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Abstract We show that the dual of the cone of divisors on a complete Q-factorial
toric variety X whose stable base loci have dimension less than k is generated by
curves on small modifications of X that move in families sweeping out the bira-
tional transforms of k-dimensional subvarieties of X. We give an example showing
that it does not suffice to consider curves on X itself.
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1 Introduction

Let X be a smooth n-dimensional complex projective variety. Boucksom, Demail-
ly, Paun, and Peternell have recently shown that the dual of the cone of numerical
classes of effective divisors on X is the closure of the cone of numerical classes of
movable curves [BDPP, Theorem 0.2]; see also [PAG, 11.4.C]. Their theorem is
analogous to a theorem of Kleiman that says that the dual of the cone of numerical
classes of ample divisors is the closure of the cone of numerical classes of effective
curves [PAG, 1.4.23]. Debarre and Lazarsfeld asked whether these results might
generalize in the following way: for | < k < n, is the dual of the cone of numer-
ical classes of divisors on X whose stable base locus has dimension less than k
generated by the numerical class of a natural collection of curves, such as curves
moving in a family that sweeps out a subvariety of dimension k? This paper gives
an affirmative answer to their question in the toric case, with a slight twist—the
curves that one must consider include not only curves on X, but also curves on
small modifications of X.
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Recall that a small modification f : X --» X' is a birational map that is an
isomorphism in codimension 1. If V is a subvariety of X, we say that f maps V
birationally to f (V) if f is defined on an open set meeting V and maps a dense
open subset of V isomorphically onto a dense open subsetof f(V).If D = > d; D;
is a divisor on X, then we write f (D) for the divisor >_ d; f(D;) on x.

Theorem 1 Let X be a complete Q-factorial toric variety with dense torus T, and
let D be a divisor on X. The following are equivalent:

(1) The stable base locus B(D) has dimension less than k.

(2) For every T-invariant subvariety V. C X of dimension k, and for every small
modification f : X --» X' that maps V birationally to f(V), with XT pro-
jective and Q-factorial, and for every irreducible curve C on X' moving in a
SJamily sweeping out f(V), (f(D)-C) > 0.

Recall that the stable base locus B(D) of a Q-divisor D is the set-theoretic
intersection of the base loci of the complete linear systems |m D| for all positive
integers m such that m D is integral. Let N'(X )@ be the space of Q-divisors on
X, modulo numerical equivalence. Since the stable base locus of the sum of two
divisors is contained in the union of their stable base loci, the set of classes in
NY(X )@ that are represented by divisors whose stable base locus has codimen-
sion greater than k is a convex cone (for a general numerical class, the stable base
locus is independent of the choice of representative [PAG, 2.1 and 10.3]). We write
Ampk (X) for the closure of this cone in N'(X)g := N! (X)@ ® R. This notation

is suggestive of the fact that Amp¥ (X) is also the closure of the cone of numerical
classes of divisors that are ample in codimension k, that is, the cone of numerical
classes of divisors D such that there is an open set U, with O(D)|y ample, whose
complement has codimension greater than k. The cone Eff ! (X) of pseudo-effective
divisors, the closure of the cone of numerical clases of effective divisors, is filtered
by the cones Amp* (X):

Eff'(X) = Amp’(X) D -+ D> Amp" ' (X) = Amp(X).

We have an analogous filtration of the cone Eff;(X)r of pseudo-effective
curves, as follows. Let Ni(X)gr be the space of 1-cycles in X with coefficients
in R, modulo numerical equivalence. The intersection pairing on X induces a nat-
ural isomorphism Ni{(X)r = N hx )HVQ. Let Movg(X) be the the convex cone in
N1(X)Rr generated by classes of irreducible curves moving in a family that sweeps
out a k-dimensional subvariety of X. So

Mov(X) = Mov,(X) C --- C Mov(X) = Eff|(X).

If a curve C moves in a family that sweeps out a k-dimensional subvariety, and
if B(D) has dimension smaller than k, then C can be moved off of the support of
some effective divisor linearly equivalent to a multiple of D, and hence (D - C) is
nonnegative. So there are natural inclusions

Movi(X) C Amp"*(X)¥ and Amp"*(X) C Movi(X)".

Kleiman’s theorem says that equality holds for k = 1, and the theorem of Bouck-
som, Demailly, Paun, and Peternell says that equality holds for k = n. As Lazarsfeld
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points out, one does not expect equality for | < k < n; in light of the equality for
k = n, equality for general k would say, roughly speaking, that the restriction of a
big divisor to its stable base locus is not pseudo-effective, which seems too strong
(a classical theorem of Fujita says that the restriction of a divisor to its stable base
locus is not ample [Fuj, Theorem 1.19]).

