
TROPICAL BRILL-NOETHER THEORY

8. Divisor Theory of Metric Graphs

8.1. Basic Definitions. Last time we saw the first connection between the divisor
theory of graphs and algebraic geometry. Given a curve X over a discrete valuation
ring R, we let X denote the general fiber over the discretely valued field K. We can
then specialize divisors on the curve X to divisors on the dual graph G of the central
fiber.

An issue with this setup is that discretely valued fields are never algebraically
closed. To see this, note that an element with valuation 1 cannot have a square
root. If we want to consider geometric divisors on the curve X, we will need to
consider valued fields with non-discrete valuation, which will naturally lead us to
metric graphs.

Definition 8.1. A metric graph is a compact, connected metric space Γ obtained by
identifying the edges of a graph G with line segments of fixed positive real length. The
graph G is called a model for Γ

Example 8.2. If we assign lengths to the edges of a cycle, we obtain a circle. Thus,
the circle is a metric graph.

Figure 1. A metric graph and one of its models

Remark 8.3. A metric graph Γ does not have a unique model. Two graphs can be
models for the same metric graph if and only if they admit a common refinement.

Definition 8.4. The divisor group Div(Γ) of a metric graph Γ is the free abelian
group on points of the metric space Γ.

Many properties of divisors can be defined in a way that is completely analogous
to the discrete graph case.

Definition 8.5. A divisor D =
∑
aivi on a metric graph is effective if ai ≥ 0 for

all i. Its degree is defined to be

deg(D) :=
∑

ai.
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As in the case of discrete graphs, we want to talk about equivalence of divisors.
For this, we need a notion of rational functions on metric graphs.

Definition 8.6. A rational function on a metric graph Γ is a continuous, piecewise
linear function ϕ : Γ → R with integer slopes. We write PL(Γ) for the group of
rational functions on Γ.

Example 8.7. Figure 2 indicates the domains of linearity and slopes of a rational
function ϕ on a circle. It therefore determines the rational function up to translation.
Note that, in order for the function to be continuous, the two regions on which the
function has slope 1 must be of equal length.
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Figure 2. The domains of linearity and slopes of ϕ

Definition 8.8. Given ϕ ∈ PL(Γ) and v ∈ Γ, we define the order of vanishing of ϕ
at v, ordv(ϕ), to be the sum of the incoming slopes of ϕ at v. Note that ordv(ϕ) is
nonzero for only finitely many points v ∈ Γ. We define the divisor associated to ϕ to
be

div(ϕ) =
∑
v∈Γ

ordv(ϕ) · [v].

Divisors of the form div(ϕ) are called principal.

Example 8.9. The divisor associated to the rational function of Example 8.7 is
pictured in Figure 3. Note that div(ϕ) is equal to div(ϕ+ c) for any real number c.
This is analogous to the fact that, on an algebraic curve, the divisor associated to a
rational function is invariant under scaling the function by a non-zero constant.
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Figure 3. The principal divisor divϕ

Example 8.10. On any metric graph Γ, given a point v ∈ Γ, let ε ∈ R be sufficiently
small so that the open ball Bε(v) contains no points of valence greater than 2 other
than possibly v. Let χ be the rational function that takes the value ε on Γ r Bε(v),
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Figure 4. A rational function that is constant outside a local neigh-
borhood, and its associated divisor

the value 0 at v, and has slope 1 on the edges in Bε(v) emanating from v. Then χ
has order of vanishing − val(v) at v and 1 at each of the boundary points of Bε(v). In
this way, we can view addition of div(χ) as a continuous version of chip firing, where
we specify not only the vertex v that we fire from, but also the distance ε that we
fire the chips.

Now that we have a notion of principal divisors on metric graphs, we can use it to
define equivalence of divisors.

Definition 8.11. We say that two divisors D and D′ on a metric graph Γ are
equivalent if D−D′ is principal. We define the Picard group of Γ to be the group of
equivalence classes of divisors on Γ. That is,

Pic(Γ) = Div(Γ)/ div(PL(Γ)).

The Jacobian Jac(Γ) of Γ is the group of equivalence classes of divisors of degree
zero.

The rank of a divisor on a metric graph is defined in exactly the same way as on
a discrete graph. Since this definition is crucial to our interests, we record it here.

Definition 8.12. Given D ∈ Div(Γ), the complete linear series of D is

|D| := {D′ ∼ D | D′ ≥ 0}.

The rank of D is the largest integer r such that |D−E| 6= ∅ for all effective divisors
E of degree r.

See the paper of Haase–Musiker–Yu for details on the structure of |D|.

