relations. We then develop new tropical methods for studying linear series and
independence of quadrics and show that these virtual classes are represented by effective divisors.
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1. INTRODUCTION

Many of the familiar moduli spaces in algebraic geometry, such as those parametrizing curves,
abelian varieties, or K3 surfaces, have infinitely many irreducible components, of which all but
finitely many are of general type. The remaining few components are typically uniruled. Under-
standing which components are uniruled and which are of general type is often difficult. Indeed,
aside from the moduli of spin curves [FV14], all of the standard moduli spaces include notorious
open cases, that is, components whose Kodaira dimensions are not known. The aim of the present
paper is to resolve two long-standing cases for the moduli space ﬂg of curves of genus g.

Theorem 1.1. The moduli spaces Moo and Mas are of general type.

This extends earlier results of Harris, Mumford and Eisenbud, who showed that M, is of general
type for g > 24, in the landmark papers [HM&2, [EHS7], and improves on the thesis result of
the first author, who showed that My3 has Kodaira dimension at least 2 [Far00]. These general type
statements contrast with the classical result of Severi [Sev1F] that M, is unirational for g < 10 (see
[ACS81] for a modern treatment) and with the more recent results of many authors [Ser81)
[CR386, [Ver05, BVO05, [Schi5|, which taken together show that M, is unirational for g < 14 and that
M5 is rationally connected. Chang and Ran also argued that Mg is uniruled [CR9I], but Tseng
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recently found a fatal computational error in this argument [Tsel9)], and this case is again open.
The Kodaira dimension of M, in unknown for 16 < g < 21.

1.1. Divisors of small slope. As in the earlier proofs for ¢ > 24, we show that May and Mays

are of general type by producing effective divisors of slope less than 1—23, which is the slope of the

canonical divisor ng. The Slope Conjecture of Harris and Morrison [HM90| predicted that all
effective divisors on Mg have slope at least 6 + 91%. This led people to believe that ﬂg would be
uniruled for g < 23. The earliest known counterexample to the Slope Conjecture is the closure in
Mg of the locus of smooth curves lying on a K3 surface, which is equal to the divisorial component
of the locus of curves [X] € Mo with a degree 12 map to P* whose image is contained in a quadric
[EP05]. This is the first in an infinite sequence of counterexamples in genus 2s? + s, for s > 2; the
second is the closure in My of the divisorial component of the locus of curves with a degree 24
map to P® whose image is contained in a quadric [Far09, [Kho(7].

Our divisors of small slope on Mgy and Mss are natural generalizations of this second example
on Mo;. Roughly speaking, the divisors ’522 and 523 are the closures of the loci of smooth curves
with a map to P% of degree 25 and 26, respectively, whose image is contained in a quadric. We
note, however, that this example on Mo, is the push forward of a codimension 1 locus in a space of
linear series that is generically finite over the moduli of curves. A major new difficulty in the present
construction is that we push forward a higher codimension locus in a space of linear series that maps
onto M, with positive dimensional fibers. This makes both carrying out the intersection theory
calculations and checking the needed transversality assumptions incomparably more challenging.
We now sketch the construction; for the precise details, see

For a general curve X of genus g = 22 or 23, the variety Wg6 ' 3(X) is irreducible of dimension
equal to g — 21. Moreover, each line bundle L € Wgﬁ+3(X) is very ample, with h%(X, L) = 7 and

h'(X, L) = 3. Consider the multiplication map
ér: Sym*HO(X, L) — H°(X, L®?).

Note that dim Sym*H°(X,L) = 28 and, by Riemann-Roch, h°(X,L®?) = g + 7. Therefore, the
locus where ¢, is non-injective has expected codimension h°(X, L®?) —28 +1 = g — 20 in the space
of such pairs [X, L]. Since this expected codimension is one more than the dimension of W2, ;(X),
one expects its image in M., which is the locus of curves with a map of degree g + 3 to P° with
image contained in a quadric, to have codimension 1. To use the closure of this locus to prove that
ﬂg is of general type for g = 22 and 23, there are three significant challenges: (i) computing the
expected slope, by pushing forward the virtual class of the degeneracy locus for a natural map of
vector bundles whose fiber over [X, L] is ¢y, (ii) showing the closure of this locus is not all of M,,
and (iii) showing that the push forward of the virtual class is effective. The next theorem concerns
the computation of the expected slope.

We work over an open substack 90, of the moduli stack of stable curves 90,, whose rational
divisor class group is freely generated by the Hodge class A and the boundary classes 0o and 0;. We
then consider a stack of limit linear series o: &), — 9,, where r = 6 and d = g + 3, and a map of
vector bundles over &, that restricts to ¢, over [X, L]. The locus 8l of pairs [X, L] where ¢;, is not
injective inherits a closed determinantal substack structure, as a degeneracy locus for this map of

vector bundles, and hence it carries a virtual class of expected codimension g — 20. Let [ng}Vi“ be
the push forward of this virtual class, which is a divisor class on 9.

Theorem 1.2. The virtual divisor classes [Da]""™ and [Da3]Y"™ associated to the loci of curves of
genus 22 and 23 with maps to PS of degree 25 and 26 with image contained in a quadric are

- . 2/1 —
[Dg0] Vit = 3 ( 89> (17121/\ — 2636 5y — 14511 51) € CH' (M)



THE KODAIRA DIMENSIONS OF Mgy AND Mos 3

and respectively

. 4 /1 N
D] = 5 ( 89> (470749>\ — 72725 8, — 401951 51) € CH" (My3).

For the precise definitions of E)AZT/IQ, the stack QNSQ of limit linear series and the virtual classes [55 g]Virt,
we refer the reader to §3} Provided that these virtual classes are represented by effective divisors,
pushing forward to the coarse space and then taking closures in M, produces divisor classes of slope
127613261 = 6.495... and 47720772459 = 6.473... in Mgy and Mays, respectively. Most importantly for the
proof of Theorem both of these slopes are strictly less than 12—‘5

This construction is inspired by results in [FP05], where it is shown that any divisor on M, with
slope less that 6 + 91% must contain the locus K; € M, of curves lying on a K3 surface. Finding

geometric divisors on M, which contain this locus has proven to be quite difficult, as curves on K3
surfaces behave generically with respect to many natural geometric properties, such as Brill-Noether
and Gieseker-Petri conditions.

1.2. Strong Maximal Rank Conjecture. The Maximal Rank Conjecture, now a theorem of
Larson [Lar17|, has classical origins in the work of M. Noether and Severi [Sev15|. It was brought to
modern attention by Harris [Har82]. It says that if X is a general curve of genus g and L € W} (X)
is a general linear series, then the multiplication of global sections

ok Sym"HO(X, L) — HO(X, L)

is of maximal rank for all k. This determines the Hilbert function of the general embedding of
the general curve for each degree and genus. The Maximal Rank Conjecture has been the focus of
much activity over the decades, with many important cases, especially for small values of k, proved
using embedded degenerations in projective space [BES9, [BF10], tropical geometry [JP16) [TP17], or
limit linear series [LOTIBZ21|. These special cases have applications, including to the surjectivity
of Wahl maps [Voi192] and the construction of counterexamples to the Slope Conjecture [FP05|.

The Strong Mazimal Rank Conjecture is a proposed refinement that takes into account every
linear series L € W7 (X) on a general curve, rather than just the general one [AFILI, Conjecture
5.4]. The case k = 2 is of particular interest, because the failure of the map ¢ := ¢2 to be of
maximal rank is equivalent to the existence of a rank 2 vector bundle with a prescribed number
of sections, and it is known due to work of Lazarsfeld and Mukai that this is a condition that
distinguishes curves lying on K3 surfaces. It predicts that for a general curve X of genus g, and for
positive integers r, d such that 0 < p(g,r,d) < r — 2, the determinantal variety

Yh(X) = {L € Wj(X)|ér is not of maximal rank}

has the expected dimension. In particular, the Strong Maximal Rank Conjecture predicts that ¢,
is injective for every line bundle L € Wj(X) when the following inequality is satisfied:

3
(1) expdim X3(X) =g —(r+1)(g—d+r)—(2d+1—-g)+ w < 0.
When expdim ¥7(X) = —1, the locus of curves for which ¥7(X) is not empty has expected

codimension 1 in My, and contains the locus of curves on K3 surfaces. So its divisorial part is a
natural candidate for an effective divisor of small slope. In the two cases g = 22, d = 25, r = 6 and
g =23, d =26 and r = 6, the Strong Maximal Rank Conjecture amounts to the statement that
the degeneracy locus 4 discussed above does not dominate M, so its divisorial part is well-defined.
We prove the conjecture in these two cases.

Theorem 1.3. Set g = 22 or 23. For a general curve X of genus g, the multiplication map
¢r: Sym® HO(X, L) — H°(X,L®?)
is injective for all line bundles L € WS, 3(X).
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Theorem shows that the determinantal locus 4 does not map dominantly onto Mg. It follows
that [ﬁg}"i” is a divisor, rather than just a divisor class. In other words, the virtual class is a
linear combination of the codimension 1 components of the image of 4 in Mvg. The first proof of
Theorem appeared in the preprint [JPI8]; that work was never submitted for publication and
is incorporated into the present paper. An alternative approach using limit linear series was put
forward in [LOTIBZ18|.

The main difficulty in the proof of Theorem in comparison with the corresponding cases of
the Maximal Rank Conjecture, is that one must control all linear series on the general curve X,
rather than just a sufficiently general one. For this purpose, the embedded degeneration methods
initiated by Hartshorne, Hirschowitz and much refined by Larson are not suitable. Instead, we prove
Theorem by taking X to be a curve over a nonarchimedean field whose skeleton is a chain of
loops with specified edge lengths and applying tropical methods to study the linear series of degree
g+ 3 and rank 6. Along the way, we develop new techniques for understanding the tropicalization of
a linear series, based on the valuated matroids given by relations among collections of sections (see,
e.g., Example , and an effective criterion for verifying tropical independence (Theorem [1.6)).
Each of these represents a significant advance beyond the approach to maximal rank statements via
tropical methods developed in [JP16, [JP17].

1.3. Effectivity of the virtual divisor. Together, Theorems and do not suffice to show
that [65,]"1“ is effective on .//\/lvg. Theorem does establish that for ¢ = 22 or 23, the image of
the degeneracy locus 4l has positive codimension. Since the push forward of its virtual class is
well-defined as a divisor class supported on its image, it follows that

[ﬁg]vm =a12+ - +asZ

is a linear combination of the codimension one components in the image of . A priori, the degener-
acy locus 4 could still have components of higher than expected dimension that map with positive
dimensional fibers onto some of these codimension 1 components, in which case, some coefficient a;
may be negative. The following theorem rules out this possibility.

Theorem 1.4. Let Z C Mg be the closure of a codimension one component of o(i). Then the
generic fiber of il over Z is finite.

The proof of Theorem[I.4] has two main parts. One part, carried out in uses tropical methods,
very similar to those used in the proof of Theorem to show that if the generic fiber of 4 over
Z is infinite, then Z does not contain certain codimension 2 strata in My, and to control its pull
back under natural maps between moduli spaces. More precisely, we show that the class [Z] pulls
back to zero under the map j2: Ma 1 — M, obtained by attaching a general pointed curve of genus
g — 2 to each pointed curve of genus 2. Similarly, we show that [Z] pulls back to a nonnegative
combination of the Weierstrass divisor and the hyperelliptic divisor in Msj; under the analogous
attaching map j3: Mz 1 — ﬂg. The other part, carried out in is a series of computations in
CH*'(M,) showing that there is no nonzero effective divisor with these properties.

Theorem follows in a straightforward manner from Theorems and Indeed,
Theorems |1.3| and together imply that [©g] is a well-defined effective divisor on M,. Taking

closure in Mg, for g = 22 or 23 gives an effective divisor whose slope is the ratio % computed in

Theorem It follows that ﬂg is of general type, since this slope is less than 12—3

1.4. Tropical independence. Our proofs of Theorems[I.3|and [[.4]rely on tropical independence, as
in [JP16, [TP17]. Roughly speaking, this is a method for proving that a set of sections {s1,...,s,} of
a line bundle is linearly independent by extending the line bundle and its sections over a semistable
degeneration such that the specialization map is diagonal, i.e., there are irreducible components
X1,...,X, in the special fiber such that s; is nonzero on X if and only if i = j. We now briefly
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summarize the foundations of the method, with the hope that this will be helpful for those accus-
tomed to other degeneration techniques in the study of algebraic curves and their linear series.

1.4.1. Tropicalization of rational functions. Let X be a curve over a complete and algebraically
closed valued field K, with valuation ring R. Suppose X is a semistable model of X, that is, a flat
and proper scheme over Spec R with generic fiber Xx = X and a reduced special fiber with only
nodal singularities. Near each node in the special fiber, X is étale locally isomorphic to xy = f for
some f in the maximal ideal of R. The valuation val(f) is independent of the choice of coordinates,
and is called the thickness of the node.

Let I" be the metric dual graph of this degeneration. The underlying graph has one vertex for
each irreducible component of the special fiber and one edge for each node. Loops and multiple
edges appear when irreducible components have self-intersections and when two components meet
at multiple nodes. The length of an edge is the thickness of the corresponding node.

Each point v in T" is naturally identified with a valuation val, on the function field K (X). Roughly
speaking, the valuation at a vertex corresponds to the order of vanishing along the corresponding
component of the special fiber. More precisely, val,(f) is equal to —val(a) for any a € K* such
that af is regular and nonvanishing at the generic point of the corresponding component X,. The
points in the interior of an edge correspond to monomial valuations in the local coordinates x and
y at a node xy = f that agree with the given valuation on the scalar subfield K C K(X).

Remark 1.5. In the special case where X is defined over a discretely valued subfield K/ C K and
X is defined over the valuation ring R’ C K’, the thickness of each node is an integer, and X has an
A, _1 singularity at a node of thickness n. Recalling that the length of an edge equals the thickness
of the corresponding node, the valuations given by the integer points on the corresponding edge of
length n are the vanishing orders along the n — 1 exceptional components of the chain of rational
curves in the minimal resolution of this singularity.

Each valuation is naturally identified with a point in the Berkovich analytification X®", and
the resulting map I' — X®" is a homeomorphism onto its image (and, in an appropriate sense, an
isometry). When no confusion seems possible, we identify I" with its image in X?". There is a natural
retraction Trop: X" — T', which is called tropicalization, as is the induced map Div(X) — Div(T")
taking a formal sum of K-points to the formal sum of their images in T

The tropicalization of a nonzero rational function f € K(X)* is defined as

trop(f): T = R; v — val,(f).

This function is continuous, and piecewise linear on each edge, with integer slopes. Moreover,
trop(f) is determined up to an additive constant by Trop(div(f)).

1.4.2. Tropicalization of linear relations. Suppose {f1,..., fn} € K(X)* is a collection of non-zero
rational functions satisfying a linear relation a1 f; + -+ + a,fn, = 0, with a; € K*. Note that
val, (a; f;) = trop(f;)(v) + val(a;). Therefore, at each point v € T', the minimum in

0(v) = min{trop(;)(v) + val(as)}

must be achieved at least twice. This is a strong restriction on the functions trop(f;). For instance,
after subdividing I" so that each of these functions has constant slope on every edge, then on each
edge there must be two functions with equal slope.

We say that a collection of real-valued functions {#1, ..., %, } on I is tropically dependent if there
are real numbers by, ..., b, such that, for every point v € I, the minimum in min;{¢;(v) + b;} is
achieved at least twice. If there are no such real numbers, then we say that {1,...,¢,} is tropically
indepedent. Tropical independence of {trop(f),...,trop(f,)} is a sufficient condition for the linear
independence of {fi,..., f-} C K(X)*.

Now suppose that L = Ox (Dx) is a line bundle in W7 (X), as in §1.1jabove. We identify H°(X, L)
and HY(X, L®?) with K-linear subspaces of K(X), in the usual way. We can then show that the
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map ¢r,: Sym? HO(X, L) — H°(X, L®?) has rank at least n by finding rational functions f1,..., fu
in the image of ¢, such that {trop(fi),...,trop(fn)} is tropically independent. In practice, we
do not work directly with rational functions in the image of ¢;. Instead, we identify piecewise
linear functions ¢y, ..., @, in the image of H%(X, L) under tropicalization. Then all pairwise sums
wij = @i + @; are tropicalizations of functions in the image of ¢r. To prove that ¢, is injective,
we look for a set of such pairwise sums, of size equal to dim Sym? H 9(X, L), that is tropically
independent.

1.4.3. A characterization of tropical independence. One of the foundational advances in this paper
is a new necessary and sufficient condition for tropical independence. Given a finite set of PL
functions {®1,...,%,} on I'; and real numbers by,...,b,, we consider the corresponding tropical
linear combination

6 = min{y; + b; }.

We say that o; +b; achieves the minimum at v if (v) = ¢;(v)+b; and that it achieves the minimum
uniquely if, furthermore, 6(v) # ¢;(v) + b; for j # 1.

Theorem 1.6. A finite set {p1,...,0,} CPL(T) is tropically independent if and only if there are
real numbers by, ..., b, such that each @; + b; achieves the minimum uniquely at some v; € I

This is proved in §2.5] using the Knaster-Kuratowski-Mazurkiewicz lemma, a set-covering variant

of the Brouwer fixed-point theorem.

1.4.4. From tropical independence to diagonal specialization. We now return to the setup where X
is a curve over an algebraically closed valued field, X is a semistable model with metric dual graph
I, L = Ox(Dx) is a line bundle, and fi,..., f, € K(X)* are sections of L. Let ¢; = trop(f;).
Let = min;{p; + b;} be a tropical linear combination in which each p; + b; achieves the minimum
uniquely at some point v; € I'.

We can then choose a toroidal modification X’ — X so that each v; corresponds to an irreducible
component X; of the special fiber of X', and each of the functions 1, ..., p, and 6 is linear on each
edge of the metric dual graph IV, which is a subdivision of I". Furthermore, we can extend L to a
line bundle £ over X’ so that f € HY(X, L) is a regular section of £ if and only if trop(f) > 6, and
nonvanishing on the component X, corresponding to a vertex v € I' if and only if trop(f)(v) = 6(v);
see Proposition In particular, if a; € K* are scalars such that val(a;) = b;, then a; f; is a regular
section of £ and is nonvanishing on the irreducible component corresponding to v; if and only if
i = j. This diagonal specialization property ensures that {a1fi,...,a,fn} is independent in the
special fiber, and hence also independent in the general fiber.

1.5. Chains of loops. In our proofs of Theorems and we apply the method of tropical
independence (and Theorem in particular) to linear series on curves X whose skeletons are
specific, carefully chosen graphs I'. As in [JP16, [JP17], the graphs T' are chains of loops with
specified edge lengths. The divisor classes on such graphs I' that can arise in tropicalizations of
linear series of degree d and dimension r have been studied in [CDPRI12| [PfI17, JR21) [CPJ22|. For
those unfamiliar with such curves, we explain the geometry of their stable reductions.

Let X be a curve of genus g over K whose skeleton is a chain of g loops I'. Let X be its stable
reduction. Then [X,] € M, is a O-stratum. One can label its 2g — 2 rational components as

XlaY23X27Y37 oo 7Xg—17Yga

such that
(1) The components X; and Y, each have one node, and the rest are smooth;
(2) For 1 <i<g—1, X; meets Y;11 at a single node;
(3) For 2 <i<g—1, X; meets Y; at two nodes.
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This curve Xy is in the closure of the locus of hyperelliptic curves in M,. Our arguments therefore
cannot use the geometry of Xj in any meaningful way. Instead, we use the edge lengths of T
Thinking of X as the general fiber in a family over a germ of a curve, with central fiber Xy, the edge
lengths specify the contact orders of this germ with the 3g — 3 branches of the boundary divisor
that meet at [Xg]. Our proof of Theorem shows that the general member of such a family with
certain specified contact orders satisfies the conclusion of the Strong Maximal Rank Conjecture.

For those familiar with this method, we briefly describe the novel aspects of the constructions
presented here. Recall that the space of all divisor classes of degree d on I is a real torus of dimension
g, and the subspace W7 (T") parametrizing those that can come from linear series of degree d and
rank r on an algebraic curve form a finite union of translates of subtori, called combinatorial types.
These combinatorial types are naturally indexed by certain tableaux. When the edge lengths of "
are sufficiently general, an open dense subset of W] (I') consists of divisor classes that are vertex
avoiding, in the sense of [CIP15].

Suppose X is a curve whose tropicalization is I, Dx is a divisor of degree d in a linear series
of dimension r, and assume the class of D = Trop(Dyx) is vertex avoiding. Then we have a
canonical collection of PL functions {®o,...,9s} on I' that is the tropicalization of a basis for
H°(X,0(Dx)). In [JP16], we fix one particular D, assume that there is a tropical linear combination
6 = min;;j{p; + ¢; + b;;} such that the minimum is achieved at least twice at every point v € T,
compute the degree of the associated effective divisor D + div(6), and derive a contradiction. There
are several difficulties in extending this approach to all divisors of degree d and rank r. One is
sheer combinatorial complexity. The arguments in [JP16] are specific to the combinatorial type of
D. When I has genus 23, the number of combinatorial types in Wi, (T) is

23!
This difficulty is overcome primarily through the new constructive method for proving tropical
independence, given by Theorem [I.6]

In the non vertex avoiding cases, we face the additional problem of understanding which functions
in R(D) are tropicalizations of functions in H°(X,O(Dx)), and finding a suitable substitute for
the distinguished functions ¢;. For an arbitrary divisor D, this seems to be an intractable problem.
However, when p is small, we find that in most cases it is enough to understand the tropicalizations
of certain pencils in H°(X, O(Dx)). These, in turn, behave similarly to tropicalizations of pencils on
P!, which we analyze in Example The possibilities for the tropicalizations of H°(X,O(Dx))
are then divided into cases, according to the combinatorial properties of these pencils. We then
construct a tropical independence case-by-case, in §§I011] using a variant of the algorithm that
works for vertex avoiding divisors. Only one subcase, treated in does not reduce to an
analysis of pencils; the arguments in this subcase are nevertheless of a similar flavor, with a few
more combinatorial possibilities to consider.

1.6. Further constructions of virtual divisors of small slope. The construction of the virtual
divisor class [Da2] and the computation of its slope can be extended to an infinite family of cases,
as follows. Fix an integer s > 2, and set

g:=25>+s5+1, d:=2s>+2s+1 and r:=2s.

Then a general curve [X] € M, carries a 1-dimensional family of line bundles L € W} (X). For
each such L we consider the multiplication map

ér: Sym?HO(X, L) — HO(X, L%?).

Observe that h(X, L®?) — dim Sym*H°(X, L) = 1. Therefore, the locus where the map ¢y, is non-
injective has expected codimension two in the parameter space of pairs [X, L], where L € W7 (X).
Just as in the special case s = 3 and g = 22 discussed above, we work over a partial compactifi-

cation 9, of an open substack of ﬁg whose divisor class group is generated by A, dg, and d;. We
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consider the stack o: (’32 — ﬁg of limit linear series of type g/;. On the resulting stack @53 we then
construct a map of vector bundles that restricts to ¢y, on the fiber over [X, L], and we compute the
push forward of the virtual class of the degeneracy locus i, where this map is not injective.

Theorem 1.7. Fiz s > 2 and set g := 25> + s+ 1. Let {4 C Q~52 be the degeneracy locus described

above, and let [Dy] = o, L]V, Write [’E)g] = aX — bypdy — b161. Then
a  3(48s% — 5657 + 925% — 9055 + 86s* + 3245% + 317s% + 1825 + 48)

bo 2458 — 2857 + 2256 — 555 4 4354 + 11253 + 10052 + 505 + 12
12 3(120s% — 140s° — 1625 4 675> + 15352 + 945 + 24)
g+1 (252 + s+ 1)(24s8% — 2857 + 2256 — 555 + 43s* + 1123 + 10052 + 50s + 12)

In particular, % <6+ % for all s > 3.
Setting s = 3, we obtain the virtual divisor 522 in MVQQ that appears in Theorem When
s =2, 0.[U]V'" is an effective divisor whose closure in M; has slope 7. This interesting divisor has
also appeared in [FO12, [BF18], and can be seen as the closure of the locus of curves [X] € My,
possessing a semistable rank 2 vector bundle E whose Clifford index ClLff(E) is strictly less than
the Clifford index Cliff(X), which is, as usual, computed with respect to special line bundles on X.
For g = 22, results from [FP05| show that the closure in M, of the image of any effective
representative of [U]VI™" has slope equal to % It is possible to extend this statement for s > 3,
following closely the methods of [Far06]. However, in the interest of not increasing further the
length of this paper we choose not to carry this out here.

We have written this paper for an audience that includes experts on moduli spaces as well as
experts on tropical and nonarchimedean geometry. While the class computations (§45) and the
main tropical arguments ( are necessarily technical, the presentation also includes detailed
examples (such as Examples and and complete arguments in special cases, such as the
proof of injectivity of ¢, in the vertex avoiding case, in These are not logically necessary, but
should clarify and motivate the essential steps in the proofs of the main theorems.
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2. PRELIMINARIES

In this section we lay the groundwork for the main sections of the paper, establishing notation
and recalling basic facts that will be used throughout, and proving two foundational results that
may be more broadly useful. In particular, we recall the notion of slopes of divisors on moduli spaces
of stable curves, review the intersection numbers for curves and divisors on these moduli spaces,
and prove a vanishing criterion for effective divisors (Proposition . We then discuss skeletons
of curves over nonarchimedean fields and tropicalization of rational functions, before proving an
effective criterion for tropical independence (Theorem [1.6)).
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2.1. Slopes of divisors. We denote by ﬁg the moduli stack of stable curves of genus g > 2 and by
M, the associated coarse moduli space. All of the cycles and Chow groups that we consider are with
rational coefficients. The push forward CH*(9M,) — CH*(M,) is an isomorphism, and we identify
each cycle and cycle class on 90, with its push forward to M,. In particular, if 2 C M, 1s an
irreducible closed substack with coarse moduli space Y and generic stabilizer G, then [Q)] = Il G‘ V.

All intersection theory calculations in this paper are carried out on the stack ﬁg, whereas the
results about Kodaira dimension concern the coarse space ﬂg. We follow the standard convention
that CH® denotes the Chow group of cycles of codimension 4, modulo rational equivalence.

Recall that for g > 3 the group CH'(M,) = CH'(0M,) is freely generated by the Hodge class
A and the classes of boundary divisors §; = [A;], for i = 0,...,[4]. For g = 2 one has the
supplementary relation A = %60 + %51. The canonical class of ﬂg, computed in [HMS82], is

Kyq, = 13\ =260 — 30 — 205 — - — 20 4.

The singularities of M, are mild enough that all sections of nng extend to pluricanonical forms
on a resolution of singularities [HMSZ] Therefore, M, is of general type if and only if there is an
effective divisor class [D] ~ aX — E b 8; on M, that satisfies

13 13
(2) b—l<?f0rz7$1and—<§

The slope of an effective divisor D on M, with class as above is s(D) := max; { £} [HM90]. For
the purpose of studying the Kodaira dimension of ﬂg, one is most concerned with %. Indeed,

if 3+ < 123, then ;- < 13, and if, moreover, g < 23, then s(D) = e [FP05, Theorem 1.1(c) and
Corollary 1.2]. In particular, for g < 23, M, is of general type if and only if there is an effective
divisor D with ﬁ < 12—3

In their study of the Kodaira dimension of M, for g > 24, Harris, Mumford, and Eisenbud
considered Brill-Noether divisors, defined as follows. For integers » > 1 and d < g+ r — 2 such that

(3) plg;r,d) :==g—(r+1)(g—d+r)=—-1,

one defines M7 ; to be the (divisorial part of the) locus of curves [X] € M, with a linear series
L e Wj(X). The fact that this locus is not all of Mg is the essential content of the Brill-Noether
Theorem [GHS80]. Since the slope of the closure /\/l . of My, inside M, is 6 + o [HM82 EHS7],

it follows that M, is of general type when g > 24 and g+ 1 is composite. (If g + 1 is prime, then
the equation has no solutions, and there is no Brill-Noether divisor on M,.)

When g is even and at least 28, one similarly obtains a virtual divisor satisfying supported
on the closure of the locus of curves [X] € M, with a line bundle L € W} (X) where p(g,7,d) =0,
such that the Petri map is not injective [EH87]. The fact that this locus is not all of ﬂg, from
which it follows that this virtual class is effective, is the essential content of the Gieseker-Petri
Theorem [Gie82]. Note that both the Brill-Noether Theorem and the Gieseker-Petri Theorem have
more recent proofs by tropical arguments on chains of loops [CDPRI2| [JP14]. For g < 24 the
Brill-Noether and Gieseker-Petri divisors do not satisfy inequality .

As explained in the introduction, for ¢ = 22 and 23, we construct a different virtual divisor with
smaller slope. Specifically, we consider the push forward of the virtual class of the locus of curves
admitting a map of minimal degree to P® with image contained in a quadric. Theorem says that
these virtual divisors satisfy , and Theorems and combine to show that they are effective.

2.2. Test curves and intersection numbers. We introduce a few standard test curves in M,
that will be used several times in the paper. Choose a general pointed curve [X, g| of genus g — 1.
Then construct the families of stable curves of genus g
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(4) Fy = {[qu] = [X/y~ql|yc X} CAgCM, and

(5) Fu ::{[XUth] |teP1}gA1cﬂg,

where {[E}, q]};epr denotes a pencil of plane cubics and ¢ is a fixed point of the pencil. The
intersection of these test curves with the generators of CH'(M,) is well-known, see [HM82]:

Fo-A=0, Fy-0=2-29, Fy-6=1 and Fo-0;=0 for JZQEJ
Fai-A=1, Fua -6 =12, Fep-01=-1 and  Fo-9; =0 fmj:?”"’gJ'

For a fixed pointed curve [C, p] € My_; 1 and a fixed curve [D] € M;, we consider the family
(6) F, ::{[OupwyD] |yeD} C A CM,.
Then using again [HM82]| we find

Fi-A=0, F;-6;,=2—-2i, and F;-6; =0 for j #1i.

2.3. A vanishing condition for effective divisors. In order to prove Theorem [T.4] we must
show that there is no nonzero effective divisor in M, over which the fibers of the degeneracy locus
$l inside 652 are generically infinite. We will do so by applying certain sufficient vanishing conditions
for effective divisors on M, which we explain next.

Definition 2.1. For1 <4,j < g,let A; ; C ﬂg be the codimension 2 boundary stratum parametriz-
ing curves with two separating nodes, whose two tail components have genus ¢ and j. Such a curve
has a third component, of genus g — i — j, meeting each tail component at a node.

For 1 < k < g, let g5, My1 — M, be the map obtained by attaching a fixed, general pointed
curve [X,p] € My_j1 to an arbitrary pointed curve of genus k. We let v € CH'(Mjy. 1) be the
cotangent class, and we let §; = ;.1 € CH 1(Mk,1) denote the class of the closure of the locus of
the union of two smooth curves of genera i and k& — ¢, with the marked point lying on the genus i
component, for t =1,...,k — 1. We then have the following formulas:

(M) k) =A gklbo) =d0,  Jk(0k) = =¥+ O2k—g,  Ji(0i) = bigk—g + Ok for i # k.
Here we make the convention §; := 0, for i < 0 or i > g.

The Weierstrass divisor Wy, in My, 1 is the closure of the locus of smooth pointed curves [X, p],
where p € X is a Weierstrass point. The hyperelliptic divisor Hs in Mg,l is the locus where the
underlying curve is hyperelliptic.

The following result provides sufficient intersection-theoretic conditions for an effective divisor
on M, to be zero. It relies on the existing detailed knowledge of the Picard group of M, ;.

Proposition 2.2. Let g > 6 and let D be an effective divisor on M, with the following properties:
(1) D is the closure of a divisor in Mg;
(2) 35(D) = 0;
(3) D does not contain any codimension 2 stratum Ag ;.
(4) if g is even then 35(D) is a nonnegative combination of the classes [Ws] and [Hs] on M3 1.
Then D = 0.

Proof. Write the class of D as
[D] = aX —bodo —--- — b g)6,g] € CH' (M,).

Since M, is projective, to show that D is zero, it suffices to show that [D] = 0.
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First, note that a > 0, since X is nef and the complete curves disjoint from the boundary are
dense in M. Next, we claim that b; > 0 for all 7. For ¢ = 2,...,g9 — 1, the curve F; moves in a
family that covers the boundary divisor A;. Since A; € supp(D), it follows that F; - D > 0, hence
b; > 0. For ¢ = 0, we similarly use the curve Fy which moves in a family that covers Ag, to deduce
that (29—2)b0—b1 :F()DZO, SOb()ZO.

By |[EHS87, Theorem 2.1], the condition y5(D) = 0 implies that a = 10by = 5b; and by = 0. Indeed,
recall the relation \ = %60 + %(51 in genus 2. By @ we have j§([D])ia)\ — bpdy — b1d1 + botp, and
the conclusion follows from the fact that the classes v, 6o, 61 € CH* (Ma3,1) are independent.

Next we consider the test curve Fp g_o_; € Ag 4_;_o obtained by gluing a fixed pointed curve of
genus 2 to a moving point on a curve of genus j, which is itself glued at a fixed point to a curve of
genus g — j — 2. If j # 2,9 — 4, we have

Frg o j-A=0, Fpg o j-d3=1-2j, Fy g 9_j-0; =1,
Frg o j-djpe=—1, Frg2-j-0; =0, fori#27,5+2.
Similarly, for the test curves F5 4_4 and F5 2 we have
F27g_4 A= O, F2,9_4 . 51 = O7 for 4 75 2,4, F27g_4 . (52 = —2, F27g_4 . 54 =—-1.
FQQ')\ZO, FQ’Q'(si :Oforz';é2,4, F2’2'(52 = —4, F2’2'54:1.

Since Fp 4_s_; covers the stratum As ,_o_;, which is not contained in D, we have Fy; - D > 0.
Since by = 0, it follows that b; < bj s for 1 < j < g — 3, where we adopt the usual convention that
by 1= bg—i, for | 5] < k < g. Replacing j by g — j — 2, we see that

(8) bj =bjyo, for 1 <j<g—3.

When ¢ is odd, combining with the fact that by = 0 shows that b; = 0 for all 7 > 1. Since
a = 10bg = 5by, it follows that D = 0.

It remains to consider the case when ¢ is even. So far, using and the relation a = 10by = 5by,
we have shown that
[D] = C(IO)\ — 50 — 251 - 253 — = 25%)
for some ¢ € Q>9. We aim to prove that ¢ = 0.
By assumption, we have a relation [55(D)] = a[W3] + B[H3], for certain nonnegative rational
constants o and 3. By [Cuk89] or [EHS7], the class of the Weierstrass divisor is

W3] = =X+ ¢ — 301 — 605.
By for instance [HM98, Section 3.H], the class of the hyperelliptic divisor is

[Hs] = 9\ — 0o — 351 — 30a.
Applying once more the formula , we find that
[j;(D)} = C(].O)\ - (50 - 252 + 2’1/)) = Oé(—)\ - 351 - 652 + '1/1) + ﬁ(9>\ - (50 - 351 - 3(52)

Since the classes A, dg, 01, 02, ¥ freely generate CH 1(ﬂ371), we immediately obtain from this relation
that c = a = =0. That is, D = 0. O

2.4. Tropical and nonarchimedean geometry of curves. The techniques that we use to prove
Theorems|[I.3|and[I.4] and thereby establish the transversality statements needed to produce effective
divisors of small slope on Mgy and Mas, are based on tropical and nonarchimedean geometry. Let
X be a curve of positive genus over an algebraically closed nonarchimedean field K with valuation
ring R and residue field k, of characteristic zero. For simplicity, we assume that K is spherically
complete with value group R. An example of such a field is C((t®)), the field of power series with
real exponents and well-ordered support. See [Poo93] for an exposition of nonarchimedean fields
with such completeness properties. Note that any two uncountable algebraically closed fields of the
same cardinality and characteristic are isomorphic [Mar02, Proposition 2.2.5]. In particular, we may
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choose K to be isomorphic to C, as an abstract field. The additional nonarchimedean structure on
K gives us access to techniques from tropical geometry and Berkovich theory, just as the Euclidean
norm on C gives access to techniques from Riemann surfaces and complex analytic geometry.
Since K is spherically complete with value group R, every point in the nonarchimedean analyti-
fication X" has type 1 or 2. Here, a type 1 point is simply a K-rational point, and a type 2 point
v corresponds to a valuation val, on the function field K(X) whose associated residue field is a
transcendence degree 1 extension of the residue field k of K. See, e.g., [BPR16, §3.5].

2.4.1. Skeletons. The minimal skeleton of X" is the set of points with no neighborhood isomorphic
to an analytic ball, and carries canonically the structure of a finite metric graph. More generally,
a skeleton for X" is the underlying set of a finite connected subgraph of X" that contains this
minimal skeleton. Any skeleton I' is contained in the set of type 2 points, and any decomposition
of a skeleton I' into vertices and edges determines a semistable model of X over R. The vertices
correspond to the irreducible components of the special fiber, and the irreducible component X,
corresponding to v has function field (X, ), the transcendence degree 1 extension of x given by the
completion of K (X) with respect to val,. The edges correspond to the nodes of the special fiber,
with the length of each edge given by the thickness of the corresponding node.

2.4.2. Tropicalizations and reductions of rational functions. Let I' be a skeleton for X®". Since I"
is contained in the set of type 2 points, for each nonzero rational function f € K(X)* we get a
real-valued function

trop(f) : T' = R, v+ val,(f).

This function is piecewise linear with integer slopes, and its slope along an edge incident to v is
related to the reduction of f at v. This relation is known as the slope formula, a nonarchimedean
analogue of the Poincaré-Lelong formula, which we now describe.

Given a nonzero rational function f € K(X) and a type 2 point v € X" choose ¢ € K* whose
valuation is equal to val,(f). Then f/c has valuation zero, and the reduction of f at v, denoted
fv, is defined to be its image in x(X,)*/k*. This does not depend on the choice of ¢, so f, is
well-defined. Divisors of rational functions are invariant under multiplication by nonzero scalars,
and we denote the divisor on X, of any representative of f, in x(X,)* by div(f,). Each germ of
an edge of T incident to v corresponds to a point of X, (a node in the special fiber of a semistable
model with skeleton T, in which X, appears as a component). The slope formula then says that the
outgoing slope of trop(f) along this germ of an edge is equal to the order of vanishing of f, at that
point [BPR13| Theorem 5.15(3)].

2.4.3. Complete linear series on graphs. Let PL(T") be the set of continuous piecewise linear functions
on I with integer slopes. Throughout, we will use both the additive group structure on PL(T"), and
the tropical module structure given by pointwise minimum and addition of real scalars.

A divisor D on I' is an element of the free abelian group generated by the points of T, i.e. a
finite formal linear combination of points of I' with integer coefficients. The order of ¢ € PL(T") at
a point v € T', denoted ord,(¢), is the sum of the incoming slopes of ¢ at v. The principal divisor
associated to ¢ is then div(y) := > . ord,(¢)v. The complete linear series of such a divisor D is

R(D) := {¢ € PL(I) : div(¢) + D > 0}.

Note that R(D) C PL(I) is a tropical submodule, i.e. it is closed under scalar addition and pointwise
minimum.

By the Poincaré-Lelong formula, if Dx is any divisor on X tropicalizing to D and f is a section
of O(Dx), then trop(f) € R(D). We refer the reader to [BNO7, Bak08] for further background on
the divisor theory of graphs and metric graphs, and specialization from curves to graphs.
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2.5. Tropical independence. We now recall the notion of tropical independence, as defined in
[JP14], and prove Theorem Let {t; : ¢ € I} be a finite collection of piecewise linear functions.
A tropical linear combination is an expression

0 = min{vy; + ¢; },
for some choice of real coefficients {c;}. Note that different choices of coefficients may yield the
same pointwise minimum, but we consider the coefficients {¢;} to be part of the data in a tropical
linear combination, so the tropical linear combinations of {¢;} are naturally identified with R’.

Given a tropical linear combination § = min{v; + ¢;}, we say that 1; + ¢; achieves the minimum
at v € I' if O(v) = 9¥;(v) + ¢;, and achieves the minimum uniquely if, moreover, 8(v) # ¢;(v) +¢; for
j # 1. We say that the minimum is achieved at least twice at v € I if there are at least two distinct
indices i # j such that 6(v) is equal to both ¢;(v) + ¢; and ¥;(v) + ¢;.

A tropical dependence is a tropical linear combination § = min{«; 4+ ¢;} such that the minimum
of the functions 1); + ¢; is achieved at least twice at every point of I'. Equivalently, § = min{v; + ¢;}
is a tropical dependence if § = min;x;{1; + ¢;}, for all . If no such tropical linear combination
exists, then {4, ... 1.} is tropically independent.

Most importantly for applications to Brill-Noether theory, if a set of nonzero functions { fo, ..., f-}
is linearly dependent over K, then the set of tropicalizations {trop(fo),...,trop(f,)} is tropically
dependent [JP14] Lemma 3.2]. Therefore, tropical independence of the tropicalizations is a sufficient
condition for linear independence of rational functions.

Our arguments in this paper use the following new characterization of tropical independence.

Definition 2.3. A tropical linear combination § = min{; + ¢;} is a certificate of independence if
each 9; + ¢; achieves the minimum uniquely at some point v € T'.

Equivalently, 6 = min{t; + ¢;} is a certificate of independence if 6 # min;;{1; +¢;}, for all i € I.

Remark 2.4. In linear algebra, a dependence is a linear combination that shows a collection of
vectors is linearly dependent. Similarly, a tropical dependence is a tropical linear combination that
shows a collection of PL functions is tropically dependent. The word independence is chosen to
parallel this established terminology; by Theorem the existence of a certificate of independence
for a collection of PL functions shows that these functions are tropically independent. There is no
analogous notion in linear algebra.

Although not logically necessary for the proofs of our theorems, we include the following inter-
pretation of tropical independence in the language of algebraic geometry.

Proposition 2.5. Let X be a curve over K with skeleton T'. Let fy, ..., f. be sections of O(Dx).
Then the following are equivalent:
(1) The collection {trop(fo),...,trop(f,)} is tropically independent.
(2) There is a semistable model X of X, a line bundle L extending O(Dx), irreducible compo-
nents Xg, ..., X, in the special fiber of X, and scalars ag, . ..,a, € K such that a;f; extends
to a regular section of L and vanishes on X; if and only if i # j.

Proof. Suppose {trop(fy),...,trop(f-)} is tropically independent. Then there are real numbers
€0, - - -, ¢ such that § = min{trop(f;) + ¢;} is independent. Choose points vy, ..., v, in I' such that
trop(f;) + ¢; achieves the minimum uniquely at v;. Let X be the model corresponding to some
semistable vertex set for I' that contains {vp,...,v,} and the tropicalization of every point in the
support of Dy, and let X; be the irreducible component of the special fiber corresponding to v;.

We define a subsheaf £ of K(X) on X, extending O(Dx), as follows. A rational function f is a
regular section of £ at a point x in the special fiber if and only if there is an affine open neighborhood
U of z in the special fiber such that

(i) div(f) + Dx is effective on sp~*(U), and
(ii) trop(f) > 6 on trop(sp~*(U)).
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The choice of X, which depends on both Dx and @, guarantees that this sheaf is locally free of rank
1. Furthermore, by construction, a section f of O(Dx) is regular on X; (resp. vanishes on X;) if
and only if trop(f) > 0(v;) (resp. trop(f) > 6(v;)). In particular, if we choose scalars a; € K* such
that val(a;) = ¢;, then the sections a; f; of O(Dx) extend to regular sections of £, and «a, f; vanishes
on X if and only if 7 # j, as required.

For the converse, given scalars ag, ..., a,, irreducible components Xy, ..., X,, and an extension
L of O(Dx) satisfying (2), set ¢; = val(a;). By comparing trop(f;) with the valuation of a local
generator for £ at the generic point of X;, we conclude that trop(f;) + ¢; is strictly less than
trop(f;) + ¢; at v;, and hence 8 = min{trop(f;) + ¢;} is a certificate of independence. O

Remark 2.6. Proposition [2.5] suggests some resemblance between our approach to proving linear
independence of sections via tropical independences and the technique used to prove cases of the
maximal rank conjecture via limit linear series and linked Grassmannians on chains of elliptic curves
in [LOTiBZ21]. Osserman has also developed a notion of limit linear series for curves of pseudocom-
pact type [Oss19b], a class of curves that includes the semistable reduction of the curve X we study
here. Relations to the Amini-Baker notion of limit linear series in tropical and nonarchimedean
geometry are spelled out in [Oss19a].

Recall that Theorem [1.6[says a finite subset {¢; | ¢ € I} C PL(I") is tropically independent if and
only if there is a certificate of independence 6§ = min{v; + ¢;}.

Proof of Theorem[I1.6l First, we suppose that {1;} is tropically dependent, and show that there is
no such independence. Choose real coefficients ¢ such that the minimum of {1; +¢}} occurs at least
twice at every point v € I'. Now, consider an arbitrary tropical linear combination § = min{v; +¢;}.
Choose j € I so that ¢; — ¢} is maximal. At every v € I', there is some i # j such that ¥;(v) +¢; <
Yj(v) + ;. Tt follows that ;(v) + ¢; < 9;(v) + ¢;, and hence § = min{t); + ¢;} is not a certificate
of independence.

