
Realization Spaces for Tropical Fans

Eric Katz and Sam Payne

Abstract We introduce a moduli functor for varieties whose tropicalization realizes
a given weighted fan and show that this functor is  an algebraic space in general, and
is represented by a scheme when the associated toric variety is  quasiprojective. We
study the geometry of these tropical realization spaces for the matroid fans studied
by Ardila and Klivans, and show that the tropical realization space of a matroid fan
is a torus torsor over the realization space of the matroid. As a consequence, we
deduce that these tropical realization spaces satisfy Murphy's Law.

1 Introduction

The tropicalization of a d-dimensional subvariety of  a torus with respect to the triv-
ial valuation is  the underlying set of a pure d-dimensional fan with a locally constant
positive integer weight function on its smooth points. The question of which subva-
rieties of a torus, if any, have a given tropicalization has generated many discussions,
but the literature treats only the special cases of existence of realizations for curves
of genus zero or one [Spe(07] and tropical linear spaces [Mik08], in characteristic
zero. Here we use Hilbert schemes and Tevelev’s approach to compactifications of
subvarieties of tori [Tev07] to address the general case, constructing a fine moduli
scheme over the integers that parametrizes varieties whose tropicalization realizes a
given weighted simplicial fan.
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Let T be the torus whose lattice of one parameter subgroups is N ££ Z", and
let Ng = N ®z R.  Fix a pure d-dimensional simplicial fan A in Ng with a weight
function w that assigns a positive integer w(o) to each d-dimensional cone o in A.
Say that a tropical realization of (A ,w)  is a subvariety Y° of T whose tropicalization
is  the underlying set {A|, with weight function given by w(o) on the relative interior
of 0 .

In Sect. 2, we show that a subvariety Y° of T is a tropical realization of (A,w)
if and only if its closure Y in the toric variety X (A) is proper and the intersection
number (V (0) -Y) is equal to w(o) for every d-dimensional cone & in A. The exis-
tence of Hilbert schemes makes i t  convenient to work with these proper subvarieties
of toric varieties that appear as closures of tropical realizations rather than with the
tropical realizations themselves, especially when working in families.

Definition 1.1. Let S be a scheme. A family of tropical realizations of (A,w)  over
S is a subscheme Y of X(A) x S, flat and proper over S, such that every geometric
fiber is reduced, irreducible, and has intersection number w(c) with V (0g), for every
d-dimensional cone ¢ in A.

The pullback of a family of tropical realizations of A under a morphism §' —
is a family of  tropical realizations over S', so the map %, ,, taking a scheme S to the
set of all families of tropical realizations of A over § is a contravariant functor from
schemes to sets. In Sect. 3 we show that this functor is an algebraic space, in the
sense of [Knu71]. Recall that the toric variety X (A) is quasiprojective if and only if
the fan A can be extended to a regular subdivision of Ng.

Theorem 1.2. If the toric variety X (A) is quasiprojective then the tropical realiza-
tion functor Za w is represented by a scheme of finite type.

In other words, there is a scheme Ry, of finite type and a universal family of
tropical realizations of (A,w) over Ra, such that any family of tropical realiza-
tions of A over an arbitrary scheme S is the pullback of this universal family under a
unique morphism § — Ry ,. We call Ry, the tropical realization space of (A, w).
Theorem 1.2 has been applied by the first author to construct nonarchimedean an-
alytic moduli spaces for realizations of tropical polyhedral complexes over valued
fields [Kat10].
Remark 1.3. If (A’,w') is a refinement of (A,w) then a subvariety of T is a tropical
realization of (A’,w’) if and only if it is a tropical realization of (A,w). So there
is a natural bijection between the k-points of Ry ,, and of Ry, for every field k,
although these schemes need not be isomorphic.

In Sect. 4, we study the tropical realization spaces of a special class of fans asso-
ciated to matroids. The matroid fan Ay associated to a matroid M was introduced
by Ardila and Klivans [AK06}, who called it the fine subdivision of the Bergman
fan of the matroid. ,

Theorem 1.4. Let Ml be a matroid. The tropical realization space of the matroidfan
Am is naturally a torus torsor of rank #M — c(M) over the realization space of M.
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Here #M is the number of elements in the underlying set of the matroid and c(M)
is the number of connected components of M.

Corollary 1.5. The matroid fan Aw is tropically realizable over a field k if and only
if the matroid M is realizable over k.

For instance, the matroid associated to the configuration of all seven lines in
the projective plane P2(IF,) over the field with two elements is realizable only over
fields of characteristic two. The associated matroid fan is  a two-dimensional fan in a
six-dimensional real vector space with twenty-one maximal cones corresponding to
the twenty-one full flags in P?(IF,), and it is the tropicalization of a two-dimensional
subvariety of a six-dimensional torus only over fields of  characteristic two.
Remark 1.6. Corollary 1.5 has been known as a folklore result in the tropical ge-
ometry community, and a version of this result over the complex numbers has been
reported by Mikhalkin, based on joint work with Sturmfels and Ziegler [Mik08], but
there is  no proof in the literature. The geometric tropicalization theory of Hacking,
Keel, and Tevelev [HKT09] implies that Ay is the tropicalization of the complement
of a hyperplane arrangement over a field k if and only if that hyperplane arrangement
realizes the matroid M. In Sect. 4, we show that every tropical realization of Ap is
the complement of a hyperplane arrangement, which proves the corollary. For those
interested only in the corollary, this is simpler than deducing i t  from Theorem 1.4,
whose proof is more technical.

