
TROPICAL BRILL-NOETHER THEORY

17. Lifting divisors on a generic chain of loops

The goal of this lecture is to discuss the lifting theorem of Carwright, Jensen, and
Payne for the ρ = 0 case. We refer the reader to this paper for the ρ > 0 case. Let Γ
be a generic chain of g loops with bridges:

v1 w1 v2 w2 v3 w3 vg wg

Theorem 17.1. Let r and d be nonnegative integers such that ρ(g, r, d) = 0. Let
K be a complete, algebraically closed field with value group equal to R. Let C be a
smooth projective curve over K. If C is totally degenerate with skeleton isometric to
Γ, then W r

d (Γ) is the tropicalization of W r
d (C).

Our first objective is to give a local description of W r
d (Γ). By the Abel-Jacobi

map, we may view W r
d (Γ) as a subset of the g dimensional real torus Jac(Γ). Inside

of Jac(Γ) we have the theta divisor ΘΓ which is the space W 0
g−1(Γ) embedded in

Jac(Γ) by the Abel-Jacobi map. The theta divisor can be thought of as the image of
a union of g translates of the coordinate hyperplanes in the universal covering space
Rg of Jac(Γ). For more details of this construction, we refer the reader to section 2.1
of [CJP].

Recall from Lecture 5, by the classification of special divisors on a generic chain
of loops, since ρ(g, r, d) = 0, W r

d (Γ) is finite and consists of exactly

λ(g, r, d) = g!

r∏
i=0

i!

(g − d+ r − i)!

distinct points. We wish to show that W r
d (Γ) can be expressed locally, in a neighbor-

hood of each of these points, as an intersection of g translates of ΘΓ. Note that we
cannot expect to express the entire set W r

d (Γ) as the intersection of g translates of
ΘΓ, because the intersection of g generic translates of ΘΓ consists of g! points.

Let us describe the open neighborhoods in Jac(Γ) that we will use in our description
of W r

d (Γ) as a local complete intersection of translates of ΘΓ. Fix pi in the interior
of one of the two edges connecting vi and wi. For ε > 0 sufficiently small, define

B(0, ε) = {
g∑

i=1

(qi − pi)|dist(pi, qi) < ε}.
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This is an open neighborhood of the zero divisor in Jac(Γ). Set B(D, ε) = [D] +
B(0, ε), which is an open neighborhood of [D] in Jac(Γ).

Proposition 17.2. For each [D] ∈W r
d (Γ), there are effective divisors E1, . . . , Eg of

degree r and effective divisors E′1, . . . , E
′
g of degree g − d + r − 1 such that for some

ε > 0

W r
d (Γ) ∩B(D, ε) =

g⋂
i=1

[ΘΓ + Ei − E′i] ∩B(D, ε).

For a proof of this proposition, see Proposition 18.2 in [CJP].
Now that we have this local description of [D] ∈W r

d (Γ), we would like to be able to
lift these translates of ΘΓ divisors to translates of ΘC . This follows from the following
proposition.

Proposition 17.3. W 0
d (Γ) is the tropicalization of W 0

d (C). In particular, ΘΓ is the
tropicalization of ΘC .

Proof. Suppose [E] ∈W 0
d (Γ), where we identify W 0

d (Γ) with its image in the Jacobian
by the Abel-Jacobi map. From the results of Baker and Rabinoff discussed in Lecture
15, we may identify Jac(Γ) with the skeleton of Jac(C)an in such a way so that the
tropicalization map is identified with retraction to the skeleton. As the value group
is all of R, we can pick a K-point [E ] in Jac(C)an that tropicalizes to [E], and by the
Abel-Jacobi map for curves we can identify this with Picd(C). This [E ] ∈ W 0

d (C) is
the requisite lift. �

In the proof of the main theorem, our strategy is to use this expression of W r
d (Γ) as

a transverse intersection of hyperplanes, together with the Rabinoff lifting theorem,
to lift points in W r

d (Γ) to Jac(C) living in the transverse intersection of suitable
hyperplanes in Jac(C). We will need the fact that W r

d (C) is a subscheme of this
intersection to show that there is at most one lift of our divisor. This will follow from
the following proposition.

Proposition 17.4. Suppose C is a curve and d and r are integers. Let E be an
effective divisor of degree e and ϕ : Picd−e(C) → Picd(C) the isomorphism sending
[D] to [D + E]. Then there is a chain of inclusion of subschemes:

W r+e
d (C) ⊂ ϕ(W r

d−e(C)) ⊂W r
d (C).

As sets, this chain of inclusions is clear. For proof that these inclusion are scheme-
theoretic, we refer the reader to [CJP].

In order to apply the Rabinoff lifting theorem in the proof of Theorem 17.1, we
will need to compute the multiplicities of the tropical theta divisor.

Proposition 17.5. Every facet of ΘΓ has multiplicity 1.

Proof. Recall that ΘΓ is a union of g translates of codimension 1 tori in Jac Γ and each
of these caries a positive integer multiplicity. The intersection of g generic translates
of ΘΓ consists of g! points, each of which has a tropical multiplicity m equal to the
product of the multiplicities of the facets of ΘΓ. By Rabinoff’s lifting theorem, the
intersection of g generic translates of ΘC counted with multiplicity must be m · g!.
But the intersection number Θg

C is g!, so m = 1 as required. �
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We are now ready to prove the main theorem in this lecture.

Proof of Theorem 17.1. Suppose [D] ∈ W r
d (Γ). By Proposition 17.2, there are effec-

tive divisors Ei and E′i for 1 ≤ i ≤ g such that W r
d (Γ) is

g⋂
i=1

[ΘΓ + Ei − E′i]

in a neighborhood of [D]. Lift each of these to effective divisors Ei and E ′i on C.
By Rabinoff’s lifting theorem and Proposition 17.5, there is a unique lift of [D] to a
divisor class [D] that lies in the intersection

X =

g⋂
i=1

[ΘΓ + Ei − E ′i ].

By Proposition 17.4, we have that W r
d (C) is a subscheme of X . This means that

there is at most one lift of [D] to a class in W r
d (C), so trop : W r

d (C) → W r
d (Γ) is

injective. On the other hand, both W r
d (Γ) and W r

d (C) are finite sets with cardinality

λ(g, r, d) = g!

r∏
i=0

i!

(g − d+ r − i)!
.

Therefore, the tropicalization map W r
d (C) → W r

d (Γ) is also surjective, as required.
�
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