It remains to show that if there is no such independence, then {1;} is tropically dependent. Let
A; be the set of vectors ¢ = (¢y,. .., ¢,) € R™ such that ¢;(v) +¢; > minj»;{¢;(v)+¢;} for allv € T.
Note that each A; is closed, and ¢ gives a certificate of independence if and only if it is contained
in none of the A;. Similarly, ¢ gives a tropical dependence if and only if it is contained in all of the
A;. Hence, we must show that if the sets A; cover R™ then their intersection is nonempty.

Suppose A;U---UA,, = R". Choose m sufficiently large so that v;(v) +m > 1;(v) for all ¢, j and
all v € T'. Let A be the simplex spanned by mn times the standard basis vectors in R™. If ¢ is in
the proper face A; C A corresponding to I C {1,...,n}, then ¢; > m for some ¢ € I and ¢; = 0 for
j & I. Hence Ay is covered by {A; N A};cr. The Knaster-Kuratowski-Mazurkiewicz lemma (that
is, the set-covering variant of the Brouwer fixed-point theorem) then says that A, N---NA, NA is
nonempty, as required. ([l

3. CONSTRUCTING THE VIRTUAL DIVISORS

In this section, we construct the virtual divisor class [”}523]‘““ as the push forward of the virtual
class of a codimension 3 determinantal locus. This determinantal locus is contained inside a universal
parameter space of limit linear series of type gS; over an open substack a3 of Mag that differs
from M3 U Ag U Ay outside a subset of Egdimension 2. We follow a similar procedure in the case
of the virtual divisor classes [59]““ on My, for g = 25 + s+ 1, with s > 2. As long as the two
constructions run parallel, we treat both simultaneously. Throughout, we work over an algebraically
closed field K of characteristic zero.

We first recall the notation for vanishing and ramification sequences of limit linear series [EHS6].

Definition 3.1. Let X be a smooth curve of genus g, ¢ € X a point, and ¢ = (L,V) € G3(X) a
linear series on X. The ramification sequence of £ at g

a’(q) : af(q) < --- < al(q)
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is obtained from the vanishing sequence

a’(q) aplq) <+~ <ap(q) <d

by setting af(q) := a‘(q) — i, for i = 0,...,r. Sometimes, when L is clear from the context, we

write oV (¢) = af(q) and similarly a¥ (¢) = a‘(q). The ramification weight of q¢ with respect to £ is
wtf(q) := >_i_, af(q). We denote by p(£, q) := p(g,r,d) — wt‘(q) the adjusted Brill-Noether number
of ¢ with respect to q.

Recall from [EH87, p. 364] that a generalized limit linear series on a tree-like curve X consists
of a collection ¢ = {(L¢, Vi) | C is a component of X}, where L¢ is a rank 1 torsion free sheaf of
degree d on C and Vo € H(C, L¢) is an (r + 1)-dimensional space of sections satisfying the usual
compatibility condition on the vanishing sequences at the nodes of X. For such a tree-like curve X,
we denote by G(X) the variety of generalized limit linear series of type gy

In what follows we fix positive integers g, r, and d such that either

(9) g=23, r=6, d=26, or

(10) g=25>+s5+1, r=2s, d=2s>+2s+1, where s> 2.
Note that p(g,r,d) = 2 in case (9) and p(g,7,d) =1 in case (10).

3.1. An open substack of M,. We denote by M 4— the closed subvariety of M, parametrizing
curves X such that Wj_,(X) # 0. We claim that codim(M} ; ;, M) > 2. To see this, it suffices
to observe that p(g,r,d — 1) is less than —1, and then apply [EH89, Theorem 1.1]. For each curve
[X] € Mg\ M, ,, every line bundle L € Wj(X) is base point free, with H'(X, L®?) = 0, since
d > g. We denote by ﬂ;d,l the closure of M;d_l in Mg.

Let A; C Ay C M, be the locus of curves [X U, E], where X is a smooth curve of genus g — 1
and [E|y] € Ml,l is an arbitrary elliptic curve. The point of attachment y € X is chosen arbitrarily.
Furthermore, let A5 C Ay C M, be the locus of curves [X,, := X/y ~ q] € Ao, where [X,¢] is
a smooth curve of genus g — 1 and y € X is an arbitrary point, together with their degenerations
[X Uy E), where E is a rational nodal curve (that is, E, is a nodal elliptic curve and j(Eo) = o).
Points of this form comprise the intersection A§ N Af. We define the following open subset of ﬂg:

M, = My UAGUAS.

In order to define the open substack of M; over which Theorems and will be ultimately
proved, we need further notation. Let 7o be the subvariety of A§ of curves [X,4 := X/y ~ ¢], where

the curve X satisfies GZH(X ) # 0 or Gy _5(X) # 0. Similarly, 7; € AS denotes the subvariety of
curves [X U, F], where X is a smooth curve of genus g — 1 with G5 (X) # 0 or G7_,(X) # 0.
Observe that both 7y and 77 are closed in M;

We introduce the following open subset of M:

(11) M/g = M; \ (ﬂ;d,l @] 76 U 7—1)
We define AO = Mvg NAy C A§ and ﬁl = Mvg NA; CAS, s0
My = (Mg\ M) URGUA,.

Note that M g and M UAgUA, differ outside a set of codimension 2 and we use the identification
Pic(M,) 2 CHY(M,) = Q(), b, 1), where X is the Hodge class, &y := [Ao] and &; := [A4].
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3.2. Stacks of limit linear series. Next we introduce the parameter spaces of limit linear series
that we will use.

Definition 3.2. Let @52 be the stack of pairs [X, ¢], where [X] € §3v?g and { is a (generalized) limit
linear series on the tree-like curve X in the sense of [EH87]. We consider the proper projection map

o B, — ﬁg.

We refer to [EH86] and [EH87] for facts on limit linear series and to [Oss06] and [LO19| for
details regarding the construction of Q~52 We discuss the fibers of 0. Over a curve [X U, E] € 81,
we identify o~ ([X U, E]) with the variety of limit linear series ¢ = ({x,lr) € G5(X) x G5(F)
satisfying the compatibility conditions described in [EH86]. Over a point [X U, Ex] € AgN Ay, the
fiber o' ([X U, Es]) is identified with the variety of generalized limit linear series G (X U, Ex).
In order to describe the fiber o= !([X,,]) over an irreducible curve [X,,] € Ay, we recall a few
things about the variety W, (X,,) of rank 1 torsion free sheaves L on X, having deg(L) = d and
hO(Xyq, L) > 7+ 1. We denote by W75 (X,,) the open subvariety of W(X,,) consisting of line
bundles. If v: X — X,, is the normalization map, and the curve X satisfies GZH(X ) =0, we
observe that h°(Xy,,, L) = r + 1 for every sheaf L € W;(qu). In particular, we identify the fiber
o1 ([Xyq)) with Wy(X,,). Moreover, the pull back map v*: W5 (X,,) — Pic?(X) is injective.

For a pointed curve [X,y,q] € My_1 2, by [OS79, Proposition 12.1], there is a desingularization
of the compactified Jacobian

—~d _
Pic (Xyq) := P(P, & P,) — Pic" (X,y).

Here, P denotes a Poincaré bundle on X x Pic?(X), P, denotes the restriction of P to {y} x Pic?(X),

4
and P, denotes the restriction of P to {g} x Pic?(X). A point in Pic (X,,) can be thought of as a
pair (L, Q), where L is a line bundle of degree d on X and L, ® L, — @Q is a 1-dimensional quotient.
—~d -
The map Pic (X,q) — Picd(qu) assigns to a pair (L, Q) the sheaf L' on X, defined by the exact
sequence

0—L — v, L —Q—0.

Remark 3.3. If the rank 1 torsion free sheaf L € Wi(X,,) \ W5 (X,,) is not locally free, then

—d
this point corresponds to two points in Pic (Xy4). If A € W]_,(X) is the unique line bundle such
that v,(A) = L, then these points are (A(q) = A® Ox(q), A(q)q) and (A(y) = A® Ox(y), A(y)y)
respectively.

Let &g — ﬁg be the universal curve, and let po: Eg X35 Q;g — Q~52 be the projection map.
g

We denote by 3 C Elg X5, 62 the codimension 2 substack consisting of pairs [X,q, L, 2], where

[Xyq] € AJ, the point z is the node of Xyq and L € Wy(X,q) \ W5 (X,,) is a non-locally free torsion
free sheaf. Let

€: Eg = B13 (Eg Xﬁg 652) — Eg Xﬁg 652
be the blow-up of this locus, and we denote the induced universal curve by
pi=proe: ég — Q~52

The fiber of p over a point [X,4, L] € Ao, where L € W, (Xyq) \W7(X,,), is the semistable curve
X Ugy,qy R of genus g, where R is a smooth rational curve meeting X transversally at y and gq.
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3.3. é degeneracy locus in the universal linear series. We choose a Poincaré line bundle £
over €, having the following properties:

(1) For a curve [X U, E] € A, and a limit linear series £ = ((x,{g) € GH(X) x G5(E), we have
that Ly xu,m,q € Pic?(X) x Pic’(E), where the restriction L|g is obtained by twisting the
underlying line bundle Lg of the E-aspect £g by Og(—dy).

(2) For a point t = [X,,, L], where [X,4] € Ag and L € Wy (X,) \ W5 (X,q), thus L = v, (A) for
some A € Wji_,(X), we have £;x = A and L = Og(1). Here, as before, p~'(t) = X UR.

Next we introduce the sheaves
(12) E:=p.(L) and F = p,(L®?)
which play an essential role in the paper. By Grauert’s theorem, £ is locally free and rank(€) = r+1,
and .7-'6;\0,1(51) is also locallzl free and rank(F) = 2d + 1 — g. We will show in Proposition that
in fact F is locally free over &}, and give a geometric interpretation of its fibers.

There is a natural vector bundle morphism over Q~52 given by multiplication of sections,
(13) ¢: Sym*(€) — F.

We denote by U C ég the first degeneracy locus of ¢, which carries a natural virtual class in the
expected codimension, as the next definition explains.

Definition 3.4. We define the virtual divisor class [359]““ = o, ([, Precisely, the classes
[D,]Vi'* are virtual divisors in 90, given by

[Das] ™ = 0, (e5(F — Sym?(€)) ) € CH! (Mhay),
and, for s > 2 and g = 25 + s+ 1,
@, = o, (CQ(]: - sym2(5))) e CH'(M,).

In order to establish the local freeness of F and understand better the morphism ¢ in , we
need further preparation. For a pointed curve [X,y] € M,_1 1, we denote by X the genus g curve
obtained from X by creating a cusp at y and by v: X — Xé the normalization map. Recall that
a pseudo-stable curve is a connected curve having only nodes and cusps as singularities, such that
its dualizing sheaf is ample and each smooth irreducible component of genus 1 intersects the rest
of the curve in at least two points. Pseudo-stable curves of genus g form a Delige-Mumford stack
ﬁgs. One has a divisorial contraction : ﬁg — ﬁgs replacing each elliptic tail of a stable curve

with a cusp [HHO9]. Set-theoretically, 7 ([X U, E]) = [X]].

Definition 3.5. Let W C o 1(A) C 652 be the divisor consisting of pairs [X U, E, /]|, where
[X Uy, E] € Ay and ¢ = ({x,¢E) is a limit linear series on X U, E such that Ly = Og(dy).

If [ XUy, E, (] € 0_1(31), then the X-aspect £x of £ has a cusp at the point y. From the definition
of /\7577 it follows that £x must be complete. Arguing along the lines of [HHO9] one sees that
there is a divisorial contraction 7: &7 — (’Nﬁg’ps of 071 (Ay), where 62,;)5 denotes the stack of linear
series of type g/; over curves from the open substack W(E/DVTQ) of ﬁgs. The morphism 7 replaces each
curve [X U, E] € A, with the cuspidal curve X, and a limit linear series ({x = |Lx|,{p) on XUy E
(where note that Lx is locally free) with the line bundle L’y € Wj(X,) such that v*(LYy) = Lx.

Observe that h°(X, Lx(—2y)) < h°(X, Lx) since [X Uy E] ¢ T, therefore the line bundle Ly on
X?’J is uniquely determined by its pull back Lx under the normalization map v: X — X?’/.

If we denote by T the divisor in p‘l(a_l(ﬁl)) corresponding to marked points lying on the
elliptic tail, then the morphism 7 : &7 — &} is induced by the linear series |p, (w,(T))| (see
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[HHO9, Proposition 3.8] for a very similar claim). We denote by
G B
the universal curve and by £P® the Poincaré bundle on Egs.

After this preparation, we now describe the morphism ¢ defined in in more detail.
Proposition 3.6. Both sheaves £ = p.(L) and F = p.(LZ?) are locally free over Q~52

Proof. We first show that for any ¢ € Q~5’d, one has h®(p~'(t), Ljp-1(;)) = r + 1. Since the claim
obviously holds for points in o' (Mg\ M7 ; ), we assume first that t = (XU, E, £x,/g) € o 1(AY).
Since [X U, E] ¢ T1, we have h°(X, Lx) = r+1 and thus {x = |Lx]| is a complete linear series. We
have the exact sequence on p~1(t)

eVy

(14) 0— H(p7'(t), L1p-11y) — H°(X,Lx) & H°(E, Lp(—dy)) —% O,

where O, is the structure sheaf of the point y. We distinguish two cases. If Lg 2 Og(dy), then
a‘?(y) < d, hence aj*(y) > 0 and fx has a base point at y, in which case from we get
HO(p7(t),Ly1(1y) = H(X,Lx) = H°(X, Lx(—y)), which is (r 4 1)-dimensional.

If on the other hand Lg = Opg(dy), then by restricting to the second factor, we see that the
evaluation map ev, is surjective, and again from we obtain that h° (p’l(t), C\@‘l(t)) =r+1.

Assume now that ¢ = [X,4, L] € o 1(Ay) . The case where L is locally free is clear. Assume
instead that L = v,(A), with A € Wj_;(X). Recall that p~'(t) = X Uy, 3 R, with R being a
smooth rational curve meeting X at the points y and q. The Mayer-Vietoris sequence on p~*(t)
then gives rise to exact sequences

0—> HO( ( ) ﬁ\@ 1(¢) ) O(X, A) @HO(R, OR(I)) — Oy @Oq,

and
0— H(p (1), L‘%_l(t ) — H(X,A®?) & H°(R,0r(2)) — Oy ® O,.
Since [Xy,] € 7o, it follows that h°(X, A) = r + 1. Again, by restricting to the second factor, we
see that the righthand map is surjective. Thus h° (p_l(t), ;Clpfl(t)) =r+1 for every t € &}, which
shows that &£ is locally free.
We now turn our attention to the sheaf F and first show that for ¢ € Q~53 \ W we have that

ho( ()£§21(t)):2d+1_9

The case t = [Xyq, v4(A4)] € o~ 1(Ag) follows from the second exact sequence above. Specifically, we
have h'(X, A®?) =0, so h%(X, A®?) = 2d — g, and by restricting to the second factor, we see that
the righthand map is surjective. N

If now t = (X Uy E,fx,lg) € 0~ (A1), we have an exact sequence

0— H(p (1), L% ,) — HY(X,LY?) @ H° (B, L (—2dy)) —

Since h'(X,LY?) = hY(X, LY (~y)) = 0, it follows that the map ev, in the previous sequence is
surjective. If Ly 2 Og(dy), we obtain h° (p~1(t), Eﬁzl(t)) =2d+1-yg
If t € W, then Lgp = Og(dy) and ho(ga_l(t),ﬁ“?,l(t)) = 2d 4+ 2 — g and this argument breaks

down. Instead, we recall that we introduced the divisorial contraction 7: Q~5§ — ég’ps of 0_1(81).

Then

pe(£5%) =7 (5. (7)) ).
That is, for each t € W, the linear series g. (£®2)‘@—1(t) replaces the elliptic tail with a cusp. Since
hO(X,, (LP*)®?) = 2d+1—g for every cuspidal curve X, and each LP* € W} (X, ), applying Grauert’s
theorem over @2’ps, we conclude that the sheaf F = p(£%?) is locally free as well. O

evy

O,
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Remark 3.7. In situation the local freeness of F follows from general principles, without
having to resort to the local analysis above. Indeed, applying [Har80, Corollary 1.7], it follows that

0+ (L®?) is a reflexive sheaf, thus its singular locus is of codimension at least 3 in (752 Removing this
locus, one can still define the virtual class [D,]"""" as in Deﬁnition This argument falls short in
case @, however, where we cannot discard codimension 3 loci in &,.

The next corollary summarizes the fiberwise description of £ and F implicitly obtained above.
It follows from the application of Grauert’s Theorem explained in the proof of Proposition [3.6

Corollary 3.8. ~The vector bundle map ¢: Sym? () — F has the following local description:

(i) For [X, L] € &y, with [X] € Mg\ My ;| smooth, one has the following description of the fibers
Ex,p)=H(X,L) and Fxr)=H’(X,L®)

and ¢(x,1): Sym*HO(X, L) — H(X, L®2) is the usual multiplication map of global sections.

(13) Suppose t = (X Uy E Ux,lE) € 0‘1(31), where X is a curve of genus g — 1, E is an elliptic

curve and £x = |Lx| is the X -aspect of the corresponding limit linear series with Lx € W[ (X) such
that h%(X, Lx(—2y)) > r. If Lx has no base point at y, then

& =HX,Lx) 2 H°(X,Lx(-2y)) ® K -u and F;=H°(X, L (-2y)) & K -,

where w € H°(X, Lx) is any section such that ord,(u) = 0.

If Lx has a base point at y, then & = H°(X,Lx) = H°(X, Lx(—y)) and the image of the map
Fi — HO(X, L) is the subspace HO(X, LY (—2y)) C HO(X,LY?).
(t13) Let t = [Xyq, L] € oY (Ay) be a point with ¢,y € X and let L € W3 (Xyq) be alocally free sheaf
of rank 1, such that h°(X,v*L(—y — q)) > r, where v: X — X, is the normalization map. Then

E(t) = H°(X,v*L) and F(t)=H°(X,v"L®*(—y—q)) ® K - u?,

where u € H(X,v*L) is any section not vanishing at both points y and q.
(i) Let t = [Xyq, v (A)], where A € Wj_ (X)) and set again X Uy, oy R to be the fiber o' (t). Then

E(t) = HY (X UR,Lxur) = HY(X,A) and F(t) = HY (X UR, LY ;). Furthermore, ¢(t) is the
multiplication map on X U R.

3.4. Pull back to test curves. In preparation for the proofs of Theorems [I.2] and concerning

the calculation of [D,]"'"*, we describe the restriction of the morphism ¢ along the pull backs of the
three standard test curves Fy, Fe and Fy defined by , and @, respectively. Recall that we
fix a general pointed curve [X, ¢] of genus g — 1 and a pointed elliptic curve [E,y]. We then have

Fo:= {qu ::X/y~q|yeX} CAC M, and F:= {XUyE|yeX} C A} C M.
Proposition 3.9. One has that Fy C Mvg and Fy C Mg.

Proof. We only show that F} C 51 cM g, the argument for Fy being analogous. To that end, choose
a point [X U, E] € A}, where X is a general curve of genus g — 1. Assuming [X U, E] € ﬂ;d_l,
it follows that G,_, (X U, E) # 0. Denoting by Lx € Pic? *(X) the underlying line bundle of the
X-aspect of £, we obtain h%(X, Lx(—2y)) > r, that is, W;:?} (X) # 0. In both cases @ and ,
we have p(g — 1,7 — 1,d — 3) < 0, which contradicts the generality of X. The same consideration
shows that Fj is disjoint from both 7y and 7;. O

We now turn our attention to the pull back o*(Fp) C 652 We consider the determinantal variety
(15) Vo= {(y.0) € X x Wi(X) | (X, L~y — @) = 7},

together with the projection 71: Y — X.
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Proposition 3.10. The variety Y is pure of dimension p(g,r,d) + 1. That is, 3-dimensional in
case (@) and 2-dimensional in case (@

Proof. We consider the projection 7: Y — X. Its fiber over the point ¢ € X is the variety of
linear series L € W7 (X) having a cusp at ¢, that is, h°(X, L(—2q)) > r. By [EH87, Theorem 1.1],
it follows that 7 *(g) has the same dimension as the variety W} (Xgen) for a general curve Xge, of
genus g, which is p(g,r,d). Furthermore, using a standard degeneration to a flag curve, it follows
that for every point y € X we have dim ﬂfl(y) < p(g,r,d)+ 1. Therefore each component of ¥ has
dimension p(g,r,d) + 1. O

Inside Y we introduce the following subvarieties of Y:

= {(y.AW) |y e X, Ae Wi, (X)} and

[y = {(yyA(Q)) lye X, A€ Wéél(X)}

These are divisors intersecting transversally along the smooth locus
ri= {0, A@) | A € Wiy (X)} = Wi, (X).

We then consider the variety obtained from Y by identifying for each (y, A) € X x W]_,(X), the
points (y, A(y)) € I'y and (y, A(q)) € I's, that is,

Y :=Y/[l; =Ty,
and denote by ¥: Y — Y the projection map.
Proposition 3.11. With notation as above, there is a birational morphism
fio*(Fy) — Y,
which is an isomorphism outside 9(n7 ' (q)). The restriction of f to f~1(I(ny'(q))) forgets the

aspect of each limit linear series on the elliptic curve Eo . Furthermore, both & s« (ry) and Fo«(ry)

are pull backs under f of vector bundles on Y.

Proof. Let y € X \ {¢} and, as usual, let v: X — X,, be the normalization. Recall that we have

identified o~ ([X,,]) with the variety W(X,,) C ﬁd(qu) of rank 1 torsion-free sheaves on Xy,
with h%(X,,, L) > r + 1. A locally free sheaf L € WZ(XM) is uniquely determined by its pull
back v*(L) € W7 (X), which has the property that h°(X,v*L(—y — ¢)) = r. Since X is assumed
to be Brill-Noether general Wj_,(X) = 0, so there exists a section of L that does not vanish
simultaneously at both y and ¢. In other words, the 1-dimensional quotient ) of L, ® L, is uniquely
determined as v, (v*L)/L.

Assume L € W;(qu) is not locally free, thus L = v,(A) for some line bundle A € Wj_,(X).
By Remark this point corresponds to two points in Y, namely (y, A(y)) and (y, A(q)). There
is a birational morphism 7, ' (y) — W;(qu) which is an isomorphism over the locus WJ(X,4) of
locally free sheaves. More precisely, WZ(qu) is obtained from 7 1(y) by identifying the disjoint
divisors Ty N7 H(y) and Ty Ny ().

Finally, when y = ¢, then X, degenerates to X Uy F, where F is a rational nodal curve. The
fiber 07! ([X Uy Ex]) is the variety of generalized limit linear series g} on X U, Eo and there is
a map o ([X Uy Ex]) — 77 1(g) obtained by forgetting the E-aspect of each limit linear series.
The statement about the restrictions &|,«(p,) and F|o«(p,) follows from Corollary because both
restrictions are defined by dropping the information coming from the elliptic tail. O

We now describe the pull back o*(Fy) C 659 To that end, we define the locus

(16) Z = {(y,L) € X x WI(X) | B(X, L(—2y)) > 7"}.
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By slight abuse of notation, we denote again by m;: Z — X the first projection. Arguing along the
lines of Proposition it follows that Z is pure of dimension p(g,r,d) + 1.

Proposition 3.12. The variety Z is an irreducible component of o*(Fy). Furthermore, we have
c3(F — Sme(E))‘U*(Fl) =c3(F — Sym2(5))|Z in case (9), and
co(F - Symz(é’))‘o*(ﬂ) =co(F - Sym2(€))|z in case (10).

Proof. We deal with the case (g,r,d) = (23, 6,26), the case being analogous. By the additivity
of the Brill-Noether number, if ({x,¢g) € o' ([X U, E)) is a limit linear series of type g3, we
have that 2 = p(23,6,26) > p(¢x,y) + p({E,y). Since p({g,y) > 0, we obtain that p({x,y) < 2.
If p(lg,y) = 0, then ¢ = 19y + |Og(Ty)|. This shows that ¢g is uniquely determined, while the
aspect £x € GS4(X) is a complete linear series with a cusp at y € X. This gives rise to an element
from Z and shows that Z x {{g} = Z is a component of c*(F7).

The other components of o*(F}) are indexed by Schubert indices

a:=(0<ay<...<ap <20=26-06),

such that lexicographically o« > (0,1,1,1,1,1,1), and 7 < Z?:o a; <9, for we must also have
—1 < p(€x,y) < 1 for any point y € X, see |Farl3, Theorem 0.1]. For such an index «, we set
a®:= (20 — ag,...,20 — ap) to be the complementary Schubert index, and define

Zo = {(y,lx) € X x G54(X) | ot (y) > a} and W, = {lg € GS4(E) | at® (y) > a‘}.
Then the following relation holds
o (F1) = Z + > Mo Zo X Wa,

a>(0,1,1,1,1,1,1)
where the multiplicities m, can be determined via Schubert calculus but play no role in our calcu-
lation. Our claim now follows for dimension reasons. Applying the Brill-Noether Theorem [EH87,
Theorem 1.1] in the pointed setting and using that X is a general curve, we obtain the estimate
dim Z, = 1+ p(22,6,26) — Z?:o a; < 3, for every index o > (0,1,1,1,1,1,1). In the definition
of the test curve Fj, the point of attachment y € E is fixed, therefore the restrictions of both £
and F are pulled-back from Z, and one obtains that c3 (f — Sym?(& )) = 0 for dimension

| ZaXxWq
reasons. O

4. THE CLASS OF THE VIRTUAL DIVISOR ON M3

In this section we compute the class of [Mas]*™* and prove the g = 23 part of Theorem

4.1. Chern numbers of tautological classes on Jacobians. We repeatedly use facts about
intersection theory on Jacobians, and refer to [ACGHS5], Chapters VII-VIII] for background on this
topic and to [HMR&2, [Har84, [Far09] for applications to divisor class calculations on ﬂg. Let X be a
Brill-Noether general curve of genus g. Denote by P a Poincaré line bundle on X x Pic?(X) and by

m1: X x Pic?(X) — X and my: X x Pic?(X) — Pic?(X)

the two projections. We introduce the class 7 = 75 ([zo]) € H2(X x Pic?(X),Z), where z € X is
an arbitrary point. After picking a symplectic basis 8y, .. .,0,, € H'(X,Z) = H*(Pic*(X),Z), we
consider the class

7= = 0 (T 6) 75 (Gyra) = 7 (Ggra)T3(600) ) € HA(X x Pic’(X), 2).

One has the formula ¢ (P) = d- 1+, which describes the Kiinneth decomposition of ¢;(P), as well
as the relations 42 = 0, yn = 0, 2 = 0, and 4% = —2n75(0), see [ACGHS5], page 335|. Assuming
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Wit (X) = 0, that is, when the Brill-Noether number p(g,r + 1,d) is negative (which happens in
both cases (9) and (10)), the smooth variety W (X) admits a rank r 4 1 vector bundle

M = (7). (73|XxW;'(X))

with fibers M(L) = H°(X, L), for L € W7(X). In order to compute the Chern numbers of M, we
repeatedly employ the Harris-Tu formula [HT84], which we now explain. We write

r

D oeMY) = (L4ar)- (1 +z41).

i=0

Then, for every class ¢ € H* (Picd(X)7 Z), any Chern number ¢;, (M) -+ ¢; (M) -¢ € H*P(W}(X),Z)
can be computed by using repeatedly the formal identitie:

9g+r—d+ij—j+k

R E ey BT}

(17) AR xiﬁf (= det(

Via the expression of the Vandermonde determinant, leads to the following formula in
H™P(W7(X),Z):

Hj>k(ik - Z.j +J- k)

g —dt 2t k)

() gt golar ==t _ g

Jet bundles are employed several times in this section, and we recall their definition. Denote by
mv: X x X x Picd(X) = X x Pic*(X)

the two projections and by A C X x X x Pic? (X) the diagonal. Then the jet bundle of the Poincaré
line bundle P on X x Pic?(X) is defined as J;(P) := v, (1*(P) ® Oaa). Its fiber over a point
(y,L) € X x Pic?(X) is naturally identified with HO(L ® Oa,).

4.2. Top intersection products in the Jacobian of a curve of genus 22. We now specialize to
the case of a general curve X of genus 22. By Riemann-Roch the duality W (X) = Ws(X) holds.
Since p(22,7,26) = —2 < 0, note that WJ;(X) = (), so we can consider the rank 7 tautological vector
bundle M on W (X) with fibers M = H°(X, L). The vector bundle N := (R'm). (73|Xxw§6(x))

has rank 2 and we explain how its two Chern classes determine all of the Chern classes of M.

Proposition 4.1. For a general curve X of genus 22 we set ¢; := c;(MV), fori=1,...,7, and
yi :=c;(N), for i =1,2. Then the following relations hold in H*(W3(X),Z):
c1=0—1y, and
1
(1 +2)!

1 . 1 ) )
. = = v __ i+1 i+2 >
Cit2 Z.!y29 G 1)!3/19 + 0" for alli > 0.

Proof. Fix an effective divisor D € X, of sufficiently large degree e. There is an exact sequence

0= M — (). (P ® O(W*D)) = (). (P ® O(ﬁD)mD) — Rz, (P‘Xxwg,ﬁ(x)) 0.

Formula is to be interpreted as a formal recipe for evaluating the Chern numbers cj;, (M) ---c;j (M) - (.
Precisely, W} (X) can be expressed as the degeneracy locus of a morphism of vector bundles V1 — V2 over Picd(X ) and
M is the kernel bundle of the restriction of this map to W7 (X). Passing to a flag variety a: F:= F(V1) — Pic?(X)
over which one has canonical choices for the Chern roots z1, ..., z,41, formula is then proven in [HT84), Corollary
2.6] at the level of F.
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Recall that N is the vector bundle on the right in the exact sequence above. By [ACGHSH, Chapter
VII|, we have ctot<(7r2)*(73 ® O(WTD))) = ¢ % and the total Chern class of the vector bundle

(m2)« <77 ® O(WTD)WD) is trivial. We therefore obtain

8
Ciot(N) e = (=1)'cs.
i=0
Hence ¢; 19 = $y20° — (H_l),ylﬂ”l + (H_Q),O”z for all 7 > 0, as desired. O

Using Proposition any Chern number on the smooth 8-fold Wis(X) can be expressed in
terms of monomials in the classes w1, uo, and @, where u; and uy are the Chern roots of NV, that is,
y1 =ci(N) =u1 +uy and yo = co(N) = uy - ua.

We record for further use the following formal identities on H*P(W$,(X),Z), which are obtained
by applying formula in the case g = 22, r = 1 and d = 16, using the canonical isomorphism
HY(X,L) = H°(X,wx ® LV)V provided by Serre duality.

4 -22! 2.22! 322! 22! 222!
w305 — 395 _ 296 _ 26 7 _
e TR TR L T T L LA T TR AT TR L T
2.22! 4. 22! 2.22!
20" = 0, u1u293 oI u‘fz@ 3 = 312 u1u205 100 u1u295 =0,
222! 22! 5.22! 322!
uiu30® =0, uu3f® = or 11’ uiu3zf* = or. 00 utf* = 1ol uyf* = BTISEIE
3-22! 22! 22! 22!
3, pd _ 394 6 _ 8 _
upuel” = gy el = —gragp el = g Tsr

To compute the corresponding Chern numbers on W(X), one uses Proposition and the
previous formulas. Each Chern number corresponds to a degree 8 polynomial in u;, us, and 6,
which is symmetric in u; and us.

We now compute the classes of the loci Y and Z appearing in Propositions and
Proposition 4.2. Let [X, g] be a general 1-pointed curve of genus 22, let M denote the tautological
rank 7 vector bundle over W$(X), and let ¢; = c;(MY) € H*(W$(X),Z) as before. Then the
following hold:

(1) [2] = m3(ce) — 6n073 (ca) + (941 + 27) 75 (c5) € H'*(X x Wi(X), Z).

(2) [Y]=73(ce) — 2n0m3(ca) + (250 + 7)m3(c3) € HH(X x Wi(X), Z).
Proof. Recall that W$;(X) is smooth of dimension 8. We realize the locus Z defined by as
the degeneracy locus of a vector bundle morphism over X x W$(X). Precisely, for each pair
(y,L) € X x Wg(X), there is a natural map

H°(X,L®0y,)" — H(X,L)",
which globalizes to a bundle morphism (: J1(P)Y — 75 (M)Y over X x W$(X). Then we have the
identification Z = Z;(¢), that is, Z is the first degeneracy locus of (. The Porteous formula yields
[Z] = co(75(M)Y — J1(P)Y ). To evaluate this class, we use the exact sequence over X x Pic*®(X)
involving the jet bundle:
0— 7 (wx)®@P — J1(P) — P — 0.

We compute the total Chern class of the formal inverse of the jet bundle as follows:

(1 (P)) 7 = (D (aeg(Lyn+7)7) - (D ((29(X) = 2+ deg(L))n +7)”)

720 Jj=0
=(1+26n+v+7*+-) (1+68n+y+7>+--) =14 94n + 2y — 600,
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leading to the desired formula for [Z].
To compute the class of the variety Y defined in we proceed in a similar way. Recall that

p,v: X x X x Pic®®(X) — X x Pic*®(X)

denote the two projections and A C X x X x Pic*®(X) is the diagonal. Set T', := {q} x Pic**(X).
We introduce the rank 2 vector bundle B := p, (v*(P) ® OA+V*(Fq)) over X x W§(X). Note that
there is a bundle morphism x : BY — (m2)*(M)Y such that Y = Z;(x). Since we also have that

Crot(BY) 7! = (1 + (deg(L)n +7) + (deg(L)n + )2 + - - ) (1=n) =1+25n+~—2nb,
we immediately obtain the stated expression for [Y]. O
The following formulas are applications of Grothendieck-Riemann-Roch.

Proposition 4.3. Let X be a general curve of genus 22, let ¢ € X be a fized point, and consider
the vector bundles Ay and By on X x Pic*(X) having fibers

As(y, L) = H*(X, L¥%(=2y)) and Bs(y,L) = H*(X,L®*(—y — q)),

respectively. One then has the following formulas:

(&) (.Ag) = —40 — 4’)/ — 1467’]7 C1 (Bg) = —40 — 2’7 — 51’[7,
ca(Az) = 862 + 56006 + 160, co(Bz) = 862 + 19670 + 807,
32 32
c3(Ag) = —393 — 1072167 — 320%, c3(Ba) = —303 — 376n6% — 166°~.

Proof. This is an immediate application of Grothendieck-Riemann-Roch with respect to the pro-
jection map v: X x X x Pic®®(X) — X x Pic*®(X). Since H'(X,L®?(-2y)) = 0 for every
(y,L) € X x Pic*®(X), the vector bundle Aj is realized as a push forward under the map v:

Az = (#* (73@2 ® OX><X><Pic26(X)(_2A))) = Vx (M* (73@2 Y OXxXxPic26(X)(_2A)))a
and we apply Grothendieck-Riemann-Roch to v. One finds chs(As) = 8nf and ch,(As) = 0 for
n > 3. Furthermore, v, (c1(P)?) = —26. One then obtains ¢1(Az) = —40 — 4y — (4d+2g —4)n, which

then yields the formula for co(Az). Since chs(A2) = 0, we find that c3(As2) = ¢1(A2)ca(Az) — %7
which by substitution leads to the claimed expression.

The calculation of By is similar. We find that ¢;(B2) = —460 — 2y — (2d — 1)n and chy(Bs) = 410,
whereas ch,, (B2) = 0 for n > 3. O

4.3. The slope computation. In this section we complete the calculation of the virtual class
[Da3]VI*t. We shall use repeatedly that if V' is a vector bundle of rank r + 1 on a stack, the Chern
classes of its second symmetric product can be computed as follows:

(1) er(Sym*(V) = (r + 2)er (V),

(2) ea(Sym® (V) = "5 (V) + (r + B)ea(V),

(3) ea(Sym®(V)) = "EHEERAW) + (r + 5)es(V) + (12 + dr — Der(V)ea(V).

We expand the virtual class
[523]\,1” = 04 (Cg(f — Symz(é'))) =a) — bgdg — b101 € CHI(Mgg).
Our task is to determine the coefficients a, by and b;. We begin with the coefficient of 4.
Theorem 4.4. Let X be a general curve of genus 22 and denote by Fy C 51 - /ng the associated
test curve. Then the coefficient of 61 in the expansion of [Da3]V'* is equal to
1

4 (19
S — A - 2 = 13502 2= 401951.
by 25(X) 2" (F1) - c3(F — Sym*(€)) = 1350233799 9<8> 0195
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Proof. We intersect the degeneracy locus of the map ¢: Sym?(€) — F with the 3-fold o*(F}). By
Proposition [3.12] we have

o*(Fy) - e3(F — Sym*(€)) = c3(F — Sym*(€)) iz = c3(Fiz) - c3(Sym*E ) — e1(F|z)ea(Sym*E| )

+2¢1(Sym®E|z)e2(Sym?E| ) — c1(Sym*E z)ca(Fiz) + ¢ (Sym*E z)e1 (Fz) — i (Sym?E ).
We now evaluate the terms that appear in the righthand side of this expression.

In the course of proving Proposition we constructed a morphism (: Ji(P)V — m3(M)V of
vector bundles on Y globalizing the maps H°(Os,)Y — H°(X,L)V. The kernel sheaf Ker(¢) is
locally free of rank 1. If U is the line bundle on Z with fiber

HO(X, L)

R E )

— HY(X,L ® Oy,)

over a point (y, L) € Z, then one has the following exact sequence over Z:
0— U — Ji(P) — (Ker(¢)) — 0.

In particular, by Proposition [£:2] we find that

(19) c1(U) =2y 4+ 94n + 1 (Ker(¢€)).

The products of the Chern class of Ker(¢) with other classes coming from X x W$(X) can be
computed from the formula in [HT84]:

(20) er(Ker(Q)) - €7 = —er (n5(M)" = (P)Y) €12

— —(m3(er) = 6nm3(c5) + (940 + 29)m5 (o) ) - €12

where £ € H3(X x W(X),Z).
If A3 denotes the rank 31 vector bundle on Z having fibers

As(y, L) = H°(X, L®?)

constructed as a push forward of a line bundle on X x X x Pic?®(X), then U®? can be embedded
in A3/ Ay. We consider the quotient

Az A
g:= Uez

The morphism U®? — A3 /A vanishes along the locus of pairs (y, L) where L has a base point. This
implies that G has torsion along the locus I' C Z consisting of pairs (g, A(q)), where A € W (X).
Furthermore, F|z is identified as a subsheaf of A3 with the kernel of the map A3 — G. Summarizing,
there is an exact sequence of vector bundles on Z

(21) 0— Agyz — Fiz — U®* — 0.
Over a general point (y, L) € Z, this sequence reflects the decomposition
‘F(va) = HO(Xv L®2(_2y)) OK - u2,

where u € H°(X, L) is a section such that ord,(u) = 1.
Hence using the exact sequence , one computes:
c1(Flz) = c1(Agz) +2¢1(U), c2(F|z) = ca(Azjz) + 2¢1(Ay z)c1(U) and
c3(Fiz) = c3(Az) + 2c2(Az z)er(U).
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Recalling that £z = m5(M),z, we obtain that:
o*(Fy) - c3 (.7-' — Sym2€) = c3(Agz) + 02(A2|Z)01(U®2) — Cg(SmeTFSM‘Z>
3 (r(r +3)
2

AT Miz) + (r+ 3)ea(ms M) - (e1(Aarz) + e (US2) = 20r + 2er (w5 My 7))
— (r+2)cr(my M z)ca(Ag z) — (1 + 2)er (m5 M 7)1 (Ag 2)er (US?)
+(r + 22 (ms My z)er1(Ag 2) + (1 + 2)2cl (T M 2)er (US?) — (r + 2)°c} (1M 2).

Here, ¢;(m3 M) = m3(c;) € H*(Z,Z) and r = rk(M) — 1 = 6. The Chern classes of Ay are
obtained by applying Proposition[4.3] Recall that in we expressed ¢ (U) in terms of ¢; ((Ker(¢))
and the classes 77 and . Substituting for ¢;(U), when expanding o*(F) - c3(F — Sym? (€)), one
distinguishes between terms that do and those that do not contain the first Chern class of Ker(¢).
The coefficient of ¢; (Ker(¢)) in o*(F}) - c5(F — Sym? (€)) is evaluated using . First we consider
the part of this product that does not contain c; (Ker(C )), and we obtain

32
3675 (c2)0 — 14875 (c3)0 + 1554n7 (c1) — 8573 (crco) — 393 + 30406 — 12801073 (c1)
+13073 (¢}) — 378nms(c2) + 646°75 (c1) + 1173 (c3) € HO (X x Wis(X),Z).

This polynomial of degree 3 gets multiplied by the class [Z], expressed as the degree 6 polyno-
mial in 6, n, and 75(c;) obtained in Proposition Adding to it the contribution coming from
c1(Ker(¢)), one obtains a homogeneous polynomial of degree 9 in 7, 8, and 73(c;) for i = 1,...,7.
The only nonzero monomials are those containing 7. After retaining only these monomials and
dividing by 7, the resulting degree 8 polynomial in 6, ¢; € H*(W(X),Z) can be brought to a
manageable form using Proposition After lengthy but straightforward manipulations carried
out using Maple, one finds

o*(F1) - c3(Sym*(€) — F) = o3 (—780(;?(;40 + 12220¢3 ¢ + 888c3c40% — 13468c3cs0 — 5402¢3¢q
— 3840%¢1cq + 56320%¢1c5 + 5100¢1 cocy + 4480¢1c60 — 7990¢; cocs

+ 2336¢1c7 — 216020492 4 3276¢oc50 — 66¢3¢40 + 1034c3c5 + 1314cocq

2720

T 64c,0% — 222003 —1072¢60° — 1120079).

We suppress 7 and the remaining polynomial lives inside H®(W$(X),Z). Using , we explic-

itly calculate all top Chern numbers on W (X) and we eventually find that
1
by = @U*(Fl) s (F - Sme(E)) = 13502337992,

as required. O

Theorem 4.5. Let [X,q] be a general pointed curve of genus 22 and let Fy C 30 - Mgg be the
associated test curve. Then

o*(Fp) - c3(F — Sym?*(€)) = 44by — by = 93988702808.
It follows that by = 4 (§)72725.

Proof. By Proposition the vector bundles &5+ (p,) and Fj,«(g,) are both pull backs of vector
bundles on Y = Y/[I'; ~ I';]. By abuse of notation we denote these vector bundles by the same
symbols, that is, we have &,«(po) = f*(glf’) and Fio- (g = f* (]:\37) Following broadly the proof of
Theorem we evaluate the terms appearing in o*(Fp) - c3(F — Sym?(&)) = c3 (Fiy — Sym2(€|y),
where &£y = 0" (5‘37) and Fjy = 9" (Fy) respectively.
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Let V be the line bundle on Y with fiber
_ H°(X,L)
HO(X,L(~y — q))

over a point (y, L) € Y. There is an exact sequence of vector bundles over YV

V(y, L) — HY(X,L® Oyyq)

0—V —B— (Ker(x)) —0,

where y: BY — 75(M)Y is the bundle morphism defined in the second part of the proof of Propo-
sition In particular, ¢;(V) = 257+ + ¢; (Ker(x)), for the Chern class of B has been computed
in the proof of Proposition By using again [HT84], we find the following formulas for the Chern
numbers of Ker(x):

c1(Ker(x)) - §y = —er(m5(M)” = BY) - §y = (3 (er) + w3 (cs)(13n + ) — 2m3(cand) - &,

for any class §& € H?(X x W(X),Z). We have previously defined the vector bundle By over
C x W8 (X) with fiber Ba(y, L) = H°(X, L®?(—y — q)). We show that there is an exact sequence
of bundles over Y

(22) 0 — Byyy — Fly — V& — 0.
If Bs is the vector bundle on Y with fibers Bs(y, L) = H°(X, L®?), we have an injective morphism
of sheaves V2 — Bs /B, locally given by

v®? = v? mod H(X, L®?*(—y — q)),
where v € H°(X, L) is any section not vanishing at ¢ and y. Then Fjy is canonically identified with
the kernel of the projection morphism

B3 /Bs
Bs= Jez
and the exact sequence now becomes clear. Therefore
ci(Fly) = c1(Bay) + 2¢1(V), c2(Fly) = ca(Bay) + 2¢1(Bajy )e1 (V) and

63(]:|y) = 63(62‘)/) + 262(32|Y)61(V).
The part of the intersection number o*(Fp) - c3(F — Sym?(€)) not containing ¢; (Ker(x)) equals
32
3675 (c2)0 — 14875 (c)0 — 3Tnms (c3) — 8575 (cica) — 3493 — 8102 + 320673 (c1)
+13073 (c}) 4+ Inmy (c2) + 646775 (1) + 1175 (c3) € HO (X x Wis(X), Z).