Combining Theorem 1.4 and Mnév’s Universality Theorem, we deduce that trop-
ical realization spaces can have arbitrary singularity types, even when the tropital
realizations themselves are all smooth. Following Vakil [Vak06], we say that a sin-
gularity type is an equivalence class of pointed schemes (Y,y), with the equivalence
relation generated by setting (Y,y) ~ (Y’,y') if there is a smooth morphism from
Y to Y’ that takes y to y .  A collection of schemes satisfies Murphy's Law if every
singularity type occurs on some scheme in the collection.
* We say that a weighted fan (A ,w) is multiplicity free if w(o) is equal to one for

all o .  In this case, we write Ry for the tropical realization space Ra.

Theorem 1.7. Every singularity type offinite type over SpecZ appears in the trop-
ical realization space of a multiplicity free two-dimensional fan A such that the
universal family is smooth over Ry.

In other words, tropical realization spaces of multiplicity free two-dimensional
fans satisfy Murphy’s Law.

Mnév’s Universality Theorem also implies that deciding whether an arbitrary
matroid is realizable over a given field k that is not algebraically closed is as difficult
as the generalized Hilbert’s Tenth Problem of deciding whether an arbitrary system
of polynomials with integer coefficients has a solution over k [Stu87]. This problem
is known to be undecidable over many function fields, such as F(t), R(t), and
C(t, u); decidability over the rational numbers is an open problem [Poo08].
Conventions. Throughout this paper, all tropicalizations are with respect to the triv-
ial valuation and all schemes are locally of finite type.
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2 Realization and Compactification

As in the introduction, A is a pure d-dimensional fan in Ng and X = X(4)  is the
associated toric variety with dense torus 7’. The weight function w assigns a positive
integer w(0o) to each d-dimensional cone o in A.  Here we discuss how subvarieties
of T that are tropical realizations of (4,w) can be characterized in terms of their
closures in X.  \

Let Y° be a d-dimensional subvariety of T. The tropicalization Trop(Y°) is the set
of vectors v € Ny such that the initial degeneration in, (Y°) in T is nonempty. It is the
underlying set of a rational fan of pure dimension d, and comes with a tropical mul-
tiplicity function m on its subset of smooth points, defined as follows. We say that
a point in Trop(Y°) is smooth i f  it has an open neighborhood homeomorphic to R¢.
There is an open dense set of smooth points v in Trop(Y°) such that a d-dimensional
subtorus 7; acts freely on in, ¥°. For such v, the tropical multiplicity m(v) is defined
to be the length of the zero dimensional quotient in, ¥°/T,,. The balancing condition
implies that the tropical multiplicity extends to a locally constant function on the set
of all smooth points of Trop(Y°). In particular, the tropical multiplicity is constant
on the relative interior of each maximal cone of A. The balancing condition then
says that these integers associated to maximal cones are a Minkowski weight, in the
sense of [FS97]. Since the balancing condition is necessary for a weighted fan to be
tropically realizable, nothing is lost by assuming that all weighted fans in this paper
are balanced.

We now state the conventional definition of a tropical realization over a field k.
In Proposition 2.4 below, we show that the tropical realizations in this naive sense
are exactly those subvarieties of T whose closure in X(A) is a family of tropical
realizations over Speck. To avoid any possibility of confusion, we always write Y°
for a subvariety of the torus T', and Y for its closure in X (4).
Definition 2.1. A tropical realization of (A,w) is a subvariety Y° of T such that the
underlying set of Trop(Y°) is |A| and the tropical multiplicity m(v) is equal to w(c)
for v in the relative interior of o.

Lemma 2.2. Let Y° be a d-dimensional subvariety of T. The underlying set of
Trop(Y°) is equal to |A| if and only if its closure Y in X(A) is proper and meets
every T-invariant subvariety.

Proof. This follows from Lemma 2.2 of [Tev07] in the case where X is smooth,
since ¥ and |A| both have pure dimension d. For the general case, and for further
references, see Sect. 8 of [Kat09]. ; 0
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Since A is simplicial, the toric variety X(A) is the coarse moduli space of a
2 smooth toric stack {Iwa(09]. It follows that there is  a natural intersection product on
5 the rational Chow groups A.(X)q [Vis89] with all of the refined properties of the

intersection product on Chow groups of smooth varieties, as presented in Chap. 8
8 of [Ful98]. In particular, if ¢ is a d-dimensional cone in A, then V(0)-Y is a well-
|: defined class in Ag(V (0) NY)q. If Y is proper then this class has a well-defined
J. degree, which is a rational number denoted (V(0)-Y).
¥ Lemma 2.3. If Trop(Y°) = |A| then the intersection number (V(0)-Y) is equal to

the tropical multiplicity m(v) for v in the relative interior of ©.

I". Proof. If A is sufficiently fine, then Y is Cohen-Macaulay and the scheme theoretic
intersection V(o) NY is canonically identified with the zero-dimensional quotient
iny(Y°)/T,, for a generic v in the relative interior of . The general case follows by
choosing a suitable refinement and applying the projection formula. See Sect. 9 of
[Kat09] for details. ' n]

# We now prove the following proposition, which was mentioned in the introduc-
tion. '

Proposition 2.4. A subvariety Y° of the torus T is a tropical realization of A if and
only if its closure Y in X(A) is proper, and

(V(0)-Y) =w(o),
Jor every d-dimensional cone 6 € A .