8.2. Reduced divisors. We now develop the theory of reduced divisors on metric
graphs, analogous to the corresponding theory for discrete graphs. The main refer-
ences for this section are the papers of Luo and Hladký–Král–Norine. We begin with
the definition.

Definition 8.13. Let v ∈ Γ. A divisor D ∈ Div(Γ) is v-reduced if

(1) D is effective away from v and
(2) Every closed connected subset A ⊆ Γ\{v} contains a point x with D(x) <

outdegA(x).
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This is reminiscent of the definition for discrete graphs, but with a set of vertices
replaced with a connected closed set. As in the discrete case, we will show that every
divisor on a metric graph is equivalent to a unique v-reduced divisor. In this way, v-
reduced divisors give a natural choice of representatives for divisors classes on metric
graphs. We begin by showing that v-reduced divisors, if they exist, are unique. The
proof is almost verbatim the same as in the discrete case.

Theorem 8.14. If D ∼ D′ are v-reduced, then D = D′.

Proof. By definition, there exists ϕ ∈ PL(Γ) such that D′ −D = div(ϕ). If D 6= D′,
then ϕ is not constant. Let A ⊂ Γ be the subset where ϕ achieves its minimum.
Note that A is nonempty because Γ is compact, and it is not all of Γ because ϕ is
not constant. By exchanging D and D′ if necessary, we may assume that v /∈ A.

Because ϕ is minimized on A and has positive integer slope out from A, we have
ordw(ϕ) ≥ outdegA(w) for all w ∈ A. Since D is effective away from v, we have
D(w) ≥ 0 for all w ∈ A. Hence

D′(w) = D(w) + ordw(ϕ) ≥ D(w) + outdegA(w) ≥ outdegA(w)

for all w ∈ A. It follows that D′ is not v-reduced. �

To prove the existence of v-reduced divisors, we first need the following lemma.

Lemma 8.15. Let D ∈ Div(Γ), v ∈ Γ, and let G be a model for Γ with vertex
set containing {v} ∪ supp(D). Then D is v-reduced if and only if the corresponding
divisor D on G is v-reduced.

Proof. It is clear that D is effective away from v if and only if the corresponding
divisor on G is effective away from v.

Now, let A ⊂ Γ r {v} be a closed connected subset such that D(x) ≥ outdegA(x)
for all x ∈ A. Then the boundary of A is contained in the support of D, hence
A is a union of vertices and edges in the model G. Writing V (A) for the set of
vertices in this set, we see that outdegA(x) ≥ outdegV (A)(x) for all x ∈ V (A), so

D(x) ≥ outdegV (A)(x) for all x ∈ V (A). It follows that the corresponding divisor on
G is not v-reduced.

Now, suppose that the corresponding divisor on G is not v-reduced. Then, run
Dhar’s burning algorithm and let A ⊂ Γ be the set of unburnt points. We then see
that D(x) ≥ outdegA(x) for all x ∈ A, so D is not v-reduced. �

Remark 8.16. Note that Lemma 8.15 does not imply that the v-reduced divisor on
Γ corresponds to the v-reduced divisor on G. In particular, since our choice of model
G depends on the divisor D, replacing D with an equivalent divisor may force us to
change the model.

We prove the existence of a v-reduced divisor equivalent to a given divisor D in two
parts, starting with the case where D is effective. As in the case of discrete graphs,
we produce an iterative procedure that at each step identifies a divisor equivalent
to D that is “closer” to being v-reduced. This proof is a bit more delicate than the
discrete case, because the linear series |D| is infinite, so one must be careful to check
that the procedure terminates.
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Theorem 8.17. If D is effective away from v, then D is equivalent to a v-reduced
divisor.

Proof. Let G be a model for Γ with vertex set containing v. Choose an ordering
of V (G) ∪ E(G) such that every edge is adjacent to a vertex that precedes it, and
every vertex other than v is adjacent to an edge that precedes it. This induces a
quasi-order1 on points of Γ, which in turn induces the lexicographic quasi-order on
divisors of Γ.

Now, given D ∈ Div(Γ) effective away from v, we will show that either D is
v-reduced or we can find a divisor equivalent to D that is strictly smaller in the lexi-
cographic quasi-order. Since the model G has only finitely many vertices and edges,
there are only finitely many equivalence classes of divisors under the equivalence
induced by the quasi-order, so this process will eventually terminate.