We multiply this expression by the class [Y] computed in Proposition The coefficient of
c1(Ker(x)) in 0*(Fp) - c3(F — Sym*(€)) equals

—2c2(Bajy) — 2(r + 2)%75(ct) — 2(r + 2)ey (Byjy)ms(c1) +r(r + 3) s (c?) 4 2(r + 3)m5(c2),
where recall that r = rk(M) — 1 = 6. All in all, we find
44by — by = 0*(Fp) - c3(F — Sym>E) = (—260c§c49 + 3250c c5 + 296¢3 ¢40% — 3552¢5 c56
— 1887c2ce — 12803 cicy + 14720% ¢ c5 + 1700c cacy 4 1568c1c60 — 2125¢1 cocs
+ 816¢1c7 — T2coc40% + 864cocsd — 22¢3¢46 + 27535 + 459cac6 + %&194

704
— et — 3T6co0” - 392C79) € H'S(X x W5(X),Z).

We evaluate each term in this expression by first deleting 7 and then using . O

The following result follows from the definition of the vector bundles £ and F given in Proposition
It will provide the third relation between the coefficients of [Do3]''*", and thus complete the
calculation of its slope.
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Theorem 4.6. Let [X,q] be a general 1-pointed curve of genus 22 and Fgy C Mvgg be the pencil
obtained by attaching at the fixed point ¢ € X a pencil of plane cubics at one of the base points of
the pencil. Then one has the relation

a—12by + by = Fey 'U*C3(F - Sme(g)) =0.

Proof. Since the genus g — 1 aspect of each curve in Fy); does not vary, it follows from Corollary
that the vector bundles &« (r,,) and F,«(r,,) are both trivial, therefore ¢; (5|(,*(FQH)) = 0 and
C; (]—"G*( Feu)) =0 for i > 1, from which the conclusion follows. O

Proof of Theoremfor [3523]V1rt. By Theorems and we have

4719 4 /19
by = = 272 db =— 401951.
0 9<8>775an 1 9<8) 0195

Combined with Theorem [£.6] we obtain

4 (19
— —( 7 )a70749

and the result follows. O

5. THE CLASS OF THE VIRTUAL DIVISOR ON Mg 1

In this section we prove Theorem In particular, we determine the class [5522]Virt that will
ultimately be used in the proof that Mas is of general type.

5.1. Top intersection products in the Jacobian of a curve of genus 25 4+ s. We next turn
our attention to the top intersection products on W22§2 425 +1(X ), when X is a general curve of genus
252 + s, for s > 2. We apply systematically. Our computations are analogous to those in §4
and in many cases we omit the details. Observe that p(2s® + s,2s, 25> +25) = 0, so W35, (X) is

reduced and 0O-dimensional. We denote by

(252 +8)! (2s)! (25 — 1)!--- 20 1! )
23 oot i= = # (Wi (X)).
(23) o (3s)! (Bs — 1)l (s + 1) s #(W2s(X)
Moreover p(2s? + 8,25 + 1,25 + 25 + 1) = —s < 0, hence it follows that WQZSS;;I%H(X) =10

and we can consider the tautological rank 2s + 1 vector bundle M over W25, , . (X). We write
Z?i‘gl ci(MY) = (1 +xz1) - (1 + ma541). We collect the following formulas obtained by applying
the Harris-Tu formula :

Proposition 5.1. Let X be as above and set ¢; := ¢;(MY) € H* (W35, ., (X),Z) to be the Chern
classes of the dual of the tautological bundle on W22§2+23+1(X). The following hold:
C2541 = T1T2 " T2541 = 02s+1,
_ 2
€25 Cl = T1T2 "+ T2s41 + TI1T2 -+ Tas,
2 2.2
Cog—1°C2 = T1X2 " Tos41 + X1T2 - Xog + TITHT3 -+ - Tos—1,
2 2 2.2 3
Cos—1°C] = T1T2 "+ Ts41 + 2T]T2 + " Tas + TITZT3 + " Tas—1 + TIT2X3 - - Tas—1,
Cos * 0= T1X9 - Ts * 0= (28 + 1)8 CQS+1,
2
Cos—1-C1 0 =x122 " T '9+$1$2"'$25—1 -0,
2 2 2
Co5—2 * Co -0 =T1T2 " T2s '9+$1$2"'l‘25_1 '9+$1$21‘3"'$25_2 '9,
2 2 2.2 3
Cos—2-Cl -0 =mx100 - Tag -0+ 20729.. . 0251 -0+ 22523 Tas—2 - 0 + 2223 - Tas_2 - 0,
2 2
Cos—1 0" =129 Tas—1 - 07,

2 2, 2 2
Cos—2-C1 0" =1T2 - Tos—1 - 07 + 27T2 - Tas_2 - 0°.
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Proof. This amounts to a repeated application of and evaluating the corresponding determi-
nants. The right hand side of each formula retains the non-zero terms that appear in the corre-

sponding Chern number. To give an example, we evaluate cos - ¢1. Using , each monomial

g xg‘;jfll will vanish as long as there exists a pair k < j such that i; —i;, = j —k. We compute

CosrC1 = (284 1)1 -+ Tosi1 +T3T3 -+ Tosp1 FT1T5TL -+ Tosp1+ +T1 -+ Tos 105, +T1T2 - Tos.
All the other terms vanish. Then by , evaluating each determinant we observe that

B3T3 Togq1 =+ = T1Tg Vo 1T3e41 = T1T2*+* Tas_2T5,Tog 11 = —T1 " D21,
which leads to the claimed formula for ca, - ¢;. The case of the Chern numbers is analogous. O

Using Proposition any top intersection product on the smooth (2s + 1)-dimensional variety

w2s, 42s41(X) reduces to a sum of monomials in the variables z; and 6. Next we record the values

of these monomials. All terms are essentially reduced to expressions involving x7 - - - o541 = Cog41.

Proposition 5.2. Keep the notation from above. The following hold in H*s+2 (WQS (X)7Z) :

25242541
T1%2 - Tosp1 = Cosia,
2 2
TIT5ws - W1 = e 1)3(5(;:91—&)- 1()28 =
s2(s+1)%(2s — 1)(2s + 3)
(3s+1)(3s+2)
T1To - Tas - 0 = (25 + 1)sCas41,
(s+1)%(2s—1)
3s+1
(25 —3)(2s+ 1)(s + 1)%(s +2)
9(3s+1)
(s—1)(s+1)%(s+2)(2s — 1)(2s + 3)
3(3s+1)(3s + 2)
T1To - Tos_1 - 0% = 2s(s+1)(2s + 1)Cos41,
Ad(s+1)(s—1)(s+2)

C2s+1v

CQerla

3
TyXT2X3 -+ T25—1 = C2s+1,

2
T2 T2r—1 0= T1Tg - Tos - 0,

2. 2
TITX3 -+ Tos—2 = T1To -+ Tos - 0,

3 _
CU1$2963"'$2572'9— T1%2 - Tas - 0,

x%’h cr 252" 0 = 3(35 n 1) T1X2 -+ XT25—1 " 0>
25+ 1)(25s —1)(s +2)(s +1)s2
. ( )( )3( )(s +1) Court.

We record the formulas for the classes of Z and Y, the proofs being analogous to those of
Proposition

Proposition 5.3. Let [X,q] € Mag2151 be a general pointed curve. If ¢; := ¢;(MY) are the Chern

classes of the tautological vector bundle over W22;2+2S+1(X), then one has:

(1) [Z] = m5(cas) — 675 (cas—2)n0 + 2(s(4s + 3)n + 7) 75 (cas—1) € H* (X x Wj(X),Z).
(2) [Y] = m3(cas) — 2m3(cas—2)nf + (25(s + 1) + 7) w3 (cas—1) € H*(X x Wi (X),Z).
Remark 5.4. For future reference we also record the following formulas, where we recall that J; (P)

denotes the jet bundle of the Poincaré bundle over X x Pic252+25+1(X ).

(24)  corr(m3(M)Y = Ji(P)Y) = 75 (caer1) — 675 (cas—1)n0 + 2(s(4s + 3)n + ) w5 (cas),
(25) 251 (13 (M)Y = BY) = 15 (casy1) — 25 (c2s—1)10 + (25(s + 1) + 7) 73 (c2s).-

The following formulas follow in an analogous way to Proposition [4.3]
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Proposition 5.5. Let X be a general curve of genus 2s%+s, let ¢ € X be a fized point, and consider
2
the vector bundles Ay and By on X x Pic** T2%1(X) having fibers

As(y, L) = H°(X,L®*(=2y)) and Bs(y,L) = H°(X,L®*(—y —q)),
respectively. One then has the following formulas:
c1(Ag) = —46 — 4y —2(3s + 1)(2s + 1)n, c1(Bs) = —460 — 2y — (25 + 1)n,
ca(Az) = 86% + 8(65% + 55 — 2)nf + 1676, co(Ba) = 807 + 4(4s? + 45 — 1)1 + 867.

5.2. The slope computation. We are now in a position to complete the proof of Theorem
Recall that g = 252 + s + 1 and we express the virtual class

0,17 = 0, (e2(F — Sym?(£))) = aX — body — b1y € CHY(M,).
The determination of the coefficients a, by, and b; is similar to the computations for g = 23, and we

shall highlight the differences. Recall that Cy541 denotes the number of linear series of type g%‘;Q 425

on a general curve of genus 252 + s.

Theorem 5.6. Let X be a general curve of genus 2s* + s and denote by Fy C ﬁl C Mvgsz+s+1 the
associated test curve. Then the coefficient of 81 in the expansion of [D 4]V is equal to

1
b= o*(F) - — Sym?
1 QQ(X) _20' ( 1) CQ(.F Sym (5))
25(s —1)(2s + 1) 6 5 4 3 2
= Oy, (245° — 405° + 185" + 265" + 305 + 475 + 18).
2 05 — 1)Bs + 1)(3s L 2) \ SIS 20sT 0T AT
Proof. Recall that W3% , ., (X) is a smooth variety of dimension 25 + 1. We work on the product

X x W22;2+25+1(X) and intersect the degeneracy locus of the map ¢: Sym?(£) — F with the surface

0*(F1), containing Z as an irreducible component. It follows from Proposition that Z is the

only component contributing to this intersection product, that is,

(26) 0" (F1) - co(F — Sym*(€)) = ea(Fjz) — ca(Sym*E|z) — e1(Fiz)ea (Sym*E | z) + ¢f (Sym*E| z).
The kernel Ker(¢) of the vector bundle morphism (: J;(P)Y — 75(M)V, defined in the proof of

Proposition [.2] is a line bundle on Z. If U is the line bundle on Z with fiber

_ HO (X, L)
HO(X, L(—2y))

over a point (y, L) € Z, then one has the following exact sequence over Z

0— U — Ji(P) — (Ker(¢)) — 0.

From this sequence, it follows that ¢ (U) = 2y + 2(4s% + 3s)n + c¢1(Ker(¢)), where the products of
c1(Ker(¢)) with arbitrary classes £ coming from X x W; X) can be computed using once

more the Harris-Tu formula [HT84]:
(27) a1 (Ker(Q)) - &z = —casq1 (75 (M)Y — J1(P)Y) - & 2.
The Chern classes on the righthand side of have been evaluated in the formula . Using

a local analysis identical to the one in Theorem we conclude that the restriction F|z appears
in the following exact sequence of vector bundles

Ul(y, L) — HY(X,L ® Oy,)

§2+2s+1(

0— Agy — Fiz — U®? — 0.
We obtain the following intersection product on the surface Z:
c2(Fiz — Sym*(€)z) = c2(Asz) + 2¢1(Azz) - 1 (J1(P)) — (25 + 3)ca (w3 MY)
+ ((2s+2)* — s(25 + 3)) F (T3 MY) + (25 + 2)c1 (Ag) ) - c1 (T3 M)

+ e1 (Ker()) - (2c1(A2|Z) 2+ 2)c1(ﬁ§MV)>.
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This expression gets multiplied with the class [Z] computed in Proposition The Chern classes
of Ay z have been computed in Proposition We obtain a homogeneous polynomial of degree
2542 on H™P(X x W35 o1 (X), Z). We first consider the terms that do not involve c; (Ker(()).

Since W35, o, 1(X) is (25 4 1)-dimensional, each non-zero term in this polynomial has to contain

the class . We collect these terms and obtain the following contribution:

2777r§( — 24 c9s_20° — 8s(s+1)(4s + 3) cas—1¢16 — (652 + 155 4+ 12) CQS,QC%G
+85(45 4 3)cas_10% + 3(25 + 3) cos_ocol + 5(4s + 3)(25% + 5s +4) cos_167
—5(25 +3)(45 +3) cos_102 +24(5 + 1) cas_0c10? —2(25 — 1) (s + 1)? coscy
(852 + 45 — 8) 0250) € H'P(X x W2,y (X),Z).
Finally, the contribution of the terms containing c; (Ker(( )) is evaluated using . The coeffi-

cient of ¢1 (Ker(()) is given by —2¢;(Az) —4(s+1)73(c1). Substituting this for the class £ in formula
, we obtain the following contribution to the product o*(Fy) - co(F — SymZ(E)):

s ((3s F1)(25 4+ 1)eagsr — 12 ca_10% + 6(s + 1) ca5_110
+(165% + 125 — 8)cosf — 25(s + 1)(4s + 3)czscl> € H'P(X x W%, 9, 1(X),Z).

The resulting intersection product is then evaluated with Maple. Dropping the class 1 from the

sum of the two displayed contributions, one is led to a sum of top Chern numbers on W22;2 425 +1(X ),
O

which can be evaluated individually using Propositions [5.1] and [5.2]

Theorem 5.7. Let [X,q| be a general pointed curve of genus 2s* + s and let Fy C Ay C .//\>l/g be the
associated test curve. Then the coefficient of g in the expression of [@Q]"irt is equal to

0" (Fo) - 2 (F = Sym*(€)) + by
2s(2s+1)

2(s — 1)(24s% — 2857 + 225% — 5s® + 435 + 11253 + 100s? + 50s + 12)
9(2s —1)(3s+1)(3s + 2)

Proof. Using Proposition we observe that

by =

- 025+1

(28) c2(F = Sym*(€)) .,y = €2(F = Sym*(€)) .-
To determine the Chern classes of F|y, we introduce the line bundle V' on Y with fiber
HY(X,L
V(y,L) = (X, L) — HY(X,L ® Oytq)

- HO(X,L(~y —q))
over a point (y, L) € Y. There is an exact sequence of vector bundles over YV
0—V —B— (Ker(x)) —0,

where the morphism x: BY — 75 (M)" was defined in the second part of the proof of Proposition|[5.3]
Recalling the vector bundle B, defined in Proposition[5.5] a local analysis similar to that in the proof
of Theorem [£.5] shows that one has an exact sequence on Y’

0 — Byyy — Fly — V* — 0.

This determines ¢;(Fy ), by also using that ¢; (Ker(x)) = —cge41(m3(MY) — BY), where the right-
hand side is estimated using .
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We first collect terms that do not contain ¢; (Ker()())7 and we obtain the following intersection:
s ( — 16 ca9_00° — 165(s + 1)% cas_1c10 — (45% + 105 + 8) cs_2620 + 165(s + 1)cas_162
+(45 + 6) cos_nc20 + 25(5 +1)(25% 4+ 55 +4) cos_165 — 25(5 +1)(25 + 3) cos_162
F16(5 4+ 1) cog_0c162 — 2(s + 1) coger +4 czse) € H'P(X x W2,y 11 (X),2Z).
We collect terms containing c1 (Ker(x)), and obtain an expression in H*P (X x W25, +2s41(X), Z)
that contributes towards o*(Fp) - c2(F — Sym?(€)):
nmy (—16 o5 107 +8(s 4+ 1) cos_1¢10 +2(25 + 1)%cosq1 + (1657 4 165 — 8)cas0 — 85(s + 1)202501).

We now substitute in 7 and as in the proof of Theorem after manipulations we obtain a
polynomial of degree 2s +1 on W35, ,(X), that we compute by applying (5.1 and (5.2). O

We can now complete the calculation of the slope of [D,]Virt.

Proof of Theorem[I1.7} We denote once more by Fy C Mvg the pencil obtained by attaching at the
fixed point of a general curve X of genus 2s2 + s a pencil of plane cubics at one of the base points
of the pencil. Then one has the relation
a—12by + by = Fy - 04 (]—" - Sym2(5)) = 0.
We therefore find the following expression for the A-coefficient
~2(s — 1)(48s® — 5657 + 925° — 90s° + 865 + 3245° + 317s% 4 1825 + 48)
N 3(3s+2)(2s—1)(3s+ 1)

In particular, when s = 3, we obtain the formula for the class of [’}522]“” in Theorem (1.2

6. TROPICALIZATIONS OF LINEAR SERIES

We continue to work over an algebraically closed field K of characteristic zero. For the remainder
of the paper, as in §2.4] we choose the field to be spherically complete with respect to a surjective
valuation v: K* — R. Let R C K be the valuation ring, and & its residue field. We begin by
discussing properties of tropicalizations of not necessarily complete linear series, when the skeleton
is an arbitrary tropical curve.

Let X be a curve over K with a skeleton I' C X2". Let Dx be a divisor on X, with V C
H°(X,0(Dx)) a linear series of rank 7. We consider
trop(V) := {trop(f) € PL(T") | f € V . {0}}.
Let D = trop(Dx).

Lemma 6.1. For any effective divisor E on I' of degree r, there is some ¢ € trop(V) such that
div(e) + D — E is effective.

Proof. We follow the standard argument showing that the rank of the tropicalization of a divisor
is greater than or equal to its rank on the algebraic curve [Bak0§|. Let Ex be an effective divisor
of degree r on X that specializes to E. Since V has rank r, there is a function f € V such that
div(f) + Dx — Ex is effective. Setting ¢ = trop(f) yields the result. O

Lemma 6.2. Any subset of trop(V') of size s > r + 1 is tropically dependent.

Proof. Let f1,...,fs € V, with s > r + 1. Since dimg V = r + 1, the set {f1,..., fs} is linearly
dependent, and hence {trop(f1),...,trop(fs)} is tropically dependent. O



THE KODAIRA DIMENSIONS OF Mgy AND Mos 33

Lemma 6.3. Any subset of trop(V) of size s < r is contained in the tropicalization of a linear
subseries of rank s — 1. Moreover, if S1 and Sy are subsets of size s1 and sa, Tespectively, with
si <1 and s1 + so > r+ 2, then there are tropicalizations of linear subseries 31 and ¥o of ranks
s1 — 1 and so — 1 containing S1 and Sz, respectively, such that 31 N Xy contains the tropicalization
of a linear series of rank s1 + so —r — 2.

Proof. The K-linear span of {fi,..., fs} C V has dimension at most s and hence, if s < r, it is
contained in a subspace W C V of dimension exactly . Then W is a linear series of rank s — 1
whose tropicalization contains {trop(f1),...,trop(fs)}.

Similarly, if s; and s satisfy the specified inequalities, then any subsets {fi,...,fs,} and
{g91,-..,9s,} are contained in linear subseries of rank s; — 1 and sp — 1 respectively, and the inter-
section of these is a linear subseries of rank at least sy + s9 —r — 2. O

Proposition 6.4. As a tropical module trop(V') C R(D) is finitely generated.

Proof. Tt will suffice to show that trop(V) is the homomorphic image of a tropical linear space.
Indeed, any tropical linear space is the set of vectors of a valuated matroid, and the set of vectors
of a valuated matroid is generated as a tropical module by one vector with each possible minimal
support, i.e., by one vector supported on each circuit of the underlying matroid [MT01, Section 3].

We may assume that Dy is effective. Choose a semistable vertex set S C I', in the sense of
[BPRI3, §3|, that contains the support of D. Then Trop™!(I'\. S) is a union of finitely many open
annuli {Uy,...,Us}. Let f € V. Then f is regular on X \ Dx and hence regular on each U;. We
can identify U; with a standard open annulus Trop ™ *(a;, b;), as in [BPR13, §2].

Then f)y, has a power series expansion

o0
f\Ui: Z antnv

n=—oo

where (val(ay,) + nc) — oo for ¢ € (a;,b;), ie., for ¢ € (a;,b;) and N € R, there are only finitely
many n such that val(ay,) + ne < N. Identifying Trop(U;) with (a;, b;), we have

(29) Trop(fiu,)(c) = nrﬁréo n - e+ val(om).

By [HMY12, Lemma 7], the slope of Trop(f) along any segment is at most d := deg(D). Hence,

Trop(f|u,) is determined by (val(a_g),. .., val(ag)) € R2d+17 where R = RU oo and oo = val(0).
Thus Trop(f) is determined by the valuations of the 2d+1 coefficients a_g4, . . . , a4 in the respective
power series expansions on Uy, ..., Us. Considering these coefficients algebraically gives a K-linear
embedding V — K(24+1Ds The image of V in R(zdﬂ)'s under coordinatewise valuation is a tropical
linear space that surjects onto trop(V'), and the proposition follows. (]

Motivated by these properties, we define an abstract tropical linear series as follows.

Definition 6.5. A tropical linear series of rank r on I' is a divisor D together with a finitely
generated tropical submodule ¥ C R(D) such that,

(1) for every effective divisor E of degree r there is some ¢ € 3 such that D + div(yp) > E;

(2) any subset of ¥ of size s > r 4+ 1 is tropically dependent;

(3) any subset of X of size s < r is contained in a tropical linear subseries of rank r — 1.

(4) if S7 and Ss are subsets of ¥ of size s; and sg, respectively, with s; < r and s; + s9 > r+2
then there are tropical linear subseries ¥; and Yo containing S; and S5 of rank s; — 1 and
so — 1, respectively, such that X1 MY, contains a tropical linear series of rank s; + s — 1 —2.

Definition [6.5] isolates the essential combinatorial properties of tropicalizations of linear series that
are used in the proof of our main results and we believe that it points the way forward toward
a systematic combinatorial study of abstract tropical linear series. Note that conditions -
make the definition recursive in r. Conditions — suffice for nearly all of the arguments in the
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paper. In particular, the analogs of Theorems and hold for g = 22 for a weaker version
of tropical linear series that omits condition . The last condition is used only in the proof of
Proposition [11.25] which is part of the case analysis for g = 23.

A tangent vector in T' is a germ of a directed edge. Given ¢ € PL(T"), we write s¢(p) for the
slope of ¢ along a tangent vector (.

Lemma 6.6. Let X C R(D) be a tropical linear series of rank r. For each tangent vector ¢, the set
of slopes s¢(X) has size exactly r + 1.

Proof. Suppose ( is a tangent vector based at v € ', and let I C T" be a half-open interval with one
endpoint at v that contains . By choosing I sufficiently small, we may assume that I ~ {v} does
not intersect the support of D, and each of the functions in a finite generating set for X is linear
on I. Then s,(X) = s¢(X) for all tangent vectors 1 in I that are oriented away from v. By the
rank property , if £ is the sum of r distinct points of I \ {v}, then there exists ¢ € 3 such that
div(p) + D > E. At each of the r distinct points, the incoming slope of ¢ must be greater than
the outgoing slope, and thus the function ¢ has at least r + 1 distinct slopes on I. It follows that

|sc(3)| > r+1.
On the other hand, any set of functions in 3 with distinct slopes along ( is tropically independent.
Hence, by the dependence property (2)), we also have [s¢(X)] < 7+ 1. O
We write

s¢(2) = (s¢[0]; s s¢r])
for the vector of slopes in {s¢(¢) | ¢ € ¥}, ordered so that s¢[0] < --- < s¢[r].

The recursive structure of tropical linear series guarantees the existence of functions in ¥ satisfying
slope conditions at multiple tangent vectors, as follows.

Lemma 6.7. Let ¥ C R(D) be a tropical linear series of rank r on T' and let ¢ be a tangent vector.
Then, for any 0 < i < r, the tropical submodule {p € ¥ | s¢(p) < sc[i]} contains a tropical linear
series of rank i. Similarly, {¢ € ¥ | s¢c(¢) > sc[i]} contains a tropical linear series of rank r — i.

Proof. Choose o, ...,¢, in ¥ so that sc(p;) = s¢[j]. By (3), the set {vo,...,¢;} is contained
in a tropical linear subseries of rank ¢, and similarly {p;,..., ¢, } is contained in a tropical linear
subseries of rank r — 4. |

Lemma 6.8. Let ¥ C R(D) be a tropical linear series of rank r on T, and let ¢ and (' be tangent
vectors. Then, for any 0 < i < r, there is a function ¢ € ¥ such that

sc(w) < scli] and s¢(p) > serlil.

Proof. There is a tropical linear series ¥’ of rank 4 contained in the set of functions ¢ € ¥ with
s¢(p) < scli]. The functions in 3" have precisely ¢ + 1 different slopes along (’, all of which are
contained in the set {s¢[0],...,s¢[r]}. Hence, the largest of these must be s¢/[j] for some j > 4. O

Proposition 6.9. Let ¥ C R(D) a tropical linear series of rank r. If T' CT is a metric subgraph,
let D' be the divisor on I given by

D'(w) := D(w) — min { EC: sc(go)} for allw e T,

pED

where the sum is over all tangent vectors ¢ from w into the complement of I'. Then the restriction
Y= {or | ¢ €3} C R(D')

is a tropical linear series of rank r on T".
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Proof. We verify conditions — from Definition For , let E be an effective divisor of
degree r on I'". Since ¥ is a tropical linear series of rank 7 on I, there exists a function ¢ € 3 such
that div(p) + D > E. For any w € I, we have

ordy (i) = ordw () + Y sc(),
¢
where the sum is over all tangent vectors ¢ from w into the complement of IV. It follows that
dy, (@|rr) > ordy, i > E(w) — D'(w),
orta(pl) 2 o) + i {37 () = Blw) ~ D'

hence div(g|r) + Djp, = E.

For , let {¢o,...,¢r+1} be a set of r + 2 functions on I'. Since X is a tropical linear series of
rank r on T, there exist coefficients by, ..., b1 such that min{y; 4+ b;} achieves the minimum at
least twice at every point of I'. But then min{(y;);r + b;} achieves the minimum at least twice at
every point of T".

For , we argue by induction on r. The base case r = 0 is trivial. Let ¢1,...,p, € ¥jpv. By

definition, there exist functions ¢,..., ¢/ such that (;);r» = ¢;, and a tropical linear subseries
¥ C ¥ of rank r — 1 containing ¢}, ..., .. By induction, the restriction ETF, is a tropical linear
series of rank 7 — 1 on I, and the result follows. O

We now discuss the simplest nontrivial case: the tropical linear series of degree 2 and rank 1 on
an interval. We treat this case in detail because many of the features of tropical linear series that
are essential to the proof of our main results are already visible in this example.

Example 6.10. Let I" be an interval with left endpoint w and right endpoint v. Let D = 2w, and
let ¥ C R(D) be a rank 1 tropical linear series. For each rightward tangent vector ¢, we consider
the vector of slopes s¢ = (s¢[0], s¢[1]). Similarly, we write sy, = (5[0], sw[1]) and s, = (5,[0], su[1])
for the rightward slopes of functions in 3 at the endpoints w and v, respectively.

Note that R(D) cousists of all PL functions on I" whose rightward slopes are nonincreasing and
bounded between 0 and 2. At each rightward tangent vector ¢, s¢ is either (1,2), (0,2), or (0,1).
We divide the interval T' into regions, according to these three possibilities. Because the slopes of
functions in R(D) do not increase from left to right, the region where s; is equal to (1,2) must be
to the left of the region where it is equal to (0,2), which in turn must be to the left of the region
where it is equal to (0,1). Note that any of these regions may be empty.

Case 1: First, consider the case where there is a non-empty region where s¢ is equal to (0,2).
Choose functions 1y and v in 3 such that

Sw(o) = 8[0] and  s,(¥1) = s,[1].

Because the slopes of functions in R(D) cannot increase from left to right, s¢(¢) must be positive
at all rightward tangent vectors . It follows that

s¢(¥1) = s¢[1]

for all rightward tangent vectors (. By a similar argument, s¢(1o) = s¢[0] for all ¢. See Figure
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(1,2) (0,2) 0, 1)

O

FIGURE 1. The functions %y and 11, when the (0, 2) region is nonempty.

Similarly, for any ¢ € X, there is some point vy, € T' such that s¢(¢) = s¢[1] at a rightward tangent
vector ¢ if and only if the basepoint of ¢ is to the right of vy. Then ¢ = min{yy + ao,¥1 + a1} is
a tropical linear combination of 1y and 11, with coefficients chosen so that ¥;(vy) + a; = V¥ (vy). It
follows that X is the tropical submodule of R(D) generated by ¢y and 17, and hence is completely
determined by the nonempty region where s¢ = (0, 2).

Case 2: Suppose the region where s; = (0,2) is empty. Then there is a distinguished point
x € I" such that s¢ is equal to (1,2) to the left of  and (0,1) to the right of . We now consider
functions ¥4 and ¥ g such that

Sw(a) = sw[0] and s, (¥B) = su[1].

Note that ¥4 must have slope 1 at all points to the left of x. It continues to have slope 1 for some
distance t to the right of x, and then its slope is 0 the rest of the way. Similarly, g has slope 1 at
all points to the right of x, and for some distance ¢’ to the left of . Then at all points of distance
greater than ¢’ to the left of x, the slope of ¥p is 2.

By taking a tropical linear combination of two functions that agree at x, one with rightward
slope 0 and the other with leftward slope —2, we get a third function ¢ € ¥ with rightward slope
2 everywhere to the left of  and 0 everywhere to the right of . See Figure

FIGURE 2. The functions 94, ¥, and ¢ when the (0,2) region is empty.

We claim that the distances ¢t and ' must be equal. This follows from Definition [6.5(2), which
says that {14, ¥ p,¥c} is tropically dependent. On each region where all three functions are linear,
there are exactly two with the same slope, and this determines the combinatorial type of the tropical
dependence, i.e., which functions achieve the minimum on which regions, as shown in Figure

Note that all three functions in this dependence achieve the minimum together at two points,
as shown in Figure [3} the point of distance t to the right of x, and the point of distance ¢’ to the
left of . Comparing the slopes of )¢ to those of 14 shows that 1o — 14 is equal to ¢’ at =, and



THE KODAIRA DIMENSIONS OF Mass AND Moys 37

BC AB AC

FI1GURE 3. The tropical dependence that shows ¢t = t’.

also equal to ¢. This proves that t = ¢/, as claimed. Analogous arguments show that an arbitrary
function ¢ € ¥ is a tropical linear combination of 14, ¥, and ¥ ¢, so X is determined by z and t.

Note that one may realize the interval as a skeleton of the analytification of a rational curve, and
thereby interpret Example as a study of the possible tropicalizations of degree 2 pencils on P*.

7. DIVISORS AND LINEAR SERIES ON CHAINS OF LOOPS

7.1. Admissible edge lengths. Our main results are proved using a detailed study of tropical
linear series on a chain of g loops with bridges whose edge lengths are constrained as follows. Let "
be a graph with 2g+2 vertices, labeled wy, . .., wg, and v, ...,v441. There are two edges connecting
v to wy, whose lengths are denoted £ and my, for 1 < k < g, along with a bridge (i of length ny
connecting wi_1 to v for 1 < k < g+ 1, as shown in Figure

/\ m Vg+1

Y U Y

_/

FIGURE 4. The chain of loops T'.

We write v for the kth loop, formed by the two edges connecting vy and wg, for 1 <k < g.
Throughout, we assume that the edge lengths of I' satisfy the following condition for some large
positive number C.

Definition 7.1. The graph I' has C-admissible edge lengths if
Uy >C-mk, ly >C~€k+1, Nk >C’~nk+1, and N1 >C~£k, for all k.

The required size of the parameter C' depends on the degree d of the divisors under consideration
and the genus g of the chain of loops; taking C' > 12dg suffices for the constructions in this paper.

Remark 7.2. These conditions on edge lengths are more restrictive than those in [JP16]. Our
arguments here, e.g., in Lemma |[8.13] require not only that the bridges are much longer than the
loops, but also that each loop is much larger than the loops that come after it. For illustrative
purposes, we will generally draw the loops and bridges as if they are the same size.
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7.2. Break divisors. Every divisor of degree d on I is equivalent to a unique break divisor D, with
multiplicity d — g at wy and precisely one point of multiplicity 1 on each loop ~yx; see, for instance,
[ABKS14]. In this way, Pic*(T') is naturally identified with [[{_, yx. We choose a coordinate on
each loop 7, and hence coordinates on Picd(I‘), as in Definition below. Since the top and bottom
edges have lengths £ and my, respectively, the loop has length £5 + my.

Remark 7.3. There are other natural choices for representatives of divisor classes on I'. For
example, [CDPRI2| uses wop-reduced divisors. The combinatorial advantages of break divisors on
chains of loops were illustrated by Nathan Pflueger in [Pfl17]. One such advantage is that the
natural map SymY(I') — Pic(I") admits a continuous section, taking a divisor class to its unique
break divisor representative [MZ0§|. The map taking a divisor class to its wo-reduced representative,
on the other hand, is not continuous.

Definition 7.4. For a break divisor D, let 2 (D) € R/(¢),+my)-Z be the counterclockwise distance
from vy, to the unique point in the support of D, .

Thus the class [D] is determined uniquely by its degree d and the coordinates (z1(D),...,z4(D)).
When D is fixed, we omit it from the notation, and write simply .

Recall that PL(T") is the additive group of continuous functions on I' that are piecewise-linear
with integer slopes. The order of ¢ € PL(T") at v is the sum of the incoming slopes along all edges
incident to v. Note that ord,(¢) is zero for all but finitely many v € I. The divisor of ¢ is then

(30) div(y) = Zordv(gp) -,
vel
and R(D) := {p € PL(T") | D + div(y) > 0}.
7.3. Analysis on a single loop. We often analyze divisors D and functions ¢ € PL(T) by re-
stricting to one loop % at a time. The slopes along adjacent bridges play a special role.

Definition 7.5. For ¢ € PL(T"), let s;(p) denote the rightward slope of ¢ at vy along the bridge
Bi. Similarly, let s}, () denote the rightward slope of ¢ at wy, along the bridge By41.

Sk s
E— R
Vk Wk
Yk

FIGURE 5. The slopes s and s).

Note that the operations of restricting to a loop and computing the divisor of a PL function do
not commute. The difference is naturally expressed in terms of the slopes s and s}, as follows.
Lemma 7.6. Let ¢ € PL(T'). Then div(p}y,) = (div(p))}y, — sk(@) - vk + 85, (@) - wy.

Proof. The lemma follows directly from and the definition of ord, (¢). O
Lemma 7.7. Let p € PL(T). Then deg (div(p)},,) = sk(e) — s},(o).
Proof. This is a consequence of Lemma since deg(div(g},,)) = 0. (]

Because the difference between s (¢) and si(yp) appears so frequently, we introduce notation:

() := 53 () — sk ().
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Thus, if ¢ has constant slope along each bridge then sx11(¢) = so(¢) + Zle 0r(p). Also, with this
notation Lemma @ says that

deg(div(¢)}y,) = —0k-
Lemma 7.8. Let D be a break divisor on T and let ¢ € R(D). Then di(p) < 1 for all k. Moreover,
Sr(w) = 1 if and only if (D + div(ep))}, = 0.

Proof. First, deg(D),,) = 1 for all k, since D is a break divisor. Also, D + div(¢p) is effective, since
¢ € R(D). Thus deg(div(p)|,,) > —1 with equality if and only if (D + div(e)),, = 0. O

[Vk

Lemma 7.9. Let p1,...,ps be points on i and let x; be the counterclockwise distance from vy to
pi- Then mipy + -+ + mgps s a principal divisor on 7y if and only if my + -+ ms = 0 and
myxy + -+ msxs =0 mod (g + my).

Proof. This is the tropical Abel-Jacobi Theorem on the loop 7. Specifically, the map from v to
R/ (£, +my)Z, sending a point to its clockwise distance from vy, is precisely the tropical Abel-Jacobi
map with basepoint vy. ([l

Lemma 7.10. Let D be a break divisor of degree d on T’ and let ¢ € R(D). If (D + div(e))},, =0
then (D) = (sg(v) + 1)my.

Proof. If (D + div(¢))|y, = 0 then dx(p) = 1, by Lemma [7.8, and hence s} (¢) = sr(¢) + 1. By
Lemma we have

[Vie

Dy, +div(g)y,) = —sk(e) vk + (sk(p) + 1) - wy.
Now, apply Lemma to div(<p|w), and use the fact that I" has C-admissible edge lengths. ([l

7.4. Classification of special divisors. By the Riemann-Roch Theorem, every divisor class of
degree d on T has rank at least d — ¢ [BNOT]. A divisor is special if its rank is non-negative and
strictly greater than d — g. When 0 < p(g,7,d) < g, the Brill-Noether locus WJ(I') C Picd(I‘)
parametrizing special divisor classes of degree d and rank at least r is a union of translates of
p(g,r, d)-dimensional coordinate subtori, each of which corresponds to a standard Young tableaux
T ona (r+1)x (g—d+r) rectangle, with entries from {1,...,g}. This is part of the classification
of special divisors on chains of loops, from [CDPR12].

Remark 7.11. The metric graphs in [CDPR12| are chains of loops without bridges. However, the
classification in that paper, and its proof, carries over to chains of loops with bridges essentially
without change. This is because pushing forward divisors under the continuous map obtained by
contracting all bridges induces a degree and rank preserving isomorphism on divisor class groups.
Note, in particular, that any two points on the same bridge of I'" are linearly equivalent to each
other. Thus, if D is a divisor on I" whose support intersects the open bridge 85 = (wr—1,vx) then
there is an equivalent divisor D’ with D"(F\ By = Dyrs,) whose support does not intersect 3;

such a D’ can be obtained by moving points of D in 3§ to either of bridge’s endpoints w1 or vg.

Let ¢;(T') denote the set of entries in the ith column of a Young tableau T, ordered from right to
left, starting with 0. Thus, if 7" has r 4+ 1 columns then the set of entries in the leftmost column is
¢-(T), the set of entries in the next column is ¢,_1(T"), and so on.

Proposition 7.12. Let D be a special divisor of degree d and rank r on I'. Then there is a
(r+1) x (g9 — d +r) rectangular standard Young tableau T with entries from {1,...,g} such that,
for each 0 < i < r there is a divisor D; ~ D satisfying

(1) D; — (r —i)wy — ivg41 is effective,

(2) (Di)ge =0 for all k

(3) deg(D;)y, <1 for allk,

(4) if k € ci(T) then (D;)), = 0.
Proof. The proposition follows from [CDPR12, Theorem 4.6], via the correspondence between lattice
paths in Weyl chambers and Young tableaux given in the proof of [CDPR12, Theorem 1.4]. O
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7.5. Vertex avoiding divisors. The set of divisor classes that satisfy conditions — of Propo-
sition for a fixed tableau T is a coordinate subtorus of dimension p(g,r,d) = g—(r+1)(g—d+r)
in Pic®(T"). When p is positive, these subtori intersect nontrivially. However, each contains a dense
open subset of classes of verter avoiding divisors that are contained in exactly one of these subtori.

Definition 7.13. Let D be a divisor of rank r on I'. Then D is vertex avoiding if there is a unique
divisor D; ~ D such that D; — (r — i)wy — ivg4 is effective, for each 0 < i <.

By Proposition the existence of such a divisor D; ~ D holds for any divisor D of rank r;
the defining property of vertex avoiding divisors is the uniqueness. Recall that the set of vertices of
T is {wo,v1,wn,. .., v, Wy, Vgy1}

Proposition 7.14. Let D be a divisor of rank r on I'. Then D is vertex avoiding if and only if,
for each 0 < i < r, there is a divisor D; satisfying properties - m Proposition such that
the support of D; — (r — i)wo — ivg11 does not contain any of the vertices of T.
Proof. Suppose D; satisfies properties — in Propositionand let D} := D;—(r—i)wo—ivg41.
If the support of D} does not contain any of the vertices of I', then D} has at most one point on each
loop, and that point is on either the top or the bottom edge (but not both). Thus, we can choose
a spanning tree disjoint from the support of D}. By [ABKS14l Lemma 3.5], we conclude that D; is
a rigid effective divisor, and hence D; is unique.

Conversely, if the support of D) contains at least one of the vertices of I', then moving this point

along the bridge adjacent to this vertex gives an infinite family of divisors equivalent to D that
satisfy — and hence D; is not unique. O

Fix a vertex avoiding break divisor D of degree d and rank r.

Definition 7.15. For 0 < ¢ < r, we define ¢, € PL(I") to be the unique function such that
D + div(p;) = D; and ¢;(wp) = 0.

Let T be the tableau satisfying Proposition [7.12|{L)-(4); it is unique because D is vertex avoiding.
Proposition 7.16. The function @; has constant slope s(p;) along the bridge Bi. These slopes

are given by
sp(p))=t—(g—d+r)+#{Lec;(T) | £ < k}

In other words, moving from left to right across the graph, we start with
s1(pi) =i—(9—d+r)=i—c(T),
and sg(g;) is nondecreasing as a function of k. When passing the loop 7, it increases by

- 1 if ke C; (T)a
k(i) = { 0 otherwise.

When we arrive at the final bridge, the slopes are sq41(p;) =4 for all 4.

Proof. The fact that ¢; has constant slope along the bridge /), follows from Proposition Since
D(wo) = d—g and D;(wo) = r—i, we see that s1(p;) = i—(g—d+r). Now, recall that deg(D},, ) =1
for all k. By Proposition deg(D;)|, <1 for all k with equality if and only if & ¢ ¢;(7'). Since
deg(div(pi,, ) = —0k, we see that

N 1 if ke Ci(T),
(31) Or(pi) = { 0 otherwise,

and the result follows. O

Corollary 7.17. Fiz a tableau T on a (r+ 1) X (g —d + r) rectangle with entries from {1,...,g},
and set

seli] =i—(g—d+7)+#{l € ci(T) | L < k}.
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Then the vertex avoiding break divisors of degree d and rank v associated to the tableau T are precisely
those break divisors D of degree d such that x(D) = (s[i] + 1)my if and only if k € ¢;(T).

Proof. This follows from Proposition and Lemma [7.10 O

Corollary 7.18. Let D be a vertex avoiding break divisor of degree d and rank r. On each bridge
Br, the slopes {s(vi) | 0 < i <r} are distinct and satisfy

sk(po) <+ < sp(er).
Proof. This follows from the previous corollary, since
#{lec,(T) | L <k} <#{l'€c;(T)| 0 <k}
for i < j. (]

Definition 7.19. Let D be a fixed vertex avoiding break divisor of degree d and rank r, and let T’
be the associated tableau. Then ~y is a lingering loop if k does not appear in 7'

Equivalently, 7y is a lingering loop if dx(p;) = 0 for all 4. If ~, is not a lingering loop, then there
is precisely one index i such that dx(v;) = 1; it is the index 4 such that k € ¢;(T). The restriction
of ¢; to a non-lingering loop may be pictured schematically as in Figure [6]

silil —1 spli]

zp < (skli] + 1)mi zp = (sli] + 1)my x> (skli] + 1)mi
FIGURE 6. The function (¢;)|, when ~; is not lingering.

The point of D on , is indicated by a white dot, and the point of D;, if any, is indicated by a black
dot. Each edge is labeled with the rightward slope of ¢;. Note that if x; = (sg[i] + 1)my, then
(Di)}y, = 0. Otherwise, (D;)},, is a point on the top edge. If 2 < (si[i] + 1)my, then this point is
on the left half of the top edge, near vy, and if x, < (sg[i] + 1)my, then it is on the right half.

Remark 7.20. Note that Figure [} and other similar figures in this paper, is schematic, and not to
scale. In particular, because we assume that I has C-admissible edge lengths, the top edge of ~ is
much longer than the bottom edge, by a factor of at least 12dg. It follows that the region where ¢;
has slope zero occupies most of the top edge, as shown. The point of D on -y is relatively close to
wg; its distance from wy is a small integer multiple of my. In particular, it is not near the middle
of the top edge. The point of D; on -y, if any, is then relatively close to either wy or vy, with the
distance again being a small integer multiple of my.

Lemma 7.21. Let D be a vertex avoiding break divisor of degree d and rank r and let v be a non-
lingering loop. Suppose x is a point on v, whose distance from wy, is a half-integer multiple of my,
and choose constants ¢; such that ¢;(wy) + ¢; = @j(wi) +¢; for all j. Then ¢;(x) + ¢; — ;(z) —¢;
is a half-integer multiple of my,.

Proof. Let v be the shortest path from wy to . The restriction of y;(x) + ¢; — p;(x) — ¢; to v is
a piecewise linear function with integer slopes. By assumption, its value at wy is 0. By examining
Figure [6] we see that the length of each domain of linearity is a half-integer multiple of my, and the
result follows. ]
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FIGURE 7. The unique tableau T on a 3 x 1 rectangle.

