
TROPICAL BRILL-NOETHER THEORY

11. Berkovich Analytification and Skeletons of Curves

We discuss the Berkovich analytification of an algebraic curve and its skeletons,
which have the structure of metric graphs. The main reference for these notes
is “Nonarchimedean Geometry, Tropicalization, and Metrics on Curves” by Baker,
Payne, and Rabinoff [BPR].

Other references include “An introduction to Berkovich analytic spaces and non-
Archimedean potential theory on curves” by Baker [Baker], “Spectral theory and

analytic geometry over non-Archimedean fields” by Berkovich [Ber90], “Étale coho-
mology for non-Archimedean analytic spaces” by Berkovich [Ber93], and “Analytifi-
cation is the limit of all tropicalizations” by Payne [Payne].

We omit proofs and survey topics according to the following outline.

(1) We will first discuss Berkovich analytification and in particular the analytification
A1

an of the affine line A1.
(2) Then we will discuss semistable decomposition, which we will use to describe the

analytification of any smooth connected complete curve X. The decomposition
shows that, after removing some finite set of points, Xan locally looks like A1

an.
This decomposition will also allow us to define a skeleton of Xan, a metric graph
onto which Xan retracts.

(3) Finally we will discuss (algebraic) semistable models of X and how they relate to
semistable decompositions of X. We will use this to give an explicit description
of the skeletons of X. We then end by discussing the circumstances under which
there exists a minimal skeleton of X.

We begin by fixing some notation. Let K be an algebraically closed field that is
complete with respect to a nontrivial nonarchimedean valuation val : K → R ∪ {∞}.
Let R be the valuation ring of K, k the residue field, and | · | the absolute value
associated to val,

| · | = exp(− val(·)).

Definition 11.1. Let X be a separated scheme of finite type over K. The analytifi-
cation Xan is the topological space defined as follows:

(1) As a set, Xan consists of pairs x = (x′, valx) where x′ ∈ X and valx is a valuation
on the residue field K(x′) extending the valuation on K.

(2) The topology is the coarsest topology such that, for each open U ⊂ X, the subset
Uan is open in Xan, and, for each f ∈ OX(U), the map

Xan → R ∪ {∞}
(x′, valx) 7→ valx(f(x′))
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is continuous.

We get an inclusion X(K) ↪→ Xan given by x′ 7→ (x′, val). The image of this
inclusion is dense.

When X is connected, Xan is path-connected, locally compact, and Hausdorff.
The scheme X is complete if and only if Xan is compact.

Remark 11.2. Although we focus on the underlying set and its topology, the ana-
lytification Xan also carries the additional structure of a K-analytic space. See [BPR],
[Ber90], or [Ber93] for details.

When X is affine, we can describe Xan as follows.

Example 11.3. Suppose X = Spec(A). Then Xan is the set of multiplicative semi-
norms ‖ · ‖ on A extending | · |, and its topology is the coarsest one such that for each
f ∈ A, the map ‖ · ‖ 7→ ‖f‖ is continuous.

The inclusion X(K) ↪→ Xan is given by x 7→ ‖ · ‖x, where for any f ∈ A,

‖f‖x = |f(x)|.
We now give an example that will be important for studying the analytification of

curves.

Example 11.4. Suppose A = K[T ] and X = Spec(A). Then Xan = A1
an. Let

x ∈ A1(K) and r ≥ 0. For any closed ball

B = B(x, r) =
{
y ∈ A1(K)

∣∣ |x− y| ≤ r},
we have the corresponding multiplicative seminorm

‖f‖B = sup
y∈B
|f(y)|.

We can use this to classify points in A1
an.

(1) When r = 0, ‖ · ‖B = ‖ · ‖x and we call ‖ · ‖B a point of type-1.
(2) When r ∈ |K∗|, we call ‖ · ‖B a point of type-2.
(3) When r /∈ |K|, we call ‖ · ‖B a point of type-3.
(4) The seminorms that are not associated to a closed ball are called type-4. Accord-

ing to Berkovich’s classification theorem, points of type-4 can also be given an
explicit description in terms of equivalence classes of nested sequences of closed
balls with empty intersection. For more details, see [Ber90] or [Baker].