Proof. If Y° is a tropical realization of (A,w) then Y is proper and (V(o)-Y) =
w(0o) by the two preceding lemmas. We now show the converse.

Suppose Y is proper and (V(o)-Y) = w(o) for every d-dimensional cone o in
A. Since Y is proper, and both Y and A are d-dimensional, Trop(Y°) is a union
of d-dimensional cones of A.  For any d-dimensional cone G in A, the intersection
number (V(0) -Y) is positive, so ¥ must intersect V(o). It follows that Trop(Y°)
contains o, and since this holds for all maximal cones of 4 ,  Trop(Y°) = |A|. By the
‘preceding lemma, m(v) is equal to (V(c) - Y) for v in the relative interior of &, and
the proposition follows. a

The proposition motivates our definitions of a family of tropical realizations of
( 4 ,  w) and the tropical realization functor Za in the introduction.

Corollary 2.5. Let k be a field. Then Za w(K) is the set of closures in X(A) of the
tropical realizations of (A,w) over k.

Proof. The corollary follows from Proposition 2.4, since 4 ,(k) is the set of
proper k-subvarieties of X(A) whose intersection number with V(o) is w(c) for
every d-dimensional cone g in A. a
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3 Representability

In Sect. 2 we showed that a subvariety Y° of T is a tropical realization of (4,w)
if and only if its closure Y in X(A) is proper and (V(0)-Y) = w(c) for every d-
dimensional cone ¢ in A .

Proposition 3.1. The tropical realization functor Z, , is an open algebraic sub-
space of the Hilbert functor of any toric compactification ofX (A).

Proof. Let X be a complete simplicial fan that contains A as a subfan; for a con-
struction of such a fan, see Theorem III.2.8 of [Ewa96]. Then X(ZX) is a proper
simplicial toric variety that contains X(A) as a T-invariant open subvariety. The
Hilbert functor of X(X) is an algebraic space [Art69], and there is an open subfunc-
tor of the Hilbert functor that parametrizes reduced and irreducible d-dimensional
subschemes that are contained in X (A). Since intersection numbers are locally con-
stant in flat families, it follows that %, ,, is also an open subfunctor of the Hilbert
functor of X (¥) ,  and hence is an algebraic space. ' Oo

We now prove Theorem 1.2, which says that the tropical realization functor #4
is represented by a scheme of finite type over the integers when X (A) is quasiprojec-
tive. Recall that toric varieties are canonically defined over the integers, and X(A)
is quasiprojective if and only if A can be extended to a regular subdivision of Ng,
which means that X(A) can be embedded as a T-invariant open subvariety of a
projective toric variety.

Theorem 3.2. If X(A) is quasiprojective then the tropical realization space Ra yy, is
represented by a scheme offinite type.

Proof. Fix a projective toric variety X (ZX) C IP" that contains X(A) as a T-invariant
open subvariety. By Proposition 3.1, the tropical realization functor %, , is repre-
sented by an open subscheme Rj ,, of the Hilbert scheme of X(Z). We must show
that Ry, is of finite type. Suppose Y is the closure of a tropical realization of (4,w).
We will show that there are only finitely many possibilities for the Hilbert poly-
nomial of Y, and the theorem follows because the Hilbert scheme. parametrizing
subschemes of  X (X) with fixed Hilbert polynomial is of finite type.

First, we claim that the degree of Y in IP" is determined by w. Now the Chow
homology class [Y] in A4(X (Z))q is determined by the intersection numbers (V(0)-
Y) for d-dimensional cones ¢ in X [FS97], and Y is disjoint from V (0) if © is not
contained in A. Therefore (V(0)-Y) is w(0) if 0 is in A, and zero otherwise. This
determines [Y] and the claim follows, since the degree of Y is given by the push
forward of [Y] under the given embedding of X(X) in P".

Next, the Castelnuovo-Mumford regularity of Y is bounded in terms of its degree
and r [BM93]. So there is an integer Np, depending only on (4,w), such that the
Hilbert function of  Y evaluated at N agrees with the Hilbert polynomial for N > Np.
Therefore, the Hilbert polynomial of Y is determined by the value of the Hilbert
function at Ny, . . . ,Np  +d .
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Finally, the Hilbert function of a d-dimensional subvariety of P" is bounded uni-
formly in terms of d, r, and its degree; for the construction of such a bound, see
Exercise 3.28 in [Ko196]. It follows that there are only finitely many possible values
for the Hilbert function of ¥ at Ny,...,Ng +d, and hence there are only finitely many
possibilities for the Hilbert polynomial of Y, as required. a

Since any fan A has a refinement A ’  that can be extended to a regular subdivision
of Ng, Theorem 3.2 implies that, for an arbitrary weighted simplicial fan (A,  w), the
tropical realizations of (A,w) over a field k are in natural bijection with the k-points
of a scheme of finite type.
Remark 3.3. These tropical realization spaces can also be used to construct more
general moduli, such as for tropical realizations of pairs. If A’ is  a subfan of positive
codimension in A, then inside the product

Rpt X Baw

there is the closed algebraic subspace parametrizing pairs (Y’,Y) such that ¥’ is
contained in Y. The fibers of this moduli space of pairs under second projection
parametrize tropical realizations of (A’,w’) that are contained in a fixed subvariety
Y of X(4).