Example 7.22. As an example, we consider the canonical divisor K on the chain of 3 loops.
By Riemann-Roch, [KT] is the only divisor class of degree 4 and rank 2 on I'. The corresponding
tableau T is the unique tableau on a rectangle with 3 columns and 1 row:

We can use Corollary to determine the unique break divisor D equivalent to K. We see
that z1(D) = 2, z2(D) = 1, and z3(D) = 0, as depicted schematically in Figure

D

F1GURE 8. Break divisor equivalent to the canonical divisor

We can then use Proposition to explicitly determine the divisors D; and the functions ¢;,
for i € {0,1,2}. The result is schematically illustrated in Figure @ The support of D; is indicated
with black dots, and the remaining points in the support of D are indicated with white dots. All
of these points have multiplicity 1, except that the left endpoint has multiplicity 2 in Dy, and the
right endpoint has multiplicity 2 in Ds.

FIGURE 9. The divisors Dy, D1, and D5, and the slopes of ¢g, ¢1, and o

Each edge in the illustration of D; is labeled with the rightward slope of ¢;.

8. THE VERTEX AVOIDING CASE

We continue the notation from the previous section. In particular, D is a vertex avoiding break
divisor of degree d and rank r on I', which is a chain of g loops with bridges whose edge lengths are
C-admissible for some C' > 12dg. For 0 < i < r, let D; be the unique divisor such that D; ~ D and
D; —iwg — (r — i)vg41 is effective, and let ¢; € PL(T") be the unique function such that ¢;(wg) =0
and D + div(y;) = D;.

We use the functions ¢; on I' to study ranks of multiplication maps on algebraic curves. Set

Yi,j =i + ;.
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Proposition 8.1. Let X be a smooth projective curve of genus g over K with skeleton I, let Dx
be a divisor on X such that trop(Dx) = D, and let V. C H°(X,O(Dx)) be a linear series of rank
r. Then the rank of the multiplication map

p2: Sym®V — H°(X,0(2Dx))
is bounded below by the size of the largest tropically independent subset of {p; ; |0 <i<j<r}.

Proof. First, trop(V) C R(D) is a tropical linear series of rank r and hence contains ¢y, ..., ;.
Choose f; € V such that trop(f;) = ¢;. Then ¢, ; is the tropicalization of pa(f; ® f;). The
proposition follows, since the tropicalization of the image of py is a tropical linear series of rank
equal to rank(us) — 1. O

Motivated by this proposition, we present an algorithm for constructing a certificate of indepen-
dence for subsets of {¢; ; |0 <i<j<r}

8.1. Algorithm for the vertex avoiding case. We present our algorithm in greater generality
than needed for the main results of this paper, to make the underlying ideas more transparent and
readily adaptable to other situations. (A minor variant has already been applied to a different
problem of similar flavor in genus 13 [F-JP21].)

Recall that I" and D are fixed. The remaining input for the algorithm is as follows:

e A subset BC {p;; |0<i<j<r}, and
e A non-increasing sequence of integers o := (01,...,0441)-

The output is a collection of coefficients {c¢(¢) € RU oo | ¢ € B} and a function

a: B — {Be} U {y}u{d}

that “assigns” functions to a bridge or loop. We say that ¢ is “assigned” to a(v) if a(v) € {8 }U{v¢}.
If a(ep) = 0, we say that ¢ is “unassigned.” The output has the following properties:

e The function 6 := min{¢ + c(v) | a(e)) # B} is a certificate of independence.

e If a(1)) # 0 then 9 + ¢(1)) achieves the minimum uniquely on an open subset of the bridge
or loop a(t) to which 1 is assigned.

o If 7, is to the right of a(¢)) and o™ (v,) # 0, then ¢ + ¢(¢)) does not achieve the minimum
anywhere on ~,.

Remark 8.2. In the cases of primary interest for our main result (when g > 21, d = g + 3, and
r =6), cf. we take B to be the sumset 24 := {p + ¢’ | p, ¢’ € A} and choose o so that:

e Every function in B is assigned to a bridge or loop.

e One function is assigned to each non-lingering loop.

e Two functions are assigned to 3; and three are assigned to Bg41.

e One function is assigned to each of the two bridges S, for 2 < k < g, where o < op_1.

Moreover, in these cases, the slope of 6 is equal to o on the vast majority of each bridge 5. It may
be larger than oy for a short distance near the left endpoint wy_1, and smaller for a short distance
near the right endpoint vy, but the average slope of 6 on §j is very nearly equal to oy, for all k.

The algorithm for constructing the coefficients and assignment function works from left to right
across the graph. At the beginning, we set all coefficients ¢(1)) to be infinite, and all functions are
unassigned, i.e., ¢(¢) = oo and a(y)) = @ for all 1. Once a coefficient ¢(1)) has a finite value, this
value will never decrease. It may increase as we progress through the algorithm, as long as 1 is
unassigned. However, when v is assigned to a bridge or loop, its coefficient ¢(¢) is fixed and never
changes again. From that point forward, ¢+ (1)) achieves the minimum uniquely on an open subset
of the bridge or loop a() to which it is assigned.

Fix a subset B C {¢; ; | 0 <17 < j <r} and a non-increasing integer sequence o = (01,...,0441).
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Definition 8.3. A function ¢ € B is o-permissible on the loop vy if
sk(¥) < ok < spr1 ().

Remark 8.4. Suppose § = min{y) + ¢(¢p) | ¢ € B} and the average slope of § on S is nearly
equal to oy, for all k, as it will be in the cases of interest for our main results (cf. Remark .
Then, since each loop of I' is much shorter than the adjacent bridges, and since the sequence oy, is
non-increasing and the slopes si(¢) are non-decreasing, the inequalities s () < o < sp41(¥) are
a necessary condition for ¢ + ¢() to achieve the minimum on 4;. This motivates Definition
and the algorithm below assigns functions to loops only when they are o-permissible.

When o is fixed and no confusion seems possible, we refer to o-permissible functions as permissible.

Lemma 8.5. Let ¢y € B. Then either s1(¢) > o1, Sg+1(¥) < a4, or there is a k such that ¢ is
permissible on .

Proof. Suppose s1(¢) < o1 and sg41(¢¥) > 04. If s5(¢) < oy, for all k, then 9 is permissible on ~,.
Otherwise, consider the smallest k such that s;(¢)) > 0. Then ¢ is permissible on ~;_1. O

Our algorithm is organized around keeping track of which functions in B are permissible on each
loop, as we move from left to right across the graph. The loops on which v is permissible are
consecutive and we pay particular attention to the last loop on which each function is permissible.

Lemma 8.6. Suppose v is permissible on v,. Then 7 is the last loop on which 1 is permissible if
and only if either sgy1(¢) > ok, ok > Ogt1, O k=g.

The last two conditions apply to all functions that are permissible on 7. The first condition is
specific to ¥ and permissible functions that satisfy this condition are prioritized for assignment to
g in the algorithm.

Definition 8.7. A permissible function v is departing if sg+1(¥) > ok.
Lemma 8.8. There is at most one departing permissible function on each loop.
Proof. Let ¥ € B be a departing permissible function on ~;. By definition,
sk(¥) < ok < skt ().
By Proposition there is at most one value of i such that si(¢;) < sk+1(p:), and it satisfies

sk+1(i) = sk(pi) + 1.
(This is the unique 4 such that k € ¢;(T").) Then ¢ = ¢, ; for some j. There is at most one such j
with s; (1)) = ok. Also, if there is a departing function ¢’ such that s;(v)') < ok, then it must be
Y = 2¢;, and 2s;(p;) = o — 1. It remains to show that both cannot occur on the same loop.
Suppose 2s(p;) = o — 1 and also si(p; ;) = oy for some j # i. Then si(¢;) = sp(pi) + 1

and hence si41(¢;) = sk+1(¢p;). This is impossible, because the functions o, ..., ¢, have distinct
slopes on every bridge (Corollary [7.18]). O

Remark 8.9. A similar argument shows that there is at most one function ¢ € B that is permissible
on 7 and satisfies s;(¢)) < oj. This observation is the essence of Lemma [8.21] below.

We now provide the algorithm for producing the coefficients ¢(¢)) and assignment function «.

Initialize. Start by setting c(v) = oo and «(tp) = @ for all ¢ € B. Define
0" ;= min{y) + c(¢) | € B} and 6 := min{y + c(v) | a(v)) # 0}.

Start at the first bridge. Start at ;. Consider the set of slopes {s1(¢) | ¥ € B}. For each such
slope that is strictly greater than o1, choose a function ¢ € B with this slope, and give it a finite
coefficient c(¢)) so that ¥ (wp) = 0 and each such ¢ + ¢(¢)) achieves the minimum in 6’ on an open
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subset of 31 near the left endpoint. Assign each of these functions to 8, i.e., set a(¢)) = B, for each
of the chosen functions. Proceed to the first loop.

Loop subroutine. Each time we arrive at a loop 7%, check whether there are any unassigned
permissible functions. If not, proceed to Biy1. Otherwise, apply the following steps.

Loop subroutine, Step 1: Assign finite coefficients to new permissible functions. If ¢
is a new permissible function then its slope is strictly less than that of #” on the incoming bridge
Br—1. Choose a finite coefficient ¢(1)) so that 1 + ¢() is equal to 6’ at a point a short distance to
the left of vg and is less than 6" on .

Loop subroutine, Step 2: Align the unassigned permissible functions at wy. If ¢ is
an unassigned permissible function, then t(wy) + (1)) is strictly less than ¢’ (wy) + ¢(¢’) for any
previously assigned or non-permissible function ¢’. (See Lemma m) Adjust the coefficients of
the unassigned permissible functions upward, if necessary, so that all of these terms are equal at wy.

Loop subroutine, Step 3: Skip lingering loops. If 7y is a lingering loop, proceed to Sj41.

Loop subroutine, Step 4: Assign departing functions. Suppose there is an unassigned
permissible function i on 7y that is departing, in the sense of Definition (There is at most one,
by Lemma ) For each unassigned, non-departing permissible function 1)’, adjust the coefficient
c(v") upward so that 1 + ¢(v) = ¢’ 4+ ¢(¢) at a point on Si41 a short distance to the right of wy,
and ¥ + ¢(1) achieves the minimum in ¢’ uniquely on the whole loop. Assign the departing function
1 to the loop, i.e., set a(y)) = y,. Proceed to Si1.

Loop subroutine, Step 5: Assign a function that achieves the minimum uniquely, if
possible. If there is at least one unassigned permissible function v that achieves the minimum
uniquely at some point in g, then choose one such function and assign it to 7y;. Increase its
coefficient c(¢) by a small amount ($my). (Note that 1+ (1)) still achieves the minimum uniquely
on a (smaller) open subset of 7y; see Lemma[8.14]) Proceed to By 1.

Internal bridge subroutine: Upon arrival at 8, for 1 < k < g + 1, apply the following steps.

Internal bridge subroutine, Step 1: If the slopes are steady, carry on. If oy = 01 then
proceed to the next loop k.

Internal bridge subroutine, Step 2: Otherwise, be greedy. If 2 < k < g and o} < of_1,
then assign as many functions to fj as possible. Consider the slopes of unassigned functions i) € B
with o > si(¢) > ok—1, and choose one with each such slope. Set the coefficients of the chosen
functions so that each is greater than 6’ on v;_; and each achieves the minimum uniquely on an
interval of B that starts near wy_1. Assign each of these functions to fB;. Proceed to 7.

Final bridge subroutine: When we arrive at the final bridge By+1, be greedy and assign as
many functions to the bridge as possible. Consider the slopes of unassigned functions ¢ € B with
Og+41 > sk(1) > o4, and choose one with each such slope. Set the coefficients of the chosen functions
so that each is greater than #’ on 7;_; and each achieves the minimum uniquely on an interval of
Bg+1 that starts near vg41. Assign each of these functions to S441. Output the assignment function
« and the certificate of independence 6 = min{y + ¢(¢) | a(v) # 0}.

8.2. Examples and verification. In Lemma [8:14] and Corollary [B:I5] we verify that the tropical
linear combination § = min{y + c¢(¢)) | a(v)) # 0} is indeed a certificate of independence with the
desired properties, i.e., ¥ + c¢(¢) achieves the minimum uniquely on an open subset of the bridge or
loop a(1)) and does not achieve the minimum on any loop to the right of «(¢)). Before proving that
the output of the algorithm has these properties, we illustrate with an example.

Example 8.10. Suppose g = 3, and let D be the break divisor in the canonical class [Kr], as
discussed in Example We apply the algorithm with B = {¢; ; | 0 <i < j <2} and o, =0 for
1 < k < 4. For simplicity, we denote ¢; j := c(¢; ;).
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Using Proposition [7.16] we compute the slopes of the functions ¢; along each of the bridges.
These slopes are shown in Figure [9] and listed in the following table.

B1|B2| Bz | Ba
o 1212

2
P1 0 0 1 1
oo |-1]-1]-1]0

FIGURE 10. The slopes {sk(®;)} of the functions ¢; on the each bridge S.

We then use this table to determine which functions are permissible on each loop.

V1 Y2 3
Y11 | P11 | Po,1
©0,2 | $0,1 | $0,0

FIGURE 11. The functions ¢; ; that are permissible on each loop .

On the first bridge, there are 2 functions with strictly positive slope: @22 and ¢ 2. Since s 9
has the highest slope 2 on f, if @22 + c22 does not achieve the minimum at the left endpoint wy,
then it will never achieve the minimum. So we set c2 2 = 0 and a(p22) = $1. Similarly, @1 2 is the
unique function with slope 1 on 8;1. We choose ¢; 2 so that ¢q 2 + ¢1,2 is equal to g2 2 at a point a
short distance to the right of wy and assign a(p;2) = fi1.

On the first loop 7;, there are 2 permissible functions: g2 and ;1. The function g2 is
departing (Definition [8.7), so we set a(po2) = 1. We choose coeflicients ¢ and ¢1,1 so that
©0,2 + Cp,2 achieves the minimum at wy, and ¢;,1 + ¢1,1 achieves the minimum a small distance to
the right of w;.

On the second loop 72 there are again 2 permissible functions: ¢1; and ¢g1. Now, @11 is
departing, so we set a(p11) = 72 and choose the coefficient ¢;,; accordingly, so that 11 + ¢11
achieves the minimum on . Similarly, on the third loop 3 the 2 unassigned functions ¢ ; and
©o,0 are both permissible. The function g is departing, so we set a(go1) = 3 and set cg1
accordingly. Finally, we set a(po,0) = 4 and choose the coefficient ¢g ¢ so that ¢g o + co,0 achieves
the minimum uniquely on most of 34, start from a point shortly to the right of ws.

Note that each ¢; ; is assigned to a bridge or loop. The resulting certificate of independence
6 = min; ;{v;; + ¢ ;} is schematically illustrated in Figure The points in the support of
2D + div(f) are marked in black. (The point on 3 appears with multiplicity 2, as indicated, and
all others have multiplicity 1.)

FIGURE 12. A certificate of independence § = min; ;{¢; ; + ¢; ;} on a chain of 3
loops. The function ¢; j +¢; ; achieves the minimum uniquely on the region labeled
i,7 in the complement of the support of 2D + div(6).

Example 8.11. We now explain how the algorithm proceeds and illustrate the output in an example
that is relevant to our main results, with (g,r,d) = (22,6,25). Let I be a chain of 22 loops with
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113(16]9(10|13|15
12116(19(20
11114(17|21|22

FIGURE 13. A randomly generated 3 x 7 tableau 7'

admissible edge lengths, and let D be a vertex avoiding break divisor of degree 25 and rank 6
associated to the tableau T in Figure
The additional input is B = {¢; ; | 0 < i < j <6} and the slope function o given by:

4 ifk<T,
o =14 3 if7<k<15,
2 if16 < k < 23.

The tableau was chosen at random; the slope function o is specified according to a general rule given
in Definition below. In preparation for running the algorithm, it is helpful to pre-compute
the slopes of the functions ¢; along each of the bridges, using Proposition [7.16] These slopes are
shown in Figure We can then use these slopes to determine the permissible functions ¢; ; on

Br|Ba|Bs | Ba|Bs|Ps|Br|Bs|Bo| Pro]| Bii|Piz|Biz]|Pra| Bis | P | Bir | Bis | Pro | Pao | Por | Boz | Pos
wel 3|45 516 |6 |6]| 6|6 6 6 6 6 6 6 6 6 6 6 6 6 6 6
es || 212121334445 5 5 5 5 5 5 5 5 5 5 5 5 5 5
g || 1 1 1 1 1 1 2133 3 3 4 4 4 4 4 4 4 4 4 4 4 4
esl 0000101 0]0]01|O0 1 1 1 2 2 3 3 3 3 3 3 3 3 3
w2 || -1 |-1]-1}-1|-1|-1]-1]-1|-1]-1 0 0 0 0 0 0 1 2 2 2 2 2 2
1 ||-21-2]-2]-2|-2|-2|-2]-2|-2]| -2 -2 -2 -2 -1 -1 -1 -1 -1 -1 0 0 1 1
wol-3|-3|-3|-3[-3|-3|-3|-3|-3]|-3 -3 -3 -3 -3 | -3 -2 -2 -2 -2 -2 -1 -1 0

FIGURE 14. The slopes si(p;) of the distinguished functions ;.

each loop, as shown in Figure The output of the algorithm, i.e., the certificate of independence

7 2 V3 Y4 V5 Y6 4 8 Y9 Yo | Y11 | Y12 | Y13 | Y14 | Y15 | Y16 | Y17 | 718 | Y19 | Y20 | 721 | 722
P55 | P55 | P5,5 | P45 | P45 | P44 | P44 | P34 | P34 | P24 | P24 | P33 | P15 | P15 | P23 | P2,2 | P2,2 | P1,3 | P1,3 | P12 | P1,2 | P11
P46 | P36 | P45 | P26 | 3,5 | P35 | P35 | P25 | P15 | P15 | P15 | P15 | P14 | P14 | P06 | P13 | P1,3 | o4 | P12 | P04 | P11 | P03
®3.6 | P2,6 | P26 | P16 | P1,6 | P1,6 | 1,6 | P15 | P06 | P06 | 0,6 | Y06 | 0.6 | 0,6 | £05 | L0,4 | P04 $0.4 | 0.3 | Y0,3 | $0,2
$3.4

FIGURE 15. The functions ¢; ; that are permissible on each loop.

0 = min; ;{p; ; + ¢ ;} together with the assignment function a: {¢; ;} — {8k} U {¢} is depicted
schematically in Figure
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FIGURE 16. The divisor D’ = 2D + div(#). The function ¢; ; is assigned to the
bridge or loop directly under the label ¢j, and ¢; ; + ¢; ; achieves the minimum
uniquely on the labeled region in I' \. Supp(D’).
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The graph should be read from left to right and top to bottom, so the first 7 loops appear in the
first row, with 7; on the left and +7 on the right, and 722 is the last loop in the third row. The
function ¢; ; is assigned to the bridge or loop directly under the label ¢j. The 48 filled dots indicate
the support of the divisor D’ = 2D + div(f). Note that deg(D’) = 50; the points on the bridges
B4 and B13 appear with multiplicity 2, as marked. Each of the 28 functions ¢; ; + ¢; ; achieves the
minimum uniquely on the connected component of the complement of Supp(D’) labeled ;.

This example has several interesting features that do not appear in Example 810} Several
functions, such as @35 and 13, achieve the minimum on parts of some loops to the left of the
bridge or loop to which they are assigned. Nevertheless, no function achieves the minimum on any
loop to the right of where it is assigned. There are loops with no permissible departing functions,
the first of which is 4. There are also loops with a departing permissible function that is assigned
to an earlier loop. The first of these is y;1; the function ¢2 4 is departing on ~y;1, but it is assigned
to v10- On such loops, we follow Step 5 in the loop subroutine to adjust the coefficients and assign
a function. Note also that there are functions assigned to the internal bridges g and (1. These
are exactly the bridges 8y, with 2 < k < g, for which o < op_1.

Remark 8.12. Many natural variants of this algorithm are possible, even in the vertex avoiding
case. For instance, our algorithm for constructing a template from pairwise sums of building blocks in
the general case (, although closely modeled on this algorithm, varies slightly in its treatment
of certain special loops. In particular, when applied to the 28 functions ¢;; in Example
the template algorithm produces an assignment function and a certificate of independence but not
necessarily the same one constructed here. More specifically, depending on z15(D), the lingering
loop 713 may or may not be “skippable” in the sense of Definition [10.8] When 715 is not skippable,
the general algorithm will assign a function to achieve the minimum on this loop.

In our work on curves of genus 13, we introduced a different variant of the basic algorithm, in
which functions are systematically assigned to lingering loops [FJP21]. In view of such applications,
we see the flexibility of the basic construction as a desirable feature.

We now resume our discussion of the basic algorithm in the vertex avoiding case and prove that
the output § = min{v + ¢(¥))} is a certificate of independence.

Lemma 8.13. Suppose that ¢ is assigned to the loop -y or the bridge By, and let £ > k. If there is
an unassigned permissible function on 7y, then 1 + c(v) is strictly greater than 6 on 7.

Proof. Let v € 5. Let 9’ be an unassigned permissible function on 7., and let ¢’ be the smallest
integer in the range ¢ < ¢/ < k such that ¢’ is permissible on vp. If sp/ (1)) > sp(¢') for some k'
in the range ¢/ < k' < ¢, then because ' has C-admissible edge lengths, we see that (v) + c() >
Y'(v) +c(¥’) = 6(v).
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Otherwise, by construction, we have

14
D)+ el) = (0) + (@) = g —d 3" m.

t=t
Since I' has C-admissible edge lengths, this expression is positive. (Il

Lemma 8.14. Suppose that 1 is assigned to the loop ;. Then there is a point v € v, where
¥ + c(¥) achieves the minimum uniquely.

Proof. If there is an unassigned departing function ¥ on g, then by construction ¢ + ¢(¢) is the
only function that achieves the minimum at wy. Otherwise, by Lemma [7.2I] any two permissible
functions differ by an integer multiple of %mk at points whose distance from wj is a half-integer
multiple of my. By construction, there is such a point where 1+¢(¢) achieves the minimum uniquely
and, after increasing the coefficient by %mk, it still does. (Il

Corollary 8.15. The tropical linear combination 6 = min{y + c¢(¢) | a(¢p) # 0} is a certificate of
independence for {¢) € B | a(y) # 0}.

Proof. By Lemma[8.14] each function ¢ assigned to a loop achieves the minimum uniquely at some
point of that loop. Similarly, since the set of functions assigned to a bridge have distinct slopes
along that bridge, each achieves the minimum uniquely at some point of that bridge. It follows that

6 = min{ey + c(¢p) | () # 0} is a certificate of independence for {¢) € B | a(v)) # 0}. O

8.3. The cases where r = 6 and g = 21 4+ p. We now address how the algorithm applies in cases
specific to the main results of this paper. We continue the assumption that I' is a chain of g loops,
D is a fixed vertex avoiding break divisor of degree d and rank r, and the edge lengths of I" are
C-admissible for some C' > 12dg.

Now we also assume that r = 6, g = 21+ p, and d = 24 + p, for some non-negative integer p. We
explain how to choose the function ¢ so that the algorithm produces an independence among all 28
functions ¢; ;, for 0 < ¢ < j < 6. By Corollary it suffices to show that, for our choice of o,
every function ¢; ; is assigned to some bridge or loop.

Let T be the tableau associated to D, as discussed in above.

Definition 8.16. Let 2z be the 6th smallest entry appearing in the first two rows of T', and let 2’
be the 10th smallest entry appearing in the last two rows. We then set

4 if1 <k<z,
or=1% 3 ifz2+1<k<2 -2,
2 it —1<k<g+l

Proposition 8.17. When applied to T', D, and o as above, with B = {p;; | 0 < i < j < 6}, the
algorithm outputs a certificate of independence together with a function « that assigns exactly one
function to each of the 21 non-lingering loops. The remaining 7 functions are assigned to the bridges

Bis Bat1s Bar—1, and Byi1. More precisely,

2 ifk=1,
1 )1 difke{z+1,2 -1},
0 otherwise.

In Example [8.11} we have z = 7 and 2z’ = 17, and the functions assigned to bridges are:
a ' (B1) ={pe: w56}, o (Bs) ={wss}t, o '(Bie) ={wos}t, @ (B2s) = {02, P01, %00}

We now state and prove several lemmas in preparation for the proof of Proposition [8.1

Lemma 8.18. There are at most 3 non-departing permissible functions on each loop.
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Proof. Fix k. If ¢; ; is a non-departing permissible function on ~, then siy1(p; ;) = ox. For each
1, this equality holds for at most one j. It follows that there are most {TJQFW = 4 non-departing
permissible functions on vy, and 4 is possible only if 2s511(¢3) = 0. We claim that this never
happens. Indeed, if k < z + 1, then 2s541(p3) <2 <o fz+1 < k <2’ —1, then oy is odd. And

if k > 2’ — 1 then 2s;41(¢3) > 4 > 0. This proves the claim, and the lemma follows. |

Lemma 8.19. Let S C {p; ;} be a set of two or three non-departing permissible functions on 7.
Suppose the coefficients c(v) are chosen so that the functions {¢ + c(¢) | ¢ € S} are all equal at
wg. Then there is a point of vy at which one of these functions is strictly less than the others.

Proof. We consider the case where |S| = 3. The case where |S| = 2 is similar, but simpler. Since
each ¢ € S is permissible on ~y; and non-departing, we have s (¢)) < o = sg41(?).

Assume the coefficients ¢(¢), for ¢ € S, are chosen so that the functions ¥ + ¢(3) all agree
at wg. Let T = min{¢) + c(¢)) | » € S}. Note that s,(Y) < op = sg41(Y). By Lemma [7.7]
deg (div(Y)},,) = s&(T) — sk41(T), and it follows that the restriction (2D + div(Y));,, has degree
at most 2. Hence 7 \ Supp(2D +div(Y)) consists of at most two connected components. By [JP14]
Lemma 3.4|, any boundary point of a region where one of the tropical summands in T achieves the
minimum is contained in Supp(2D + div(Y)). Therefore, the region where any summand achieves
the minimum is either one of these connected components, or the union of both.

Since all three summands agree at wy, and no two agree on the whole loop ~;, we can narrow
down the combinatorial possibilities as follows: either all three agree on one region that contains
wg and one of the three achieves the minimum uniquely on the other region, or two different pairs
agree on the two different regions, and wy, is in the boundary of both. These two possibilities are
illustrated in Figure

¥ U

RIS ¥,y

FI1GURE 17. Two possibilities for where 3 functions may achieve the minimum.

In either case, there is one summand 1 that achieves the minimum on all of 7. Furthermore, all
three have the same slope along the bridge Sk+1, so ¥ + ¢(¢) also achieves the minimum on Sj1.
Therefore T is equal to ¢ in a neighborhood of wy. Since D is vertex avoiding, 2D + div(y)) does
not contain wy, (Proposition . Therefore, 2D + div(Y) does not contain wy, either. This rules
out the second case; we conclude that all three summands achieve the minimum on a region that
includes wy, and one achieves the minimum uniquely on the nonempty complementary region, as
shown on the left in Figure[I7] This proves the lemma. ]

Recall that the loops vx on which i € B is permissible are consecutive.

Definition 8.20. We say that @ € B is a new permissible function on vy if ¢ is permissible on g
and is not permissible on v; for j < k.

Lemma 8.21. Ifk & {1,241,z — 1} then there is at most one new permissible function on ;. If,
furthermore, i is lingering then there are none.

Proof. Recall that ¢ € B is permissible on ~; if and only if s;(¢) < op < sg+1(¢). Suppose
k& {l,z+1,2 — 1}. Then o) = o_1, so if sx(¥)) = ok, then 1 is permissible on ~,_1. Thus, if ¢
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is a new permissible function, then s (1) < op < sg41(¢)). Hence, if ¢ = ©;,; then k must be in the
ith or jth column of T.

Suppose k is in the ith column of 7. Then there is at most one j (possibly equal to i) such that
sk(pi ;) < or and sg41(pi ;) > ok, and hence at most one new permissible function ¢; ;. O

In order to prove Proposition [B:17] we must keep track of the non-lingering loops where there are
no new permissible functions. These will be the loops numbered b and ', characterized as follows.

Definition 8.22. Let b be the 7th smallest entry appearing in the first two rows of the tableau T
and let &’ be the 8th smallest symbol appearing in the union of the first and third row.

We note that z < b < b < 2/ — 2. The first two inequalities are straightforward. To see the last
inequality, recall from Definition that 2’ is the 10th smallest entry that appears in the union of
the second and third row. Therefore, the 9th smallest symbol appearing in the union of the second
and third row must be strictly between o' and 2’.

Example 8.23. In Example |8.11] we have b = 9 and ' = 11. Note that the number of unassigned
permissible functions dropped from 4 to 3 and from 3 to 2 on 9 and 7,1, respectively.

Proposition 8.24. Ifb # z+1, then the non-lingering loops with no new permissible functions are
exactly v., Yo, Yor, and v, —o and there are exactly 4 permissible functions on ~y,41. Otherwise, if
b= z+ 1, the non-lingering loops with no new permissible functions are exactly 7., vor, and v, _a,
and there are exactly 3 permissible functions on v,41.

Proof. We begin by showing that there are no new permissible functions on v,. Suppose ; ; is a
new permissible function on v,, i.e., s.(¢; ;) < 0, =4 < s,41(¢; ;). We show that this is impossible.

Recall that z is the 6th smallest entry appearing in the first two rows of T (Definition [8.16)).
There are 4 possibilities for the location of these entries, corresponding to partitions of 6 into no
more than 2 parts. We consider the case where the partition is (4,2); the other three cases are
similar.

FIGURE 18. The Young diagram corresponding to the partition (4, 2).

When the 6 smallest entries in the first two rows occupy the Young diagram corresponding to
(4,2), then z is either the 4th entry in the first row, or the 2nd entry in the second row. Suppose z
is the 2nd entry in the second row. Then s,.1(2) = s,(X) +(0,0,0,0,0,1,0), and s,41(X) is either

(_37 _27 _17 ]-v 2747 5) or (_37 _27 _17 ]-a 2; 4,6)7

depending on whether the 3rd box in the first column is greater than z. By inspection, there is no
pair of indices (i, j) such that s,[i]+s.[j] < 4 and s,41[i]+s.+1[j] > 4, so there is no new permissible
function on ~y,. Similarly, if z is the 4th entry in the first row, then s.+1(X) = s, +(0,0,0,1,0,0,0),
and s,41(X) is one of the following:

(=3,-2,-1,1,2,4,5), (—=3,-2,-1,1,2,4,6), or (—3,-2,—1,1,2,5,6),

depending on whether the 3rd box in each of the first two columns is greater than z. Once again,
by inspection, there is no new permissible function on +,.

The proofs that v, and v, have no new permissible functions are similar, as is the proof that
~p has no new permissible functions if b # z + 1. If b = z + 1, then a similar argument shows that
there is no permissible function ¢; ; with s;(¢; ;) < 3, and a case-by-case examination shows that
there are only 3 permissible functions on .
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It remains to prove that these are the only loops with no new permissible functions. We do so by
a counting argument. There are 4 functions that are not permissible on any loop: o0, ©0.1, ©5.6,
and @g,6. There are exactly 3 permissible functions on the first non-lingering loop: @36, ¢4,6, and
¢5,5. 1f b # z+1 and k is the smallest integer such that - is not a lingering loop and k£ > z+1, then
there are 4 permissible functions on 7. If b = 2z + 1, there are 3. Finally, k' is the smallest integer
such that 74 is not a lingering loop and k' > z — 1, then there are 3 permissible functions on ;.
Thus, if b # z+ 1, there are 28 —4 — 3 — 4 — 3 = 14 functions that are each permissible on some loop,
but not permissible on any of these three. Similarly, if b = z+1, there are 28— 4—3—3—3 = 15 such
functions. By Lemma [8.21] each of these functions must be new on a distinct non-lingering loop.
The number of non-lingering loops is 21. None of these is new on 1, vk, or V&, and no function is
new on v, Yp, Ve, Or ¥,. Thus, the number non-lingering loops in the complement of this set is 14
when b # z+ 1 and 15 when b = z+ 1. Hence each has a new permissible function, as required. O

Proof of Proposition[8.17. By Corollary it suffices to show that, for our choice of o, every
function ¢; ; is assigned to some bridge or loop. By construction, a(gss) = a(pse) = S1, and
a(po1) = alwon) = Pg+1. On the first non-lingering loop, there are 3 permissible functions by
Proposition On each non-lingering loop 7% for k < z, there is one new permissible function.
To each such loop, we assign a function ¢ € B. Moreover, if there is an unassigned departing
permissible function on ~, we assign it to . It follows that there are 3 unassigned permissible
functions on each non-lingering loop v with k£ < z, and on +,, there are 2. These two functions are
assigned to the loop v, and the bridge 3,41.

A similar analysis, using Proposition [8:24] shows that we assign a function to every non-lingering
loop v with k > z, and we assign one function to 3.,_; and one additional function (aside from
@o,1 and @g0) to Bgq1. Thus the number of functions assigned to each bridge or loop is as specified
in . In particular, since there are precisely 21 non-lingering loops, the total number of functions
assigned to a bridge or loop is 28. Hence, the output of the algorithm is a certificate of independence
among all 28 functions in B = {y; ; | 0 <i < j <6} O

9. BEYOND THE VERTEX AVOIDING CASE

As in the previous sections, we consider a break divisor D of degree d on a chain of loops I with
C-admissible edge lengths for some C > 12dg, and a tropical linear series ¥ C R(D) of rank r.
Here, we consider the case where D is not necessarily vertex avoiding. Let 2¥ denote the sumset

2Y = {p+¢' | p,¢ € Z}.

Theorem 9.1. Assume g =22 or 23, d= g+ 3, and r = 6. Then there is a tropically independent
set T C 2% of size |T| = 28.

We have already proved this in the special case where D is vertex avoiding by algorithmically
producing a certificate of independence among the 28 pairwise sums of distinguished functions
®i,j = @i +@;. Our proof in the general case follows that construction as much as possible, but is
necessarily more technical. Note that Theorem is an immediate consequence of Theorem

In this section, in preparation for the proof of Theorem [9.1] we:

e introduce multiplicities of loops that quantify how the behavior of functions in ¥, on each
loop of T', differs from that on typical (non-lingering) loops in the vertex-avoiding case
e introduce multiplicities of bridges that similarly quantify how the behavior of functions in
>, on each bridge of I, differ from the vertex-avoiding case
e define “switching bridges” and “switching loops” exhibiting one essential new phenomenon
that does not appear in the vertex-avoiding case
e classify switching bridges and switching loops of multiplicity at most 2.
In we also define ramification weights of tropical linear series at the endpoints of I' and
adjusted Brill-Noether numbers that take these weights into account. We show that the adjusted
Brill-Noether number of a tropical linear series on I' is equal to the sum of the multiplicities of all
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loops and bridges. We then state a variant of Theorem for certain tropical linear series on chains
of loops of smaller genus with prescribed ramification, which is needed for our proof of Theorem
The tropical linear series that appear have adjusted Brill-Noether at most 2, and the classification
of loops and bridges of multiplicity at most 2 is used in the proofs of these results. The section
concludes in §9.§ with an overview of these proofs.

9.1. Slope vectors. Recall that we write si(y) and s (¢) for the rightward slopes of ¢ € PL(T")
along the bridges incident to v and wy, respectively, as in Figure

Definition 9.2. Let
sk(X) = (sk[0],...,sk[r]) and s,.(2) := (s,[0],...,sk[r])
be the vectors of slopes in {si(¢) | ¢ € X} and {s;.(¢) | ¢ € X}, respectively, ordered so that
sE[0] < -+ < s[r] and s,[0] < --- < si[r].
We denote the changes in these slopes, as one moves from left to right across the graph, by
Skli] == s%[i] — skli] and  O[i] == sgli] — sh_q[d]-
These changes in slopes are bounded above as follows.

Proposition 9.3. Let D be a break divisor of degree d on I' with coordinates x1,...,x4, and let
¥ C R(D) be a tropical linear series of rank r. Then §i[i] < 1 and 0;[i] < 0, for all k and i.
Moreover, if 0x[i] = 1 then xx (D) = (sg[i] + 1)my.

Proof. First, by Lemma [6.8] there is a function ¢ € X such that si(p) < s[i] and s}, (@) > sii].
Let 0x () = s}, (¢) —sk(¢). Then oy (¢) > 6x[i], and deg(D +div(p))}y, = —0x(w). Since D +div(yp)
is effective, we conclude that 6;[i] < dx(¢) < 1. The proof that ¢, (¢) < 0 is similar. If §;[i] = 1,
then 6;(¢) = 1 and hence, by Lemma [7.10, we have (D) = (s;[i] + 1)my, as required. O

9.2. Multiplicities of loops and bridges. It follows from Proposition that >0 dx[i] <1
and Y_._ 0;.[i] < 0. We define the multiplicities of ), and S to be the amount by which these sums
differ from their respective upper bounds.

Definition 9.4. The multiplicity of v, and (5, are defined, respectively, to be
pl) =1 = il and p(By) ===y dilil.
i=0 i=0

Example 9.5. If D is vertex avoiding then p(5;) = 0 for all k and u(x) = 0 unless -, is lingering,
in which case u(yx) = 1.

9.3. Ramification weights. The slopes of functions in ¥ at the left and right endpoints of I" are
bounded as follows.

Lemma 9.6. The slope vectors at the left and right endpoints of T' are bounded by s}[i] < (d—g—r+i)
and sg41[t] > i, respectively.

Proof. Since D is a break divisor, we have D(wg) = d — g. By Lemma [6.7, {¢ € = | s\(¢) > s![i]}
contains a tropical linear series of rank r — i. Then, by the definition of a tropical linear series of
rank r — 4, there is a function ¢ € ¥ such that (D +div(¢))(wg) > r —i. Hence si[i] <d—g—r+i.
The bound on s,441[4] is proved similarly. O

Definition 9.7. The ramification weights of ¥ at wo and vy are

T T

wt(wg) 1= Z(d —g—r+i—sgli]) and wt(vgir) = Z(sg+1[i] — ).

=0 =0

Example 9.8. If D is vertex avoiding, then wt(w) and wt(vgy1) are both 0.
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Example 9.9. Suppose X is a curve with skeleton I and X is the tropicalization of a linear series
V € H°(X,0O(Dx)) of degree d and rank r. Recall that the nonzero sections in V have exactly r +1
distinct orders of vanishing at any given point p € X, denoted ay (p) < --- < a¥ (p). If p specializes
to vg41, then an induction on 7 shows that sgi1[i] > a) (p), for all i. It follows that wt(vg41) is
greater than or equal to the ramification weight Y, a) (p) —i of V at ¢. A similar argument shows
that wt(wp) is bounded below by the ramification weight of any point of X specializing to wy.

9.4. The adjusted Brill-Noether number. If D is vertex avoiding then both ramification weights
are 0, as is the multiplicity of every bridge and every non-lingering loop, and there are exactly p
lingering loops, each of multiplicity 1. The analogous statement in the general case is as follows.

Proposition 9.10. The sum of the multiplicities of all loops and bridges plus the ramification
weights at wo and vg41 s equal to the Brill-Noether number p =g — (r+1)(g —d+r).

Proof. Starting from the definitions of the multiplicities of the loops and bridges and then collecting
and canceling terms, we have

g g+1 r
D ulw) + > nB) =g+ > _(soli] — sgali]).
k=1 k=1 i=0
Moreover,
= (r ——T+1—Ts’i and wt(v :Ts i—r+1
i) = 409 = (73 ) =it i) = Yot~ (7))

Adding these together and again collecting and canceling terms gives g — (r + 1)(g — d + ). a

Definition 9.11. The adjusted Brill-Noether number of a linear series ¥ C R(D) on T is

pli=g—(r+1)(g—d+r)—wt(w) — Wt(vg41).

This is a two-pointed tropical analogue of the adjusted Brill-Noether number of a linear series
on a pointed curve, considered in By Proposition the adjusted Brill-Noether number p’ is
equal to the sum of the multiplicities of the loops and bridges.

Theorem 9.12. Let g =22 or 23, letd =g+ 3 and let ¢ € {g9,9 — 1,9 — 2}. Let I be a chain of
g’ loops with C-admissible edge lengths for some C > 12dg, and let D be a break divisor on T with
¥ C R(D) a tropical linear series of rank 6. Assume furthermore that

(1) if ¢ =g —1 then sy[5] < 2;
(2) if ¢ = g — 2 then either s{[5] < 2 or s([6] + s([4] < 5.

Then there is a tropically independent subset T C 2% of size |T| = 28.

In all of the cases covered by Theorem the adjusted Brill-Noether number p’ is at most 2.
Theorem is the special case of Theorem where ¢’ = g. This generalization is used in the
proof of Theorem the proof is essentially the same, with just a little more bookkeeping. The
additional cases arise when studying the tropicalization of a limit linear series of degree d and rank
6 on a 2-component curve of genus g, with one component of genus 1 or 2 and another component
X of genus ¢’. The X aspect of this limit linear series is required to have some ramification at the
node, which induces inequalities on the slopes of its tropicalization at one endpoint. Then, just as
Theorem follows from Theorem the analogous statements for linear series with ramification
on pointed curves of genus ¢’ follow from Theorem and are used to prove Theorem in
The overall strategy of proof is outlined in §9.8] Before presenting this outline, we introduce the
essential notation and terminology that will be used throughout the argument.
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9.5. Slope indices. In the vertex avoiding case, we focused our attention on distinguished functions
@y, for 0 < ¢ < r, with the property that si(¢;) = sk[i] and s).(¢;) = s} [i] for all k. In the general
cases that we need to consider for our main results, there typically exist functions with this property
for some, but not all, values of i. We will use the following notation to discuss how the slopes of
functions in ¥ vary, relative to the slope vectors s;(X) and s} (X) (Definition [9.2)).

Definition 9.13. The slope index of ¢ € ¥ at vy, denoted tx(¢) € {0,...,r}, is characterized by
sk(¢) = sklte(p)]. Similarly, the slope index ¢}, () of ¢ at wy, is characterized by s} (¢) = 5[t} (¢)]-

Remark 9.14. For any i and k, by Lemma there is a function ¢; , € ¥ such that t[p; k] < ¢
and ¢}, [@; 5] > . If mult(yg) = 0 then (¢; &)}, is unique, up to an additive constant. The analogous
statement holds for bridges as well.

[Vie

Proposition 9.15. If D is vertex avoiding, then the slope indices of any ¢ € 3 form a non-
increasing sequence: to(¢) > t1(p) > 11(p) > -+ > 15(p) > tgr1(p)-

S

Proof. This follows from the single loop analysis in §7.3] and the fact that the the restriction of
@ € X to each bridge is convex. O

In the general case, slope indices can and do increase. We have already seen this in Example[6.10]
on a chain of zero loops.

Example 9.16. Let ¥ be the tropical linear series of degree 2 and rank 1 on the interval [v, w] in
Case 2 of Example Assume the distance ¢ is positive, and that v is at distance ¢ from z. In
particular, the rightward slope of 14 at v is 1. Note that the interval is a chain of zero loops with
bridges; the entire graph consists of the bridge 1, and the multiplicity of the bridge is 2. The slope
of 14 is 1 on the entire bridge, but its slope index increases:

to(1ha) =0 and 11(a) = 1.

9.6. Switching loops and bridges. In the vertex avoiding case, the slope indices of functions in
Y form a non-increasing sequence (Proposition [9.15). In the general case, functions in ¥ can have
slopes that switch from a lower index to a higher index.

Definition 9.17. A loop vy is a j-switching loop if there is some ¢ € 3 such that
w(p)=j and  i(p) > .
Similarly, Sy is a j-switching bridge if there is some ¢ € ¥ such that
Ua(p) =7 and  w(p) >,

We will say that 4 is a switching loop if it is a j-switching loop for some j, and similarly Sy is
a switching bridge if it is a j-switching bridge for some j.

Example 9.18. Suppose g = 1, and let X be a curve of genus 1 with skeleton I'. Let p,q € X
be points specializing to wgy and wve, respectively, and consider the tropicalization X of the complete
linear series |Ox(p + ¢)|. Figure [19] depicts the divisor Dy = Trop(p + ¢) in black and the break
divisor D equivalent to Dy in white.

FIGURE 19. The divisors D (in white) and Dy (in black) of Example

The tropical linear series ¥ has rank 1, and we have
s0(2) = s1(2) = 51(Z) = 52(2) = (0,1).
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By construction, there is a function ¢ € ¥ with div(p) = Dy — D. This function is unique up to an
additive constant and has

s1(p) =0 =51[0] and s (p) =1 = s}[1].
1,

It follows that ¢1() = 0 and ¢f(p) = 1, so v, is a 0-switching loop.

We now classify switching loops and bridges of multiplicity at most 2; this is all that will be
needed for the proof of our main results. We start with the classification of switching loops.

Proposition 9.19. There are no switching loops of multiplicity 0. If v, is an h-switching loop of
multiplicity 1 then 8x[i] = 0 for all i, x(D) = (sg[h] + 1)myg, and si[h + 1] = si[h] + 1.

Proof. Suppose p(yx) = 0. By the single loop analysis in there is a unique index ¢ such
that 6x[¢] = 1, and dx[j] = 0 for j # i. This index ¢ is characterized by (D) = (sg[i] + 1)mg.
Furthermore, if ¢(¢) # 4 then 0, () < 0. It follows that ¢} (¢) < tx(p) for all € X, i.e., v, is not a
switching loop for X.