Another heuristic reason to believe that equality should not hold for general
k comes from the consideration of small modifications f : X --» X', with XT
complete and Q-factorial. Numerical equivalence on X and on X coincide (this
follows, for instance, from Kleiman’s characterization of numerically trivial line
bundles [SGA6, XIII, Theorem 4.6]). So the map D +— f (D) induces an isomor-
phism N (X)r = N!(X")g. The global sections of D and of (D) are canonically
identified, so if V is contained in B(D), and if f maps V birationally to f(V), then
f (V) is in the stable base locus of f (D). In particular, Ampl (X) is identified with
Amp' (XT). But there is no natural way to identify Mov,_(X) and Mov,_;(XT)
compatibly with the intersection pairing.

We now introduce additional cones of numerical classes of 1-cycles which take
into account k-movable curves on small modifications of X. Let f : X --» X be
a small modification, with X complete and Q-factorial. We define

Movi (X, X)) ¢ Ni(X)r

to be the image of the convex cone generated by numerical classes of irreducible
curves C on X' moving in a family that sweeps out the birational image of a
k-dimensional subvariety of X under the identifications

NiXDr = N' (XD = N (X0 = Ni(X)r.
There is an obvious inclusion
Movi (X, XT) € Amp"*(x)".
With this notation, Theorem 1 can be restated as follows.

Theorem 2 Let X be a complete n-dimensional Q-factorial toric variety. Then

Amp" (0" = > Movi(X. XD,
fiX--+XT

where the sum is over all small modifications f : X --» X' such that X* is
projective and Q-factorial.

It seems unclear whether a statement like Theorem 2 should be true in general,
because it is not clear whether a general variety X will have enough Q-factorial
projective small modifications. By [HK, Lemma 1.6], this depends essentially on
whether X has enough divisors D whose section ring

R(X, D) = P H (X, O(mD))

m=>0

is finitely generated.
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Problem Let X be a projective n-dimensional QQ-factorial complex variety. Is the
inclusion

Z Movi(X, X") ¢ Amp"*(X)¥
fiX--sXT

an equality?

The following example illustrates the necessity of considering curves on small
modifications; we give an example of a threefold X such that Mov, (X) is properly
contained in Amp' (X)".

Example 1 Let Y be the projectivized vector bundle
Y = P(OQ3) @ Op2) —> P,

and let s be the section of 7 whose image is P(O(3)). Let p1, p2, and p3 be non-
colinear points in P2, and let X be the blow up of Y at s(p1), s(p2), and s(p3).
Let E; be the exceptional divisor over s(p;). We make the following claims, which
will be justified in the next section using toric methods.

(1) Thedivisors Ey, E;, and E3, together with DT, the strict transform of P(O(3)),
and D™, the strict transform of P(Op2), give a basis for N L X)R.

(2) Theclassc € N1 (X)g definedby (E;-c) = 1,(DT-¢) = 0,and (D™ -¢) = -3,
generates an extremal ray of Amp' (X)".

Assume these claims are true. Choose in N (X)g an open cone U containing
c sufficiently small so that any class in U pairs negatively with D™ and positively
with the E;. Any effective representative of a class in U must have a component
that lies in D, and D~ is disjoint from the E;, so U does not contain the class
of any irreducible curve on X. By perturbing a supporting hyperplane cutting out
the extremal ray spanned by ¢, we can find a closed half space H containing
Amp'(X)Y < (Amp XH)VNnu) but not containing c. Since Mov, (X) is generated
by classes in Amp' (X)Y ~ (Amp'(X)Y N U), Mov,(X) is contained in H and
does not contain c.

However, consider the small modification

fiX - X'

given by flopping the three curves 7' (p;). The variety X' can be realized as a
projectivized vector bundle over the blow up of P? at py, p», and p3,

X' =P(L ® Opy,p2) = BEGP,

where L is the line bundle given by the strict transform of a smooth cubic passing
through the p;. Let s7 be the section of 77" whose image is P(O peyp2)- Then ¢ is
represented on X' by s7(C), where C is the strict transform of a smooth conic in

IP? passing through the p;, and s (C) moves in a family that sweeps out the surface
]P(OBZ’;PZ) in )(_J .
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2 Toric preliminaries

For the remainder of this paper, we fix a complete simplicial fan A in an
n-dimensional latticed vector space Ng = N ®z R. Let X = X (A) be the corre-
sponding toric variety over some fixed algebraically closed field, and let 7' be the
dense torus in X. Let py, ..., p be the rays (or 1-dimensional cones) of A. Let
v; € N be the primitive generator of p;, and let D; be the corresponding prime
T -invariant divisor on X . See [Ful] for details on the correspondence between fans
and toric varieties.