4 Tropical Realization of Matroid Fans

Let M be a loop free matroid on a finite set E, and let ey, . . . , e ,  be the elements
of E .  Let N be the lattice

N=ZF/(eg+--+en).

The matroid fan Ay is a simplicial fan in Ng that encodes the lattice of flats of M.
Ardila and Klivans introduced this fan in [AKO06] and called i t  the fine subdivision
of the Bergman fan of the matroid; the fan is defined as follows. For a subset I C E,
let e; be the vector

er = py e;
ee l

in Ng.
The rays of the matroid fan Ay correspond to the proper flats F C E of the

matroid, and the ray pr corresponding to a flat F is spanned by er. More generally,
the k-dimensional cones of the matroid fan correspond to the k-step flags of proper
flats. If & is a flag of flats F} C --- C F then the corresponding cone oc is spanned
by {er , , . . . ,er} .  Since each cone Gz in Ay is spanned by a subset of  a basis for the
lattice N, the toric variety X (Ay) is smooth. Furthermore, since every flag of flats
in a matroid can be extended to a full flag, the matroid fan Ay is of  pure dimension
equal to the rank of M minus one.
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Example 4.1. Let Uy, be the uniform matroid on {0,...,n}, the matroid in which ev-
ery subset is a flat. Then the matroid fan Ay, in R"1/(1,...,1) is the first barycen-
tric subdivision of the fan corresponding to P", and X(Ay, ) is obtained from P” by
a sequence of blowups

X(Au,) =Xp-1 — ++ =X; > Xo =P",
where Xj, 1 — X; is the blowup along the strict transforms of the i-dimensional T-
invariant subvarieties of IP". The matroid fan Ay, can also be realized as the normal
fan of the n-dimensional permutahedron.

Note that the labeling E = {eo,- . . ,en}  of the underlying set of the matroid M
induces an inclusion of the matroid fan Ay as a subfan of Ay,.  In particular, the
toric variety X (Aw) is quasiprojective, so the tropical realization functor %,,, is
represented by a scheme of finite type. Furthermore, the dense torus T in X (Ay) is
naturally identified with the dense torus in IP".

Proposition 4.2. Let Y° be a tropical realization of Aq. Then the closure of Y° in
PP" is a d-dimensional linear subspace.

We will prove the proposition using a projection to P4 and the following lem-
mas. After possibly renumbering the elements of E, we may assume {eo,...,ez} is
a basis for Ml. Let U be the uniform matroid U,. Consider the projection from Ng
to R4+!/(1,...,1) taking e; to the image of the ith standard basis vector for i < d,
and taking ¢; to zero for j > d. Every cone in Ay projects into some cone of Ay,
inducing a map of fans Ay — Ay. Composing the induced map of toric varieties
X (Am) — X(Ay) with the birational projection X (Ay) — P¢ described in Exam-
ple 4.1 gives a natural map

p:X (Am) =P .
This map can also be factored as a birational morphism followed by a linear pro-
jection, as follows. Let D; be the ith coordinate hyperplane in P*. Then p factors
as

X(Am) £4 P" (Don ---ND4) 2 P4,
where p j  is the birational morphism induced by the open immersion of  X (Ay)
in the iterated blowup X(Ay,) of P*, and p, is the linear projection away from
DoN---NDy.

Let Y be the closure in X (An) of  a tropical realization ¥° of Ay.

Lemma 4.3. The map p takes Y birationally onto P?.

Proof. We show that the map from Ap to Ay is of tropical degree one, and it fol-
lows that the map Y — X (Ay) is birational, by Theorem 1.1 of [ST08]. The lemma
follows by composing this map with the birational projection from X (Ay) to P¢,

Let v be a point in the interior of the maxinial cone ¢ in Ay corresponding to a
full flag S) C--- C Sy of proper subsets of {0,...,d}. Let #F betheflag Fy C---  CF;
in which F; is the flat spanned by {e; | j € S;}. Then oz is the unique cone in Ap
whose image meets the relative interior of o, and i t  projects bijectively onto ©.
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Therefore, the preimage of v in [Ay] is a single point in the relative interior of Cz.
‘S ince  the lattice N Nspan(G.z) maps isomorphically onto Z4+1/(1,...,1), the map

a© offans Ay — Ay is of tropical degree one, as required.

Since p is birational and P¢ is normal, the complement of the open set over which
+p  is an isomorphism has codimension at least two. Inparticular, for any irreducible

divisor D in P there is a unique irreducible divisor D in Y, the strict transform of
D, that maps onto D, and the map from D to D is birational.

Let xg, . . . ,x4  be the standard homogeneous coordinates on IP, and let H be the
coordinate hyperplane cut out by xg, with H its strict transform in ¥ .  For 1 < i  <n,
let x; be the character of T, viewed as a rational function on X (Ap), corresponding
to the unique lattice point u; € Hom(N, Z) such that

—1 ifi=0,

(upejy=4 1 i f i= j ,
0 otherwise.

The character y; is invertible on the dense open subset Y° of ¥,  and hence restricts
to a nonzero rational function ¥;|y onY. ‘
Lemma 4.4. The rational function YX;|y has a simple pole along H, and all its other
poles are contracted by p, for 1 < i<n .