Suppose u(yx) = 1 and dx[i] = 1 for some 7. Then there is a unique j # ¢ such that dx[j] = —1.
A similar argument to the multiplicity 0 case then shows that 7 is not a switching loop.
It remains to consider the case where p(7y;) = 1 and dx[i] = 0 for all 4. Suppose 0 [i] = 0 for all ¢

and there is some ¢ € ¥ with si(¢) = si[h] and s} (p) > sg[h]. By the single loop analysis in .
it follows that s} (¢) = sk(¢) + 1, 2k(D) = (sk[h] + 1)my, and si[h + 1] = sk[h] + 1.

In Example the loop =1 is a O-switching loop of multiplicity 1. Note that, in that example
91[¢] = 0 for all ¢ and s1[1] = $1[0] + 1, in accordance with Proposition

Proposition 9.20. Suppose 7y is a switching loop of multiplicity 2. Then there is a unique h such
that i is an h-switching loop. Moreover, exactly one of the following holds:
(1) there is a unique i # h, h+1 such that §x[i] = 1, ox[h] = dx[h+1] = —1, and s\ [h+1] = sk[h];
(2) 0x[i] <0 for all i, there is a unique j such that 0k[j] = —1, and s},[h + 1] = sg[h] + 1.

Note that, in case (1), 0x[i] = 0 for ¢ # h,h + 1. In case (2), j may be equal to h or h + 1.

Proof. Suppose di[i] = 1 for some i. By Lemma this 4 is unique. If there is a unique index h
such that s}, [h] < si[h], then an argument similar to the proof of Proposition shows that v is
not a switching loop. It follows that there are two values h < h’ such that s}.[h] = si[h| — 1 and
s [W] = sig[h'] — 1. The same argument as in multiplicity 1 (Proposition [9.19) shows that 7 is not
a j-switching loop for any j # h. Moreover, if vy, is an h-switching loop then s} [h + 1] < si[h] and
it follows that A’ = h 4+ 1 and s}, [h + 1] = si[h], as required.

Otherwise, d;[¢] < 0 for all ¢. Since 7 has multlphmty 2, there is a unique j such that sk[]]
sk[j] — 1. Let ¢ € ¥ satisfy ¢} (¢) > tx(p). By Lemma we see that z(D) = sg[u(p)] +
which uniquely determines ¢ ().

s

Sk | ) Sk | S Sk | S Sk | ) Sk | S
3 3| 2 313 3|3 3|3

1 111 111 2|1 2
110 0|0 00 00 110
-1 -1 -1 -1 -1 -2 -1 -1 -1 -1

FIGURE 20. Some possible tables of slopes si[i] and s [¢] when 3 has rank 3 and
vk is a 1-switching loop of multiplicity 2. The leftmost table reflects case (1) in
Proposition [9.20] the rest reflect case (2). (In each case, the first column of the
table has s;[0] in the bottom row, si[1] in the next row, and so on.)
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Proposition 9.21. There are no switching bridges of multiplicity less than 2. If By is a switching
bridge of multiplicity 2 then there is a unique h such that By is an h-switching bridge. Moreover,

Splh] =0 h+ 1) =—1, 6&.[i]=0 fori#h,h+1, and si[h+1]=si[h]+ 1.

Proof. The proof is similar to the classification of switching loops, except that the single loop analysis
from is replaced with the observation that the restriction of any ¢ € X to a bridge fy, is convex,
and hence s, () < s;._;(¢). This immediately rules out switching on a bridge of multiplicity 0.

Suppose Sy is a bridge of multiplicity 1. Then there is a unique index h such that 6, [h] = —1.
The proof that ) is not j-switching for any j # h is the same as in multiplicity 0. We now show
that it is not h-switching. Since the multiplicity is exactly 1, we have 0 [i| = 0 for ¢ # h and hence
there is no function ¢ in ¥ with sx(¢) = s}, _[h]. It follows that if ¢}, () = h then si(y) is strictly
less than s}, [h], so By is not h-switching.

Now, let 55 be a bridge of multiplicity 2. If there is a unique value h such that si[h] < s}._,[h],
then as in the multiplicity 1 argument, S is not a switching bridge. It follows that there are two
values h < k' such that si[h] = s},_[h] — 1, si[h/] = s}, [A'] — 1, and si[i] = s},_,[¢] for all ¢ # h, 1.
The remainder of the proof is just as for switching loops (case (1) of Proposition . |

Corollary 9.22. Suppose 3 is a tropical linear series on I' with adjusted Brill-Noether number
p <2 and ¢ € ¥. Then, for all k,

w(p) <t_1(@)+1  and (@) < () + 1.

9.7. Functions with constant slope index. In the vertex avoiding case, we studied functions
v; € R(D), for 0 < ¢ <r, with constant slope indez i, i.e., with the property that

(i) = tp_1(pi) =i for 1<k <g+1.

In the general case, it is useful to keep track of the indices i such that there exists a function ¢;
with constant slope index 1.

Lemma 9.23. Let X C R(D) be a tropical linear series on T' with adjusted Brill-Noether number
p' < 2. Then, for each 0 < i < r, either there is a function @; € X3 such that

w(pi) =t 1(pi) =i for 1<k<g+1,
or there is a loop or bridge that is either i-switching or (i — 1)-switching.

Proof. By Lemma there is a function ¢; € ¥ with ¢((p;) < ¢and tg41(p;) > 4. By Corollary
the sequence (14(;), t1(@i),--.,tg+1(pi)) increases by at most 1 at each step. By assumption, the
first term in this sequence is at most ¢ and the final term is at least i. Thus, either the sequence is
constant and equal to 7, or there is a step where it increases from ¢ — 1 to 4, or there is a step where
it increases from ¢ to ¢ + 1. O

Note that this is an existence statement. If D is not vertex avoiding, then these functions ¢; with
constant slope index ¢ need not be unique, even after normalizing so that ¢;(wg) = 0.

9.8. Overview of the proofs of Theorems and Our proofs of these theorems are
completed via case-by-case considerations in §I1] according to the switching loops and bridges of
the tropical linear series . The proof in each case involves three steps. First, we algorithmically
construct a “template” 8 € R(2D). Then, we choose a collection T C 2% of size |T| = 28. Finally,
we show that the “best approximation of 6 by 7 is a certificate of independence.

9.8.1. The template. The template is a function in R(2D) (but typically not in 2%) that is con-
structed in §10.5| via an algorithm closely analogous to the algorithm for the vertex avoiding case
d

in §8.1. The input for the algorithm is once again a collection B of functions in R(2D), each
with constant slope along every bridge, and a non-increasing integer sequence o = (01,...,0g4+1).
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The output is again assignment function a: B — {8r} U {v¢} U {0} and a collection of coefficients
{c(¥) | ¥ € B}. The template is the tropical linear combination

0 := min{y + c() [ a(y) # 0},

and each term ¥ + ¢(¢) achieves the minimum on an open subset of the loop or bridge to which it
is assigned. Unlike the vertex avoiding case, 1 + ¢()) may not achieve the minimum uniquely on
the loop or bridge to which it is assigned. However, there is an open subset of the assigned bridge
or loop where all of the functions that achieve the minimum are assigned to that bridge or loop,
and all of them agree on the entire bridge or loop. (The template is a technical tool for building a
certificate of independence, but is itself typically far from being such a certificate.)

The functions in B are not necessarily in 2%, but they are all of a special form. We introduce
a finite set A C R(D) consisting of certain functions with constant slope along each bridge that
we call “building blocks.” The building blocks model the behavior of the distinguished functions
©0, - - -, @r in the vertex avoiding case. Then we choose B from the sumset 2.A. In order to guarantee
that the template 0 has certain desirable technical properties, which are needed for the final step
(best approximation from above) we require that B satisfies two technical properties that we denote

(B) and (B’). See Definition [10.16|and Theorem [10.19

9.8.2. The collection T of 28 functions in 2%.. Just as the functions B used to form the template
are all in the sumset 24, the functions 7 that appear in the certificate of independence are in a
sumset 2S5 for a small finite subset S C ¥. This set S includes one function ¢; with constant
slope index ¢, for each ¢ such that ¥ has no i-switching or (i — 1)-switching loops or bridges. (Such
functions exist, by Corollary ) To this collection of functions with constant slope index, we add
additional functions that reflect the switching patterns of . For instance, in the case where ¥ has
an h-switching bridge 8), (§I1.3), we identify a tropical linear subseries ¥’ C ¥ of rank 1 such that

e Every function ¢ € ¥’ has si(¢) € {sk[h], sk[h + 1]}, and

e The bridge B is a O-switching bridge for ¥'.
We then identify three functions ¢4, B, pc in ¥, analogous to the functions ¥4, ¥p, and ¥¢c
in Example [6.10, and define A to be the union of this set of three functions together with the 5
functions ¢; for ¢ # h,h + 1. Then 2A has size (g) = 36, and from these we choose a subset of
size |T| = 28 that includes all 15 functions of the form ¢; + ¢;, plus 13 more that involve one or
two of the functions from the tropical pencil ¥’. Each ¢;, for ¢ # h,h + 1 is a building block, the
set B contains all of the pairwise sums ¢; + ¢;, and the template is constructed so that ¢; 4+ ¢;
achieves the minimum uniquely on an open subset of the bridge or loop to which it is assigned in
the template algorithm. Thus, the essential difference between the construction in this case and the
construction in the vertex avoiding case is how to choose and handle the 13 functions that involve
the three functions p 4, ¢g, ¢c.

The way these 13 functions are chosen and handled depends on a parameter analogous to the
parameter ¢ in Example [6.10] Note that construction of the template does not depend on this
parameter. Thus, a single template is used to construct many different certificates of independence,
for many different tropical linear series. For this reason, we present the construction of the template
separately, in in advance of the case-by-case analysis.

9.8.3. The best approximation from above. Once we have the template and the set 7 C 23, the
certificate of independence is obtained via “best approximation from above.” Let us explain the
idea of this construction. Fix a real-valued function 6 on I'. Imagine trying to approximate 6
by tropical linear combinations of functions in a finite set 7, while imposing the condition that
this approximation is greater than or equal to §. We claim that there is a best possible such
approximation. Indeed, for ¢) € T, the function ¥ — @ is continuous and bounded, so it achieves its
minimum b(¢) on I'. Then ¢ — b(y)) > 0, with equality at some point v € I, and

T =min{¢ —b(¢) [ ¢ € T}
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is the smallest tropical linear combination of functions in 7 that is greater than or equal to 0, i.e.,
the best approximation of 6§ from above.

Note that there are no choices to be made in this final step. All of the hard work is already done
constructing the template 6, proving that it has the desired technical properties, and then choosing
the set 7 based on the switching properties of the linear series . The final verification that T is
a certificate of independence is relatively easy in each case, using the technical properties of the
template established in Theorem

10. THE TEMPLATE ALGORITHM

Here we carry out the first step in the proof of Theorems [9.1] and [0.12] presenting an algorithmic
construction of the template 6 as a tropical linear combination of pairwise sums of certain functions
in R(D) with constant slope along each bridge that we call building blocks.

As in the vertex avoiding case, our algorithm for constructing the template requires some ad-
ditional input, namely a collection B of pairwise sums of building blocks, and a non-increasing
sequence of integers o = (01,...,0441). We first present the general algorithm, and then we ex-
plain how to choose the input in the specific cases needed for the proof of Theorems and
Finally we verify that, with this input, the algorithm produces a tropical linear combination with
a few key technical properties that will streamline our case-by-case construction of certificates of
independence in see Theorem [10.19

Notation. We maintain the notation from the preceding section: D is a break divisor of degree
d on a chain of g loops I" with C-admissible edge lengths for some C' > 12dg, and ¥ C R(D) is a
tropical linear series of rank r. The break divisor D is not necessarily vertex avoiding and the linear
series ¥ may have ramification at the endpoints wg and vg41.

From now on, we assume furthermore that the adjusted Brill-Noether p'(X) (Definition is
at most 2. Thus, any switching loops or bridges for ¥ are as classified in §9.6]

10.1. Building blocks. We introduce a class of functions in R(D) with constant slope along bridges

that behave sufficiently similarly to the distinguished functions ¢; in the vertex avoiding case so

that we can run an algorithm analogous to the one in §8| using them in place of {pq,...,®,}. The

definition of these building blocks is motivated by the extremals of [HMY12] and by Example
We write D(v) for the coefficient of a point v € T" in the divisor D. Then, we define

dy () == ordy(p) + D(v),

for ¢ € PL(I"). By definition, ¢ € R(D) if and only if d,(¢) > 0 for all v.
We fix finitely many possibilities for the restriction to each loop, as follows. For each k in the
range 1 < k < g and each ¢ in the range 0 < i < r, choose a function fj; € PL(~) such that

) —skli —1] if 4, is an (i — 1)-switching loop
33 d ;) > s ]i], d ;) >
( ) Wi (fk,z) = Sk[z] Vg (fk,z) = {_Skm otherwise,
and
(34) Dy, + div(fr,) is effective on v \ {vp, wr }.

Note that fy; is uniquely determined by and (34)), up to an additive constant, except in the
cases where s} [i] < sg[i]; this follows from Lemma

Definition 10.1. A sequence of non-negative integers 7 = (70,71,71,...,7,,Tg+1) is a building
sequence if it satisfies 0 <75 <7 <--- < 71pp1 <7,

o TROr T +1 if g is 7p-switching
k= .
Tk otherwise.
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and
= {7,21 or7,_,+1 if By is 7/,_,-switching
Th 4 otherwise.
Given a building sequence 7 and a sequence of integers s = (s1, ..., Sg+1) satisfying
(35) sk[Tk] < sk < s [ml,

the associated (X, { fx,:})-building block is the unique function ¢ = ¢, s € PL(I") such that

¢(wo) =0, @ — frr is constant on v, and ¢ has constant slope s; on Sy.
Note that, by construction, we have ¢, s € R(D).

Remark 10.2. In comparison with the vertex avoiding case, the requirement that 7 is nondecreasing
replaces the fact that the slopes of each distinguished function s (y;) are nondecreasing as a function
of k. The requirement that 7 increases by at most 1 at each step reflects the classification of switching
bridges and loops from §9.6} since all bridges and loops have multiplicity at most 2, the slope index
of a function in ¥ can never increase by more than 1 at any step.

When ¥ and {fx;} are fixed, we refer to the functions ¢, s as building blocks. Given a building
block ¢, we write 74 (¢) and 7/,(¢) for the terms in the corresponding building sequence.

Example 10.3. Suppose D is vertex avoiding. Then s,_,[i] = s;[i] and hence each fj, ; is uniquely
determined, up to an additive constant, by . It follows that ¢; — fi; is constant on 7z, and
hence the distinguished functions {¢;} are precisely the (X, {fx ;})-building blocks.

Example 10.4. Suppose g =5 and let D be the break divisor of degree 7 on I' with x1 (D) = 3my,
x2(D) = 2mg, and z3(D) = mg, x4(D) = 2my, and x5(D) = 0. Note that D has rank r = 3,
p(g,7,d) =1, and [D] is in the locus of rank 3 divisor classes associated to the following tableau 7.

FIGURE 21. Tableau T corresponding to the divisor D of Example

Let ¥ C R(D) be a tropical linear series of rank 3. Since 4 is not in 7', the loop <4 has positive
multiplicity. Since p(g,r,d) = 1, if follows that u(v4) = 1 and all other loops and bridges have
multiplicity 0. It follows that s} _,[i] = si[i] for all ¢ and k and the slope vectors s;(X) are as
shown in Figure Note that there is a function ¢ € R(D) with s4(¢) =1 and sj(¢) = 2; indeed,

S1 | S2 | 83| S4 | S5 | Se
2131313313
11122 2]2

o111
-1-1}-1]-1|-1]0

FIGURE 22. The slope vectors s;(X) of Example [10.4]

Figure [23| schematically illustrates such a function ¢, with constant slope along each bridge, such
that (s1(¢r),-.-,86(w-)) =(0,0,0,1,2,2).

Let X be a curve of genus 5 with skeleton I', and let p, ¢ € X be points specializing to wy and vg,
respectively. We briefly show that there exists a divisor Dx on X of degree 7 and rank 3 such that
Trop(Dx) = D and 74 is 1-switching for ¥ = trop(R(Dx)). To see this, note that Kx has rank 4,
so Kx — 2p — 2q is equivalent to an effective divisor Ex. Additionally, Kt — 2wy — 2vg is equivalent
to a unique effective divisor F, so we must have Trop(Ex) = E. Let = € T be the point on 74 of
distance 2my4 counterclockwise from v4. Then x € Supp(FE), and there exists y € Supp(Ex) such
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that Trop(y) = x. By construction, Dx = Kx — y is a divisor of degree 7 and rank 3 such that
Trop(Dx) = D, and Dx —2p—2q is effective. It follows that there is a function ¢ € ¥ that vanishes
to order at least 2 at both wy and vg. Up to tropical scaling, there is a unique such function in
R(D); it is the function ¢, depicted in Figure Note that s4(p-) = s4[l] and s5(¢,) = s5[2],
hence 7, is 1-switching.

In this example, there are 5 building sequences: the constant sequences ¢ for 0 < i < 3, and the

sequence T given by
, 1 ifk<4
T = ’T frd
PRI T Y9 if k> b

Since s},_,[i] = sk[i] for all 7 and k, there is a unique building block for each building sequence; we
denote them by g, 1, @2, p3, and ¢,. The functions ¢; and ¢, are illustrated in Figure 23]

®1
2

FIGURE 23. Schematic illustration of the functions ¢; and ¢, of Example

In Figure the divisors D + div(yp;) and D + div(p;) are shown in black. The point wy has
multiplicity 2 in D + div(y1) and both wg and vy have multiplicity 2 in D + div(7), as indicated;
all other points in the support of these divisors have multiplicity 1. The white dots indicate the
points in the support of D on v, for £k > 3. Note that both of the building blocks are identically
zero to the left of w3 and are equal to each other to the left of wy. The slopes along segments to
the right of w3 are as indicated.

We will use this as a relatively simple running example to illustrate the technical steps in our

construction of the template. See Examples and [L0.20

10.2. Input for the template algorithm. As discussed in §9.8 we prove Theorems [0.1] and
by first constructing a template € and then finding a certificate of independence for 28 functions in
2Y via best approximation of 8 from above. Here, we present the algorithm for constructing the
template, closely following our algorithm for the vertex avoiding case (§8.1]).

Recall that the graph I', break divisor D, and tropical linear series & C R(D) are fixed. We also fix
functions fj ;, as in Let A C R(D) be the set of (£, {fx,i})-building blocks (Definition [10.1).
We write 24 for the sumset

2A={p+¢' | p,¢' € A}
The additional input to run the algorithm is:
e A nonempty subset B C 2.A.
¢ A non-increasing sequence of integers (o1,...,0441).
The output is a collection of coefficients {c(¢) | ¢ € B} and an assignment function

a: B— {8} U{y}uU{0}.

As in §81] we consider the tropical linear combinations

0" :=min{¢ +c(¢) [ € B} and 6 :=min{y + c(¢) | a(y) # 0}.
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Definition 10.5. Let ¢, ¢’ € PL(T"). We say that ¢ is equivalent to ¢’ on a subset S C I, and
write ¢ ~g ¢, if (¢ — ¢’)|s is a constant function on S.

We most often consider this equivalence relation when S = 4 is a single loop. In a few places
(notably in Definition [10.16]) we also consider equivalence on larger subgraphs.

10.3. Properties of the template. The tropical linear combination 8, which we call the “template”
has several notable properties, analogous to the properties of the output of the algorithm from
in the vertex avoiding case.

(P1) If a(v) = By then ¥ + ¢(¢) achieves the minimum on a nonempty open subset of Sy.

(P2) If a=!(vy) # 0 then there is a nonempty open subset of 7, where 1 + c(¢)) achieves the
minimum if and only if a(v) = .

(P3) If ¢, 9" € a™(vy) then ¢ ~., V'

(P4) If a(v)) # 0 then ¢ + ¢() does not achieve the minimum on any loop to the right of a(w)
to which a function is assigned.

The algorithm proceeds from left to right across the graph. At the beginning, we initialize
c(y) = oo and a(y) = 0 for all ¢p € B. Once a coefficient ¢(1)) has a finite value, it may be increased
(but never decreased) as long as a(1)) = ). When 1) is assigned to a loop or bridge, ¢(v)) is fixed and
never changes again, and ¥ + ¢(¢) achieves the minimum on an open subset of the loop or bridge to
which it is assigned. If 1) is assigned to a loop then all functions assigned to that loop are equivalent
on the loop and hence achieve the minimum together on the same open set.

For ¢ € B the slopes s (1) are not necessarily non-decreasing. Because these slopes may decrease,
the natural extension of Definition from the vertex avoiding case to the general case is as follows.

Definition 10.6. Let v € B. We say that 1 is o-permissible on ~yy if
e 5;(¢¥) <o forall j <k,

® sp41(¢) > ok, and
o if s4(¢) < oy for some £ > k, then s/ (¢) > oy for some k' such that k < k&’ < £.

When o is fixed, we simply say that ¢ is permissible. Note that Definition [10.6| agrees with Defini-
tion when D is vertex avoiding. Also, if § has average slope very close to o; on each bridge 3;,
and if ¢ achieves the minimum at some point of 7, then ¢ is permissible on 7, (cf. Remark [3.4)).

If ¢ € B is permissible on 7 then d§x(¢)) > 0. The proofs of Lemmas and go through
essentially without change: if 1) € B then either s1()) < 01, sg41(%) > 0441, or ¥ is permissible on
some loop ;. We retain Definition a permissible function on v is departing if sgy1(v) > ok.
If ¢ is departing on g, then 7 is the last loop on which ¢ is permissible.

Lemma 10.7. All departing permissible functions are equivalent on .
Proof. Let ¢ € R(2D) be a departing permissible function on 7. By Lemma
div(e),,) = (div(eh)), — sk (1) - v + 53 (¥) - .

Since v is departing, we have
sk(¥) < o) < s (¥) — 1,

hence div(¢,, ) + 2D}, + opvr — (o) + 1)wy, is effective. But 2D, + opvr — (ox + 1)wy, is a divisor
on 7y of degree 1, so by Lemma it is equivalent to a unique effective divisor. It follows that ).,
is uniquely determined up to an additive constant. O

10.4. Skippable loops. In the vertex avoiding case, the loops with positive multiplicity are pre-
cisely the lingering loops. The algorithm presented in skips over these loops without assigning
any functions,. In the general case, there is a closely related class of loops of positive multiplicity
that we skip over without assigning a function, characterized as follows.
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Definition 10.8. We say that the loop vy is skippable if there are no unassigned departing functions,
not all unassigned permissible functions are equivalent on ~y;, and there is an unassigned permissible
function ¥ = ¢ + ¢’ € B such that D + div(y) contains either:

e more than one point of v; \ {vg}, or
e the vertex wyg, or
e a point on ~; whose distance from wy is not an integer multiple of my.

In the vertex avoiding case, the first two conditions are never satisfied, and the last is satisfied only
on lingering loops. In this case, if D),, is a point whose distance from wy is a non-zero integer
multiple of my, but this integer is not equal to si[i] 4+ 1 for any 4, then ~; is a lingering loop but not
a skippable loop. We could have written the algorithm in §8.1]to assign functions to these loops, but
it is simpler to skip all of the lingering loops (see Remark [8.12]) Note that, if 74 is skippable, then
v or Bry+1 has positive multiplicity. Also, whether a loop is skippable depends on which functions
have been previously assigned. In particular, if there is an unassigned departing function on ~g,
then ~; is not skippable.

10.5. The template algorithm. The procedure that we follow is closely modeled on the vertex
avoiding case, but the details are somewhat different. In particular, since we are only concerned
with the template function # and do not care whether it is a certificate of independence, we may
assign multiple functions to achieve the minimum together on a loop ~. In all cases, if ¥ and v’
are both assigned to vy, then ¢ ~,, ¥'. We also sometimes assign multiple functions with the same
slope on a bridge to achieve the minimum together on that bridge. The details are as follows.

Start at the first bridge. Start at ;. Consider the set of slopes {s1(¢) | ¢ € B}. For each such
slope s that is strictly greater than o, choose all of the functions 1) € B with this slope and give
each of them a finite coefficient ¢(v) so that {¢p+c(¢) | s1(¢) = s} achieve the minimum together on
an open subset of 1 near the left endpoint. Assign all of these functions to 1, i.e., set a(¢) = 5.
Proceed to the first loop.

Loop subroutine. Each time we arrive at a loop 7, check whether there are any unassigned
permissible functions. If not, proceed to fiy1. Otherwise, apply the following steps.

Loop subroutine, Step 1: Assign finite coefficients to new permissible functions. If ¥ is
a new permissible function then its slope is strictly less than that of # on the incoming bridge fBj.
Choose a finite coefficient ¢(1)) so that ¥ 4 ¢(¢) is equal to 6 at a point a short distance to the left
of vg and is less than 6 on ;.

Loop subroutine, Step 2: Align the unassigned permissible functions at wy If ¢ is an
unassigned permissible function, then ¥ (wy) + ¢(v) is strictly less than ¢/ (wy) 4+ c(¥') for any
previously assigned or non-permissible function 1’. Adjust the coefficients of some of the unassigned
permissible functions upward, if necessary, so that all of these terms are equal at wy.

Loop subroutine, Step 3: Assign departing functions. If there are departing functions on
Yk, assign all of them to ;. Note that any two departing functions are equivalent, by Lemma [T0.7}
Adjust the coefficients of the non-departing unassigned permissible functions upward so that they
are all equal to the departing function with the smallest slope on 811 at a point a short distance
to the right of wy, but far enough so that the departing functions are the only functions to achieve
the minimum at any point of the loop. This is possible because functions in B have constant slope
along each bridge, and the bridges are much longer than the adjacent loops. Proceed to fBg41.

Loop subroutine, Step 4: Skip skippable loops. If ~; is skippable then proceed to Si1.

Loop Subroutine, Step 5: Assign an equivalence class of functions that achieves the
minimum uniquely. Otherwise, there are unassigned permissible functions, none are departing,
and the loop is not skippable. We have aligned the unassigned permissible functions at wy, so if
1 ~., ¢ are equivalent permissible functions, then ¢ + ¢() and ¢’ + ¢(¢’) achieve the minimum
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in # on the same subset of 7. Suppose there is an open subset U where all of the functions that
achieve the minimum are equivalent on 7. Then choose one such subset, assign all of the functions
in this equivalence class to i, and increase the coefficients of these functions a small amount (%mk).
Note that they still achieve the minimum together on a smaller open subset of ~. If there is no
such subset U, do not assign any function to 7. Proceed to PBiy1.

Internal bridge subroutine: Upon arrival at 8, for 1 < k < g + 1, apply the following steps.

Internal bridge subroutine, Step 1: If the slopes are steady, carry on. If o, = 01 then
proceed to the next loop ~x.

Internal bridge subroutine, Step 2: Otherwise, be greedy. If 1 <k < g+ 1 and o < o%_1,
then assign every possible function to Sx. More precisely, assign every unassigned function ¢ € B
with of < sk(¢0) < og—1 to Bi. Set the coefficients of the assigned functions so that each is greater
than 6 on ~;_1 and achieves the minimum, together with all of the other assigned functions of the
same slope, on an interval of 8 that starts near wy_;. Proceed to .

Final bridge subroutine. When we arrive at the final bridge f4+1, assign every function ¢ € B
with o411 < s;(¢) < g4. Set the coefficients of the assigned functions so that each is greater than 6
on 74 and achieves the minimum, together with all of the other assigned functions of the same slope,
on an interval of 8411 that starts near w,. Output the assignment function a and the template

0 = min{y) + c(4) | a(y) # 0}

10.6. Choosing the slopes of the template. For the rest of this section, we adopt the hypotheses
of Theorem Specifically, we let g =22 or 23, let d = g+ 3 and let ¢’ € {g,9 — 1,9 — 2}. Let
I be a chain of ¢’ loops with C-admissible edge lengths for some C' > 12dg, and let D be a break
divisor on IV with ¥ C R(D) a tropical linear series of rank 6. Assume furthermore that

(1) if ¢ = g — 1 then s([5] < 2;

(2) if ¢’ = g — 2 then either s{[5] < 2 or s[6] + sp[4] < 5.

We choose the integer sequence o = (071, ..., 0441) to input into the template algorithm as follows.
First, we define a sequence of partitions (with possibly negative parts)

!/ I !
0’)\17)\1"")\{]’7)\9’4’17

each with at most » + 1 columns, numbered from 0 to r, that depends only on the slope vectors
sk(2) = (sk[0], ..., sk[r]). The (r —i)th column of A\ contains (g — d + r) + si[i] — ¢ boxes. (Note
that this depends on g, not ¢’.) Similarly, the (r —)th column of A}, contains (g —d+r)+ s[i] —
boxes. For more on partitions with negative parts, also known as signed partitions, see [And07].

As an example, consider the case where ¢’ = g. If wt(wg) = 0, then sj[i] > (9 —d +r) — i for all
i, so A{) has no negative parts. On the other hand, if wt(wg) > 1, then s{[0] < —4. The last column
of A{ therefore contains —1 boxes. In this case, the partition A{ has a negative part.

By Proposition Ak is a subset of A} _;, and )} contains at most one box that is not contained
in A\g. In particular, u(Bx) = |N,_1| — [A\k], and similarly, p(vx) = [Ag] — |[A,| — 1. Moreover, A\g/11
contains the (r + 1) x (¢ — d + r) rectangle. In the vertex avoiding case, each partition contains the
partition that precedes it, and the sequence corresponds to the associated tableau discussed in

Next, as in the vertex avoiding case, we specify four indices z, 2/, b, and b’ (cf. Definitions
and [8.22). These indices depend only on the sequence of partitions.

Definition 10.9. Let z be the largest integer such that X, contains exactly 6 boxes in the union
of the first two rows, and A, does not. Similarly, let 2’ be the largest integer such that A\, contains
exactly 10 boxes in the union of the second and third row, and A,, does not. Let b be the largest
integer such that A, contains exactly 7 boxes in its first two rows, and A, does not. Similarly, let &’
be the largest integer such that \;, contains exactly 8 boxes in the union of its first and third row,
and Ay does not.
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Since each partition in the sequence contains at most 1 box not contained in the previous partition,
such indices exist. In the vertex avoiding case, this definition agrees with Definitions and
As in the slopes of the master template 6 are given in terms of z and 2’ by:

4 if1<k<z
(36) op=¢ 3 ifz4+1<k<2 -2
2 if2—-1<k<g +1.

10.7. Shiny functions. Our study of the template algorithm in the cases needed to prove Theo-
rem depends heavily on the following technical notion. The functions in 2.4 that we call shiny
play a role analogous to the new permissible functions on loops ~; for k & {1,z + 1,2 — 1} in the
vertex avoiding case, cf. Definition [8.20] Lemma and Proposition [8:24]

The slopes sg[1,(¢)] and s}[7/.(¢)] appeared once earlier, in the definition of building blocks.
They appear frequently in the arguments that follow, so we introduce the separate notation:

&l(p) = sklm(e)]  and &) == splm(@)]:
With this notation, formula of Definition says that if ¢ is a building block then
(37) €k () < k() < &)

Definition 10.10. We say that ¢ = ¢ + ¢’ € 24 is shiny on 4 if it is permissible on ~y, and
k(@) +&k(¢') < o
Lemma 10.11. Let ¢ = ¢ + ¢’ € 2A. Assume that 1) is permissible on g, and sg(@) > Ekx(p).
Then v is shiny on .
Proof. If 1 is permissible on , then
or > sk(Y) = s(p) + sk(9") > k() + &k(¢'),
so ) is shiny. O

We retain Definition 820} a function ¢ € B is a new permissible function on v if it is permissible
on 7 and is not permissible on «y; for any j < k.

Lemma 10.12. Ifk ¢ {1,z + 1,2’ — 1}, then any new permissible function on ~y is shiny.
Proof. Let v = ¢+ ¢’ € 24 be a new function on ;. If k ¢ {1,z + 1,2’ — 1}, we have ox_1 = oy.
It follows that

ok > sk(¥) = k() + sk(¢’) = &) + & (¥),
hence ) is shiny. O

In the remainder of this subsection, we prove two technical propositions about shiny functions.
We start by establishing a lemma about the divisors associated to building blocks.

Lemma 10.13. If ¢ is a (2, {fx.:})-building block, then
du, () = sk(p) = (),

and similarly,

duy, (9) > & () = s1(p)-

Proof. By definition, the functions ¢ and fk’ﬂi(%) are equivalent on the loop 7. It follows from
that

oy (9) = duy (frr () — 5:(9) 2 & (9) — sk ().
Similarly,
d'Uk (90) = d’Uk (fk,r/c) + Sk((P)
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If 7.(¢) = 7k(p), then by (33), du, (fx,r;) > —Ek(¢), and the result follows. On the other hand, if
7.(p) = () + 1, then 4 is a 7 (p)-switching loop. Again, by (33), du, (fx,r;) = —&k(), and the
result follows. 0

We now show that all shiny functions on 7 are equivalent. Lemma [T0.12] and Proposition [10.14]
together give a strong analogue of Lemma [8:2]] from the vertex avoiding case.

Proposition 10.14. Any two shiny functions on i are equivalent on ~yg. Moreover, if ¥ € 2A is
shiny on vk, then the restriction of 2D + div(v) to vi ~ {vx} has degree at most 1.

Proof. Let 1 = 1 4+ 2 € 24 be shiny on ;. Consider the function ¢} € PL(T') that is equivalent
to 1 on each of the two connected components of I' \ S, and with constant slope £ (¢1) on fi. By
Lemma [10.13] &, (1) = sk(1) — du, (1), so ¢} € R(D). Similarly, the function ¢ € PL(T') that
is equivalent to 9 on each of the two connected components of I N\ Si, and with constant slope
&k(p2) on By, is contained in R(D). Let ¢ = ¢ + 5.

By defintion, ¢ ~,, ¢’, and

se(Y') = &x(p1) + &k(p2) < o — 1.

By Lemma [7.6]
div(¥f,,) = (div(e"))y, = sk (W) - ve + 53 (") - we.

Hence div(wl'%) +2Dy, + (0K — 1)vg — opwy, is effective. But 2D, + (o) — 1)vg, — oxwy is a divisor
on 7 of degree 1, so by Lemma|7.9|it is equivalent to a unique effective divisor. It follows that wl’%,
and hence |, , is uniquely determined up to an additive constant.

Finally, note that the restriction of 2D + div(¢) to 7 differs from the restriction of 2D + div(y’)
to v only at vy, and the latter has degree at most 1. It follows that the restriction of 2D + div(¢))
to vk ~ {vk} has degree at most 1. O

Proposition 10.15. If ) = ¢ + ¢’ € 2A is shiny on i, then the restriction of either D + div(p)
or D+ div(¢’) to vi ~ {vr} has degree 0. Moreover, either

skt1(®) > &) or spp1(@’) > Er(@).

Proof. By Proposition [10.14] the restriction of 2D + div(¢)) to v, ~ {vx} has degree at most 1. It
follows that the restriction of either D + div(y) or D + div(¢’) to 5 ~ {vx} must have degree 0.
Now, since 9 = ¢ + ¢’ is permissible, we have

8k1(®) + skt (") = o

By definition, since v is shiny, we have

Er(p) + &(¥') < o
It follows that either sgy1(¢) > k(@) or skr1(’) > &k(¢'), as required. O

10.8. Two technical conditions on the set of functions B. We write I'<;, for the subgraph of
I' to the left of wy, i.e., I'<y is the union of the loops «; and bridges 3; for 1 <, < k.

Definition 10.16. Let A be a set of building blocks, and let B C 2.4. We consider the following
two properties:

(B) Whenever there is a permissible function ¢ = ¢+¢’ € B on vy, such that 2D+div(¢) contains
wyg, and either 7 is 7 (p)-switching or sp11(p) < &.(¢), then there is some permissible
function 4’ € B that is equal to ¢ on I'<y such that sg1(¢") > sk41(¢).

(B’) Whenever there are permissible functions in B that are equivalent on v, with different slopes
on fB+1, and either v is a switching loop or B4 is a switching bridge, then no function
in B is shiny on ~.
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Example 10.17. Consider the set of functions A = {¢o, ¥1, ¥2, ¥3, -} from Example Let
or = 2 for all k. We show that the set B = 2.4 satisfies property (B). To see this, note that
all ¢ € A satisfy sp+1(p) = &, (p) for all k, so it suffices to check property (B) on the switching
loop v4. The functions ¥ = 2¢; and ¢’ = @1 + ¢, are the permissible functions on 74 such that
2D + div(v),2D + div(¢)’) contain wy. Both functions are equivalent to the function 4" = 2¢, on
I<y, and s5(¢") > s5(¢") > s5(1). Thus, B satisfies property (B). (This contrasts with the subsets
B~ {¢"} and B~ {¢'}, which do not satisfy property (B).)

The set B also satisfies property (B’), because no functions are shiny on v4. To see this, note
that all p € A satisfy s4(¢) = £4(¢), so a shiny function must have slope strictly less than 2 on (4.
The only such functions are 2, g + @1, Yo + @2, and pg + ¢,. By inspection, if ¥ is one of these
functions, then s5(1) < 1, so 9 is not permissible on ~4.

Example 10.18. We consider the following modification of Example [8.11] which we will use as a
second example (following the simpler genus 5 example above) to illustrate the template algorithm
and its output in a situation relevant to the proof of our main results; see Example Let X
be a tropical linear series of rank 6 on the chain of 22 loops I', with si[i] = s._,[¢] the same as in
Example B:I7] for all ¢ and %, but where the loop 715 is 3-switching. As in Example B.11] we set

4 ifk<T,
or=14 3 ifT<k<15,
2 if 16 < k < 23.

There are 8 building sequences: the constant sequence i for 0 < ¢ < 6, and the sequence

3 k<18
e DT 1)

As in Example because sy [i] = s)_,[¢] for all ¢ and k, each building sequence corresponds to a
unique building block. We denote the building block corresponding to the constant sequence i by
i, and the building block corresponding to 7 by .

The set B = 2A does not satisty property (B’), because the two permissible functions 1 + 3
and @1 + ¢, are equivalent on ;5 and have different slopes along (19, and g + @, is shiny on v1s.
However, the sets

B =B~{po+e:-} B =B~{p1+ps}

do satisfy property (B’). Both sets also satisfy property (B) (as does B itself), because the only
permissible function ¢ € B such that 2D + div(y) contains wig is ¥ = @1 + 3. The function
Y = ¢1+ @ € B NB" is equivalent to ¢ on I'<yg, and s19(¢') > s19(¢0). The fact that B’ and B”
satisfy both properties contrasts, e.g., with B’ . {¢'}, which satisfies (B’) but not (B).

10.9. Properties of the template, revisited. We now state the main result of this section,
which gives the essential technical properties of the output of template algorithm in the specific
cases needed for the proof of our main results. The rest of this section will be devoted to proving it.

Theorem 10.19. Let g =22 or 23, letd =g+ 3 and let g’ € {g,9— 1,9 —2}. Let I” be a chain of
g’ loops with C-admissible edge lengths for some C > 12dg, and let D be a break divisor on T with
¥ C R(D) a tropical linear series of rank 6. Assume furthermore that

o if ¢ =g—1 then sy[5] <2, and

o if ¢ =g — 2 then either sy[5] < 2 or s{[6] + sy[4] < 5.
Let B C 2A satisfy properties (B) and (B'), and define o for all k as in (36). Then:

(1) every function in B is assigned to a loop vy, or a bridge Bi;
(2) the function ¥ + c(v) achieves the minimum on an open susbet of the loop or bridge a(v);
(3) if o1 + ¢} and o2 + @5 are assigned to the same loop i, then, after possibly reordering,

! /
P11~y P2 and Q] ~a, P,
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(4) if o1 + ¢} and ps + ©h are assigned to the same loop vy, and vy is not i-switching for
i € {7e(p1), i (02), T (1), Th(5) ), then {(e1), T (01)} = {7 (p2), 7(#5)}, and
(5) if o1 + @) and w2 + ©h are assigned to the same bridge B and have the same slope on By,
Jor k> 1, then {7, (p1), 7,1 (1)} = {751 (02), 71 (02) }.
Moreover, if k =1, then holds as long as u(B1) < 2.

Before we begin the proof of Theorem [10.19] we describe the template constructed by our algo-
rithm in Examples and [10.18] We illustrate first with a simpler case, in genus 5.

Example 10.20. Consider the set B of Example We saw above that, when o, = 2 for all &,
then the set B satisfies properties (B) and (B’). We describe the sets of functions assigned to each
loop and bridge by the template algorithm.

Since s1(2¢3) > s1(p2 + @3) > 2, we set a(2p3) = a(ps + p3) = B1. Proceeding to 7, we
see that @1 + @3 ~,, @r + @3 are departing, so we set a(p1 + p3) = a(pr + ¢3) = 11. On 79,
the function 2y, is departing, so a(2p2) = v2. On 73, @1 + Y2 ~, ©r + @2 are departing, so
alpr +¢2) = aler +92) = 73. On 14, 201 ~, Y1+ @7 ~y, 20,, but only the latter two functions
are departing. Hence, a(¢1 + ¢r) = a(2¢;) = v4. On 75, po + @3 is departing, so a(pg + ©3) = 7s.
The remaining functions are assigned to the final bridge 3. The template 6 is pictured in Figure [24]

33 23 2 T 01 00

13, 73 22 12, 72 1, 71 03 11, 02, OT
FIGURE 24. The template 6 of Example [10.20

The functions assigned to the bridge (B¢ satisfy the following inequalities on slopes:

56(201) = s6(0 + @2) = s6(wo + ©7) > s6(wo + 1) > 56(2¢0).

Thus, the functions 2¢1, o + @2, and ¢o + @, achieve the minimum on the same open subset of
the bridge Sg. It follows that the template 8 does not satisfy part of Theorem It does
satisfy the other parts, however: every function in B is assigned to a loop or a bridge, each function
achieves the minimum on an open subset of the loop or bridge to which it is assigned, and functions
assigned to the same loop have equivalent summands on that loop.

Example 10.21. Consider the sets B’ and B” from Example We describe the template 0
for each of the two sets by explicitly comparing it to the template constructed in Example [8.11
Using either B’ or B”, the functions assigned to loops v or bridges 8y with k < 18 are the same.
Specifically, to each loop 7, with & < 17 or bridge §; with k& < 18, we assign the function ¢; + ¢; if
and only if it is assigned to that loop or bridge in Example [8I1] If 3 + ¢; is assigned to a loop vy
with k& < 17 or a bridge 8, with k < 18, then because ¢, is equivalent to 3 on I'<ig, we assign the
function ¢, + ¢; to that loop or bridge as well. Because 1 + ¢, € B’ N B" is the only departing
function on 15, we have a(p1 + ¢,) = 1s.

We first consider the set B’. Every function ¢; 4+ ¢; that is assigned to a loop ~, or bridge S
with & > 19 in Example[8:11]is assigned to that same loop or bridge. If p4 + ¢; is assigned to a loop
v or bridge B with k£ > 19 in Example [8.I1] then ¢, + ¢ is assigned to that same loop or bridge.

Next, consider the set B”. Since ¢1 + @3 ¢ B”, it is not assigned to v19. Instead, ¢g + ¢, is
assigned to v19. Every function ¢; + ¢; that is assigned to a loop ~y, or bridge 8, with k& > 20 in
Example [8.11] is then assigned to that same loop or bridge. If ¢4 + ; is assigned to a loop 7, or
bridge By with & > 20 in Example then ¢, + ¢ is assigned to that same loop or bridge. In
both cases, we see that the template 6 and assignment function « satisfies Theorem [10.19)
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Recall that the set B of Example does not satisfy property (B’). We show that, if we
run the algorithm on this set B, the resulting template 6 and assignment function o do not satisfy
Theorem [10.19] For every k& > 19, there is an unassigned departing function in B on 7. Since
departing functions are always assigned, we have a(¢1 + ¢3) = Y19, @(wo + ©7) = Y20, a1+ v2) =
o1, and (o + ©3) = Y22. Thus, when we reach the last bridge, the functions ¢ + @2 and 2¢;
have not been assigned. They are therefore both assigned to the last bridge (23, but since they have
the same slope along (23, they both achieve the minimum on the same open subset of this bridge,

contradicting part of Theorem [10.19

For the rest of this section, we assume the hypotheses of the theorem; in particular, A is a set of
building blocks and B C 2.A satisfies (B) and (B’). Part of Theorem was proved at the
end of Section

The main difficulty is proving that every function is assigned to a bridge or loop. This is a
counting argument and is somewhat more intricate than in the vertex avoiding case. The proofs of

properties 7 , and are shorter; we prove and at the beginning and at the end.
10.9.1. Functions assigned to the same loop.