Given B1 = B(x, r1) and B2 = B(x, r2) with r1 ≤ r2, there is a unique path from
‖ · ‖B1

to ‖ · ‖B2
given by

[r1, r2]→ A1
an

t 7→ ‖ · ‖B(x,t).

Suppose B1 = B(x1, r1) and B2 = B(x2, r2) are disjoint. Then the smallest closed
ball that contains both is B = B(x1, |x1 − x2|) = B(x2, |x1 − x2|), and we get the
unique path from ‖ · ‖B1 to ‖ · ‖B2 by adjoining the path from ‖ · ‖B1 to ‖ · ‖B with
the path from ‖ · ‖B to ‖ · ‖B2 .

Note that in the topology on A1(K) given by | · |, it is totally disconnected. Using
these unique paths, we can visualize A1

an as an infinitely branching tree. Points in
A1(K) are connected by paths in A1

an.



TROPICAL BRILL-NOETHER THEORY 3

Remark 11.5. In general, when X is a curve, there is an intrinsic classification of
points of Xan into 4 types. In the case X = A1, this intrinsic classification coincides
with the classification above. When we discuss semistable decomposition, we will
give the intrinsic definition for points of type-2. When we discuss semistable models,
we will see that a type-2 point corresponds to an irreducible component of some
degeneration of X.

Before we discuss analytification of curves in more generality, we will define certain
analytic domains in A1

an.
We have an extended tropicalization map from Spec(K[T ])an = A1

an → R ∪ {∞}
given by

trop(‖ · ‖) = − log(‖T‖).
Note that when x ∈ A1(K), then trop(‖ · ‖x) = − log(|x|) = val(x).

Remark 11.6. This is a special case of the extended tropicalization map, which is
a continuous, proper, and surjective map X(∆)an → NR(∆), where ∆ is a fan in a
lattice N , X(∆) is the associated toric variety, and NR(∆) is the tropicalization of
X(∆). See [Payne] for details.

Definition 11.7. The standard open ball of radius 1 is

B(1)+ = trop−1((0,∞]).

For a ∈ K∗ with val(a) > 0, the standard open annulus of inner radius |a| and outer
radius 1 is

S(a)+ = trop−1((0, val(a))).

The modulus of S(a)+ is defined to be val(a).

The map σ : R→ Gan
m ⊂ A1

an given by

σ(t) = ‖ · ‖B(0,exp(−t))

is a continuous section of trop |Gan
m

. This section restricts to a section of trop : S(a)+ →
(0, val(a)), embedding the interval (0, val(a)) homeomorphically into S(a)+.

Definition 11.8. The skeleton Σ(S(a)+) of S(a)+ is defined to be

Σ(S(a)+) = σ(0, val(a)).

By the above discussion, we can identify Σ(S(a)+) with the open interval (0, val(a)).
We also have a retraction map τS(a)+ : S(a)+ → Σ(S(a)+) given by

τS(a)+ = σ ◦ trop .

From the remainder of these notes, let X be a smooth connected complete curve
over K. We will decompose Xan into finitely many points and K-analytic spaces
isomorphic to the standard domains we defined above.

Definition 11.9. An open ball is a K-analytic space isomorphic to B(1)+, and an
open annulus of modulus val(a) is a K-analytic space isomorphic to S(a)+.
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Definition 11.10. Let A be an open annulus and ϕ : A→ S(a)+ be an isomorphism.
Then the skeleton of A is

Σ(A) = ϕ−1(Σ(S(a)+)).

We also define the retraction map τA : A → Σ(A) to be the retraction induced by
τS(a)+ and the isomorphism ϕ.

Remark 11.11. Although not clear from the definition, Σ(A) and τA are independent
of our choice of isomorphism ϕ. Identifying Σ(A) with the open interval (0, val(a))
allows us to define piecewise linear functions on Σ(A), with slopes that are well defined
up to sign. See [BPR] for details.

We need an intrinsic definition of type-2 points of Xan.

Definition 11.12. Let x = (x′, valx) ∈ Xan and let K(x′) be the residue field of
x′ ∈ X. The completed residue field of x is the completion of K(x′) with respect to
valx. We denote the completed residue field by H(x).

The double residue field of x is the residue field of H(x). We denote the double

residue field by H̃(x).