Proof. On X (Ap), the rational function x; has simple poles along those divisors Dy,
corresponding to flats F that contain ep but not e;, and no other poles. In particular, p
maps each pole of y; into H, and every T-invariant divisor of X (Am) that maps onto
H is a simple pole of ¥;. It follows that all poles of ¥;|y other than H are contracted
by p, and the multiplicity of the pole along H is independent of  i. It will therefore
suffice to show that y; |y has a simple pole along H.

Now xy  is the pullback of  the rational function x ;  /xo on P? under the birational
map p. Since x;  /xp has a simple pole along H, its pullback has a simple pole along
the strict transform H, and the lemma follows. 8]

Proof of Proposition 4.2. To prove the proposition, we must show that the rational
function ¥;|y is a linear combination of 1, x1|y, ..., X4|y, fori > d. Since p: ¥ — P¢
is proper and birational, ¥;|y induces a rational function f; on IP? whose poles are
the push forward of the poles of y;|y. By Lemma 4.4, f; has a simple pole along H
and no other poles, and therefore may be expressed as a linear combination

fi=aotaixi/xo+---+agxq/xo

of the T-eigensections of £(H). Since yy is the pull back of x;/xo for 1 < j <
d, pulling back the expression above to Y gives ; | y  as a linear combination of
Lx l y , - - - ,  Xaly, as required. a

Let Y° be a tropical realization of Ap, and let Y be its closure in X (Ay). By
Proposition 4.2, the image of ¥ in P" is a copy of P? embedded linearly, so Y° is
exactly the complement in P? of the arrangement of n+  1 hyperplanes given by
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intersecting with the coordinate hyperplanes in IP". In other words, when we factor
p as a birational morphism followed by a linear projection, as described above, then
Y° is  the complement of the hyperplane arrangement Hy, . . . ,H , ,  where H; is  the
projection of py (Y) ND;, where D; is the ith coordinate hyperplane in P*.

We now show that this hyperplane arrangement realizes the matroid M, in the
following standard sense. In terms of flats, a collection of hyperplanes Hy,...,H,
realizes Ml if the codimension of any intersection H;, N---NH;, is equal to the rank
of the flat spanned by e;,,...,e;,. This is equivalent to the condition that the inter-
section of any d + 1 projective hyperplanes Hj, N---N Hj, is empty if and only if
{€jo,---,€j,} is a basis for M. See [Ox192] for this and other standard facts from
matroid theory.

Proposition 4.5. Let H; be the hyperplane given by intersecting P¢ with the ith
coordinate hyperplane in P". Then {Hy, ...,H,} realizes M.

Proof. Let D; be the ith coordinate hyperplane in P*, so H; is the intersection of D;
with 7(¥) 2 P4. For any I C {0,...,n}, the preimage in X (Am) of the coordinate
linear subspace [;cy D; is the union of the T-invariant divisors Dp, for proper flats
F that contain I. Therefore, if {e;y,...,e;,} is a basis for Ml then the preimage of
D;,N---NDy, in X (Am) is empty. It follows that the preimage of H;yN---NH;, in Y
is empty, and since 7 :  ¥ — PP? is surjective, it follows that Hy, N---NH;, is empty
as well,

Conversely, if {ey,,...,ei,} is not a basis for M, then it is a subset of a proper flat
F. Now Y meets the divisor Dy, and any point in ¥ ND, projects into H;; N---N
Hj, so this intersection is nonempty, as required. 0

The torus acts naturally on the set of tropical realizations of any fan; if Y° is a
tropical realization of (A,w) then the translation ¢ - Y° is also a tropical realization
of (A,w), for t in T. We say that two tropical realizations of Ay are isomorphic
if they differ by translation by an element of T' and that two realizations of M are
isomorphic if they differ by an automorphism of IP¢.

Corollary 4.6. The map taking a tropical realization Y° of Ay to the hyperplane
arrangement Hy, . . . ,H ,  in P? gives a natural bijection between the isomorphism
classes of tropical realizations of Am over a field k and the isomorphism classes of
realizations of Ml over k.

Proof. First, we show that the map from isomorphism classes of tropical realiza-
tions of Ay to realizations of M is injective. Suppose ¥; and Y;’ are tropical re-
alizations of Ap. Since there is a unique automorphism of P¥ taking H; to the ith
coordinate hyperplane, for 0 < i < d, the projected images p(¥y) and p(¥y) in P¢
must be equal. Then the two embeddings of this variety in T are determined by
the push forwards under p of the rational functions Xilrps for 0 £ i  <n ,  which are
rational functions on IP¢ whose divisors of zeros and poles are independent of all
choices, as in the proof of Lemma 4.4. Therefore Xilre is a nonzero scalar multiple
of Xilys. It follows that 7 is the translation of ¥;' by an element of 7 ,  so the map
from isomorphism classes of tropical realizations of Ap to isomorphism classes of
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realizations of M is  injective. It remains to show that every realization of M comes
from a tropical realization of Apg in this way.