Proof of Theorem [10.19(3). Since 11 = ¢1 + ¢} and 9 = @o + @, are assigned to the same loop
Yk, we have ¢y ~, 1. It therefore suffices to show that, after possibly reordering, ¢1 ~., @2.
The fact that 7 is equivalent to s on 7, is equivalent to the statement that the restrictions
of 2D + div(¢1) and 2D + div(v3) to vk ~ {vg,wy} are the same. Thus, if D 4 div(p;) contains
a point v € v, ~\ {vk, w}, then one of D + div(ps) or D + div(¢) must contain v as well. If v is
the only point of v, \ {vk,wy} contained in both D + div(¢1) and D + div(ps), then @1 ~, @2.
Note that, since a function is assigned to 7y, it is not a skippable loop. Thus, the restrictions of
D +div(epy), D +div(e}), D + div(ps), and D + div(¢}) to vx ~ {vg, wy} all have degree at most 1,
and the conclusion holds. O

Proof of Theorem [10.19[H). Let ¢y = @1 + ¢, ¥2 = @2 + ¢h. By Theorem [10.19|3), after possibly
reordering, we have 1 ~,, @2 and ¢} ~,, 5. Suppose that 7/,(p1) # 77.(p2). Without loss of

generality, suppose that 7/ (1) < 7/.(p2). We first show that either d,, (¢1) > 1 or dy, (p2) > 1.
If either s},(p1) < &, (¢1) or si(¢2) < &.(p2), this follows from Lemma Otherwise, we have
5. (1) < 85 (p2). Since g1 ~, P2, it follows that dy, (p1) > du, (p2) > 0.

Without loss of generality, assume that dy, (1) > 1. Since a(11) = 7%, the loop 74 is not
skippable. Since 2D + div(t1) contains wyg, there must be unassigned departing functions on ~.
Because a(¢1) = a(v2) = vk, 1 and 1o must be departing functions. This implies that (2D +
div(t1))}y, has degree at most 1, hence (2D + div(¢1))},, = we. Hence, p1 ~,, ¢, and since
du, (p1) = du, (¢1) = 0, we have &.(p1) = si(p1) = su(¢)) = &(g)). Tt follows that 7.(p1) =
("), and since 7y, is not 73 (1 )-switching, 7, (p1) = 77.(¢}) as well.

We have now demonstrated the equivalences: p1 ~, @], @1 ~, @2, and @] ~,, @5 It follows
that oo ~,, 5 as well. Since 1), is departing, either d,, (12) = 0 or d,, (12) = 0. If dy, (¥2) = 0,
then 7/ (p2) = 7/.(¢5) by the same argument as the previous paragraph. If d, (¥2) = 0, then
&.(02) = s).(2) = si.(v5) = &.(¢h), hence 7/ (¢2) = T,.(ph). Finally, since 1), is departing, we see
that either (D + div(y2))|, = 0 or (D +div()))|, = 0. Since (D + div(¢]))}, = 0 as well, we see
that 7/ (¢2) = 7;,(¢}), and the result follows. O

10.9.2. Preparation for the counting argument. In preparation for the counting argument used to
prove Theorem we show that, whenever we arrive at Step 5 in the loop subroutine, we are
able to assign an equivalence class of functions to the given loop.

Lemma 10.22. If there is no unassigned departing permissible function on ~yi, then the number of
equivalence classes of permissible functions on i is at most 3.

Proof. Consider the set of building blocks ¢ € A such that there exists ¢’ € A with ¢ + ¢’ € B an
unassigned permissible function on . If every such building block satisfies sxy1(¢) = &} (), then
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the proof of Lemma [8.18] goes through essentially unchanged. Indeed, in this case any two functions
in A with the same slope along (11 are equivalent on 7. Thus, the number of equivalence classes of
permissible functions on vy, is bounded above by the number of pairs (7, j) such that s}, [i]+s.[j] = o.
This number of pairs is at most 3, exactly as in the proof of Lemma [8.18

On the other hand, suppose that there is an unassigned permissible function v = ¢+ ¢’ € B such
that sp1(p) < &,(¢). By property (B), there is a function ¢’ € B that agrees with ¢ on I'<j, with
the property that

Ser1(¥) > sp1 (V) > op.

Since 1)’ is a departing function, it must have been assigned to a loop 7, with ¢ < k or a bridge ,
with ¢ < k. But this is impossible, because v is equivalent to ¢’ on all previous loops and bridges
and 9 is unassigned. O

Proposition 10.23. Consider a set of at most three equivalence classes of functions in B on a
non-skippable loop vi. If all of the functions take the same value at wy, then there is an open subset
of v, on which one of these equivalence classes is strictly less than the others.

Proof. The proof of Lemma depends only on the restrictions of the functions to the loop ~,
and the fact that, if ¢ is one of these functions, then 2D + div(¢)) does not contain wy. This latter
fact is guaranteed by our assumption that v, is not skippable. The conclusion therefore continues
to hold if we replace the functions with equivalence classes of functions. O

10.9.3. Shiny functions and skippable loops. The next two propositions are analogues of Lemma [8.21
and Proposition [8:24] respectively, with shiny functions and skippable loops in place of new permis-
sible functions and lingering loops.

Proposition 10.24. If vy is skippable, then no permissible function is shiny on .

Proposition 10.25. The loops 7., Vb, Vv, and v, —o are all non-skippable, and no permissible func-
tion is shiny on any of them.

The proofs of these propositions rely heavily on property (B), and use the following two technical
lemmas about permissible functions on skippable loops.

Lemma 10.26. Let v, be a skippable loop and let ¥ = ¢ + ¢’ € B be an unassigned permissible
function on . Then spy1(v) = ok, sp+1(p) = & (9), and sp1(¢") = & ().

Proof. By definition, no unassigned permissible function is departing on a skippable loop. Therefore,

sky1(¢) = o
It remains to show that si11(p) = &, (¢). Suppose not. Then

sk+1(0) < &(9),
and, by property (B), there is a function ¢’ € B that agrees with ¢ on I'<, with the property that

sk41(Y) > spy1(¥) = op.

We claim that this is impossible. Indeed, if 1)’ is unassigned on -y, then it would be a departing
function, contradicting the hypothesis that v; is skippable. On the other hand, if 9’ is assigned to
a previous loop or bridge then ¥ would have been assigned to that loop or bridge as well.

We conclude that sg+1(p) = £, (@), and, similarly, sp+1(¢’) = &.(¢'), as required.

Lemma 10.27. Suppose vy, is a skippable loop, and there is a building block o1 such that sk11(p1) >
&k(p1). Then there is a permissible function ¥ = ¢ + ¢’ € B such that

(1) skt1(p) = sk(p) + 1,

(2) ska(p) = sk(¢’) — 1, and

(3) D + div(¢') contains either wy, a point of vy, whose distance from wy is not an integer
multiple of my, or two points of vi ~ {vg}.



THE KODAIRA DIMENSIONS OF Mass AND Moys 71

Proof. Since vy is skippable, there is an unassigned permissible function ¥ = ¢ + ¢’ € B such that
2D + div(t)) contains either wy, a point whose distance from wy, is a non-integer multiple of my, or
two points of v, \ {vi}. We first consider the case where one of the two functions ¢, ¢’ has smaller
slope on Bj+1 than on Sj;. Suppose without loss of generality that

sker1(#') < sk().
Since 1 is permissible, we must have sg41(¢) > sp(v). It follows that si+1(p) > sk(p). Since, by

Lemma the slope of a building block can increase by at most 1 from one bridge to the next, we
see that
sk+1() = si(p) + 1 and spi1(¢') = sp(¢’) — 1.
It follows that the restriction of D + div(y) to ~x is zero, and D + div(¢’) contains either wy, a
point of v, whose distance from wy, is not an integer multiple of my, or two points of v \ {vg}.
To complete the proof, we will rule out the possibility that neither function ¢, ¢’ has smaller
slope on Bj41 than on F;. Assume that

sk+1(10) = su() and sp41(9') > si().
By Lemma this immediately rules out the possibility that D + div(y’) contains more than one
point of v;. We will reach a contradiction by showing that v is a switching loop and then applying
property (B). As a first step in this direction, we claim that the restriction of D + div(¢1) to

Yk ~ {vi} has degree 0. By Lemma [10.13
dvy, (p1) 2 s1(p1) = &k (1)

By Lemma [7.7]
deg (div(e1)}y,) = sk(e1) = ser1(e1).
It follows that
€k(1) = sk1(p1) > deg (div(pr)}y,) — du (1)
The right hand side is the degree of the restriction of div(y1) to % \ {vi}. Since the left hand side
is negative, the restriction of D + div(¢1) to i ~ {vi} has degree 0.

We now claim that 2D + div ¢ contains wy. Since there exists a building block ¢; such that the
restriction of D+ div(p1) to v; ~ {vi} has degree 0, the shortest distance from the point of D on 4
to wy, is an integer multiple of my, by Lemma[7.9] Combined with our assumption that the slopes of
v and ¢’ do not decrease from S to Br41, we see that the shortest distances from wy, to the point of
D +div(p) on v and the point of D+ div(y’) on v are integer multiples of my, as well. Therefore,
2D + div(¢) cannot contain a point whose shortest distance from wy is a non-integer multiple of
my,, and must therefore contain wy, as claimed.

Without loss of generality, we assume that D + div(p) contains wg. Since the restriction of
D + div(p) to v has degree at most 1, we see that this restriction is equal to wg. It follows that

sk+1(p) = sk ().

Since the restrictions of D + div(y¢) and D + div(e1) to 7y are supported at the vertices vy, and wy,
we must have ¢ ~., ¢1. However, since D + div(yp) contains wy, and D +div(y1) does not, we must

have sg11(¢) = sp+1(e1) — 1.
We now show that -y, switches slope 7 (p1). By assumption, si11(p1) > &k (¢1). Combining this
with the two equations above, we see that
sk(p) = &k(p1).
This implies 74 (¢) > 7%(¢1). By Lemma [10.26] however, we have

skt1(e) = Ex(9),

so 77.(¢) < 7,(p1). Combining these inequalities with the fact that slope index sequences are
nondecreasing, we see that

Ti(p1) < Th(p) < T () < 77(01)-
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Since ¢ is a building block, by Definition it follows that v, switches slope 7% (7).
We now apply property (B) again, in a similar way to the proof of Lemma [10.26] Specifically,
there is a function ¢’ € B that agrees with ¢ on I'<y, with the property that

sk41(Y) > spy1(¥) = op.

If ¢’ has not been assigned to a previous loop or bridge, then it is an unassigned departing function
on 7y, and for this reason ~y, is not skippable. If 9/’ has been assigned to a previous loop or bridge,
then since 1 is equivalent to v’ on this previous loop or bridge, we see that 1 must have been
assigned to this previous loop or bridge as well. We therefore arrive at a contradiction, which rules
out the possibility that neither ¢ nor ¢’ has smaller slope on ;11 than on 85 and completes the
proof of the lemma. (I

Proof of Proposition[10.24 By Proposition [10.15 any shiny permissible function on 7; has a sum-
mand ¢ € A satsifying sp1+1(p1) > &k(p1). We will assume that such a function ¢; exists, and
consider unassigned permissible functions of the form ; + ¢} € B. Since ¢ exists, by Lemma
there is an unassigned permissible function ¢ + ¢’ € B such that

skr1(p) = sk(w) + 1, sppa(9) = su(¢’) — 1,

and D + div(¢') contains either wy, or a point of ~; whose distance from wy is not an integer
multiple of my, or two points of v \ {vg}.

Both D + div(¢1) and D + div(p) contain no points of v; \ {vx}. Any two functions with this
property are equivalent on g, and have the same slope along the bridge Sr41. It follows that

Sk+1(9) = sp+1(p1). By Lemma [10.26) we also have
sk1() + sk41(9) = sk+1(01) + srr1(9) = 0%
Subtracting, we see that si+1(¢’) = sg+1(¢}). Moreover, by Lemma [10.26, we have

sep1(@’) = &.(¢") and sgy1(0)) = E(91),

so 1,.(¢") = 11.(¢}), which implies that ¢’ and ¢} are equivalent on ~y.

Since ¢’ and ¢} are equivalent on 7% and their slopes on S;41 are equal, the difference between
div(¢') and div(yp)) on 75 must be supported at vi. Since sp11(¢’) = sip(¢’) — 1, the restriction
of D + div(¢') to v has degree 2. Since 1 + ¢} is shiny, by Proposition the restriction of
2D + div(p1 + ¢) to v, ~ {vr} has degree at most 1. It follows that D + div(¢’) contains v. By
Lemma this forces D + div(¢') to be supported at points whose shortest distance to wy, is an
integer multiple of my. Recall, however, that ¢’ was chosen so that D + div(¢’) contains either wy,
or a point of v whose distance from wy, is not an integer multiple of my. We therefore see that
D + div(¢’) contains wy, and hence

[D + div(¢)]},, = vk + wg.

Tk
Thus, ¢’ is equivalent to ¢ and ¢ on 7, but since D + div(¢’) contains v, and D + div(yp) does
not, we have si(p) < sp(¢’). It follows that 7, (¢) < 71(¢’). Similarly, since D + div(¢’) contains
wy and D + div(yp) does not, we have

sk+1(0) > s41(¢).
By Lemma [I0.26] however, we have

sir1(p) = &,(p) and s41(¢') = §.(#')-
Thus, 7 (¢) > 77,(¢"). Combining these inequalities with the fact that slope index sequences are
nondecreasing, we see that
7i(#) < Ti(9") < 7(¢) < Ti(9).
Since ¢ is a building block, by Definition it follows that 74 switches slope 7% ().
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By property (B), there is a function ¢’ € B that is equivalent to @1 + ¢} on I'<y, with the
property that

ser1(Y') > spy1(p1 + @1) = o

If ¢’ has not been assigned to a previous loop or bridge, then it is an unassigned departing function
on v, and for this reason 7 is not skippable. If )" has been assigned to a previous loop or bridge,
then since @1 + ¢} is equivalent to ¢’ on this previous loop or bridge, we see that @1 + ¢} must
have been assigned to this previous loop as well. This contradicts our assumption that ¢ 4+ ¢} was
unassigned. We conclude that there are no shiny functions on -y, as required. (]

Proof of Proposition[10.25 Let k € {z,b,1/,z' —2}. Asin Proposition these four choices for k
guarantee that there is an index ¢ such that s;[i] < s},[¢], and there does not exist a value of j such
that s}.[1] + s},[j] = ok. We must show that ~; is not skippable, and that no permissible function is
shiny on ;. We begin by showing that - is not skippable.

Suppose i, is skippable. Then there is an unassigned permissible function ¥ = ¢ + ¢’ on ~y; such
that 2D + div(v) contains either wy or a point whose distance from wy, is not an integer multiple
of my,, or D + div(¢’) contains two points of v;, \ {vx}. By Lemma[10.26] we have

(38) Sk1(9) + skr1(9") = & (@) + & (@) = on.

Moreover, by Lemma we have sp11(¢) = sk(p) + 1, hence the restriction of D + div(y) to
v must have degree 0, which forces 7 (¢) = 4. As in Proposition the choice of z, b, b, and 2’
ensures that there does not exist a value of j such that s [i] + s.[j] = ok, contradicting . Thus,
&% cannot be skippable.

It remains to show that there are no shiny permissible functions on ;. Let ¢ be a function
satisfying si(p) = sg[i] and sgy1(p) = s} [i]. Any function that is shiny on -, must be equivalent
on 7 to a function of the form ¢ = ¢ + ¢’ with sg11(p + ¢') = 0. Again, because there is no j
such that s}.[t] + s}.[j] = ok, we see that si11(¢’) cannot equal s},[j] for any j. This means that

ser1(e’) < &(0").

Hence by Lemma [10.13] D + div(¢’) contains wg. Since 9 is shiny, by Proposition [10.14] the
restriction of 2D + div(y) to vy, \ {vg} has degree at most 1, so this restriction is exactly wy. It
follows that 1 is equivalent to 2p on -y, and

sk+1() = o) = sk41(29) — 1.

This implies that oy, is odd, so k is either b or ¥’ and o}, = 3. However, b and b’ were chosen so that
sk+1(¢) is at most 1 if the box contained in A}, but not Ay is in the first row, and si11(¢p) is at least
3 if this box is contained in the second or third row. In the first case, we have s;11(2¢) < 2, and in
the second case, we have sp11(2¢) > 6. In either case, we obtain a contradiction to the displayed
equation above, so there cannot be a shiny function on . (I

10.9.4. The counting argument. In the vertex avoiding case, Proposition follows from a count-
ing argument. Specifically, we count the number of permissible functions on 71, v,41, and v, _1.
Together with the fact that there is at most one new permissible function on every non-lingering
loop, no new permissible functions on lingering loops, and no new permissible functions on -y for
k€ {z,b,b, 2 — 2}, we derive the number of permissible functions on each loop.

In the general case, we may assign several functions to the same loop, so instead of counting
individual unassigned permissible functions, we count certain equivalence classes of such functions,
that we call cohorts. These cohorts are defined using the following auxiliary function III.

Definition 10.28. Let III: B — {1,..., ¢} U{oo} be the function taking ¢ to the maximal k such
that 1 is a shiny or new permissible function on 7; and v is not assigned to any ; for j < k, or to
oo if there is no such k.
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Note that III depends on which functions are assigned to which loops, so it is something that we
compute after the algorithm has run.

In the vertex avoiding case, III(¢)) = k # oo if and only if ¢ is a new permissible function on ~y,
and ITI(¢)) = oo if and only if ¢ is not permissible on any loop.

We define an equivalence relation =y on B, as follows.

Definition 10.29. We define ¢ =y ¢’ if HI(y) = II(y') = k for some k € {1,...,¢'} and
() Yk Y.

Definition 10.30. A cohort on 7y, is a =-equivalence class of unassigned permissible functions
with ITI(y)) < L.

A cohort is new on 7y if it consists of functions ¢ with III(¢y) = k.
Example 10.31. In Example [10.20] we list the distinct cohorts on each loop ~,:

71 V2 73 V4 V5
{p1 + @3, 0r + @3} 29 ©o + ¥3 Yo + ¥3 0o + 3
29 ©o + 3 {1+ 02,07 + 02} | {201,001 + @7, 20, } 2¢1
®o + 3 {1+ 2,00 + @2} | {201,001 + 9, 2007} {®0 + @2, 00 + 7}

FI1GURE 25. Cohorts on each loop «y, in Example [10.20

In particular, if @1 + ¢; is permissible on 7, for some ¢ < 4, then ¢, + ¢; is in the same cohort
on 7. Similarly, if ps + ¢; is permissible on 7, for £ > 4, then ¢, + ¢; is in the same cohort on ~,.

On loops 72, 73, and 75, there is one new cohort, and there is a cohort such that every function
in the cohort is assigned to the loop. On -4, there is no new cohort, and there exists a cohort such
that some elements of the cohort are assigned to 4 and others are not. Because of this, the number
of cohorts on 7y, such that some element of the cohort is not assigned to v, remains constant. In
particular, this number is 2 for all /.

Example 10.32. Similarly, in Example if 3 + ; is permissible on ~y, for £ < 18, then
@7 + @; is in the same cohort on . If ¢4 + ¢; is permissible on ~, for £ > 18, then ¢, + ¢; is in
the same cohort on 7,. When we run the alogrithm on the set B’, there is no new cohort on ;5.
The functions ¢; + p3 and ¢1 + ¢, are in the same cohort on 738, and only one of them assigned
to 118. As in Example the number of cohorts on ;g such that some element of the cohort is
not assigned to ~1g is equal to the number of cohorts on ;7 such that some element of the cohort
is not assigned to yp7.

If we run the algorithm on the set B”, then the cohort consisting of g + ¢, is new on y5. In
this example, every time a function is assigned to a loop, every function in the same cohort is also
assigned to the loop.

On the other hand, recall that the set B does not satisfy property (B’), and the corresponding
assignment function a does not satisfy part (5) of Theorem This can be seen by counting
the cohorts. Note that ¢1 + 3 and 1 + ¢, are in the same cohort on v;5, and exactly one of these
two functions is assigned to ~1g. In addition, the cohort consisting of ¢g + ¢, is new on 5. In this
case, the number of cohorts on ;g such that some element of the cohort is not assigned to g is
greater than the number of cohorts on ;7 such that some element of the cohort is not assigned to
~17. For this reason, property (B’) is essential for the proof of Proposition below.

By Proposition [I0.14] all shiny functions on v, are equivalent, and by Lemma [I0.12] on any loop
other than 71, v,41, or v,/_1, all new functions are shiny. Thus, on any loop other than ~1, 7,41, or
vY./_1, there is at most one new cohort. This is one essential way in which counting cohorts is like
counting permissible functions in §8} there may be several new cohorts on v, for k € {1,z+1,2"—1},
and then at most one new cohort on each subsequent loop.
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Furthermore, there are no shiny functions on vy, for k € {z,b,b', 2" — 2}, so there are no new

cohorts on these loops. This is analogous to Proposition in the vertex avoiding case.

The next proposition says that, on each loop where a new cohort is created, and also on the
special loops g, for k € {z,b,', 2" — 2}, an entire cohort is assigned. This is essential for the proof
of Theorem [I0.19] where we bound the number of cohorts on each loop while moving from left to
right to show that every function in B is assigned to some loop or bridge.

Remark 10.33. On a non-skippable loop where no new cohort is created, the functions that are
assigned may form a proper subset of a cohort. This is visible on the loop 74 of Example or
on the loop 715 in Example when we run the algorithm on the set B’. In this way, cohorts
may lose members as we move from left to right across a block, but the number of cohorts on each
loop behaves just as predictably as the number of unassigned permissible functions in the vertex
avoiding case.

In the vertex avoiding case, each cohort consists of a single unassigned permissible function, and
the argument for counting cohorts in the proof of Theorem [10.19] specializes to the argument for
counting permissible functions in

Proposition 10.34. Suppose that II171(¢) # () or £ € {z,b,b',2" — 2}. If 1 € B is assigned to vy,
then any other function in the same cohort with v is also assigned to yy.

To prove Proposition [10.34] we will use property (B’) along with some preliminary lemmas. We
start with a relatively simple one.

Lemma 10.35. Let p, ¢’ be building blocks such that
() = Ti(¢") and Te1(9) = Tt (¢).-
Then 1/,(p) = 1,(¢") and @ ~, ¢'.

Proof. Since p/(X) < 2, a switching loop has multiplicity at least 1, and a switching bridge has
multiplicity at least 2, we cannot have both that v; is a switching loop and 41 is a switching
bridge. It follows that either

!/

7(%) = () and 7,(¢) = (")
or
T(9) = Thta () and 77(¢") = Thra(#').
Thus, 7;,(¢) = 77,(¢"), hence ¢ ~,, ¢'. O

Lemma 10.36. Let ¢y = o1+ ¢ and s = pa+ 5. Suppose HI(1)1) = (o) = k and 11 ~n, V2.
Then {77.(¢1), 7.(#1)} = {7k (p2), T7.(5)} -

Proof. By Proposition we may assume without loss of generality that the restrictions of both
D +div(y1) and D +div(p2) to v \ {vi} have degree zero. By Lemma [7.10} it follows that ¢; and
9 are equivalent on ~y,. Since ¥y ~., 1o, it follows that ¢} ~,, ¢, as well.

Since dy, (1) = 0, sky1(p1) is equal to the sum of the slopes of o1 along the two tangent
vectors coming into wy on 7. Similarly, since dy, (p2) = 0, sky1(p2) is equal to the sum of the
slopes of 9 along the two tangent vectors coming into wy on 7. Since ¢1 ~,, @2, it follows that
skt1(01) = sk41(2). By Lemma[10.13] since dy, (1) = du, (92) = 0, we have s11(p1) = &,(1)
and s¢11(i22) = € (i22). Thus, 1. (1) = 1. (2).

If 7/, (o) # 7.(h), assume without loss of generality that 7,(¢}) < 7/,(p5). Since 11 and 9 are
permissible on v, we have

or < &(e1) + &,(0)) < &(w2) + & (93).

But since 17 and 5 are shiny, we have

(1) + & () < Elp2) + Er(wh) < o
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Hence, both

£(o1) + & (©1) > Erle1) + &k(0]) + 2 and
£ (02) + & (9h) > Enlwa) + Er(wh) + 2.

Recall that there is at most one value j such that s} [j] > si[j] + 1, and when this j exists, we
have s}.[j] = sg[j] + 1. Thus, if v, is not a switching loop, the inequalities above imply that
(i) = 17.(pi) = Tr(}) = 3. (p}) = j for i = 1,2.
Finally, suppose that ~; is a switching loop. If s;.(¢]) = s},(¢2), then
€k () > (1) = (1) = si(9h) = Era1(02) = suta[h(02)] > sia[mr ()]

It follows that p(SBk+1) > 2. Since 7y is a switching loop, p(vx) > 1. Since p < 2, this is impossible,
hence s,(¢}) # si.(p2). It follows that ¢; and 1 are permissible functions that are equivalent on
v with different slopes on Sx41. By property (B’), no function is shiny on 7, contradicting our

assumption that I (¢y) = [I(y2) = k. Thus, {; (1), 7(#1)} = {7(p2), 7.(5) }- U

If two functions v,v’ € B are in the same cohort, and III(y)) = III(¢)') = ko, then by definition,
Y~ y’. There may be a loop 7k, with k > ko, such that ¢ »¢,, ¢'. The next lemma considers
the smallest such k, and examines which functions are assigned to .

Lemma 10.37. Let ¢ = @1 + @2 and ' = ¢} + @5 be in B. Suppose Il(y) = (") = ko
and Y~y . Let k be the smallest integer such that k > ko and the sets of slope indices

{Te+1(01), Tir1(p2)} and {Te+1(0}), Te+1(ph)} are different. Suppose, furthermore, that v and )’
are unassigned and permissible on . Then

(1) either vy is a switching loop or Bri1 is a switching bridge,
(2) k¢ {z,bb, 2 —2}, and
(8) either v or ' is assigned to .

Furthermore, if one of 1, 1’ is assigned to vy, and the other is not, then no function is shiny on V.

Proof. By assumption, ¢ ~., Y. By Lemma {700 (1), Ty (02)} = {77, (1), T4, (¥2)}. By
Lemma ¥ ~., Y’ for all t in the range ko <t < k.

Without loss of generality, we may assume that 7,(¢1) = 7%(¢}) and 7(v2) = 7(¢5), and
that 7,41(p1) > Tra1(¥}). Since slope indices of building blocks only change due to switching
(Definition , it follows that either ; switches slope 7(¢1) or Biy1 switches slope 7 (¢1). It
follows that k ¢ {z,b,1/, 2" — 2}. Since a switching loop or bridge can switch at most one slope, we

also have 7511(p2) > Tr11(ph), with equality if 71 (p1) # Tr(p2).

Claim 1: FEither ) or 1)’ is assigned to ;. Suppose that neither 1 nor v’ is assigned to ;. Then
1 and 1’ are both permissible and not shiny on 7x1. Therefore, by Lemma [10.11

skt1(p1) = Eepr(01), skr1(v2) = Eer1(p2),

sk1(1) = Err1(1), Sk+1(92) = Eky1(92)-
Summing these, we obtain
sk1(¥) = Ekr1(91) + Ekr1(92) > g1 (P1) + 1 (9h) = sp (V).
It follows that v is departing on ;. This contradicts the supposition that neither ¢ nor v’ is
assigned to 7 and proves the claim.

It remains to show that if one of 1, ¢’ is not assigned to 7, then no function is shiny on 4.

Claim 2: If i ~n, ¥', then no function is shiny on 7. This is straightforward. Indeed, if ¢
and v’ are equivalent and one is assigned while the other is not, then the one that is assigned is
departing and the other is not. In this case, no function is shiny on 75 by property (B’).
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For the remainder of the proof of the lemma, we assume 1) and 1)’ are not equivalent on -, and
show that no function is shiny. Note that this assumption implies that & is strictly greater than kg,
because ¢ ~, V'

Claim 3: The functions p1 and ¢} are not equivalent on . Since 1 and 1’ are not equivalent
on v, either p; and ) are not equivalent on 7, or ps and ¢ are not equivalent on ;. If oo
and ¢4 are not equivalent, then 7/ (¢2) # 74.(¢5). This implies that -y, switches slope 71 (¢2). Since
a switching loop can switch at most one slope, it follows that @2 ~,, 1, Tr(p2) = Tr(p1), and
Tr+1(p2) = Te+1(v1). In this case, we may relabel p; and @2 without loss of generality, and the
result follows.

Claim 4: The loop vy, switches slope T,(¢1), and sp+1(9)) = sk(p)) — 1. To see this, note that
neither ¢ nor v’ is shiny on ~y,, hence by Lemma, [10.11

sk(1) = &e(1), su(p2) = &(w2), su(@h) = &(¥)), and sk(¥h) = &().
It follows that si(¢1) = sk()) and sk (p2) = sk(©h).

Recall that, on a loop, every divisor of degree 1 is equivalent to a unique effective divisor. Thus,
since @1 and ¢ have the same incoming slope, if the restrictions of D+ div(y1) and D +div(y)) to
e ~ {wr} each have degree at most 1, then ¢ ~,, ¢}. Because we showed, in the previous claim,
that ¢ and ¢/ are not equivalent on ~, the restriction of D + div(p)) to v \ {wg} has degree 2.
Equivalently,

sk+1(91) = su()) — 1,
S0 vk is a decreasing loop and hence has positive multiplicity. We already showed that either ~y
switches slope 7x (1) or By is a switching bridge. Since switching bridges have multiplicity 2 and
the sum of all multiplicities is at most 2, it follows that ~y; switches slope 74 (¢1), as claimed.

We now complete the proof that no function is shiny on +;. Suppose ¢ + ¢4 is shiny on 7. By
Proposition [10.15) without loss of generality, the restriction of D + div(h) to % \ {vx} has degree
0. Because 1’ is permissible on 7, and sg4+1(¢]) < si(¢}), as shown above, we must have

sk+1(p2) = sk (h) + 1.
Thus the restriction of D + div(y5) to v, ~ {vi} also has degree 0, hence ¢4 ~., ¢5, and

ske41(05) = sk41(03).

Since ¢} + ¢4 is permissible on ~y, we have si11(¢7) > sk+1(¢}). Also, since ¢ + ¢} is shiny,

& (o)) + Er(9y) < ok = Ek(]) + &)

It follows that either 7 () < 7:(¢}), and v switches slope 74 (¢Y), or T, (¥h) < T(¥5), and vk
switches slope 74 (% ). We will show that neither of these is possible. Indeed, the first is impossible
because 7, switches slope 74(¢]), and a loop can switch at most 1 slope. The second requires

() = Th(93) — 1 = k().
However, since
&r(pz) < &k(in) < &ilh),
we see that &, (ph) < si[m(h)+1]+2. Since the slope of a function in R(D) can increase by at most
one from the left side of 74 to the right side, we see that there is no function n with si(n) < & (ph)
and s, (n) > s}, [7k(¢5) + 1]. This shows that it is impossible for 7 to switch slope 7 (¢5) — 1, and
completes the proof of the lemma. O

Proof of Proposition[10.34 Suppose that 1) = @1 + @2 and ¢’ = ¢ + ¢ are in the same cohort on
ve, and that the functions assigned to v, include ¢ but not 1’. We must show that £ & {z,b,V/, 2" —2}
and IIT-1(¢) = 0.

Step 1: Reduce to the case where the slope indices are the same. Suppose III(¢) = II(y)') = k.
By Lemma if the set of slope indices {7i4+1(¢1), Th+1(w2)} and {Te+1(0}), Te+1(ph)} are
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different for some kg < k < £, then one of 9 or ¢’ is assigned to v, contradicting our assumption that

they are in the same cohort on v,. Furthermore, if {7o11(p1), Te41(02)} and {7e11(p}), Tex1(¥5)}

are different, then by Lemma ¢ {2,012 —2} and HI~1(¢) = ). We may therefore assume

that {75(01), Tk (p2)} = {7%(#)), i(ph)} for kg < k < £+ 1. By Lemma [10.35] we then have
(1) = 7o(1) and 7(pa) = 77()

and 1 ~s, ©1, P2 ~ve ©-

Step 2: 9 is departing on ~y,. Since ¢ ~,, ¥, and the functions assigned to 7, include 1 but
not ¢’, we see that v is a departing function, but ¢’ is not. Because 1 is departing, either ¢ or
o must have higher slope on fy;1 than on f,. Without loss of generality we may assume that
se+1(p1) > se(p1). Since HI(¢') = ko, we see that ¢’ is not shiny on 7,41, hence we must have

se+1(91) = Ee+1(#1) and se11(93) = Eera(p2)-

Step 3: Show that £ ¢ {z,b,0',2" — 2}. If 4 is a switching loop or fy is a switching bridge, then
¢ ¢ {z,b,V/,2" — 2}, hence we may assume that 7, = 7, = 7441 for each of the functions g1, @2, ¢},
and b.

If &1 (@) < &) or Erp1(ph) < &)(¢h), then Agyq is contained in Ay, hence € ¢ {z,b, V', 2" —2}.
We may therefore assume that &,1(¢]) = &(¢]) and &p1(py) = &(ph). It follows that

sp(¥) = &(e1) + &(95)-

Since ' is not departing, we have o, = s,(¢'). But &,(¢}) = &,(¢1), and z,b,0’, and 2’ are chosen
so that there is no integer j such that o, = &;(y1) + s[j], so again ¢ ¢ {z,b,V', 2" — 2}.

It remains to show that III71(¢) = (). Assume that ¢} + ¢4 € B is shiny on v,. We will show
that II(¢! + ¢f) # L.

Step 4: Show that ©| + ¢l cannot be equivalent to a departing function on ~y,. Any function
that is both departing and shiny on ~, is equivalent to 2¢1, and such a function exists only if
se+1(2¢1) = o4 + 1. From this we see that both

se1(p1) > Eer1(p1) and sey1(p2) > Eeta(p2).
But, because

se+1(01) = Ee1(1) and se1(9h) = Eer1(92),
we see that sy41(¢") = o, — 1. This implies that ¢’ is not permissible on 7y, a contradiction.
Step 5: Reduce to inequalities on slopes. We will prove by case analysis that one of the following
four inequalities holds:

ser1(pf) <&eY), ser1(9h) < &(9h), sev1(e)) > Eeralel), or ser1(py) > Eerr(y).
We claim that II(¢f 4+ ¢4) # €. To see this, note that if one of the first two inequalities holds,
then 2D + div(¢] + ¢4) contains wy, hence ¢ + ¢} is equivalent to a departing function on ~,, a
contradiction. If one of the second two inequalities holds, we see that ¢ + ¢4 is shiny on 441, and
the claim follows.

Step 6: Case analysis. It remains to show that one of the inequalities above holds. By Propo-
sition we may assume that the restriction of D + div(¢Y) to 7, ~ {ve} has degree 0. It
follows that ¢} ~., ¢1, and spy1(@f) = sey1(p1). Since ¢f + ¢4 is not departing on vy, we
have spr1(0)) = ser1(p2) — 1. By property (B’), the bridge 8¢ is not a switching bridge, so
Tev1(p)) = 7(¢)) and 741 (95) = 77(5).

We now consider several cases. Our assumption that the slope indices of ¢; and ys agree with
those of ¢} and ¢} implies that either

ser1(p1) > Eevr(p1) or sepi(p2) > Erva(p2).
First, suppose that sei1(p1) > &e1(p1). I 7(¢7) > 77(p1), then
§o(@)) > &(01) > sera(p1) = seq1(f)-
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On the other hand, if 7/(¢7) < 7/(¢1), then

se41(#7) = se41(01) > Eera(p1) > Eora ()
Next, suppose that sey1(p2) > Eet1(p2). If T)(¢h) > 7)(p2), then

€(3) > €1(02) = se11(p2) > se1(05)-
On the other hand, if 7/(¢%) < 7;,(¢2), then

Se41(95) = se41(p2) =1 > Eop1(p2) — 1 > Erpa(h). 0

We now complete the proof of Theorem [10.19)(1)).

Proposition 10.38. FEvery function in B is assigned to a bridge or a loop. Moreover, if 11 and 1o
are assigned to the bridge By for k > 1 and sp(¢1) = sk(w2) = ok, then ¥y and s are in the same
cohort on .

Proof. If ¢ € B is not permissible on any loop, then s1(¢) > 4 or sg/41(¢) < 2, and 9 + ¢, achieves
the minimum on the first or last bridge, respectively.

On the first non-skippable loop, there are at most 3 cohorts. To see this, it suffices to show that
there are at most two pairs (4, j), with ¢ < j, such that s1[i] + s1[j] = 4. Recall that, by assumption,
we have either s1[5] < 2 or s1[4] + s1[6] < 5. If 51[5] < 2, then s1[i] + s1[j] < 4 forall i < j <5. It
follows that if s1[i] + s1[j] = 4, then either ¢ = j = 5, or j = 6 and ¢ is uniquely determined. On the
other hand, if s1[4] + s1[6] < 5, then s1[i] + s1[j] < 4 for all pairs ¢ < j < 5, with equality only if
i =4, j = 5. It follows that if s1[i] + s1[j] = 4, then either i =4, j =5, or j = 6 and ¢ is uniquely
determined.

We show that if III(¢) < z then ¢ is assigned to a loop ~, with £ < z, or to the bridge 8,4+1. If
there is a permissible function on the first non-skippable loop i, then there is some 1) € B that is
assigned to this loop. Then II(v) = k, so by Proposition any function in the same cohort
is also assigned to ;. It follows that there are at most 2 cohorts such that some function v in the
cohort is not assigned to 7.

As we proceed from left to right for £ < z, every time we reach a new loop, there are two
possibilities. One possibility is that III=!(k) = (). In this case, there are no more cohorts on ~;
than there are on v;_;. The other possibility is that III(1)) = k for some ¢ € B. In this case, by
assumption, there are permissible functions on 7, and ~; is not skippable, so some function ¢’ is
assigned to 7. By Proposition [10.34] any function in the same cohort as 1)’ is also assigned to ~y.
It follows that the number of cohorts on <y such that some function in the cohort is not assigned to
vk is equal to the number of cohorts on ~y;_; such that some function in the cohort is not assigned
to yk—1. Specifically, as we proceed from v,_1 to vx, we introduce the cohort of v, but we remove
the cohort of 9’. By induction, therefore, the number of cohorts on 75 with the property that some
function in the cohort is not assigned to 7y is at most 2.

By Proposition no function is shiny on «,, and ~y, is not skippable. Combining this with
our enumeration of cohorts in the preceding paragraph, we see that there are at most 2 cohorts on
.. By assumption, there is a function 1 € B that is assigned to ., and by Proposition any
function in the same cohort on =, is also assigned to «,. After assigning this cohort, there is at
most one cohort left. Everything in the remaining cohort is assigned to the bridge 5,41.

A similar analysis holds on the remaining two intervals where o, as defined in 7 is constant.
In particular, every function ¢ € B with z + 1 < HI(p) < 2z’ — 2 is assigned to a loop 7., with
24+ 1< €<% —2or to the bridge 8,/_1. Likwewise, if 2’ — 1 < II(p) < ¢’ then ¢ is assigned to a
loop vy, with m > 2’ — 1 or to the final bridge 8g/41. O

10.10. Functions assigned to the same bridge. In this subsection, we prove part (3) of Theo-
rem We begin with the observation that, if the multiplicity of a bridge is at most 1, then the
slope of a building block determines its slope index.
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Lemma 10.39. Let o, ¢ be building blocks satisfying sg+1(¢) = sp+1(¢"), and suppose that p(Bry1) <
1. Then 1],(p) = 1,(¢).

Proof. If 7],(¢) # 1/.(¢), then there is some j # j’ such that
sklil = skt1(0) = spialj] and sp[5'] = sk41(¢”) = sprald]-

Assume without loss of generality that j° > j. Then

8,131 > 83131 = ser1(p) = spr1(9") = spa1ld’] > skt []-

It follows that the multiplicity of By is at least 2. |

We now check that, if two functions in B are assigned to the first bridge 8; and have the same
slope on (1, then the slope indices of their summands in A are the same.

Lemma 10.40. Suppose ¢1+¢}, and pa+¢h are elements of B such that s1(p1+¢)) = s1(wa+ph) >
4. Then {75(¢1), To(¢1)} = {70(02), T0(02)}-

Proof. Recall that u(81) < 2. By Lemma [10.39] it suffices to show that, if
soli] + soli') = soli] + soli"] > 4,

then (i,4") = (4, ). Recall that either s,[5] < 2 or
for all pairs ¢ < i’ < 5. Note that s{[6] + s;[i] =
follows in this case.

On the other hand, if s[5] > 3 and s([4] + s5[6] < 5, then s{[i] + s4[i'] < 4 for all pairs i < ¢/ < 5.
It therefore suffices to show that there is no ¢ such that s{[i] + s([6] = 2s5[5]. By assumption,
however, we have

o[4]+50[6] < 5. If s5[5] < 2, then sp[i]+sp[i'] < 4
[6] + 50

s
84 sp[4] if and only if ¢ = j, so the conclusion

s0[5] + s4[6] > 2s;[5] > 6,
which is greater than s[4] + s5[6] > s[i] + sp[6] for all i < 4. O

For the last bridge, the argument is simpler.

Lemma 10.41. Suppose p1 + ¢, and @a + @5 are elements of B such that sgy1(01 + ) =
sg+1(p2 + 0h) < 2. Then {7y, (1), 75 (1)} = {74 (92), g (¥2) }-

Proof. Since pu(Bgr4+1) + Wt(vgr41) < 2, we see that s, [i] = sgr41[i] =i for all i < 3. It follows that,
if ¢ € A satisfies sg1(p) < 3, then 7/,(¢) = sy41(p). Hence, sg1(p1 + ¢7) = 1 if and only if
{7y (1), 75 (¢1)} ={0,1}, and sg11(p1 + ¢1) = 0 if and only if {7, (¢1), 7, (¢1)} = {0,0}. O

Lemma 10.42. Suppose that both 11 = p1 + ¢} and Vs = o + @h are assigned to the bridge Biy1,
and sg41 (1) = sk41(2). Then {7 (01), 77,(21)} = {77.(p2), 7 (5)}

Proof. If k = 0, then this follows from Lemma If k = ¢ and sg41(¥1) = sg1(¥2) < 2, then
this follows from Lemma [I0.41]

Otherwise, k € {z,2" —2,¢} and sk11(¥1) = Sg4+1(3p2) = ok. By Proposition @ 1 and 1)
are in the same cohort on . If {7/ (1), 7. (1)} # {77.(v2), 71.(¢5)}, then by Lemma @ either
11 or 1o is assigned to g, contradicting our assumption that they are both assigned to Siy1. Thus,

{7.(p1), T (1)} = {7 (02), T (92) }- 0

This completes the proof of Theorem [10.19]
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11. CONSTRUCTING THE TROPICAL INDEPENDENCE
In this section we prove the following theorem.

Theorem 11.1. Let g =22 or 23, d =g+ 3, and ¢’ € {g,9 — 1,9 —2}. Let I” be a chain of ¢’
loops with C-admissible edge lengths for some C' > 12dg, and let D be a break divisor on T" with
Y C R(D) a tropical linear series of rank 6. We assume furthermore that

o if ¢ =g—1 then sy[5] <2, and

o if ¢ = g — 2 then either s4[5] < 2 or s,[6] + s,[4] < 5.
Then there is a tropically independent subset T C 2% of size |T| = 28.

T heorem follows immediately from the case ¢’ = g. When ¢’ is g —1 or g — 2, we have analogous
consequences for multiplication maps for linear series with ramification on a general pointed curve of
genus ¢g'. See Theorems and respectively. All three are used in the proof of Theorem |1.4

11.1. Overview of the proof. We prove Theorem by considering cases depending on the
properties of the bridges and loops of positive multiplicity. Our strategy is the same in each case:

e Identify a finite set S C ¥ that contains functions with constant slope index 7, when such
functions exist, plus additional functions that account for switching bridges and loops.

e Use S to specify functions fj ;, satisfying —, as in §10.1} and consider the set A of
(2, {fr,i})-building blocks (Definition [10.1)).

e Choose a set B C 24 satisfying the technical conditions (B) and (B’) (Definition [10.16).

e Run the template algorithm using the set B and the sequence o specified in .

By Theorem the template algorithm assigns every function in B to a bridge or loop. In
particular, the output is an assignment function «: B — {8} U {7y%} and a collection of coefficients
{c(¥) | ¢ € B} such that the template § = min{y + c¢(¢) | ¢» € B} has the following properties:

(T1) For each ¢ € B, the function v + ¢(¢)) achieves the minimum in 6 on a nonempty open
subset of the bridge or loop a(1)).

(T2) If a~ () # 0 then there is an open subset of v, on which v + ¢(1)) achieves the minimum
if and only if a(¢)) = %.

(T3) Writing elements of B as sums of two building blocks, if @1 + ¢} and ¢s + ¢}, are assigned
to the same loop 7, then, after possibly reordering, @1 ~., @2 and ¢} ~,, ©5.

(T4) If p1 + ¢} and @9 + h are assigned to the same loop 7k, and 7 is not i-switching for
i € {7e(p1), (02), Th (1), T(#5) }, then {7 (¢1), 7 (1)} = {75 (02), 73, (#5) }-

(T5) If o1 + ¢} and s + ¢} are assigned to the same bridge 55 and have the same slope on Sy,
for k> 1, then {r{_, (¢1), 7, (#1)} = {71 (¢2). 71 ()}

Given «, {c(¢)}, and @ with these properties, the final steps in the proof are relatively straight-

forward. In each case, we:

o Identify a subset 7 C 28§ of size |T| = 28, define T = min{t¢) — b(z)) | ¢ € T} to be the best
approximation of 8 from above (§9.8.3), and use the properties (ThH)|to show that T is

a certificate of independence.