Note that H(x) is a valued extension of K. Thus H̃(x) is an extension of k. It can

be shown that H̃(x)/k is an extension with transcendence degree at most 1.

Definition 11.13. Let x ∈ Xan. If the transcendence degree of the extension H̃(x)/k
is 1, then we say that x is a point of type-2.

Now we can define semistable decomposition.

Definition 11.14. Let V be a finite set of type-2 points of Xan. We say that V is a
semistable vertex set of X if

(1) finitely many of the connected components of Xan r V are open annuli, and
(2) the remaining connected components are open balls.

A decomposition of Xan into a semistable vertex set V and the connected components
of Xan r V is called a semistable decomposition of Xan.

Theorem 11.15 (Analytic Stable Reduction Theorem: Part 1). There exists a
semistable vertex set of X.

Remark 11.16. It can also be shown that if V is a semistable vertex set of X and
x ∈ Xan is a type-2 point, then there exists a semistable vertex set containing V ∪{x}.
Thus in particular, every type-2 point is contained in some semistable vertex set.

Therefore we see that Xan is, outside of a finite set of points, locally isomorphic
to A1

an. We can also globalize the construction of the skeleton of an annulus to get a
skeleton of X.

For the remainder of these notes, V will always denote a semistable vertex set of
X.

Definition 11.17. The skeleton of X with respect to V is

Σ(X,V ) = V ∪
⋃
A

Σ(A),

where the union is taken over all components of Xan r V that are open annuli.
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Let Σ = Σ(X,V ). It can be shown that Σ is a closed, and therefore compact,
subset of Xan that has the structure of a metric graph. One model for the metric
graph is the following.

(1) The model has vertex set V .
(2) For each open annulus A in the semistable decomposition, we have the edge eA

with endpoints ArA, where A is the closure of A in Xan. Note that ArA is a
one or two point subset of V .

(3) We identify eA with the closed interval [0, val(a)], where val(a) is the modulus of
the annulus A.

If the above model for Σ has no loop edges, we call V strongly semistable.

We can also define a retraction map τV : Xan → Σ using the following proposition.

Proposition 11.18. The connected components of Xan r Σ are open balls, and for
each component B, we have that B rB = {x} for some x ∈ Σ.

Let y ∈ Xan r Σ. Let B be the component containing y and {x} = B rB. Then
define τV (y) = x.

Then τV : Xan → Σ is a continuous retraction, and for each A that is an open
annulus in the semistable decomposition, the restriction of τV to A is the retraction
τA : A → Σ(A). Note that in particular that, because Xan is connected, Σ is
connected.

Remark 11.19. It can be shown that if V ⊂ V ′ are semistable vertex sets, then
Σ(X,V ) ⊂ Σ(X,V ′), and the inclusion respects retraction maps. See [BPR] for
details. Thus by Remark 11.16, the collection of skeletons of X forms an inverse
system, leading to the following theorem.

Theorem 11.20. The map

Xan → lim←−
V

Σ(X,V ),

given by each τV : X → Σ(X,V ) is a homeomorphism.

We now discuss semistable models and how they relate to semistable decomposi-
tion.

Definition 11.21. A curve X over R is called a semistable model for X over R if
it satisfies the following:

(1) X is proper and flat over R.
(2) X is integral.
(3) The generic fiber XK is X.
(4) The special fiber Xk is reduced and has only ordinary double points as singulari-

ties.

If the irreducible components of Xk are smooth, then we say that X is a strongly
semistable model.

If X is a semistable model for X, then there exists an anti-continuous and surjective
reduction map

red : Xan → Xk
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given as follows.
Suppose x = (x′, valx) ∈ Xan. Let Spec(K(x′))→ X be the inclusion of the point

x′ and let R(x) be the valuation ring of K(x′) with respect to valx. Because X is
proper, we can extend Spec(K(x′)) → X uniquely to a map Spec(R(x)) → X taking
the special point of Spec(R(x)) to some ξ ∈ Xk. Define

red(x) = ξ.

The following theorem, due to Berkovich, Bosch, and Lütkebohmert, characterizes
the fibers of the reduction map.

Theorem 11.22. Let X be a semistable model for X over R and let ξ ∈ Xk.