Since A is complete and simplicial, X (A) is Q-factorial, and numerical and
rational equivalence coincide on X. We have a short exact sequence

0— Ni(X)p —> R — Nrp — 0,

where the map from R” takes (ay, ..., a;) to ajvy + - - - + a,v,. The dual short
exact sequence is

0« N (X)p < R « Mg <0,

where M is the character lattice of 7, and the map from R" takes (dy, ..., d,) to
the numerical class of the divisor di Dy + - - - + d, D,..
If D=d\D| +---+d; Dy, then the polytope Pp C Mp is defined by

Pp={ueMg: (uv)>—dforalll <i <r}.

If D isintegral, the characters x“, forallu € PpNM,formabasis for HY(X, O(D)).
The vanishing locus of x“ € HY(X, O(D)) is supported exactly on the union of
the divisors D; such that (u, v;) > —d;. It follows that the base locus, and hence the
stable base locus, of any divisor on X is 7'-invariant. See [HKP] for more details.

If V(7) is the T-invariant subvariety corresponding to a cone 7 € A, then
V(7) is not contained in the stable base locus of D if and only if the class of D
in N'(X)R is in the cone I'y spanned by the classes of T-invariant divisors not
containing V (7). In other words,

e =(Dj:pj €r1).
Since base loci are T-invariant, and the codimension of V (7) is the dimension of t,
Amp*(X)= (] T..
dim t=k

Since each I'; is a rational polyhedral cone, it follows that Amp*(X) is also a
rational polyhedral cone. Furthermore, the dual of Amp¥(X) is given by

Ampf(X)Y = Z ry.

dim t=k

From the description of I'; and the exact sequences above, we have
Frv ={(ai,...,a;) €R" :av; +---+a,v, =0and q; > 0 forv; & 7}.

The cones {I"; }, for maximal cones t, appear prominently in the “bunches of cones”
in [BH].
We now prove the claims made in Example 1.
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Example 2 Suppose N = Z3,r = 8, and

vl = (17 17 _1)1 v = (_11 07 _1)7 V3 = (09 _17 _1)7 V4 = (1701 _1)1
Vs = (07 1’ _1)’ V6 = (_13 _17 _1)7 v7 = (07 Oa _1)7 vg = (07 Oa 1)5

with A being the fan whose maximal cones are

(v1, va, v8), (v1, Vs, V8), (V2, Vs, v8), (V2, Vs, VS),
(v3, v, V8), (V3, V4, V8), (V1, V4, V5), (V2, Vs, Vg),
(v3, v4, V6), (v4, V5, V7), (Vs, V6, V7), (V4, V6, V7).

Then X = X (A) is the variety considered in Example 1, D; = E; fori = 1,2, and
3, D7 = D~ is the strict transform of P(Op2), and Dg = D™ is the strict transform
of P(O(3)). See [Oda, pp. 58-59] for the construction of the fan corresponding
to a projectivized split vector bundle on a toric variety. The following diagram
illustrates the fan AT corresponding to X . as well as the fan A; the intersection
of each fan with the hyperplane {(x, y, z) € R? : z = —1} is shown. See [Rei] for
the changes in the fan corresponding to a flop.

Vs
Vi
V2
\'Z v,
V()
V3
ATN(Ez=-1) AN(z=-1)

We claimed that the classes of Dy, D>, D3, D7,and Dg give abasis for NY(X)R.
This now follows immediately from the short exact sequence

0— MR—>]R8—>N1(X)R—>0,

and the fact that {vy4, vs, vg} is a basis for Ng = Mug. It remains to show that the
class ¢ € Ni(X)r given by (D1 -¢) = (Dy-¢) =(D3-c) =1,(D7-¢) = -3,
and (Dg - ¢) = 0 spans an extremal in Amp' (X)". Recall that

8
Amp'(X)Y = z ry.
i=1
For i # 7, D7 is in I, and hence c is not in F;i. Therefore, it suffices to show

that ¢ spans an extremal ray in 'Y, which is clear: ¢ spans the inward normal to
the face of I'y, spanned by the classes of D4, D5, D, and Dg.
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3 Constructing curves on toric varieties

By the exact sequence
0— Ni(X)p —> R — Nrp — 0,

anumerical class ¢ € Nj(X)R is represented uniquely by an r-tuple of real numbers
(ay, ..., a;),such that (D; - ¢) = a;, and these numbers satisfy the relation

ajvi+---+av =0.