The underlying idea of this final step is that we choose a set T of 28 functions in 2S that can
“replace” equivalence classes of functions in B in the template 6 on the bridges and loops to which
they are assigned. More formally, in each case, we give a “replacement” function R: 7 — B with
the following properties:

(R1) For each k, there is at most one ¢ € T such that a(R(¢))) = vx.

(R2) For each 5, and each slope s, there is at most one ¢ € T such that a(R()) = S¢ and
se(R(p)) = s

(R3) Each ¢ € T achieves the minimum in T on the entire region in «(R(1))) where R(v)
achieves the minimum in 6, and does not achieve the minimum on the interior of the region

in a(R(¢")) where R(¢') achieves the minimum in 6, for ¢’ # 1.
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It follows that ¢ achieves the minimum in T uniquely on the interior of the region in a(R(¢))) where
R(%)) achieves the minimum in . In particular, T is a certificate of independence, as required.
When verifying [(R1){(R3), we use the following lemma about best approximations of tropical

linear combinations from above.

Lemma 11.2. Let 6 = mingep{y + cy}. Suppose ¢ = minyrep {¢)' + by}, where B C B. Then
the best approximation of 0 by ¢ from above achieves equality on the entire region where ¥’ + cy
achieves the minimum in 0, for some ¢’ € B'.

Proof. Let ¢ = minyep {by — ¢y }. Choose ¢’ € B’ such that ¢ = by — cyr. Then ¢ — ¢ > 6, with
equality at points where ¢’ 4 ¢y achieves the minimum in . O

Remark 11.3. The choice of S is the most important step in each case. Given the hard work
that has already been done in proving Theorem [I0.19] the rest of the argument is more-or-less
mechanical. This choice is more delicate when 3 has two switching loops, and in particular when
there is an h-switching loop followed by an h’-switching loop for A’ € {h — 1,h,h + 1}.

In the second step, we specify fi; to be the restriction to v; of a function in §. For instance, if
there is a function ¢; € S with constant slope index i then we set fx; = (¢i)},. In the special case
where there are no switching loops or bridges, then, for each 0 < ¢ < 6 there is a function ¢; with
constant slope index ¢ (Lemma. In this case, we set S = {©o, .., s} and prove that T = 28
is tropically independent.

In the case where there is a single h-switching loop, then there is a function ¢; with constant
slope index i for ¢ & {h,h + 1}, and we choose 3 additional functions ¢4, ¢, and ¢ in 3, whose
slope indices are all in {h, h + 1}, analogous to the functions 4, g and ¥¢ in Example We
then set S = {¢; | i # h,h+1}U{pa, v, ¢c} and find an independent set T C 28 of size |T| = 28.
This set 7 contains every function of the form ¢; + ¢; for 4,5 & {h, h + 1}, two functions from the
set {@i +va,pi + ¢B,0i + 9o} for i & {h,h+ 1}, and 3 from the sumset 2{p4, vB, pc}.

We conclude this overview by outlining the cases and subcases to be considered in our proof of
Theorem Recall that switching loops have positive multiplicity and the sum of the multiplicities
of all loops and bridges is at most 2. Therefore, ¥ falls into one of the following cases:

(1) There are no switching loops and no bridges of multiplicity 2.
(a) There are no bridges of multiplicity 1.
(b) There is 1 bridge of multiplicity 1.
(

b
(¢) There are 2 bridges of multiplicity 1.

(2) There is a bridge of multiplicity 2.
(a) The bridge of multiplicity 2 is 3.
b) The bridge of multiplicity 2 is not 8; and is not a switching bridge.
(¢) The bridge of multiplicity 2 is not 81 and is a switching bridge.

(3) There is one switching loop.
(a) There are no bridges of multiplicity 1.

(b) There is 1 bridge of multiplicity 1.
(4) There are two switching loops.

In the case of two switching loops, there are no bridges of positive multiplicity, and we consider
subcases depending on the relationship between the two switching loops. More precisely, when there
is an h-switching loop and an h’ switching loop, we consider separate cases for b’ € {h—1,h,h+1}.
In all cases, when we run the template algorithm, the input o is specified by .
For the reader’s convenience, we recall the statement of the technical properties (B) and (B’) to
be verified in each case (from Definition [10.16):
(B) Whenever there is a permissible function ¢ = p+¢’ € B on 7, such that 2D+div(¢)) contains
wy, and either vy is 7 (p)-switching or sx41(¢) < €..(¢), then there is some permissible
function ¢’ € B that is equal to ¢ on I'< such that sg1(¢") > sky1(¢).
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(B’) Whenever there are permissible functions in B that are equivalent on 7 with different slopes
on fB+1, and either vy is a switching loop or B4 is a switching bridge, then no function
in B is shiny on ~.

11.2. Case 1: no switching loops and no bridges of multiplicity 2. Suppose there are no
switching loops or bridges. By Lemma for each 0 < i < 6, there is a function ; € ¥ such that

sk(pi) = sgli] and s}, (i) = s},[i], for all k.

Weset S = {p; | 0 <i <6} and fr; = (¢i)y,. We will show that 7 = 2§ is tropically independent.
In each case where there are no switching loops or bridges, we will use the following lemma.

Lemma 11.4. Let A be the set of (X, {fk.:})-building blocks, let 6 = min{y + c¢(¢) | ¥ € 24} and
let a: 2A — {Br} U{r} be an assignment function satisfying (T5). If each function p; € S
is a tropical linear combination of building blocks with constant building sequence i, then the best
approximation of 0 by T from above is a certificate of independence.

Proof. Consider the best approximation ¥ = min{¢) — b(¢)) | ¢» € T} of 6 by T from above. By
Lemma each function ¢; + ¢; € T achieves equality on the region where ¢} + ¢} + cpr 1y
achieves the minimum in 6, where ¢ € A has constant building sequence i and <p;- € A has constant
building sequence j. We define the replacement function R: T — 2A by @i + ¢; = ¢ + ¢}, (If
there exists more than one function 9 € 2.4 such that ¢; + ¢; € T achieves equality on the region
where 9 + ¢y, achieves the minimum in 6, simply choose one such 9.) It suffices to show that the
replacement function R satisfies the conditions |(R1){(R3)

If o1 4+ ¢} and @o+ ¢} are assigned to the same loop 7y, then by we have {7/,(¢1), 7.(¢})} =
{T.(p2), ()} I {77 (1), T.(¢1)} = {i,7}, then by construction there is at most one function
1 € T such that a(R(¢)) = &, namely, ¥ = ¢; + ¢;. It follows that R satisfies condition
Similarly, if two functions in 24 are assigned to the same bridge 5 and have the same slope along
that bridge, then by the same argument using |('T5)] there is at most one function ¢ € T such that
a(R(vY)) = Bi. It follows that R satisfies condit By Lemma [11.2] the region where ¢ —b(1))
achieves equality in T contains the region where R(1)) 4-cg(y) achieves the minimum in 6. By
each function in B obtains the minimum on an open subset of the bridge or loop to which it is
assigned, and by |(T2)| no other function obtains the minimum on this open subset. Therefore, R
satisfies condition |

11.2.1. Case 1a: mo bridges of positive multiplicity. If there are no bridges of positive multiplicity
then each ¢; has constant slope along each bridge, and the slope index sequence (¢((;), - - . ; tg41(i))
is the constant sequence 4. It follows that the set of (X, { fx,;})-building blocks is A = {o, ..., vs}-
Let B = 2A. Properties (B) and (B’) are satisfied vacuously. Therefore, the output of the template
algorithm satisfies |(T1){(T5)|

We set 7 = 2S. Note that 7 = B and hence T = . The replacement function that we consider is
the identification 7 = B. By Lemma since each element of § is a building block with constant
building sequence, 6 is a certificate of independence. O

11.2.2. Case 1b: one bridge of multiplicity one. In this case, there is one index h and one bridge S,
such that the slope of ¢j, decreases on f;, and it decreases by exactly 1, i.e., 6y(ppn) = 1. There are
building blocks ¢ and ¢§° with constant building sequence (7, ...,7441) = (h,...,h), and

se(ph) = selhly  se(9p?) = selh] + 1.
Note that ¢y, is a tropical linear combination of ¢ and ¢5°, as in Example
The set of (X, {fr;)-building blocks is A = {®o,...,Pn,--- 06} U {p%, ¢}, We claim that
B = 2A satisfies properties (B) and (B’). The property (B’) holds vacuously. To see that B has
property (B), note that ¢9 is the only function in A satisfying sx () < &,_;(¢%), and then only
when k = £. Then (B) holds because 5° is equal to ¢9 to the left of 3, and has larger slope on ;.

Therefore, the output of the template algorithm satisfies |('T1)|
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For i # h, ¢; € S is a building block with constant building sequence i. By the above, ¢}
is a tropical linear combination of ¢9 and ¢9°. Therefore, by Lemma we see that the best
approximation of 6 by 7 from above is a certificate of independence. O

11.2.3. Case 1c: two bridges of multiplicty one. In this case, there are two indices h,h’ and two
bridges (8¢, B¢ such that the slope of ¢, decreases by 1 on 3y, and the slope of p,, decreases by 1 on
Ber. Tt is possible that h = R/, but by assumption, ¢ # ¢'. We again let A be the set of all (3, {fx,})-
building blocks, and let B = 2.4. The set B satisfies property (B’) vacuously. It satisfies property
(B) because there is only one function ¢ € A satisfying s¢(p) < &,_;(¢), and only one function
¢’ € A satistying sp(¢") < §,_;(¢’). Asin Case 1b, there is a function that is equal to ¢ to the left
of B¢ and has higher slope on f3;, and a function that is equal to ¢’ to the left of 8y and has higher
slope on Bp. The function ¢y, € S is a tropical linear combination of the (%, { fx;})-building blocks
in A with constant building sequence h, and the function ¢ € S is a tropical linear combination
of the building blocks in A with constant building sequence h’. By Lemma[l1.4] therefore, the best
approximation of 6 by 7 from above is a certificate of independence. O

11.3. Case 2: there is a bridge of multiplicity two.

11.3.1. Case 2a: the bridge of multiplicity two is 1. Let € $1 be a point such that s¢[i] = s1[{]
for all rightward tangent vectors ¢ on 31 to the right of . Let IV C IV be the subgraph consisting
of all points to the right of z. The graph I'” is a chain of loops that may not have C-admissible edge
lengths, only because the first bridge may be too short. On I'”, by Lemma for each 0 <14 <6,
there is a function ¢; € ¥ such that

sk(pi) = sili] and s}, (p;) = s}.[i], for all k.

Weset S = {p; |0 <i <6} and fr; = (¢i)y,. We will show that 7 = 28§ is tropically independent.

On I'”, the multiplicity of every loop ~y, and every bridge f3j is zero. Each function ; therefore
has constant slope along each bridge, and the slope index sequence (¢((i),--.,tg+1(:)) is the
constant sequence 7. It follows that the set of (3, {fx;})-building blocks is A = {y,...,¢s}. Let
B = 2A. Properties (B) and (B’) are satisfied vacuously. Although I'” might not have C-admissible
edge lengths, only because the first bridge may be too short, the output of the template algorithm
still satisfies |(T1)H('T5)} This is because the proof of Theorem uses the length of 7 in only
one case: when there exists ¢ € B such that s;(¢) > 5, and si(¢) < 4 for some k > 1. Because the
loops and bridges of ' all have multiplicity zero, no such ¢ € B exists.

As in case la, we set T = 2S5. Note that 7 = B and hence T = 6, and we again consider the
replacement function to be the identification 7 = B. The template 6 is a certificate of independence
exactly as in Case la. This proves Theorem in Case 2a. (Il

11.3.2. Case 2b: the bridge of multiplicity two is not 81 and is not a switching bridge. In this case,
there are no switching loops or bridges. Therefore, by Lemma [0.23] for each 0 < i < 6, there is a
function ¢; € ¥ such that

sk(pi) = sili] and s}, (i) = s}[i], for all k.

Let B¢ be the bridge of multiplicity two. Either there is one index h such that the slope of ¢},
decreases by 2 on (¢, or there are two indices h and h’ such that the slopes of both ¢, and ¢y
decrease by 1 on ;. Weset S = {¢; |0 <4 <6} and fi; = (¢i)y,. We again show that 7 = 25 is
tropically independent.

We again let A be the set of all (X, {fx;})-building blocks, and let B = 2.A. The set B satisfies
property property (B’) vacuously, and it satisfies property (B) just as in Case 1b. The function
wp € S is a tropical linear combination of the building blocks in .4 with constant building sequence
h, and the function ¢, € S is a tropical linear combination of the building blocks in A with constant
building sequence h’. Therefore, by Lemma the best approximation of § by 7 from above is a
certificate of independence. O
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11.3.3. Case 2c: the bridge of multiplicity two is not 81 and is a switching bridge. This is the first
case that does not follow from Lemma[I1.4] Suppose S is a switching bridge. By Proposition [0.21
there is a unique index h such that 8, switches slope h. Moreover, 5, has multiplicity 2 and

(39) sy q[h+1) =5, ([h]+1=sp[h+ 1] + 1= s4[h] + 2.
By Lemma for j ¢ {h,h+ 1}, there is ¢; € ¥ with s;(p;) = si[j] and s, (¢;) = s},[j] for all k.

Lemma 11.5. There is a unique point x € By where the incoming and outgoing slopes, denoted s,

and sl,, respectively, satisfy s;[i] = sy_[t] and s, [i] = s[i] for all .
Proof. The argument is similar to Case 2 of Example |

We now identify a subset S C 3. It will consist of the functions ¢; for j ¢ {h,h + 1}, plus
three more functions that are contained in a rank 1 tropical linear subseries and characterized in
Proposition They are closely analogous to the functions 14, ¥ and ¢ in Example

Proposition 11.6. There is a rank 1 tropical linear subseries X' C ¥ and functions pa, g, and
wc in X with the following properties:
(i) si(9a) = Sylh] for all k < £, and 5,(pa) = 5c[h];
(i) si.(op) = si[h+1], and sk(pp) = sk[h+ 1] for all k > ¢;
(iii) s.(pc) = splh+1] for all k < £, and sp(pc) = sklh] for all k > ¢;
() si(pe) € {sklh], sk[h+ 1]} and s}, (pe) € {s}[h], si[h + 1]} for all k.

We find it helpful to illustrate the essential properties of these functions in Figure 26] which
provides a “zoomed out” view in which the chain of loops looks like an interval. A region labeled h
in this interval indicates that ¢ has sip(¢) = sg[h] and s} () = s} [h] for all k in the given region.
More precisely, the interval depicted in Figure is the subgraph I';, C I formed by the union of
all bridges and the lower half of each loop. For each function ¢ € ¥ and rightward tangent vector
¢ along this subgraph, there exists an i such that s¢(¢) = s¢[i]. The illustration to the right of a
function ¢ depicts the function ¢ + ¢ for the given .

Proof. By Lemma there is @4 € X such that sy(pa) < su[h], and sg41(pa) > sg41[h]. Since
Be is the only switching bridge, and there are no switching loops, we have s} (p4) < s).[h] for k < ¢,
and sp(¢pa) > sg[h] for k > £. In particular, s¢(wa) > s¢[h], so sz(pa) > sz[h], and it follows that
$z(¢a) = sz[h]. This proves that ¢ satisfies (i), because there are no switching loops or bridges
to the left of 8y. The construction of ¢p satisfying (ii) is similar.

We now construct ¢¢ satisfying (iii). By Definition there is a rank 1 tropical linear
subseries ¥’ C ¥ that contains {¢a, ¢p}. Arguments similar to the proof of (i) above show that
k(X)) = (sk[h], sk[h + 1]), for all k, and s,(X")) = (sz[h], sz[h + 1]). Choose ¢ € ¥’ such that

sz(¢p) = sg[h 4+ 1]. Then si(¢) = silh + 1] for k < ¢. Similarly, choose ¢’ € X’ such that
st(¢") = st[h], and sg(¢') = si[h] for k& > £. By adding a scalar to ¢’, we may assume that
o(x) = ¢'(x) and set pc = min{p, ¢'}. O
h htl h
YA o °
ht1 h ht1
YB o
h+1 h
re,

FIGURE 26. A schematic depiction of the three functions ¢ 4, ¢, ¢c from Propo-
sition restricted to the subgraph I';, C T formed by the bridges and the lower
half of each loop.
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Let S = {w; | j # h,h + 1} U{pa,¢B,pc}. Fori# h,h+1,let fr; = (0i)},. For k <, let
Jrn = (@A), and fr w1 = (©0)|y,- For k> £, let fin = (¢0)py, and fens1 = (©B)}y,. We now
describe the set of building blocks A. It will include {¢; | j # h,h+ 1} along with three additional
functions, as follows.

Lemma 11.7. There are building blocks @27@24_1, and @5° in R(D) such that

(i) sk(pY) = s[h] for all k;
(i) si(@p1) = sj_q[h+1] for all k;
(iii) sp(pp°) = sk[h] for all k < £, and sp(¢5°) = splh+ 1] for all k > L.

Proof. The function gp% is the building block with constant building sequence h and sy = sy [h] for all
k. Similarly, ¢y, | is the building block with constant building sequence h+ 1 and s = s},_;[h + 1]
for all k. Finally, ¢7° is the unique building block with building sequence

. n if k<t
T:T:
T 41 itk >l 0

Set A:={p; | i #h,h+1}U{xY, <p2+1, ©5°}. Note that the slope of the function ¢9 along 3,
is s¢[h], which is not in sj_;(X). Hence ¢ cannot be in . Similarly, the function ¢, cannot
be in 3. However, the functions ¢ 4, g, and ¢ can be written as tropical linear combinations of
), @)1, and 2, as follows.

Lemma 11.8. The restrictions of the functions ¢a, ¢p, and o to 'y can be written as tropical
linear combinations of the restrictions of the building blocks ¢, <p2+1, and ©5°, as follows:

(i) The function (pa)r, is uniquely expressible as a tropical linear combination of ©% and p5°;
(ii) The function (¢B)r, is uniquely expressible as a tropical linear combination of 902+1 and ©5°;
(iii) The function (oc)r, is uniquely expressible as a tropical linear combination of ¢ and cp%H.

Proof. This is very similar to Example [6.10, We will prove the claim about ¢4 in detail; the
functions ¢ and ¢ are handled similarly. We first show that ¢7° has slope s¢[h+ 1] on all tangent
vectors ¢ in I'y, to the right of x, and ¢9 has slope s¢[h] on all such tangent vectors. For tangent
vectors ¢ in the bridges, this statement follows from the definition of ¢ and ¢$°. It suffices to
prove the statement for tangent vectors along the bottom edges of loops. Since u(8¢) = 2, we have
() = 0 for all k. By Lemma therefore, if a function ¢ € R(D) satisfies si(¢) = si[i] and
53,(p) = s},[i], the restriction ¢, is unique up to tropical scaling. In particular, it must be one of
the functions pictured in Figure @, which satisfy s¢(p) = s¢[i] for all rightward tangent vectors ¢
along the bottom edge of 7.

By definition of fj 1, ¢a is equivalent to ¢}° on the portion of I' to the left of 3,. To the right
of By, since the edge lengths of I' are C'-admissible, for all tangent vectors ¢ along the bottom edge
of i, we have

sclh] < sc(pa) < s¢lh+1].
Since w4 € X, it must therefore have either slope s¢[h] or s¢[h + 1] on tangent vectors ¢ in I'y, to
the right of z. Since there are no other switching loops or bridges, and the restriction of @4 to each
bridge or bottom edge is convex, there is a unique point in I';, to the right of x such that ¢4 has
slope s¢[h + 1] to the left of this point and slope s¢[h] to the right. Since 7° has slope s¢[h + 1] on
all tangent vectors ¢ in I';, to the right of x, and <p2 has slope s¢[h] on all such tangent vectors, it
follows that (p4)r, is a tropical linear combination of these two functions. O

Lemma 11.9. In the expression of (pa)r, as a tropical linear combination of @2 and @5°, there is
a unique point y to the right of x where the two summands are equal. Similarly, in the expression
of (¢B)r, as a tropical linear combination of go%_H and @5°, there is a unique point y' to the left
of © where the two summands are equal. Moreover, up to tropical scaling there is a unique tropical
dependence among pa, ¢, and pc in which the three terms are all equal at y and y'.
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Proof. At every rightward tangent vector ¢ in I'f, to the right of z, we have s¢(¢5°) > s¢ (49 ). Thus,
in any tropical linear combination of ¢$° and ¢9, there is a unique point y € I'z, to the right of x
where the two summands are equal. Similarly, in any tropical linear combination of p° and ¢9 1
there is a unique point 3’ € 'z, to the left of x where the two summands are equal.

Since v 4, ¢g, and p¢ are contained in the rank 1 tropical linear series ¥/, they must be tropically
dependent. If we consider the point y at which the function ¢4 is equivalent to ©7° to the left and
equivalent to ) to the right, we see that locally in a neighborhood of this point, 5 is equivalent to
©5° and ¢ is equivalent to ¢Y. Thus, in the tropical dependence between these three functions, all
three must achieve the minimum at this point. This uniquely determines the tropical dependence
up to tropical scaling. By the same reasoning, all three functions must also achieve the minimum

at 3/. This dependence is illustrated in Figure (Il
BC . AB . AC
y' t/ t Y

FIGURE 27. A schematic depiction of the tropical dependence among @4, ¢p, and
pc on I'p, analogous to the bottom line in Figure

The expressions of @4, i, and ¢ as tropical linear combinations of building blocks on I'y, are
also valid on loops that do not contain y or y’. For future reference we record the details.

Lemma 11.10. The tropical linear combinations above extend to loops that do not contain y ory':

(i) If y & Vi, then pa ~ny, @5° if Yy is to the left of y, and ©a ~n, O if vk is to the right of y.
(it) If y' & i, then @p ~ny, @ 1 if Wi is to the left of y' and @ ~n, @p° if Yy is to the right of y'.
(iii) oo~y @) for all k < € and oo ~y, 5 for all k> (.

Proof. Recall that u(y;) = 0 for all k. Thus, if a function ¢ € R(D) satisfies si(p) = si[i] and
51,(p) = s3,[i], the restriction ¢}, is unique up to tropical scaling. The result follows. O

Definition 11.11. Let ¢ be the distance, measured along the bridges and bottom edges, from z to
y. Similarly, let ¢ be the distance, measured along the bridges and bottom edges, from z to ¥/.

As in Example the tropical dependence among {p 4, ¢ 5, pc} induces a relation between the
parameters ¢t and ¢'.

Proposition 11.12. The distance t' is an increasing piecewise affine function in t.

Proof. By Lemma there is a tropical dependence among ¢4, ¢p, and ¢ in which the three
terms are all equal at y and y’. The condition that all three functions are equal at these two points
yields a system of equations, and by solving for ¢/, we obtain an expression for ¢’ as an increasing
piecewise affine function in ¢. (Il

Note that ¢4 is linear with slope s}_,[h] = s¢[h + 1] on a subinterval of §,. This subinterval
extends from the left endpoint we_1 of 5, to the point to the right of = of distance min{¢, d(x, v¢)}.

Definition 11.13. Let I C 3, be the interval where ¢ 4 has slope s,[h + 1].
Corollary 11.14. If I has length less than my_1, then t' =t.

Proof. If y is not contained in the bridge S, then ¢4 has slope sj_, [h] on the entire bridge 5. The
assumption therefore implies that vy is contained in the bridge 8,. The point 3’ is contained either
in the bridge 3, or the bottom edge of the loop 7,_1. We consider the case where 3’ is contained in
the bridge first. Examining the tropical dependence described in Proposition [11.12] we see that

(sh_1[h+1] = sy_1[h]) t' = (se[h + 1] — s¢[R]) t.
But, by equation [39, we have s;,_,[h + 1] — sj_,[h] = s¢[h + 1] — s¢[h] = 1, and the result follows.
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We now consider the case where 3 is contained in the bottom edge of the loop 7,_1. Recall that
p(ye—1) = 0. It follows that 9 1 has slope one greater than ©9 along this bottom edge. The result
then follows by the same argument as the previous case. O

Definition 11.15. Suppose s;—1[h] < s;_,[h], and there are functions ¢, ¢’ € A such that oy =
selh] + se(p) = selh] + se(¢’) + 1. Then

(1) if I has length less than my_1, let B = 2A N {97 + ¢'};

(i) if I has length at least my_1, let B =24~ {¢% + ¢}
Otherwise, let B = 2A.

Lemma 11.16. This set B satisfies properties (B) and (B').

Proof. The function ¢ is the only element of A satisfying sj(¢%) < &,_,(¢9), and then only when
k=0 If o9 + ¢ € B is permissible on y,_; for some ¢ € A, then by Definition we see that
O + ¢ is also in B. But ¢f) + ¢ is equivalent to ¢$° + ¢ to the left of 8, and the latter function
has higher slope along Sy, so B satisfies property (B).

To establish property (B’), we must show that if two permissible functions in B agree on vy
and have different slopes on ¢, then no function is shiny on v,_;. We first show that every shiny
function on 7,1 is in fact new. Since both Sy_; and ~,_; have multiplicity zero, the restriction of
D + div(y) to ve—1 ~ {we—1} has degree at most 1 for every function ¢ € A. Moreover, none of
these divisors contain vy_; in their support, which implies that every shiny function on ~y,_1 is new.

Now, if two functions in B are permissible on 7,1 and have different slopes on 8y, then the one
with higher slope must be departing. In addition, if the two functions are equivalent on ~,_1, then
they must be ) +¢ and ¢° +¢ for some ¢ € A. We may therefore assume that ¢ +¢ is departing
on vy—1 and

(40) o0 = s[h] + se(p).

Since ¢7° + ¢ is departing, either (i) sp—1(¢5°) < se(°), or (ii) se—1(p) < se(p) and ¢ # p7°. If
se—1(95°) < se(e5°), then any new function must be of the form ¢p°+¢’, where op = sg[h]+s¢(¢")+1.
Definition ensures that either p7° + ¢’ is not in B, in which case no function is shiny on ~,_1,
or Lp?L + ¢ is not in B, in which case no two permissible functions are equivalent on ~y,_1.

It remains to consider the case where s;_1(¢) < s¢(p), and ¢ # ¢5°. Then any new function
must be of the form ¢ + ¢’, where oy = s(¢p) + s¢(¢'). Combining this with (40, we see that
se(¢’) = se[h]. The only function in A with this slope is ¢¥, so ¢’ = 9. Since p # p5°, we have
s0-1(p5°) = se(p5°). Tt follows that sp—1(¢9) > s¢(¢%). Hence the function ¢ + ¢9 is not new, and
no function is shiny on ~,_1. O

Since the set B satisfies properties (B), and (B’), the output of the template algorithm satisfies
(T1)] The next step in our argument is to describe the set 7 C 2S5 from which we will construct
a certificate of independence. If 4,5 & {h,h + 1}, then ¢, ; € 7. The remaining functions in 7 will
be chosen depending on where the best approximation of 6 by ¢¢ + ¢; achieves equality, as follows.
For j & {h,h + 1}, we denote <p2d = ¢} + ¢;, and similarly for L)D?H_l’j and ©5°;.

Lemma 11.17. The best approzimation of 0 by pc + ¢; from above achieves equality on the region
where either @27]- + c?w- or @2“7]- + C9L+Lj achieves the minimum.

Proof. 1f B contains both ¢ ; and ¢, , ; then this follows from Lemmas|11.2} [11.8(iii) and [11.10{(iii).
Otherwise, we are in the subcase of Definition ii) where ¢ = ;. Then Lemma [11.2] does not
apply, since p¢ + ¢; is not a tropical combination of functions in B. In this case, ¢ + ¢; has slope
greater than oy on (¢, and so the best approximation cannot achieve equality to the right of v,_;.
Hence it must achieve equality on or to the left of v,_1, where 9o + ¢; is equivalent to ¢9 415 O

We note that, a priori, it is possible for this best approximation to achieve equality on both regions.
However, in our construction of the master template 6, if we perturb the coefficients of all functions
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in B that are assigned to the same loop or bridge by some small value €, this does not change the
conclusion of Theorem We may therefore assume that it achieves equality on exactly one of
these two regions. If the best approximation of 6 by ¢c + ¢; achieves equality where @27 ;+ c(g@% j)
achieves the minimum, then we put ¢p + ¢;,9c + ¢; in T. Otherwise, it achieves equality where
Phi1; T clphi1 ;) achieves the minimum, and we put pa + ¢;, 9c + @, in T.

Similarly, we add to 7 three pairwise sums of elements of {va, ¢p5,oc}. In all cases, we put
wc + @c in T. If the best approximation of § by ¢¢ + ¢ achieves equality on a region to the left
of x, then we put w4 + ¢¢ in 7. Otherwise, we put g + pc in T. If pa + poc € T and the best
approximation of 6 by ¢4 + p¢ achieves equality on a region to the left of =, then we put pa + @4
in 7. If it achieves equality on a region to the right of =, then we put ¢4 + ¢p in 7. Similarly,
if o + ¢c € T and the best approximation of § by ¢p + ¢ achieves equality on a region to the
left of =, then we put ¢4 + ¢p in T. If it achieves equality on a region to the right of x, then we
put ¢ + ¢p in T. These choices are made so that the three chosen pairwise sums of elements of
{¢a,¥B,¢c} are not equivalent on the regions where they achieve the minimum. By an argument
similar to that of Lemma in the best approximation of # by 7, each of these functions will
achieve equality on the region where one of the building blocks in B achieves the minimum in 6.

Proof of Theorem[I1.1], case 2c. We define the replacement function R: 7 — B as follows. Let
R(pij) = @i , for i,j # h. If the best approximation of 6 by ¢c + ¢; achieves equality on
the region where @27 i+ c?lj achieves the minimum, we define R(oc + ¢;) = @2, ;- Otherwise, let
R(pc + ¢j) = @2“7]-. Similarly, if ¢p + ¢; € T and the best approximation of 0 by ¢p + ¢;
achieves equality where ¢, | ; +cpq1,; achieves the minimum, let R(¢p +¢;) = ¢}, ;. Otherwise,
let R(¢p+¢;) = 5. I oa+p; € T and the best approximation of 6 by ¢4 +¢; achieves equality
where @} .+ cp j achieves the minimum, let R(pa + ;) = ¢}, ;. Otherwise, let R(pa + ¢;) = ¢
We now show that the best approximation T is a certificate of independence.

We first consider the case where the set B = 2A4. If the point y is contained in the loop 7, then
either sx_1(pa + @;) > o or sp(pa + ¢;) < or. It follows that the best approximtion of 6 by
A + ¢; does not achieve equality at any point of ;. Similarly, if ¢’ is contained in the loop ~y,
then the best approximtion of 6 by ¢g + ¢; does not achieve equality at any point of ;. Hence, by
Lemmas [11.2] [I1.8|and [T1.10], each of the 28 functions in 7 achieves the minimum on a region where
one of the functions in B achieves the minimum in the template #. We show that each function
achieves the minimun uniquely at some point of I". By and if two functions v,y € B
are assigned to the same loop ~,—1 or bridge By, then ¢ = ¢7° + ¢ for some ¢ € A, and either

W =)+, k<L o = b+ o k> L

Assume for simplicity that ¢ = ¢; for some j. The other cases are similar.

By construction, the best approximation of 8 by ¢c + ¢; achieves equality on the region where
R(pc + ¢;) + ¢(R(pc) + ¢;) achieves the minimum in #. Suppose it does so on the region where
cp(,)l’j + c(go% ;) achieves the minimum. (The other case is similar.) In this case, by construction,
the set 7 does not contain ¢4 + ¢;. Since pc + ¢; is not equivalent to any other pairwise sum of
functions in S on a(gp% j), it must achieve the minimum uniquely. A similar argument shows that
B + ¢; achieves the minimum uniquely on a(R(¢p + ¢;)). This completes the proof that every
function in 7 achieves the minimum uniquely, and hence Y is a certificate of independence, when
B=2A.

We now turn to the cases where B is strictly contained in 2.4. In these cases it suffices to show
that the best approximation of 6 by ¢ € T achieves equality on «(R()) for each ¢ € T. Fix
functions ¢ and ¢’ as in Definition Suppose that I has length greater than or equal to my_1.
In this case Lemma[T1.2] does not apply, since the functions ¢4+ ¢ and ¢+ ¢ are not tropical linear
combinations of functions in B. By Lemma however, the best approximation of 6 by pc + ¢;
achieves equality on the region where R(oc+¢;) = ¢9 1 11+®; achieves the minimum. By an identical
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argument, the best approximation of § by ¢4 + ¢; achieves equality where R(¢a + ¢;) = ¢5° + ¢;
achieves the minimum.

Now, suppose that I has length less than my_1, so B = 2A~{¢s° +¢'}. We will consider the case
where pa + ¢’ € T; the case where pp + ¢’ € T is similar. Note that Lemma does not apply,
since the function ¢4 + ¢’ is not a tropical linear combination of functions in B. The assumption
that I has length less than m,_ implies that ¢ 4 + ¢’ has smaller slope than 6 on a large subinterval
of B¢, and slope smaller than or equal to that of  on every bridge to the left of 8,. Thus, in the
best approximation, ¢4 + ¢’ must obtain the minimum to the right of 3,. The assumption on the
length of of I also implies that w4 + ¢’ is equivalent to ¢9 + ¢’ to the right of B¢, hence pa + ¢’
achieves the minimum on a(R(pa + ¢')) = a(¢f) + ¢'). O

11.4. Case 3: one switching loop. We now consider the case where there is only one switching
loop ¢, which switches slope h. By Lemma for all j ¢ {h, h+ 1}, there is ¢; € ¥ with

sk(p;) = sklj] and s, (9;) = s3,[j] for all k.

Once again, we work with a set S C X consisting of the functions ¢, for j ¢ {h, h+1}, plus three
more functions that are contained in a tropical linear subseries of rank 1.

Proposition 11.18. There is a rank 1 tropical linear subseries ¥’ C ¥ and functions @, pp, and
pc € X' with the following properties:

(1) si.(pa) = si|h] for all k < ¢;

(2) si(ep) = sklh+1] for all k> £;

(3) sp(pc) = sklh+1] for all k < ¢, and sj.(¢c) = silh] for all k > ¢;

(4) sk(we) € {sklh], sklh + 1]} and s} (ve) € {s},[R], s}[h + 1]} for all k.

Proof. The argument is identical to the proof of Proposition [11.6 O

Let S = {p; | j # h,h + 1} U{pa,¢B,pc}. Fori# h,h+1,let fri = (i)}, For k </, let

fk,h = (SDA)HIC and fk,h+1 = (gﬁc)wk. For k& > f, let fk,h = ((pc)hk and fk,h+1 = (@B)Hk' We let .A
be the set of all (X, {fz,;})-building blocks.

11.4.1. Case 3a: there are no bridges of multiplicity one. As in the previous case, the functions
va, B, and o can be written as tropical linear combinations of simpler functions in R(D). We
have the following analogue of Lemmas and

Lemma 11.19. There are building blocks ¢, gp%_H, and ¢$° € R(D) with the following properties:
(1) sp(¥Y) = sglh] and s}, (%) = s} [h] for all k;
(2) sk(gogﬂ) = silh+ 1] and s;v(gogﬂ) = silh+ 1] for all k;

(3) sk(ep’) = sklhl, sj_1(057) = sp_q[h] for all k < £, and s (g57) = sk[h + 1], s, (¢77) =
si_q[h+1] for all k> £.

Proof. The construction of these three functions is identical to that of Lemma [I1.7] In particular,
the function cp(,)l is the unique building block with constant building sequence h and the function
(p% 41 is the unique building block with constant building sequence h + 1. The function ¢;° is the
unique building block with building sequence

, h ifk<?

T = T1.. =

PR h41 itk >0 D
Lemma 11.20. The restrictions of the functions o4, pp, and o to I'p can be written as tropical
linear combinations of the restrictions of the building blocks <p%, <p2+1, and @7°, as follows:

(i) The function (@a)r, is uniquely expressible as a tropical linear combination of ) and @7°;
(ii) The function (¢p)r, is uniquely expressible as a tropical linear combination of @?LH and o5°;
(iii) The function (@), is uniquely expressible as a tropical linear combination of ¢) and ¢ ;.
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Proof. The proof differs from that of Lemma only on loops of positive multiplicity. If u(vyg) =1
and 7 is not a switching loop, then the conclusion remains the same. Specifically, suppose that
¢ € R(D) is a building block satisfying s, () = si[i] and s} () = s}[i]. There is at most one value
of 4 for which ¢,, is not one of the functions pictured in Figure If such an ¢ exists, we have
s1.[i] = sgli] — 1. The slopes of ¢ along the bottom edge of 7 are bounded between si[i] — 1 and
sklt]. Since vy is not a switching loop, for j # i we have si[i] # si[j] and sg[i] — 1 # sg[j]. Since ¢
is defined to be equivalent to a function in ¥ on vy, it follows that s¢(y) = s¢[i] for all rightward
tangent vectors ( along the bottom edge.

It remains to consider the switching loop 7,. By the classification of switching loops in Section [0.6]
however, we see that each of 6,(¢4), de(5), and d¢(¢c) are at most 1. It follows from Lemma [7.9]
therefore, that 4, pp, and pc are equivalent on ~,. a

Now, we have
A={pi | i#hh+1}U{oh o, o)
and the argument is identical to Case 2c. Specifically, we let I C Byy1 be the interval where ¢4 has
slope s¢11[h 4+ 1]. As in Definition suppose s¢lh] < s;[h], and there are functions ¢, " € A
such that op41 = sp1[h] + se+1(@) = se+1[h] + se+1(¢") + 1. Then
(1) if I has length less than my, let B =2A N {¢p° + ¢'};
(2) if I has length at least my, let B =24\ {¢) + ¢}
Otherwise, let B = 2A4. The set B satisfies properties (B) and (B’), exactly as in Lemma
Ifi,j & {h,h+ 1}, then ¢;; € T. As in Lemma the best approximation of 6 by ¢c + ¢;
achieves equality on the region where either gog’ it cj or gp% 415t 02 +1,; achieves the minimum. If
the best approximation by ¢c + ¢; achieves equality where go?t’ j achieves the minimum, then we put
©B+¢j,pc +¢j in T. Otherwise, it achieves equality where () +1,; achieves the minimum, and we
put o4 +¢;, pc+; in 7. Similarly, we add to T three pairwise sums of elements of {p4, 5, vc},
exactly as in Case 2c. We define the replacement function R exactly as in Case 2c, and the proof
that the best approximation T is a certificate of independence is the same.

11.4.2. Case 3b: there is one bridge of multiplicity one. Let By be a bridge with multiplicity 1. In
this case, we combine the construction of Case 3a with that from Case 1b. Define functions ),
cp?H_l, and ¢p°, as in Lemma |11.19[such that, for all rightward tangent vectors ¢ in By,

o sc(op) = sclhl;

b 3((‘/’%+1) = s¢[h+1];

o sc(pp°) =sclh] if £/ < ¢, and s¢(p5°) = sc[h + 1] if ¢/ > L.
Let

A ={pi | i# hh+1}U{eh, ehi1, 900}

Note that the functions in A" may not be (X, {fx;})-building blocks because they do not have
constant slope along [y. However, each function in A’ is a tropical linear combination of functions
in A. In particular, for i ¢ {h,h + 1}, ; is a tropical linear combination of building blocks with
constant building sequence i. The function ¢ is a a tropical linear combination of building blocks
with constant buidling sequence h, the function (9 41 is a tropical linear combination of building
blocks with constant building sequence h 4 1, and the function ¢7° is a tropical linear combination
of building blocks with building sequence

, h k<t
Th =Tl =
PRI T Y b1 itk >0

Let B’ C 2A’ be the subset denoted B in Case 3a. Finally, let B C 2.4 be the set of sums ¢r, s, +©r,,55
with the property that there exists ¢ + @2 € B’ such that ¢; is a tropical linear combination of
building blocks with building sequence ;.
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Combining Lemma with the proof of property (B) in Case 1b, we see that B satisfies
properties (B) and (B’). By Theorem there exists a template 6§ and an assignment function
a satisfying We define T exactly as in Case 3a. We let € be the best approximation of
6 by B’, and then let T be the best approximation of 8’ by 7. As in Case 3a, 8 is a certificate of
independence, in which each function ¢ € B’ obtains the minimum uniquely on a(R(v))). Then, by
Lemma we see that T is a certificate of independence as well. |

11.5. Case 4: two switching loops. We now consider the case where there are two switching
loops, ¢ and 7., with £ < ¢/. We write h and h’ for the slopes that are switched by 7, and 7,
respectively. Note that both loops must have multiplicity 1. By our classification of switching loops
in we have
syli] = seli] and sj[i] = s [d] for all 4.
Moreover,
selh+1] = s¢[h] + 1 and sp[h' + 1] = sp[W'] + 1.

Since p = 2 and we have two loops with positive multiplicity, by Proposition [9.10] there are no
decreasing loops or bridges. By Lemma [7.9, up to an additive constant, the functions fj ; are
uniquely determined for all £ and i by d .

We break our analysis into several subcases, depending on the relationship between h and h'. By
Lemma for all j ¢ {h,h+1,h',h' + 1}, there is a function ¢; € ¥ with

sk(p;) = sklj] and sy (05) = s3,[j] for all k.

11.5.1. Case 4a: b’ ¢ {h —1,h,h+ 1}. This is the simplest subcase because, roughly speaking, the
two switching loops do not interact with one another. More precisely, there are functions ¢4, ¢p,
and p¢ in ¥ with slopes as defined in Proposition [11.18] and similarly, replacing ¢ with ¢ and h
with A/, there are analogous functions ¢4, ¢z, and ¢ in 3. We may then have (X, { f ;})-building
blocks ), €9 1,052, &, oh oy, and p? as in Case 3a, and set

A={pi i #hh+ 100 + 1 U{@n, @1, 00 Ohrs Phor 93 -
Our construction of the set B and the independence T now follow the exact same steps as in Case
3a, treating each switching loop separately.

11.5.2. Case 4b: h' = h. We first identify a subset & C X. It will consist of the functions ¢; for
i € {h,h + 1}, together with a subset of the functions illustrated in Figure

h h+1 h h+1 h
PA @ @

h+1 h h+1 h h+1
Yp———0—9 —0——————————

h+1 h h+1 h
[Ze] <
h+1 h h+1 h
¥D °
h+1 h+1 h h
YE o
Ye Ye!

FI1GURE 28. A schematic depiction of the five functions of Proposition [11.2T

Proposition 11.21. There is a rank 1 tropical linear subseries X' C X and functions 4,08, ©C, ©D, PE
in X' with the following properties:
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[h] for all k < £;

(1) si(pa) = silh

(2) sp(¢ep) = sklh+ 1] for allk > ¥';

(3) sk(wc) = sk[h+ 1] for all k < £ and s} (pc) = si[h] for all £ <k < V';

(4) sk(ep) = sglh +1] for all ¢t <k < ¥ and s},(¢p) = si.[h] for all all k> ¥';
(5) sk(pgr) = sklh+1] for all k < ¢ and s}, (¢g) = si|h] for all k> 0';

(6) sip(we) € {sk[h],sklh + 1]} and s)(pe) € {si[h], s} [h+ 1]}, for all k.
Proof. Applying Lemma twice, we see that there is a rank 1 tropical linear subseries
Y C{p e X so(p) < splh+1] and sg41(p) = sg11[h]}-

If ¢ € X then, for each k, si(¢p) is equal to either si[h] or si[h + 1], exactly as in Proposition [T1.6

Choose ¢4 and ¢p as in Proposition Next, choose ¢ € ¥/ such that s¢(p) = s¢[h + 1], and
@' € 3 such that s,(¢’) = sj[h]. By adding a scalar to ¢, we may assume that ¢ and ¢’ are equal
on ;. Set oo = min{p, ¢’'}. The constructions of ¢p and g are similar to that of ¢c. O

We now characterize two more functions in R(D), depicted schematically in Figure
Lemma 11.22. There are functions ¥, € R(D), unique up to additive constants, with the fol-
lowing properties:
(1) sk(¢) = sglh + 1] for all k < ', and s, () = s},[h] for all k > ¥';
(2) sp(') = sk[h+1] for all k < ¢, and s, (¢") = s,[h] for all k > ¢;
(3) supp(D + div(v)) contains vy and we ;
(4) supp(D + div(y)’)) contains vy and wy.

h+1 h+1 h
Y

wl h+1 h h

FIGURE 29. A schematic depiction of the functions ¢ and v’ from Lemma [11.22

Lemma 11.23. Either ¢ or ¢ is in X',

Proof. If s¢(¢p) = s¢[h + 1], then sp(¢p) = sk[h + 1] for all k£ < ¢, and we see that pp = 1.
Now, suppose that s;(¢pp) # s¢[h + 1]. Because ¥’ has rank 1, the functions pc, ¢p, and ¢g
from Proposition are tropically dependent. Since s¢(¢p) # s¢[h + 1], in this dependence the
functions ¢¢ and g must achieve the minimum at vy. All three functions agree on the loop 7y,
and since sy(¢c) = sy[h], it follows that one of the other two functions must also have slope s[h]
along the bridge B¢41. By definition, this function cannot be ¢p, so we must have sj(¢g) = s;[h].
This implies that s}, (pg) = s},[h] for all k > £, hence pp = ' O

Lemma 11.24. If ¢ € ¥/, then 7y is not a switching loop for ¥'. Similarly, if @' € X', then vy is
not a switching loop for X'.