(1) If ξ is a generic point, then red−1(ξ) consists of a single type-2 point of Xan.
(2) If ξ is a smooth closed point, then red−1(ξ) is an open ball.
(3) If ξ is an ordinary double point, then red−1(ξ) is an open annulus.

For any semistable model X for X, define V (X) to be

V (X) = {x ∈ Xan | red(x) is a generic point of some component of Xk}.
It can be shown that the fiber over a closed point of Xk is a connected component of
Xan r V (X). Thus by the above theorem, V (X) is a semistable vertex set of X. In
fact, this construction is equivalent to giving a semistable vertex set by the following
theorem.

Theorem 11.23. The map from semistable models for X (up to isomorphism) to
semistable vertex sets of X, given by X 7→ V (X), is a bijection.

Now we see that, for the purposes of semistable decomposition, the theories of
semistable vertex sets and semistable models are equivalent. We will use this to
study skeletons of curves. For the remainder of these notes, X will always denote a
semistable model of X over R.

We can use these ideas to explicitly describe the metric graph Σ(X,V (X)) in
terms of the special fiber Xk as follows. Suppose that eA is an edge in Σ(X,V (X))
corresponding to an open annulus A in the semistable decomposition of X with
respect to V (X). Then A = red−1(ξ) for some ordinary double point ξ of Xk.

Now suppose that x ∈ V (X). Then x is an endpoint of eA if and only if red(x)
is the generic point of a component on which ξ lies. Therefore the dual graph of Xk
is the model for Σ(X,V (X)) discussed previously. We also see that V (X) is strongly
semistable if and only if X is strongly semistable.

Remark 11.24. The geometry of X also tells us the edge lengths of Σ(X,V (X)).
Suppose eA is an edge corresponding to an ordinary double point ξ of Xk. Then

ÔX,ξ
∼= R[[x, y]]/(xy − a),

for some a ∈ K, and the modulus of A is equal to val(a).

We now discuss the genus of type-2 points ofXan using the perspective of semistable

models. Let x ∈ Xan be of type-2. Then H̃(x)/k is an extension with transcendence
degree 1. Thus there exists a unique smooth connected complete curve over k with

function field H̃(x).
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Definition 11.25. Suppose x ∈ Xan is of type-2 and C is a smooth connected com-

plete curve over k with function field H̃(x). Then the genus of x, denoted g(x), is
defined to be the genus of C.

By Remark 11.16 and Theorem 11.23, if x is a type-2 point of Xan, then there
exists some semistable model X with x ∈ V (X). Berkovich shows that

H̃(x) ∼= OXk,red(x),

so g(x) is equal to the genus of the normalization of the component of Xk with generic
point red(x). Then by a theorem of Bosch and Lütkebohmert, we get the following.

Theorem 11.26 (Genus Formula). Let X be a semistable model for X over R. Then

g(X) = g(Σ(X,V (X))) +
∑

x∈V (X)

g(x),

where g(Σ(X,V (X))) is the first Betti number of the skeleton.

Remark 11.27. Because any type-2 point in an open ball or annulus has genus 0,
every type-2 point with positive genus is contained in every semistable vertex set of
X. Thus we can rewrite the genus formula as

g(X) = g(Σ(X,V (X))) +
∑
x

g(x),

where the summation is taken over all x ∈ Xan of type-2.

We end these notes by discussing the notion of minimal skeletons and characterize
their existence using the analytic stable reduction theorem.

Definition 11.28. A minimal semistable vertex set of X is one that contains no
proper subsets that are semistable vertex sets of X.

We now state the analytic stable reduction theorem.

Theorem 11.29 (Analytic Stable Reduction Theorem: Part 2). Let χ(X) = 2 −
2g(X) be the Euler characteristic of X.

(1) Suppose χ(X) ≤ 0. Then there exists a subset Σ ⊂ Xan such that for any minimal
semistable vertex set V of X,

Σ = Σ(X,V ).

(2) Suppose χ(X) < 0, let V be a minimal semistable vertex set of X, and let Σ =
Σ(X,V ) be as above. Then

V = {x ∈ Σ | g(x) > 0 or x has valence at least 3 in Σ}.

Therefore if χ(X) ≤ 0, X has a unique minimal skeleton, and if χ(X) < 0, X has a
unique minimal semistable vertex set.
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