Conversely, any such r-tuple (a;) corresponds to some numerical class in N1 (X)R.
Given a cone T € A, we say that a ray p; is adjacent to t if there is a cone
o € A containing both 7 and p;.

Proposition 1 Let C be an irreducible curve in X, with (D; - C) = a;. Then there
is a cone T € A such that

(1) C moves in a family sweeping out V (t),
(2) a; = 0 unless p; is adjacent to t,
(3) a; = 0 unless p; is in t.

Proof Let t be the unique cone such that the orbit O, contains an open dense sub-
set of C. The action of T moves C in a family sweeping out V (7). Furthermore,
if p; is not adjacent to 7, then D; is disjoint from V (), so D; - C = 0. Similarly,
if p; is not in t, then D; does not contain O, and hence does not contain C, so
(D; -C)=>=0. m|

Proposition 1 restricts the numerical classes of 1-cycles that can be represented
by a positive scalar multiple of an irreducible curve. We now show, by explic-
itly constructing curves with given numerical properties, that these are the only
nontrivial restrictions.

Proposition 2 Let T be a cone in A, and let ay, . . ., a, be integers such that

1) aivr + -+ +arv. =0,
(2) a; = 0 unless p; is adjacent to t,
(3) a; = O unless p; isint.

Then there is an irreducible curve C that moves in a family sweeping out V (t)
such that (D; - C) = a; forall 1 <i <r.

Proof We first consider the case T = 0. So we are given nonnegative integers

ai,...,ar suchthatajvy; + - - - + a,v, = 0, and must construct a curve C sweep-
ing out X such that (D; - C) = qg; for all | < i < r. Choose distinct elements
A, ..., Ar in the base field, let ¢; : G,, — T be the one-parameter subgroup

corresponding to v;, and consider the rational map ¢ : A' --» T given by

¢(2) = [Joiz = 1%,

i=1
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where the product is given by the group law on 7'. Since X is complete, ¢ extends to
aregular morphism P! — X.Itis straightforward to check, using local coordinates,
that if a; = O then (1)(]}”1) is disjoint from D;, and if g; is positive then

Di NP = ¢ (h).

Furthermore, in the latter case, ¢ (1;) is a point in the dense orbit O,, C D;, along
which D; is locally principal, and the local intersection multiplicity is

(Di - Py = ai.

The action of T moves ¢ (P') in a family sweeping out X.
We now consider the case of a nonzero cone 7 in A. Let N; be the quotient
lattice

Ny = N/(N NSpanTt),

and let A; be the fan in (N;)r whose cones are the projections of cones of A
containing 7, so V (t) is the toric variety corresponding to A, [Ful, 3.1]. The rays
of A; are the projections of the rays of A adjacent to 7, but not contained in t; after
renumbering, we may assume that these rays are py, ..., ps. Let p; be the image
of p; under the projection 7 : Ng — (N;)R, let w; be the primitive generator of
P2; in N¢, let m; be the positive integer such that 7 (v;) = m;w;, and let D; be the
divisor in V (t) corresponding to p;, for 1 <i < s. By hypothesis,

aymiwy + -+ +armw, =0

in N;. Hence there is a curve C sweeping out V (7) such that (D; - C) = a;m; for
1 <i <s.Weclaim that C is the required curve. Let ¢ : V() — X be the natural
inclusion, so (D; - C) = (t*D; - C). By the basic properties of toric intersection
theory, as developed in [Ful, 5.1], ¢*D; = D;/m;, so

(D; - C) = (D; - C)/m; = a;,

for 1 <i <s.Fori > s, if p; is not adjacent to 7, then D; is disjoint from V (7)
and hence D; - C = 0. And if p; is in 7, then (D; - C) is uniquely determined by
the condition > (D; - C)v; = 0. Therefore (D; - C) = q;, for all i, as required. O

4 Constructing small modifications of toric varieties

In order to prove the conjecture in the toric case, we need to know that we have
enough small modifications to work with. Although it would suffice to construct
enough small modifications torlcally, it is perhaps helpful to observe that every
small modification f : X --» X', with XT projective, is toric, in the sense that X '
has the structure of a toric varlety with dense torus 7" such that f is T-equivari-
ant. This fact follows from [HK, Proposition 1.11]; it can also be seen directly by
choosing a very ample divisor AT on XT. Then AT is the birational transform of
some divisor A on X, which is linearly equivalent to a T-invariant divisor A’. The
natural map

FX - P(HY(X, O(A)))
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is T-equivariant, and agrees with the map to X ', embedded by A, up to a projective
linear change of coordinates.