Now, let G′ be the refinement of G obtained by adding supp(D) to the vertex set.
Run Dhar’s burning algorithm on G′ and let A ⊂ Γ be the set of unburnt points. If
A = ∅, then by Lemma 8.15, D is v-reduced. Otherwise, let d be the minimal distance
from A to V (G)\A. Let χ be the rational function that takes the value d on all points
outside a d-neighborhood of A, the value 0 at all points in A, and has slope 1 for a
distance of d on the edges emanating from A. Then D+div(χ) is effective away from
v, and is strictly smaller in the lexicographic quasi-ordering on divisors. �

To handle the case where D is not effective, we will use the following result.

Corollary 8.18. Any effective divisor of degree at least g+ r on a metric graph Γ of
genus g has rank at least r.

Proof. We prove this by induction on r, the case r = 0 being obvious. Suppose that
r ≥ 1. We first show that every effective divisor D of degree g+r fails to be v-reduced
for v ∈ Γ r supp(D). To see this, let G be a model for Γ with vertex set containing
{v} ∪ supp(D). By Riemann-Roch, the corresponding divisor on G has rank at least
r, hence it is not v-reduced. By Lemma 8.15, it follows that D is not v-reduced.

By Theorem 8.17, if D is an effective divisor of degree g + r, then there exists
a v-reduced divisor Dv equivalent to D, which by the above must contain v in its
support. It follows that, for any point v ∈ Γ, there exists a divisor Dv ∼ D such that
Dv − v is an effective divisor of degree g + r − 1. By induction, r(D − v) ≥ r − 1 for
all v ∈ Γ, and thus r(D) ≥ r. �

We now complete the proof that every divisor on a metric graph is equivalent to a
unique v-reduced divisor. Recall that, in the discrete case, we used the fact that the
Jacobian is finite, and hence every element of the Jacobian is torsion, to complete the
proof. This argument will not work in the case of metric graphs, where the Jacobian
has non-torsion elements.

Lemma 8.19. Every divisor on Γ is equivalent to a divisor that is effective away
from v.

1A quasi-order is a reflexive, transitive binary relation such that, for any v, w, either v ≤ w or
w ≤ v (or possibly both). It is like a total ordering, but distinct elements may have the same order.
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Proof. Let D ∈ Div(Γ). Write D = E − E′, with E and E′ effective. By Corollary
8.18, (g+deg(E′))v has rank at least deg(E′), hence (g+deg(E′))v−E′ is equivalent
to an effective divisor. It follows that

D = E + ((g + deg(E′))v − E′)− (g + deg(E′))v

is equivalent to a divisor that is effective away from v. �

Lemma 8.19 allows us to remove the effective hypothesis from Corollary 8.18.

Corollary 8.20. Every divisor class of degree at least g on a metric graph of genus
g is effective.

Proof. Let D be a divisor of degree at least g on Γ and let v ∈ Γ. By Lemma
8.19, there exists an effective divisor E such that D ∼ E − (deg(E) − deg(D))v.
By Corollary 8.18, the rank of E is at least deg(E) − g ≥ deg(E) − deg(D), hence
E − (deg(E)− deg(D))v is equivalent to an effective divisor. �

Corollary 8.21. Every divisor class of degree at least g + r on a metric graph of
genus g has rank at least r.

Proof. This is an immediate consequence of Corollaries 8.20 and 8.18. �

8.3. Riemann-Roch for metric graphs. The main references for this section are
the papers of Gathmann-Kerber and Mikhalkin-Zharkov. We will follow the argument
in the latter paper. We first recall the statement of the Riemann-Roch Theorem.

Theorem 8.22 (Riemann-Roch for Metric Graphs). Let Γ be a metric graph of genus
g. For any D ∈ Div(Γ),

r(D)− r(KΓ −D) = deg(D)− g + 1.

Before proving this, we briefly describe the alternative argument of Gathmann and
Kerber. First, one can use Riemann-Roch for discrete graphs to show that the result
holds if Γ has rational edge lengths and D is supported on the Q-points of Γ. One
then uses the fact that such pairs (Γ, D) are dense in the set of all pairs.

Rather than reducing to Riemann-Roch for discrete graphs, Mikhalkin and Zharkov
mimic its proof. In the discrete case, we saw that the Riemann-Roch theorem was a
direct consequence of two facts about graph orientations.

Definition 8.23. An orientation on a metric graph Γ is an orientation of some
model for Γ. As in the discrete case, given an orientation O, define

DO =
∑
v∈Γ

(indegO(v)− 1)[v].

Lemma 8.24. If O is an acyclic orientation, then [DO] is not effective.