Proof. Suppose that ¢ € ¥/, and let ¢ € ¥’ be a function with sy(¢) = s¢[h]. Because ¥’ has rank
1, the functions ¢, 1, and @¢ are tropically dependent. Because s;(¢) = s¢[h], we see that in this
dependence p¢ and v must achieve the minimum at w,. Since sy(¢c) = sy[h], it follows that one of
the other two functions must also have slope s;[h] along the bridge S¢4+1. By definition, this function
cannot be 1), so it must be . The other case, where ¢’ € ¥, is similar. a

Proof of Theorem[I1.1, Case 4b. If ¢/ € X', we construct our certificate of independence T as

though v, is not a switching loop. Specifically, let S = {¢; | j # h,h +1} U {pa,¢p,¢'}. We set
A={pi | i#hh+1}U{eh, ehi1, 000,

The argument is then the same as Case 3a. Similarly, if ¢ € ¥/, we construct our certificate of

independence T as though v, is not a switching loop. ]
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11.5.3. Case 4c: h' = h + 1. We first identify a subset S C X, consisting of the functions ¢;, for
i ¢ {h,h+1,h+ 2}, together with the functions p4,...,¢g illustrated in Figure

h h+1 h+2 h+1 h
YA ° °
h+2 h+1 h h+1 h+2
¥B ° °
h+1 h h
(o]
h+2 h+2 h+1
¥D
h+1 h h+1 h+2
YE o
ve Ye!

FIGURE 30. A schematic illustration of the five functions of Proposition [T1.25

Proposition 11.25. There is a rank 2 tropical linear subseries X' C X, rank 1 tropical linear
subseries ¥1,X9 C X/, and functions pa,0oc € X1, ©B,0p € Xa, and pr € X1 N Mg with the
following properties:

(1) sj.(pa) = s[h] for all k < ¢;

(2) sp(op) = sklh+ 2] for allk > ¥';

(3) sk(pc) = sk[h+ 1] for all k < £ and s} (pc) = si[h] for all k > ¢;

(4) sk(ep) = sglh +2] for all k < V', and s}(¢p) = s [h+ 1] for all all k > ¥';

(5) si._1(vE) = sk(vr) = sk[h+1] for all ¢ <k <, and si(¢gr) = si[h+ 2] for all k > V;

(6) sp(we) € {sk[h],sklh+ 1], sk[h + 2]} and si.(pe) € {s}[h], si.[h + 1], s}, [h + 2]} for all k.

Proof. As in Proposition [[1.2I] we apply Lemma [6.7] to construct a rank 2 tropical linear series
Y C{peX|spp) < solh+2] and sg11(p) = sg41[h]}.

By choosing functions in ¥’ with specified slopes at v,41 and wy, respectively, and applying Defini-
tion [6.5)|4), we obtain rank 1 tropical linear subseries

1 C{p X |sg41 > sgr1[h+ 1]}, and s C{p e X | s < splh+ 1]},

with nontrivial intersection. Choose ¢4 and ¢p as in Proposition Then choose pc and ¢p as
in Proposition Finally, let ¢ be a function in 37 N X,.

By arguments analogous to the proofs of Propositions and the functions ¢4, ¥g, ¢c,
and pp have the required slopes. We now describe the slopes of vg. Since g € 31, we have
sk(pgr) € {sk[h], sk[h+1]} for all £ < k < ¢, and since g € 3g, we have si(pg) € {sk[h+1], sk[h+
2]} for all £ < k < ¢'. Tt follows that sx(¢r) = sg[h + 1] for all £ < k < ¢/. The same argument
shows that s, (¢g) = si.[h+ 1] for all £ < k < ¢'. Moreover, the three functions ¢g, ¢p, and g in
35 are tropically dependent, and the dependence is illustrated schematically in Figure A priori,
one might expect there to be a region to the right of v, where pp and ¢g agree in this dependence,
but our assumptions on edge lengths preclude this. Specifically, since ¢ p has higher slope than ¢p
and ¢ along the bridge 541, it cannot obtain the minimum to the right of this bridge. It follows
that si(¢g) = sglh + 2] for all k > ¢'. O

BD BE

Ye Ye!

FI1GURE 31. The function ¢p is a tropical linear combination of ¢p and ¢g.
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Lemma 11.26. The functions ¢c and pp are not equivalent on any loop. Moreover, for any pair
k' <k, withk #{ and k' # {', either o5 or g is not equivalent to oo on 7y, and is not equivalent
to op on Y.

Proof. Note that the white dots in Figure [30] representing v, and v, divide the graph into 3 regions.
Identify the regions containing v and 7. For each of the 6 possibilities, one of the functions ¢4
or g is not equivalent to ¢wp on the region containing 7 and not equivalent to ¢ on the region
containing 7. For example, if &’ <k < ¢, then s}, (¢a) # s,/ (¢D), S0 @4 is not equivalent to ¢p on
i, and s5.(wa) # si.(pc), SO pa is not equivalent to ¢ on v,. The other 5 cases are similar. [

Note that the three functions ¢4, pc, and ¢g in ¥, are tropically dependent; the dependence
is illustrated schematically in Figure Let y and 3y’ be points, in I'y, to the right and left of ~y,
respectively, where all three functions simultaneously achieve the minimum in this dependence.

CE AE AC

<

y ot v t vy

FIGURE 32. The dependence satisfied by ¢4, ¢c, and ¢g in Case 4c.

Definition 11.27. Let ¢ be the distance, measured along the bridges and bottom edges, from wy
to ¥y, and similarly let ¢ be the distance from v, to 7/’

Just as in Case 2¢, t' is an increasing piecewise affine function of t. We now describe how to
choose the set B, depending on the parameter ¢, in a manner similar to Definition [TT.15]

Definition 11.28. Let B be the set of pairwise sums of elements of A. Suppose that there are two
indices j and j" such that oy = sy[h] + s}[j] = sj[h] + sj[j'] + 1. Then
(1) if t1 < my, let B=B~{o+ 0 | sep1(p) = se(p) + 1= sepa[h+ 1]}
(2) if t1 = my, let B =B~ A{p+ ¢; | ser1(p) = se(p) = se+1[h]}-
Otherwise, let B=B.
Now, if there are indices 4,4 such that op = sj[h + 1] + sy [i] = sp[h + 1] + sp[i'] + 1, let
B=B~{o+¢i|svi1(p) = se(p) = spi1[h + 1]}. Otherwise, let B = B.

Note that the point where ¢, ¢p, and ¢y simultaneously achieve the minimum in Figure|31]is to
the left of 7¢. The distance from vy to this point is therefore larger than m,, and the construction
of B from B is analogous to the construction of B from B in case (2).

The set B satisfies properties (B) and (B’) just as in Lemma Therefore, there exists a
template 6 and an assignment function « satisfying Our choice of T is very similar to
Case 2c. Specifically, if 4,5 ¢ {h,h + 1,h + 2}, then we put ¢;;, pc + ¢;, and ¢p + ¢; in T. We
then put one of w4 + ¢; or g + ¢; in T, depending on where the best approximation of 6 by
wc + ¢p; and @p + ¢, achieves equality. We use Lemma to choose this function, as follows.
By Lemma @ the function ¢ + ¢; achieves equality on the region where some pairwise sum of
building blocks ¢ € B achieves the minimum, and ¢p + ¢; achieves equality on the region where
some pairwise sum of building blocks ¢’ € B achieves the minimum. By Lemma 1 and v’
are not assigned to the same loop or bridge, and one of the functions ¢4 + ¢; or g + ¢; is not
equivalent to pc + ¢; on the loop or bridge where v is assigned, and is not equivalent to pp + ¢;
on the loop or bridge where v’ is assigned. We put this function in 7.

Similarly, we include six pairwise sums of elements of {¢4,pc, ¥p, e} in 7. In all cases, we
put o + ¢c, o + ¢p, and ¢p + pp in T. Then, depending on where the best approximation of 6
by these functions achieves equality, we put one of 4 + pc or pc + ¢p in T, and one of p4 + pp
or op + ¢p in T. Finally, depending on where the best approximation of 6 by these two functions
achieves equality, we put one of Y4 + Y4, 4 + ¢g, or g+ g in T.
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Proof of Theorem[I1.1], Case 4c. The proof of this subcase is very similar to that of Case 2c. The
construction of B guarantees that, in the best approximation, each function in 7 achieves equality
on a region where some function in B achieves the minimum in §. Lemma [I1.26] then shows that no
two of these functions achieve the minimum on the same loop or bridge. a

11.5.4. Case 4d: h' = h — 1. In the previous three cases, our analysis reduced to the study of
certain rank 1 tropical linear subseries. In this last case, we instead reduce to a rank 2 linear series.
Nevertheless, the arguments are of a similar flavor, with just a few more combinatorial possibilities.
As in the previous cases, we begin by describing the subset S C . It consists of the functions ¢;,
for i ¢ {h —1,h,h+ 1}, together with functions @4, ..., @m illustrated in Figures[33|and

h—1 h—1 h h—1
pA d
h+1 h h+1 h+1
¥YB @
h+1 h—1 h h—1
(el S
h+1 h h+1 h—1
¥YD @
h+1 h h h h—1
YE ° <
Ve Vo

FIGURE 33. A schematic depiction of the five functions of Proposition [I1.29]

Proposition 11.29. There is a rank 2 tropical linear series ¥/ C ¥ with functions ¢ A, ©B, 0, D, PE €
3’ with the following properties:

(1) si(pa)=silh—1] forallk < ?;

(2) sp(op) = splh+ 1] for all k > ¢;

(3) sk(wc) = sk[h+1] for all k < € and s} (pc) = s, [h—1] for all 0 < k < {¥';

(4) sk(op) = sglh +1] for all ¢ <k <V, and s},(¢p) = si.[h — 1] for all all k > ¥';

(5) sj_1(pE) = sk(pr) = sklh] forall ¢ <k < V';

(6) sk(we) € {sk[h — 1], sk[h], sk[h + 1]} and si.(pe) € {s}[h — 1], si[R], si.[h + 1]}, for all k.

Proof. Apply Lemma [6.7] twice to obtain a rank 2 tropical linear series

S Cc{p e |so(p) < splh+ 1] and sg41(p) = sga[h — 1]}
Choose ¢4 and ¢pp as in Proposition [I1.6] The functions ¢ and ¢p are constructed as in Propo-
sition [I1.21] Finally, let g be a function in ¥’ with spy1(¢g) < ser1[h] and s (pg) > se[h]. O
Lemma 11.30. Either si.(pa) = silh — 1] for all k > V', or s} (pg) = si.[h—1] for all k > 1.

Proof. Because ¥ has rank 2 the functions ¢4, ¢B, pp, and g are tropically dependent. Consider
a dependence among them. Only ¢p and @p have the same slope along Sy, thus these two achieve
the minimum at vy . Because of this, ¢ p must also achieve the minimum at wy . Since it has slope
ser[h — 1] along B 41, there must be a second function among these four with this same slope along
Ber41. This function can only be ¢4 or ¢g. O

Lemma 11.31. Either si(pp) = sk[h+ 1] for all k < £, or sip(pg) = sk[h+ 1] for all k < L.

Proof. This is similar to the proof of Lemma [T1.30] using the functions ¢4, ¢5, ¢c, and @g. O
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Lemmas [11.30] and [11.31] together produce 4 possible cases. In all but one of these cases, ¥/ has
only one switching loop.

Lemma 11.32. If si.(¢a) = si[h — 1] for all k > {', then ~p is not a switching loop for 3.
Similarly, if sp(¢p) = sglh + 1] for all k < £, then v, is not a switching loop for 3.

Proof. We consider the case where s} (pa) = si[h — 1] for all & > ¢. The other case is similar.
Let ¢ € ¥’ be a function with spy1(p) = sp41[h]. Because ¥’ has rank 2, the functions ¢, 4, ¢p
and ¢p are tropically dependent. Because only ¢ and ¢p have the same slope on 41, in this
dependence they must achieve the minimum at wy. Because of this, pg achieves the minimum
at vy as well, hence the minimum has slope at least sy/[h] along Sp. Because this slope must be
obtained twice, and the three functions ¢4, pp, and ¢g have distinct slopes there, we see that
sp () > sp[h). O

If 3’ has only one switching loop, then the argument is essentially identical to Case 3.

For the remainder of this section, we assume that there exists k' > ¢’ such that s, (pa) = s}, [h],
and there exists k < ¢ such that si(¢p) = si[h + 1]. By Lemmas|11.30|and [11.31} this implies that
the slopes of pp are as pictured in Figure [34]

h+1 h h—1

FIGURE 34. A schematic depiction of the function ¢ when ¥’ has two switching loops.

We now describe additional functions in ¥’. These functions are illustrated in Figure

Proposition 11.33. There exist functions or, pq,pg € X' with the following properties:

(1) si.(or) = si[h] for all k < £, and se(pr) = se[h + 1];

(2) sp(pa) = syh—1] and sk(oa) = sk[h] for all k > ¢;

(3) either
(a) si.(¢r) = silh] for all k < ¢ and si(vr) = sk[h] for all k > U, or
(b) si.(ou) = silh] for all k < ¢ and sk(onu) = sklh+ 1] for all <k <V, or
(c) si(pu) = silh—1] for all ¢t <k < V', and sp(pu) = sk[h] for all k >0’

Proof. By Definition , there are rank 1 tropical linear subseries X1 and Y9 of Y’ that contain
{¢B,or}and {pa, pr}, respectively. Let ¢ be a function in X1 with s{(pr) # sglh+1]. Similarly,
let ¢ be a function in Xy with sgry1(pa) # sg+1[h — 1]. We let ¢ be a function in trop(W) such
that sh(err) < shlh] and sy (9r1) > 857410,

To see that the functions have the required slopes, we make use of various dependences between
them and the functions ¢ 4, g, wg. Specifically, because the functions ¢, g, and ¢ are contained
in a tropical linear subseries of rank 1, they are tropically dependent. The dependence between them
is very similar to the dependence between ¢ 4, v, and ¢ in Case 2, and is depicted in the top line
of Figure 36] In this dependence, ¢ and ¢p agree in a neighborhood of 7, which determines the
slopes of ¢ on the bridges to either side of this loop.

Similarly, the functions ¢4, ¢g, and g are tropically dependent, and the dependence between
them is illustrated in the bottom line of Figure The functions ¢4, B, vE, and @y also satisfy
a dependence. There are three possibilities for this dependence, as shown in Figure [37] O

=S
=S

Lemma 11.34. The functions ¢4 and pp are not equivalent on any loop. Moreover, for any pair
k' <k with k¥ # ¢ and k # £, one of the four functions g, r, G, ¢u is not equivalent to v on
Y, and is not equivalent to 4 on .

Proof. The proof is similar to that of Lemma [T1.26] O
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FIGURE 35. A schematic depiction of the three functions of Proposition [T1.33]
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FIGURE 36. Dependences between the functions w4, g, vE, pr, and pg.
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FI1GURE 37. Possibilities for the dependence between p 4, B, g, and @ .

We choose the set A and the set B satisfying properties (B) and (B’) exactly as in 4c. Then
there exists a template § and an assigment function « satisfying (T5)l The choice of T is also
similar to Case 4c. First, if ¢,j ¢ {h —1,h,h + 1}, then we put ¢;;, 04 + ¢;, and pp + ¢; in T.
Then ¢4 + ¢; achieves equality on the region where some pairwise sum of building blocks ¢ € B
achieves the minimum, and ¢p + ¢; achieves equality on the region where some pairwise sum of
building blocks v’ achieves the minimum. By Lemma 1 and ¢’ are not assigned to the same
loop or bridge, and one of the four functions g +¢;, 0r + ¢;, pa +¢;, or Y + ¢; is not equivalent
to ¢4 + ¢; on the loop or bridge where ) is assigned, and not equivalent to ¢p + ¢; on the loop or

bridge where 1)’ is assigned. We put this function in 7.

Proof of Theorem Case 4d. The proof is identical to that of Case 4c, using Lemma in

place of Lemma
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12. EFFECTIVITY OF THE VIRTUAL CLASSES

We fix g = 22 or 23, d = g + 3, and study linear series of rank r = 6. In §3] we defined an open
substack zm of the moduli stack of stable curves, a stack Q57 of generalized limit linear series of
rank r and degree d over zmg, and a morphism of vector bundles ¢ : Sym () = F over ®" %, whose
degeneracy locus is denoted by Al.

In §T1] we used the method of tropical independence to prove Theorems [I1.1]and [I.3] establishing
the Strong Maximal Rank Conjecture for g, r, and d. As a a consequence, we know that the push
forward o, [4]"** under the proper forgetful map o : @T — /\/lg is a divisor, not just a divisor class.
We now proceed to prove Theorem [[.4] which says that 1 is generically finite over each component
of this divisor. This implies that o, [t]V"' is effective. By Theorem [1.2) . the slope of this effective
divisor is less than 12—37 and it follows that May and Mas are of general type.

12.1. Multiplication maps with ramification. To study the fibers of o)y over singular curves,
we consider linear series £ = (L, V) of degree d and rank r on a pointed curve (X, p) of genus ¢’ < ¢
that satisfy a ramification condition at p. More precisely, we consider the cases where

(1) gl =9,

(2) ¢ =g —1and af(p) > 2, or

3) gd=9g-2 andeitheral( ) >3 or af(p) + ab(p )>5
We deduced Theorem [I.3] from the case of Theorem [T1.1] where g’ = g. The cases where ¢’ is equal
to g — 1 or g — 2 have the following analogous consequences involving multiplication maps for linear
series with ramification on a general pointed curve of genus ¢'.

Theorem 12.1. Let X be a general curve of genus g¢' = 20 + p and let p € X be a general point.
Then the multiplication map

¢p - Sym? V — HO(X, L®?)
is injective for all linear series { = (L, V') € G4y, ,(X) satisfying the vanishing condition ai(p) > 2.

Theorem 12.2. Let X be a general curve of genus ¢ = 19+ p and let p € X be a general point.
Then the multiplication map

b¢ : Sym? V — HO(X, L®?)
is injective for all linear series £ = (L, V) € G24+p(X) satisfying either of the vanishing conditions:

al(p) >3 or al(p)+ab(p) > 5.

12.2. Effectivity via numerical vanishing. For the remainder of the section, suppose Z C ﬂg
is an irreducible divisor and that oy has positive dimensional fibers over the generic point of Z. Our
strategy for proving Theorem [1.4 H is to show, using the vanishing criterion from . 2.3 that [Z] =0
in CH'(M,). This is impossible, since M, is projective, and hence no such Z exists. To apply the
vanishing criterion, we must show:

(V1) Z is the closure of a divisor in My,

(V2) 53(2) =0,

(V3) Z does not contain any codimension 2 stratum A, ;, and

(V4) if g is even then 75(Z) is a nonnegative combination of the classes [W3] and [H3] on Mj ;.

The only irreducible divisors on Mvg in the complement of M, are A§ and AS. Therefore, |(V1)
is a consequence of the following proposition.

Proposition 12.3. The image of the degeneracy locus Y does not contain A§ or AS.

Proof. Let [X,p] € My_1,1 be a general pointed curve and consider the curve Y obtained by gluing
a nodal rational curve E, to X at the point p. Note that [Y] € A§ N AJ. The X-aspect of a
generalized limit linear series of type g; on Y is a linear series ¢ € GJ(X) satisfying the condition
af(p) > 2. Then Theorem implies that [Y] & o(Ll). O
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In the proofs of [(V2)H(V4)l we use the following lemma.

Lemma 12.4. If [X]| € Z and p € X then there is a linear series £ € GL(X) that is ramified at p
such that ¢y is not injective.

Proof. If [X]| € Z, then there are infinitely many linear series ¢ € G%(X) for which ¢, fails to be
injective. By [Sch91l Lemma 2.a], at least one such linear series is ramified at the point p. (Il

12.3. Pulling back to Mz ;. In order to verify [(V2), we now consider the preimage of Z under
the map jo: Mo — Mg obtained by attaching an arbitrary pointed curve of genus 2 to a fixed
general pointed curve (X, p) of genus g — 2.

Lemma 12.5. The preimage j;l(Z) is contained in the Weierstrass divisor Wa in ﬂg,l.

Proof. Let C be an arbitrary curve of genus 2 and (abusing notation slightly) let p € C' be a non-
Weierstrass point. If [Y] := [X U, C] is in Z, then it is in the closure of the generic point [Y}] of a
one-parameter family in o (). Since [Y}] is in o(4), there is a linear series ¢, on Y; for which the
multiplication map ¢, is not injective. Hence there is a limit linear series ¢ on Y such that the
multiplication map on each aspect of £ is not injective.

We claim that the X-aspect £x of any limit linear series £ on XU, C satisfies one of the ramification
conditions a‘¥(p) > 3 or a5 (p) + a5¥(p) > 5. Suppose both inequalities fail. By failure of the
first inequality and the definition of a limit linear series, we have afil(p) > d—2. Since p € C'is
not a Weierstrass point, this forces a’“(p) = d — 1. By the definition of a limit linear series, this
gives aéx (p) > 1 and hence agx (p) > 3. By failure of the second inequality, we have agx (p) = 3,
and hence a',(p) > d — 3. Then dim |tc(—(d — 3)p)| > 2, which contradicts Riemann-Roch. This
proves the claim, and the result then follows from Theorem [12.2] O

In the proof of the next proposition, and for the remainder of the paper, our arguments use
tropical and nonarchimedean analytic geometry. All of the curves and maps that appear are defined
over our fixed nonarchimedean field K.

Proposition 12.6. We have 75(Z) = 0.

Proof. Since the Weierstrass divisor Wy is irreducible, we only need to show that j5 1(Z ) does not
contain Ws. To do this, we exhibit a point in the Weierstrass divisor that does not lie in 75 1(Z ), as
follows. Let I" be a chain of g — 2 loops with bridges whose edge lengths are admissible in the sense
of Definition and let Y be a smooth curve of genus g — 2 over K whose skeleton isI'. Let p € Y
be a point specializing to the left endpoint of I'. We consider the map jo: Ma 1 — M, obtained by
attaching the pointed curve (Y, p) to an arbitrary stable pointed curve of genus 2.

Let Y’ be a smooth curve of genus 2 over K whose skeleton I is a chain of 2 loops connected by
a bridge. The tropicalization of the Weierstrass points on Y’ are known, and do not depend on the
choice of curve with this skeleton. See, e.g., [Amil4] or [JL18, Theorem 1.1]. In particular, there
is a Weierstrass point p € Y’'(K) whose specialization is a 2-valent point on the right loop. Let
Y":=Y U,Y'. The skeleton of Y is obtained from I" and I'" by attaching infinitely long bridges at
the specializations of p, and then gluing the infinitely far endpoints to each other, as in Figure
Note that [Y"] € 72(Wz). We will show that [Y"] & Z.

2We recall that the topological space YY" is obtained from its skeleton I' by attaching an R-tree rooted at each
point. The K-points of Y naturally correspond to the leaves of these R-trees, and each leaf is infinitely far from the
skeleton T, in the natural metric on Y2® \ Y (K). Hence, the analytification of the nodal curve Y UY” contains a
skeleton which is the union of I', IV, and the infinite length paths from I' and I", respectively, to the node p. See, for
instance, [ACP15] §8.3|.
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r

F/

FIGURE 38. The skeleton of Y is the union of the skeletons I'” and I of Y/ and
Y, respectively, and the unique embedded paths from these skeletons to p.

If [Y"] € Z, then Z contains smooth curves X whose skeletons are arbitrarily close to the skeleton
of Y”. Here, the topology is as in [ACPI5l §4]. We topologize R~ U {oo} as an open subspace
of the one point compactification of R>y. Then the space of skeletons with underlying graph G is
identified with (Rso U {00})®(%) /Aut(G) by specifying the positive (and possibly infinite) length of
each edge. In particular, for each integer N > 0, there is an [X] € Z with skeleton a chain of loops
I'x with edge lengths as follows.

Label the vertices and edges of r x, as in Figure 4l Then the bridge f3 has length greater than

N, and each other edge has length within % of the corresponding edge in I" and IV. The metric

graph r x is similar to the skeleton pictured in Figure except that the doubly infinite bridge
containing p is replaced by an ordinary finite bridge that is much longer than all other edges. We
divide I'y into two subgraphs I’ and f, to the left and right, respectively, of the midpoint of the
long bridge B3. (These subgraphs are arbitrarily close to IV and T', respectively.) Let ¢ € X be a
point specializing to vy41. Since [X| € Z, by Lemma there is a linear series in the degeneracy
locus over X that is ramified at g. We now show that this impossible.

Let V C HY(X, L) be a linear series of degree d and rank 6 ramified at g. We may assume that
L = O(Dx), where D = Trop(Dx) is a break divisor, and consider ¥ = trop(V'). We will show that
there are 28 tropically independent pairwise sums of functions in ¥ using a variant of the arguments
in § It follows that the multiplication map Sym?V — H 9(X, L®?) is injective, and hence
[X] is not in Z.

To produce 28 tropically independent pairwise sums of functions in ¥, following the methods of
§§TOHTTL we first consider the slope sequence along the long bridge 5. First, suppose that either
s3[5] < 2 or s3[4] + s3[6] < 5. The restriction of ¥ to I' is a tropical linear series of rank 6 with
ramification at the left endpoint. The proof of Theorem [IT.1] then goes through verbatim, yielding
a tropical linear combination of 28 functions in X such that each function achieves the minimum
uniquely at some point of I' C I'x.

For the remainder of the proof, we therefore assume that s3[5] > 3 and s3[4] + s3[6] > 6. Since
deg D\, = 5, we see that s3[6] < 5. Moreover, since the divisor Dz — sg[b]we has positive rank on

I , and no divisor of degree 1 on I’ has positive rank, s3[5] must be exactly 3. Since the canonical

class is the only divisor class of degree 2 and rank 1 on I”, we see that le, ~ Kz, + 3wz. This
yields an upper bound on each of the slopes s3[i], and these bounds determine the slopes for i > 3:

83[6] = 5, 83[5] = 3, 83[4} = 1, 83[3] =0.

Moreover, we must have sh[i] = s3[i] for 3 < i < 6. Since the linear series V is ramified at ¢, we
also have s441[6] > 7. By Proposition these conditions together imply that the sum of the
multiplicities of all loops and bridges on T is at most 2.

To construct a certificate of independence on r x, we first construct a certificate of independence
for 5 functions on I". The construction is analogous to that in with the second loop of I’
playing the role of a switching loop. The details are as follows.

For i = 5,6, there is a function ¢; € 3 such that

sk(pi) = sgli] for all k < 3 and s},(p;) = s} [i] for all k < 2.
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We also have ¢p, ¢c in ¥ (analogous to the similarly labeled functions in §11.4)) satisfying:
so(pc) = s1(ec) = si(pc) = s2(pc) = s1ld] = 1, s5(pc) = s3(pc) = s3[3] = 0,

sy(ep) = s3(pp) = ss[4] = 1.

Moreover, the slope of pp at any point along the first 3 bridges is either 0 or 1. Note in particular
that all of the functions ¢ in the set {@gg, ¥s6, P55, ¥B + ¥e } satisfy s3(v) > 6, and s3(¢oc +¢s) = 5.

On the first bridge and first loop, we build a certificate of independence for the functions
V665 P56, P55, and wp + g as in Figure @ Since all 4 of these functions have slope at least 6
along the very long bridge 3, and p¢ + @ has slope 5, we may set the coefficient of oo + g so
that it obtains the minimum at some point of the very long bridge, but not at any point of the first
two loops or bridges.

¥B+ e

P66 P56 P55 pc + ¢e

FIGURE 39. a certificate of independence on I’

We now construct a certificate of independence for 23 pairwise sums of functions in ¥ restricted
to I. By Theorem | our computation of the slopes s5(X), together with the fact that the linear
series V is ramlﬁed t ¢, imply that the sum of the multiplicities of all loops and bridges on [ is at
most 2. Just as in 6 but restricting to I‘ we associate a sequence of partitions to X, use these
partitions to characterlze integers z and 2/, and thereby define a non-decreasing integer sequence
0= (03,...,0441), given by

4 if3<k<z
(41) op=4{ 3 ifz+1<k< -2
2 if2—-1<k<g +1.

We then follow : to identify a set A of building blocks on I and a set B C 24 satisfying properties
(B) and (B’). We proceed to construct a template 6 exactly as in except that we skip the step
named “Start at the First Bridge”. Instead, we initialize the coefficients of the permissible functions
on 3 in B so that they agree with ¢+ g at the midpoint of 83. We then apply the loop subroutine
on 73 and follow the algorithm until it terminates.

The arguments in §10| go through without change, except for Lemma Specifically, since
255 [5] = s4[6] + s4[4] = 6, it is possible that two functions in B have identical slopes greater than or
equal to 5 along the bridge ;. In §10| Lemma[10.40]is used only to guarantee that no two functions
assigned to the first bridge of I agree on that bridge, and to count the number of cohorts on the
first loop. Here, we have not assigned any functions to the bridge 3. By arguments identical to
those in there are at most 3 cohorts on -3, and at most 2 if -3 is skippable. We define the
sets S and T exactly as in and let 77 = {¢ € T | sh(¢0) < 4}. In each of the cases in the
number of functions in 7\ 7" is equal to the number of pairs (¢, j) such that s5[i] 4+ s5[j] > 5. Since
there are precisely 5 such palrs we see that | 7’| = 23. Then we show that the best approx1mat10n
of the master template on r by 7" is a certificate of independence on F exactly as in

Finally, note that any function 1 that obtains the minimum on I satisfies sh(y) < 4 Similarly,
each of the functions ¢ that obtains the minimum on I/ satisfies s3(1) > 5. Since the bridge 83
is very long, it follows that no function that obtains the minimum on one of the two subgraphs
can obtain the minimum on the other. Thus, we have constructed a constructed tropical linear
combination of 28 pairwise sums of functions in ¥ in which 5 achieve the minimum uniquely at
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some point of I’ and 23 achieve the minimum uniquely at some point of I. In particular, this is a
certificate of independence, as required. O

12.4. Higher codimension boundary strata. In order to verify |(V3)] we now consider the in-
tersection of Z with the boundary strata A, ;, each of which has codimension 2 in M.

Proposition 12.7. The component Z does not contain any codimension 2 stratum As ;.

Proof. The proof is again a variation on the independence constructions from the proof of Theo-
rem We fix £ = g — j — 2. Let Y7 be a smooth curve of genus 2 over K whose skeleton I'y is
a chain of 2 loops with bridges, and let p € Y7 be a point specializing to the right endpoint of T';.
Similarly, let Y5 and Y3 be smooth curves of genus ¢ and j, respectively, whose skeletons I's and
T'3, are chains of ¢ loops and j loops with admissible edge lengths. Suppose further that the edges
in the final loop of I'y are much longer than those in the first loop of I's. Let p,q € Y5 be points
specializing to the left and right endpoints of 'y, respectively, and let ¢ € Y3 be a point specializing
to the left endpoint of I's. We show that [Y'] = [Y; U, Y2 U, Y3] € Ay ; is not contained in Z.

As in the proof of Proposition [12.6] if [Y'] € Z, then Z contains points [X] corresponding to
smooth curves whose skeletons are arbitrarily close to the skeleton of Y’ in the natural topology on

M. In particular, there is an X € Z whose skeleton is a chain of loops I'x whose edge lengths

satgisfy all of the conditions in Definition except that the bridges B3 and [, are exceedingly long
in comparison to the other edges.

Let I" be the subgraph of I'x to the right of the midpoint of the bridge 3. Note that I" is a chain
of g — 2 loops, labeled 73, ...,v4, with bridges labeled B3, ..., Bg+1.

By Lemma there is a linear series V' C H%(X, L) of degree g + 3 and rank 6 on X that is
ramified at a point x specializing to the righthand endpoint vy, and such that the multiplication
map Sym?V — HO(X, L®?) is not injective. We will show that this is not possible, by adapting
the tropical independence constructions from §§I0III] We define building blocks as PL functions
on I' exactly as in and then, to account for the length of 8¢, we use the following variant on
the definition of permissible functions (Definition [10.6).

Definition 12.8. Let 0 = (03,...,0441) be a non-increasing integer sequence and let ¢ € PL(T")
be a function with constant slope along each bridge. We say that 1 is (o, £)-permissible on ~y; if

(i) either s;(¢)) < oy, for all j < k; or se(¢) < o0 and s;(¢0) < o; for all £ < j <k,

(ii) sg+1(¢) > ok, and
(iii) if s;(¥) < o, for some j > k, then j # ¢ and s/ (¢)) > oy for some k' such that k < k' < j.

This notion of (o, £)-permissibility is the natural analog of (o)-permissibility when the bridge 5, is
much longer than all of the other edges. In particular, if 6 is a PL function whose average slope on
B; is very close to o, for all j, and if the best approximation from above of § by 1 achieves the
minimum on 7, then ¢ must be (o, {)-permissible on ~, c.f. Remark Also, if ¥ has constant
slope along each bridge then either s3()) > s3(0), sg+1(¢) < sg+1(0), or ¢ is (-permissible on some
loop v, c.f. Lemma[8.5]

Let ¥ = trop(V). Since Proposition does not depend on the lengths of the bridges, we have
that either s5[5] < 2 or s5[4] + s5[6] < 5. Also, since V' is ramified at z, we have s,41[6] > 6. The
restriction of ¥ to I' is a tropical linear series of rank 6, and we proceed to apply the arguments
from §TOTT}

We construct the master template exactly as in using (o, £)-permissible functions in place of
permissible functions. Definition [I2:§] ensures that we only assign a function ¢ to the left of 3, if
se(v0) > o4, and we only assign it to the right of 8y if sy(¢) < o4. Specifically, if ¢ is permissible on
v for k < £, then by Definition m(iii), se(v) > £, and if ¢ is permissible on ~y; for k > ¢, then by
Definition [12.8(i), s¢(¢) < oy.

Next, with the template fixed, we specify a set S of elements of ¥ and a set T of pairwise sums
of elements of S, using precisely the same algorithm as in In order to prove that the best
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approximation T of 6 by T is a certificate of independence, some care must be taken to account for
the length of 8y, and we explain the details as follows.

The ramification conditions imply that the sum of the multiplicities of all the bridges and loops
is at most 1. Hence, there are no switching bridges, and at most one switching loop. Moreover, if
there is a switching loop, it has multiplicity 1, and there are no decreasing loops or bridges. Hence
the choice of & and T follows either Case 1 or Case 3, from or respectively.

Among these cases, there is only one situation where the proof that 9 is a certificate of inde-
pendence uses the assumption that the bridges decrease in length from left to right: when there is
a loop ~p that switches slope h, the interval I has length at least my, and there are indices j and
4’ such that

o = splh] + sp i) = sp[h] + sp [ + 1.
In this situation, we must show that the best approximation of § by ¢ + ¢; achieves equality on
the region where ¢9 41 T ¢; achieves the minimum, and the best approximation of 6 by pa + ¢;
achieves equality on the region where ¢}° 4 ¢; achieves the minimum. In Lemma @ and related
arguments, this is done by noting that both functions have slope larger than that of  on intervals
of length t > my . In the present case, this is insufficient, because we may have ¢/ < £, and the
bridge f, is very long.

However, since there are no decreasing loops or bridges, we have

sk[h] + sklg] > sp[h] + sy [j] for all k> ¢

It follows that si(wa + ¢;) > ok and sk(pc + ¢;) > oy for all k > ¢/, and the result follows.
Therefore, the construction yields a certificate of independence for 28 pairwise sums of functions in
Y, and the proposition follows. (]

Propositions [12.3] [12.6] and [12.7] show that Z satisfies conditions For g = 23, we

conclude that & C GS; is generically finite over each codimension one component of its image in
Mg, and hence Moy is of general type.

For g = 22, we proceed to verify [(V4)| by studying the pull back of Z to M3 ;.

12.5. Pulling back to Mg,}l. Recall that j3 : ﬂg,l — ﬂg is the map obtained by attaching a
fixed general pointed curve of genus g — 3 to an arbitrary stable pointed curve of genus 3.

Proposition 12.9. The preimage jgl(Z) is contained in the union of the Weierstrass locus W3
and the hyperelliptic locus Hs in Ms1.

We prove this proposition using a variation of the arguments from the vertex avoiding case in
as follows. Let X be a curve of genus 19 over K whose skeleton I' is a chain of 19 loops with
bridges, with admissible edge lengths. Let ¢ € X be a point specializing to the left endpoint wg of
T', and let j3 : ﬂg,l — ﬂg be the map obtained by attaching an arbitrary stable pointed curve
(X', q) of genus 3 to (X,q). We now show that the curve [Y] = [X U, X'] is not in Z when X’ is
not hyperelliptic and ¢ € X’ is not a Weierstrass point.

As in Lemma if [Y] € Z, then there is a limit linear series ¢ of degree 25 and rank 6 on Y
such that the multiplication map on each aspect of £ is not injective. Let £x C H°(X,O(Dx)) be
the X-aspect of such a limit linear series. As in Lemma[I12.4] we may assume that ¢y is ramified at
a point p specializing to the right endpoint vog of I'. To complete the proof of the proposition, we
use a variation on the arguments from §8|to show that there are 28 tropically independent pairwise
sums of functions in ¥ := trop(£x).

We may assume that D = Trop(Dy) is a break divisor. We claim that

3

> ai¥(g) > 13,

=0
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Since X'’ is not hyperelliptic, we have aﬁf/l(q) < d — 3. Furthermore, if equality holds, then since

¢ € X' is not a Weierstrass point, we have af,x'(q) < d—1. The claim then follows from the
definition of a limit linear series.

It follows that Z?:g sp[i] <9 (see Example The ramification condition at the point special-
izing to v implies s99[6] > 7. By Proposition it follows that all of the bridges and loops have
multiplicity zero, and the inequalities on slopes must in fact be equalities:

6

ng[z] =9, and s90[6] = 7.

i=3
Because of this, we treat this case in a similar manner to the vertex avoiding case of §8 There
are finitely many such classes; each corresponds to a standard Young tableaux on one of the three
shapes depicted in Figure[f0] The particular shape is determined by the sequence of slopes along the
first bridge 81. More precisely, the three missing boxes from the upper left corner form the partition
A). That this partition consists of precisely 3 boxes corresponds to the fact that S°°_, sj[i] = 9. We
refer to these three shapes as Case A, Case B, and Case C, respectively.

Case A o Case B I_ Case C

F1GURE 40. Skew Partitions Corresponding to the Given Slope Conditions

In Case C, when s{[6] = 6 and s{[i] =i — 3 for all i < 6, the functions @eg, Y56, P16, P36, and Yo
all have distinct slopes greater than or equal to 5 on (1. Let z be the 4th smallest entry appearing
in the first two rows of T, and let 2z’ be the 8th smallest entry appearing in the union of the second
and third row. Define ¢ as in Definition Applying the algorithm from §8] then produces a
certificate of independence, with all 5 of these functions assigned to the first bridge.

In the other two cases, however, we see that

81[4] + 81[6] = 281[5] =6 Z 5.

The algorithm from §8]still works to produce a certificate of independence, but we must choose the
input o = (01, ...,019) differently in this case. Let z; be the smallest symbol appearing in the first
two rows of the tableau. (Note that, because this is a skew tableau, 21 is not necessarily equal to 1.)
Similarly, let z5 be the second smallest symbol in the first two rows of the tableau. In Case A, let
z3 be the 4th smallest symbol appearing in the union of the first and third row, and in Case B, let
z3 be the 5th smallest symbol appearing in the union of the first and third row. Finally, in Case A,
let z4 be the 9th smallest symbol appearing in the union of the second and third row, and in Case
B, let z4 be the 8th smallest symbol appearing the union of the second and third row.

We then define
if k& S 21,
if 21 < k < 29,
if 29 < k < 23,
if 23 <k< 24,

2 ifzg <k <19

We now count the number of o-permissible functions on each region of the graph where o is

constant, as in We first show the following.

O =

W s Ut O

Lemma 12.10. For any loop i, there are at most 3 non-departing o-permissible functions on .
Moreover, there are at most 3 o-permissible functions on the loops Y1,z +1, and Yzy+1-
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Proof. The proof of Lemma holds in all cases, except when 2o < k < z3. This last case is
handled as follows. Suppose there are 4 non-departing permissible functions on 7. Then, as in the
proof of Lemma [10.22] we must have

Sk+1(9i) + Skt1(pe—i) = 4 for all 4.

In other words, if we consider the skew tableau consisting of symbols less than or equal to k, we
see that the sum of heights of the ¢th column and the (6 — 4)ith column must be equal to 4. We
therefore see that k > z3, and the lemma follows. O

We now define 3 more loops. Each will be to the right of 7,,. Let b3 be the third smallest symbol
in the first two rows of the tableau. In Case A, let by be the 5th smallest symbol appearing in the
union of the first and third row, and in Case B, let by be the 6th smallest symbol appearing in the
union of the first and third row. Finally, in Case A, let b5 be the 10th smallest symbol appearing
the union of the second and third row, and in Case B, let bs be the 9th smallest symbol appearing
in the union of the second and third row. Note the following inequalities:

21 < 29 < bz < z3 < by <z4<bs.

Lemma 12.11. If ¢ € {z;,b;} and £ ¢ {1,z; + 1| 1 < i < 4}, then there are no new permissible
functions on ~y,. If either bs = zo + 1, then there are only 3 permissible functions on v, and if
by = z4 + 1, then there are only 3 permissible functions on v, . Similarly, if z1 = 1, then there are
only 2 permissible functions on 7,,, if zo = z1 + 1, then there are only 2 permissible functions on
Yz, and if bs = 24 + 1, then there are only 2 permissible functions on Y, . If k # z; or b; for any i,
then there is a new permissible function on .

Proof. The proof is identical to that of Proposition For each of these loops 7y, first enumerate
the possible sequences of slopes sy41[é]. Then note that, for any value ¢ that could satisfy s;41[i] >
se[t], there is no value j such that sgi1[é] + se41[j] = 0. Such values of i must necessarily satisfy
Se+1[t] > sp41[i — 1]+ 1, but the converse is not true. For example, we consider the case £ = z1, and
leave the remaining cases to the interested reader. The possible sequences of slopes s, t1[i] are:

(737 72, 717 ]-a 2; 3,4)

(=3,-2,-1,0,2,3,5)
(—3,-2,-1,0,1,4,5).
(=3,-2,-1,0,1,4,6).
(=3,-2,-1,0,1,4,7).

By the definition of z1, in the last two cases we have s,,11[6] = s,,[6]. In each of the cases, we see
that for any of the remaining values of ¢ satisfying sg41[i] > s¢41[i — 1] + 1, there is no value j such
that S£+1[i] + S[+1[j] =6.

We will prove the last statement in the case where z1 # 1, z9 # 21 +1, b3 # 2041, by # 23+1, and
bs # z4 + 1. The other cases are similar. Note that there are 2 functions ¢;; satisfying si(p;;) > 6,
and two more functions ¢;; satisfying sso(¢;;) < 2. Each of the remaining 24 functions is permissible
on some loop. Of these, the number of functions that are new on vy for £ € {1,z; + 1|1 <i < 4}
is at most 34+ 3+ 4+ 4+ 3 = 17, leaving at least 7 functions. There are no new new functions
on v for £ € {z;,b;}. There are 19 — 7 — 5 = 7 values of ¢ that are in neither of these two sets.
Since the number of functions remaining is greater than or equal to the number of values of ¢ in
neither set, we see that we must in fact have equality, and there must be a new function on -, for

0 & {20} U

To complete the proof it suffices to show that, for our choice of o, every function ¢; ; is assigned
to some bridge or loop. By construction, a(ps,6) = a(ps,6) = B1, and a(po,1) = a(po) = Bg+1- If
21 # 1, there are 3 permissible functions on v; by Lemma[I2.11] and if z; = 1, there are 2. On each
loop v for k < z1, there is one new permissible function. To each such loop, we assign a function
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© € B. Moreover, if there is an unassigned departing permissible function on v, we assign it to .
It follows that there are 3 unassigned permissible functions on each loop 7, with £ < z1, and on
vz, , there are 2. These two functions are assigned to the loop 7,, and the bridge 3, +1.

A similar analysis, using Lemma [T2.11] shows that we assign a function to every loop -, with
k > z, we assign one function to f,,41 for all ¢, and one additional function (aside from ¢ and
©0,0) to Be2s. In particular, since there are precisely 19 loops, the total number of functions assigned
to a bridge or loop is 28. Hence, the output of the algorithm is a certificate of independence among
all 28 functions in B = {g;; | 0 <i < j <6}.

Propositions[12.9} [12.6] [12.7], and [[2.9]together show that Z satisfies the vanishing conditions from
Proposition[2.2] We conclude that the degeneracy locus Z is generically finite over each codimension
1 component of its image. This proves Theorem and completes the proof of Theorem [I.1 O
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