Given a hyperplane arrangement realizing M, there is a natural embedding of the
complement of this arrangement in 7, well-defined up to translation, given by the
Space of global invertible functions. The tropicalization of the image is  exactly Ap,
by  the geometric tropicalization theory in Sect. 2 of [HKTO09]. 0

In particular, there is a natural surjection from the set of k-points of  Ry, to the
set of  isomorphism classes of realizations of M over k. In the following concluding
section we show that this surjection is induced by a smooth and surjective morphism
of schemes, and deduce that tropical realization spaces satisfy Murphy’s Law.

5 Murphy’s Law for Tropical Realization Spaces

Recall that a hyperplanein P¥ is cut out by a nonzero section of the line bundle
£(1) and a family of hyperplanes over a scheme § is cut out by a section of &(1) on
the relative projective space PZ that is nonzero on the fiber over each point in S. The
functor taking a scheme S to the set of such sections is  represented by a scheme I"
that is isomorphic to A9+! \ 0, and there is a locally closed subscheme Ig of I'"+!
parametrizing tuples of sections (so, ...,s,) cutting out families of realizations of
the matroid ML. These are exactly the tuples such that {s;,,...,s;,} generates (1)
if and only if {e;,,...,e;,} is a basis for ML.

Note that PGLy.4; acts on I by automorphisms of P4 and G7! acts by co-
ordinatewise scaling of the sections s;. These actions commute, and the product
PGL44) XG! acts freely on Ig. Furthermore, two tuples of sections cut out the
same family of hyperplane arrangements if and only if they differ by an element of
G2! and two families of hyperplane arrangements are isomorphic, by definition, if
they differ by an element of PGL,.,. The quotient

Rum = Iia/(PGLyy1 XG)
is the usual realization space of the matroid M and represents the functor taking a
scheme S to the set of isomorphism classes of families of hyperplane arrangements
realizing Ml over S. Theorem 1.4 says that Ry, is naturally a torus torsor over Ry.
To prove this, we will describe a quotient of T that acts freely on Ry,,, with quo-
tient Ry .

Recall that a circuit in a matroid is a minimal set that is not contained in a ba-
sis, and a matroid is  connected i f  any two elements are contained in a circuit. The
matroid M has a unique decomposition into connected components

M=FU- - "UF , ,

which are disjoint flats such that every circuit of M is contained in some F;, and the
restriction of Ml to each F; is  connected. Let Nyy be the sublattice of M generated by
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VF,  VF,. Note that this sublattice has rank exactly ¢ and is saturated in N; the sum
VR + - -+  VF, is  zero. Let Ty be the subtorus of T whose lattice of one-parameter
subgroups is Nu.

Proposition 5.1. The subtorus Ty acts trivially on the tropical realization space
Ruy» and the quotient T [Ty acts freely.

To prove the proposition, we use the following lemma characterizing subvarieties
of T that are invariant under a subtorus. Let T! be a subtorus of 7 whose lattice of
one-parameter subgroups is N'.

Lemma 5.2. Let Y° be a subvariety of T. Then Y° is invariant under the action of
T' if and only if Trop(Y°) is invariant under translation by Np.

Proof. Suppose Y° is invariant under the action of 7’. Then base change to an ex-
tension field K with a valuation that surjects onto R,  such as the field of generalized
power series k((¢®)). Since tropicalization commutes with base change, by Prdpo-
sition 6.1 of [Pay09], Trop(Y°) is the image of Y°(K) under the valuation. Then the
action of T/(K) on Y(K) induces an action of Ng on Trop(Y°) by translations, as
required.

Conversely, suppose Trop(Y°) is invariant under translation by Ng. Then the im-
age of Trop(Y°) in Nr/Ng has dimension dim¥° — dim Ng. This image is exactly
the tropicalization of the closure of the image of Y° in T/T’. Therefore, the image
of Y° in T/T’ has dimension dimY° — dim 7”, and hence Y° is invariant under the
action of T". O

Proof of Proposition 5.1. We begin by showing that the matroid fan Ay is preserved
under translation by (My)r. The support of the matroid fan |Ap] is the image in Ng
of the set of vectors (vo, ...,vs) in R**! such that, for every circuit { ey , . . . , e ;} of
M, the minimurh of  the set of coordinates {v,,...,v; } occurs at least twice [FS05].
Now, let F be a connected component of M. Since every circuit of M is either
contained in F or disjoint from F, it follows that |Ap| is invariant under translation
by vr.  Since this holds for each connected component of  M, |Ay|  is invariant under
translation by (Nm )R-

Next we show that (Ny) is the intersection of the affine spans of the maximal
cones in Ap, and hence every vector in Ni that acts on Ay by translations is in
(Nm)R. Suppose the image v in Ng of (vo,...,v,) € R**! is in the span of every
maximal cone of Ap. To show that v is in (Ny)Rr, we must show that v; is equal
to v; whenever e; and ¢; are in the same connected component of M. Now, if ¢;
and ¢; are in the same connected component then they are contained in a circuit
{eiy,.- ei, ej,  ex}. Then there is a full flag of proper flats

F=RC- - -CFy

such that F; is the span of {e;,,...,e;} for 1 < r  <'s, and Fj, is the span of the
full circuit. The maximal cone G# is spanned by {vr,,...,Vg,}, and since each F;
contains either none or both of e; and e;, and v is in the span of the vectors vg, it
follows that the coordinates v; and v are equal, as required.
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By Lemma 5.2, since (My)Rr acts on [Ay] by translations, the subtorus Tyg pre-
serves each tropical realization of Ap, so the action of Ty on the tropical realization
space Ry, is trivial. It remains to show that T/T acts freely on Ray.