Proof. Let D = DO + div(ϕ) for some ϕ ∈ PL(Γ), and let A ⊂ Γ be the set where ϕ
obtains its minimum. Since O is acyclic, there exists v ∈ A such that v is a source in
O|A. Then D(v) ≤ indegO(v)− outdegA(v)− 1 < 0. �

Lemma 8.25. For any D ∈ Div(Γ), either [D] ≥ 0 or there exists an acyclic orien-
tation O with [DO−D] ≥ 0. Moreover, for any v ∈ Γ, O can be taken to have unique
source v.
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Proof. By Theorem 8.17 and Lemma 8.19, we may assume that D is v-reduced. Let
G be a model for Γ with vertex set containing {v} ∪ supp(D). Run Dhar’s burning
algorithm on G and orient each edge in the direction that it burns. This produces
an acyclic orientaiton O of G with unique source v. For any vertex w ∈ V (G) r {v},
since D is v-reduced we have D(w) < indegO(w), so DO(w) ≥ D(w). Now, since
D is v-reduced, [D] is effective if and only if D(v) > −1 = DO(v), and the result
follows. �

The proof of Riemann-Roch now follows directly from these two lemmas, in the
same way as in the discrete case.

8.4. Rank-determining sets. The main reference for rank-determining sets is the
paper of Ye Luo. In the interest of novelty, we will present an alternative proof of
Luo’s criterion for rank-determining sets, due to Spencer Backman. First, recall the
definition.

Definition 8.26. For A ⊂ Γ, define the A-rank rA(D) to be the largest integer r
such that |D−E| 6= ∅ for all effective divisors E of degree r supported on A. The set
A is rank-determining if rA(D) = r(D) for all divisors D.

Lemma 8.27. A subset A ⊂ Γ is rank-determining if and only if, for any non-
effective class [D] and point q ∈ Γ, there exists a point a ∈ A such that [D+ q− a] is
also non-effective.

Proof. If r(D) = −1, then r(D+q) ≤ 0 for any point q ∈ Γ. If A is rank-determining,
then by definition there exists a ∈ A such that r(D + q − a) = −1.

Conversely, suppose that for any non-effective class [D] and point q ∈ Γ, there
exists a point a ∈ A such that [D + q − a] is also non-effective. Let D be a divisor
of rank r. We prove that rA(D) = r by induction on r, the case r = −1 being clear.
Since r(D) = r, there exists a point q ∈ Γ such that r(D− q) = r− 1. By induction,
rA(D − q) = r − 1, hence there exists an effective divisor E of degree r, supported
on A, such that r(D − E − q) = −1. But then there exists a point a ∈ A such that
r(D − E − a) = −1, so rA(D) = r. �

One can reduce this even further using our results on graph orientations.

Lemma 8.28. A subset A ⊂ Γ is rank determining if and only if, for any point
q ∈ Γ, and any acyclic orientation O with unique source q, there exists a ∈ A such
that [DO + q − a] is not effective.

Proof. The forward direction follows immediately from Lemmas 8.27 and 8.24.
For the converse, if [D] is not effective, then by Lemma 8.25, there is an acyclic

orientationO with unique source q such that [DO−D] is effective. Then, if [DO+q−a]
is not effective, then neither is [D + q − a]. �

To prove the metric version of Ye Luo’s theorem, we need a metric analogue of YL
sets.

Definition 8.29. A YL set U is a nonempty connected open subset of Γ such that
every connected component X of Γ\U contains a point v with outdegX(v) ≥ 2.
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Theorem 8.30. If A ⊂ Γ intersects every YL set in Γ, then A is rank-determining.

Proof. Suppose A is not rank-determining. Then by Lemma 8.28, there exists an
acyclic orientation O with unique source q such that [DO + q − a] ≥ 0 for all a ∈ A.
Note that, since q is the unique source of O, there exists a directed path in O from
q to any point of Γ. If O′ is the orientation obtained by reversing a directed path
from q to a, then DO′ = DO + q − a. Since [DO + q − a] ≥ 0, by Lemma 8.24, the
orientation O′ must contain a cycle. It follows that there are at least two directed
paths in O from q to any point a ∈ A.

Let U ⊂ Γ be the set of points that can be reached from q by only one directed
path in O. We now claim that, for any acyclic orientation O with unique source q,
U is a YL set. Since A ∩ U = ∅, the theorem will follow from this claim.

Since q ∈ U , U is nonempty. If v ∈ U , then any point on the unique directed path
from q to v is also in U , so U is connected. Now, let X be a connected component of
Γ r U . Since O is acyclic, there exists a point v ∈ X that is a source in O|X . Then
any point on a directed path from q to v is contained in U , hence lies on only one
directed path from q. It follows that v must lie on the tail end of at least two distinct
oriented edges, or outdegX(v) ≥ 2. �
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