Roughly speaking, the following proposition says that, given a cone 7 and a
collection of rays “close to 7" and “surrounding t”’ in A, there is a complete sim-
plicial fan AT containing 7, whose rays are exactly the rays of A, such that each
of the rays in the given collection is adjacent to 7 in A". Such a fan corresponds to
a complete Q-factorial small modification of X.

Proposition 3 Let vy, ..., vy span a cone T in A. Assume there exists s > k + 1
such that
(1) {v1,...,v5—1}is linearly independent,

(2) there is a linear relation
ajvy + -+ AV = Ag41Vk+1 + -+ - + dags,

with a; > 0 forall i,
(3) vj is not contained in the convex cone (v, ..., vs), for j > s.

Then there is a complete simplicial fan AT containing t, whose rays are exactly
the rays of A, such that p; is adjacent to T in ATfor k+1 <i <s. Furthermore,
AT can be chosen such that X (A") is projective.

Proof Choose large positive numbers p > ¢g > 0, and small positive numbers
€541, - - - » €. Let Q be the polytope in Ny

O = conv{pvy, ..., PVk, QUk+1s -+ Vs, Es+1Vs41, « - -, €rVr},

and let A g be the fan whose nonzero cones are the cones over the faces of Q. Itis
straightforward to check that

conv{puy, ..., PUk, QUk+1s -+ q Uiy ..., qUs}

is a face of Q, and so (vy, ..., V;, ..., vg) is a cone in Ag,fork+1<i<s.

By construction, the rays of Ag are a subset of the rays of A, and, provided
that the €; are sufficiently general, A is simplicial. Let AT be constructed by
successive star subdivisions of A with respect to the rays of A that are not in
Agp. So AT is also simplicial, and since, by hypothesis, none of the rays that are
added lie in the cone spanned by {vy, ..., vy}, the cones (vi,..., 0, ..., vg) in
A o remain unchanged in Af.In particular, 7 is a cone in AT, and pi 1s adjacent to
tin AT fork+1<i <s.

It remains to check that X (AT) is projective. Since Q is a convex polytope,
X (Ag) is projective, and since AT is constructed from Ao by a sequence of
star subdivisions, X (AT) is constructed from X (A ), which is projective, by a
sequence of blow ups. So X (A") is also projective. O
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5 Proof of Theorems 1 and 2

Proof Letc € N1(X)Rr beanumerical class spanning an extremal ray of Amp®(X)".
Since
Amp‘(X)Y = > T
dimo=¢

¢ spans an extremal ray of 'y for some ¢-dimensional cone o € A. We will show
that there is a face T < o, a small modification f : X --» X T that is birational
on V = V (1), and an irreducible curve C sweeping out the birational transform
£(V)on X', such that C represents the numerical class c.

Since ¢ is in T'Y, ¢ is given by (D; - ¢) = a;, with @; > 0 for v; & o. After
renumbering, we may assume that

<0 forl <i<k.
(Dj-¢c)1 >0 fork+1<i<sys.

=0 fori > s.
Let t be the face of o spanned by {vy, ..., vx}. Now we have
—ajvy — -+ — AV = Q41Vk+1 + -0+ agvs.

If k = 0 then, by Proposition 2, there is a curve C moving in a family that sweeps
out X such that (D - C) = g; for all i. So we may assume k > 1. Since v; is not
in 7 for j > k, we must also have s > k + 1. By Propositions 2 and 3, it will

therefore suffice to show that {vy, ..., vs_1} is linearly independent, and that v; is
not contained in the convex cone (v, ..., vs) for j > s.
Suppose there is a linear relation bjvy + - - - + by_1vs_1 = 0. Then we have a

class b € N{(X)r given by

b; forl <i <s.
0 fori >s.

(Dl--b>=[

For small €, the classes ¢ 4 €b and ¢ — €b lie in 'y, but not in the ray spanned by
¢, and 2¢ can be written as

2¢ = (c — €b) + (¢ + €b),

contradicting the assumption that ¢ spans an extremal ray of I').

Similarly, if v; is in the cone spanned by {vy, ..., vs} for some j > s, then we
have a linear relation v; = byvy + - - - + byv, with all of the b; > 0. So there is a
class b € N1 (X)r given by

b, forl <i <s.
(D; -b) =1 —1 fori =j.
0 fori>sandi # j.
Now b is contained in '} C Amp' (X)Y, which is contained in Amp®(X)V, since
£ > k and we have assumed k& > 1. For small positive €, ¢ — €b is also contained
inl'Y C Amp?(X)V. Then ¢ can be written as

¢ = (c—e€b)+e€b,

contradicting the assumption that ¢ spans an extremal ray. O
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