By  Fulton’s criterion for intersection multiplicity one, the closure of each tropical
realization of Ay; meets the orbit O, corresponding to a maximal cone transversally
in a single point. Therefore, to show that T'/Ty; acts freely on Ry, it will suffice
to show that T'/Tjy acts freely on the union of these orbits O,. Since the pointwise
stabilizer of Og is exactly the subtorus of T° corresponding to the span of ¢, and
the intersection of these subtori is Ty, it follows that T/T acts freely on Ray, as
required. a

We will now prove the following precise version of Theorem 1.4.

Theorem 5.3. The matroid realization space Ry is naturally isomorphic to the
quotient of the tropical realization space Ruy, by the free action of T [ Ty.

Proof. Recall that M is a fixed matroid on a finite set E = {ey,...,e,} whose ele-
ments are numbered so that eg, . . . , e ,  is  a basis for M.

Let D; be the ith coordinate hyperplane in IP". We have defined a natural mor-
phism p :  X(A) — IP that factors as a birational morphism p; to P"* followed by the
linear projection p, from Dp N- - -NDy .  If Y is the closure in X (Ap) of a tropical
realization of Ay then p(Y) is a d-dimensional linear subspace of P* that is dis-
joint from DgN- --N Dy, and p, maps p ;  (Y)ND; to a hyperplane H; in P4. In Sect. 4
we showed that the hyperplane arrangement Hy, ...,H, realizes M. Now, suppose
that Ys is a family of tropical realizations of Ap over a scheme S. By the Hilbert
polynomial criterion for flatness,

#4 = pa(p1(¥s)ND;)
is a flat family of hyperplanes. Let 5; be a section of £(1) on IP4 cutting out J. By
Nakayama’s Lemma, sj, ...,5;, generate £(1) if and only if they generate the fiber
at every point. Therefore it follows from Proposition 4.5 that 38, . . .  , 7%, is a family
of realizations of  M, and hence is the pullback under a unique morphism from S to
Rum. In particular, the universal family of tropical realizations over R,,, determines
a natural morphism @ : Ra, — Rm. We will show that ¢ is the quotient morphism
for the free action of T/T on Ry, given by Proposition 5.1; to prove this, we first
show that the quotient map from Ing to Ry factors through ¢.

Recall that the closure ¥ in X (Ap) of any tropical realization of the matroid fan
Ay over a field is the strict transform of  a d-dimensional linear subspace of P* under
a sequence of iterated blowups of strict transforms of coordinate linear subspaces.
We construct a family of tropical realizations of Ay from a tuple of sections of
0(1) cutting out a realization of M by a similar sequence of blowups, giving a
natural morphism y : Ing — Ra,,, as follows.

Let S be a scheme, and let so,...,s, be sections of &(1) on P¢ cutting out a
family of realizations of M. For each flat F of Mi, let ## be the family of linear
subspaces



86 E. Katz and S. Payne

Y=)
e;cF

obtained by intersecting the corresponding families of hyperplanes. We construct a
scheme Ys from a sequence of blowups of P4

Ys=Ys—Yyy—oY) oY Pi,

where the map from Yj; to ¥; is the blowup along the strict transform of the flats
Yr of relative dimension j over S. By construction, ¥s is flat and proper over S, and
we now construct an embedding of Ys in X(Apm), making Ys a family of tropical
realizations of Ap.

By [Cox95], to give a morphism from Ys to X(Am) we must give a line bundle
Lr for every ray pr in Ay together with a collection of compatible isomorphisms
0: @rLIYF ' Oy, for u € Hom(N, Z). Since the lattice points i; considered in
Sect. 4, for 1 < i  < n, characterized by the pairings

—1 ifi=0,
(unejy=41 ifi=j,

0 otherwise,

form a basis for Hom(N,Z), it will suffice to give the isomorphisms @,,. Then
all other ¢, are given uniquely as a composition of the ¢,, and the compatibil-
ity condition is automatically satisfied. Now, the line bundle FLEW Y is exactly
O(H) ® 6(H3)V, so there are natural isomorphisms given by the sections so/s; of
Hom(&() ® 6(4)V,  Oy). From the case where. S is Speck, treated in Sect. 4, it
follows that the resulting map to X (Ap) x S is an embedding and that the image is
a family of tropical realizations of An over S. By the universal property of the trop-
ical realizations space, this family is pulled back under a unique morphism from §
to Ray. In particular, the universal family of tuples of sections over I'y determines
a natural morphism Vy from Is to Ra,,, taking a tuple of sections (so,...,Sa) to the
tropical realization of  Ay given by embedding the complement of  the vanishing loci
of the s; in the dense torus T in P" by homogeneous coordinates [sp : «+ - : sp). The
¢ o takes a tuple of sections sg, ...,s, to the realization of M cut out by the Si, and
is the quotient map from I to Ry, as claimed.

By construction, y is invariant under the action of PGLy4y and the diagonal
subtorus G,, in GH, and descends to a T-equivariant map

V:  Lu/(PGLa+41 XG) — Ray.
The composition @ o¥  is then the quotient map for a free T-action. Since the
subtorus Tj acts trivially on Ry,,, and the quotient T/T acts freely, ¥ must be
the quotient by the action of Ty and ¢ is the quotient by the action of T/T}, mak-
ing Ray, a T/Tiy torsor over Ry, as required. a

We conclude by using Theorem 1.4 to show that tropical realization spaces satisfy
Murphy's Law.
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Proof of Theorem 1.7. Let (Y,y) be a singularity of finite type over SpecZ. By the
scheme theoretic version of Mnév’s Universality Theorem {Mn&85], as presented by
Lafforgue in Sect. 1.8 of {Laf03], the singularity type of (Y,y) occurs at some point
of the realization space of a rank three matroid M. Since the tropical realization
space Ry,, is smooth and surjective over Ry, by Theorem 1.4, i t  follows that this
singularity type also appears on Ry. It remains to show that the universal family
is smooth over Ry,,, and since the universal family is flat it is enough to show
that the fibers are smooth. Now the constructions of Sect. 4 show that each fiber
is isomorphic to the blowup of IP? at finitely many distinct points, and is therefore
smooth, as required. a

References

[AKO6) F. Ardila and C. Klivans, The Bergman complex of a matroid and phylogenetic trees,
J. Combin. Theory Ser. B 96 (2006), no. 1, 38-49.

[Art69] M. Artin, Algebraization of formal moduli. I, Global Analysis (Papers in Honor of
K. Kodaira}, Univ. Tokyo Press, Tokyo, 1969, pp. 21-71.

[BM93] D. Bayer and D. Mumford, What can be computed in algebraic geometry?, Computa-
tional algebraic geometry and commutative algebra (Cortona, 1991), Sympos. Math.,
XXXIV, Cambridge Univ. Press, Cambridge, 1993, pp. 1-48.

[Cox95) D .  Cox, The functor of a smooth toric variety, Tohoku Math, J. (2) 47 (1995), no. 2,
251-262.

[Ewa%96] G. Ewald, Combinatorial convexity and algebraic geometry, Graduate Texts in Mathe-
matics, vol. 168, Springer-Verlag, New York, 1996.

[F897] W. Fulton and B .  Sturmfels, Intersection theory on toric varieties, Topology 36 (1997),
no. 2, 335-353.

[FS05]  E. Feichtner and B .  Sturmfels, Matroid polytopes, nested sets and Bergman fans, Port.
Math. (N.S.) 62 (2005), no. 4, 437-468.

[Ful98]  W. Fulton, Intersection theory, second ed., Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge. A Series of  Modern Surveys in Mathematics, vol. 2, Springer-Verlag,
Berlin, 1998.

[HKT09] P. Hacking, S. Keel and J. Tevelev, Stable pair, tropical, and log canonical compact
moduli of Del Pezzo surfaces, Invent. Math. 178 (2009), no. 1, 173-228.

[Iwa09] I Iwanari, The category of toric stacks, Compos. Math. 145 (2009), no. 3, 718-746.
[Kat09] E. Katz, A tropical toolkit, Expo. Math. 27 (2009), no. 1, 1-36.
[Katl0] E. Katz, Tropical realization spaces and tropical approximations, preprint, arXiv:

1008.1836v1, 2010.
[Knu71] D .  Knutson, Algebraic spaces, Lecture Notes in Mathematics, vol. 203, Springer-

Verlag, Berlin, 1971.
[Kol96] J. Kollér, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer

Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics, vol. 32, Springer-
Verlag, Berlin, 1996.

[Laf03] L.Lafforgue, Chirurgie des grassmanniennes, CRM Monograph Series, vol. 19, Amer-
ican Mathematical Society, Providence, RI, 2003.

[Mik08] G. Mikhalkin, What are tropical counterparts of algebraic varieties?, Oberwolfach
Reports 5 (2008), no. 2, 1460-1462.

[Mng&85] N.Mnév, Varieties ofcombinatorial types ofprojective configurations and convex poly-
hedra, Dokl. Akad. Nauk SSSR 283 (1985), no. 6, 1312-1314.

[Ox192] J. Oxley, Matroid theory, Oxford Science Publications, The Clarendon Press Oxford
University Press, New York, 1992,



88

[Pay09]
[Poo08]

{Spe07]

[STO8]
[Stus7]
[Tev07]
[Vak06]
[Vis89]

E. Katz and S. Payne

S. Payne, Analytification is the limit of all tropicalizations, Math. Res. Lett. 16 (2009),
no. 3, 543-556. ’
B .  Poonen, Undecidability in number theory, Notices’ Amer. Math. Soc. 55 (2008),
no. 3, 344-350.
D. Speyer, Uniformizing tropical curves I: genus zero and one, preprint, arXiv:
0711.2677v1, 2007.
B .  Sturmfels and J. Tevelev, Elimination theoryfor tropical varieties, Math. Res. Lett.
15 (2008), no. 3, 543-562.
B .  Sturmfels, On the decidability of Diophantine problems in combinatorial geometry,
Bull. Amer. Math. Soc. (N.S.) 17 (1987), no. 1, 121-124,
J. Tevelev, Compactifications of subvarieties of tori, Amer. J. Math. 129 (2007), no. 4,
1087-1104.
R. Vakil, Murphy's law in algebraic geometry: Badly-behaved deformation spaces,
Invent. Math. 164 (2006), no. 3, 569-590.
A.  Vistoli, Intersection theory on algebraic stacks and on their moduli spaces, Invent.
Math. 97 (1989), no. 3, 613-670.


