M 408 K Fall 2005

Inverse Trig Functions

Important Decimal Approximations and Useful Trig Identities

Decimal Approximations:
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Trigonometric Identities:
When u+v = pi/2 = 90 degrees,
sin(u) = b/c = cos(v) = cos(pil2 - u), v
C
tan(u) = b/a = cot(v) = cot(pi/l2 -u), b
sec(u) = c/a = csc(v) = csc(pi/2 - u). u
a
SOH-CAH-TOA
sin(-x) = -sin(x)
sin (u) = opp / hyp
hyp tan(-x) = -tan(x)
tan (u) = opp/ adj opp
cos(-x) = cos(x)
sec (u) = hyp / adj 1
adj sec(-x) = sec(x)
cos (u) = adj/ hyp




Inverse Sine Function: u

u

2

For x in [-1,+1],
u = inverse sine (x)

Locate x on the vertical axis.

sin? (x), xe [-1,1], ue[—%,%}.

sin” (x) when sin(u) = x and u {—% %}

When xisin[0,1],
u=invsin (x)isin [0, pi/2]

x=0.77 .866
)
u = sin"Y(x) = 0.882 radian 707
sin (u) = x 12
u
-2 1 2
-1/2
-.707
-.866
When xisin[-1,0],
u =invsin (x) isin [ - pi/2, 0]
-2

.866
.707

u = inverse si

-0.95
-1.244 radians

12

sin (u) = x

=70
-.866

u = inverse si

-0.31
-0.311 radians

sin (u) = x




u = inverse si

u =sin"}(x) # 0.652 radians

sin (u) = x

u = inverse si

u = sin"I(x) # 1.339 radians

sin (u) = x

Drawing the angle u =

u =inv sin (x)

sin(u) = x = x/1 = opp/ hyp,

Make opp = x and hyp = 1 .

cos (u) = adj/ hyp

cos (invsin (x)) = Sqgrt(1-x"2)

u

inv sin (xX) when x>0 :

a=Sqrt(1-x"2)

Table of values: y = sin”'(x)

y = sin 1(x)

X
-1 -n/2 = -1.571
~N3/2 = -0.866 -n/3 = -1.047
\2/2 = -0.707 -n/4 = -0.785
-1/2 -n/6 = -0.524
0 0
12 n/6 = 0.524
\N2/2 = 0.707 n/4 = 0.785
\V3/2 = 0.866 n/3 = 1.047
1 n/2 = 1.571

y =inv sin (x)

pil2

pi/3
pil4
pi/6

X .5 1

-pi/6 x =0.30
-pil4
-pil3 -

-pil2

y = sin"}(x) = 0.310



Inverse Tangent Function:

u =tan" (x), x ¢ (-infinity , infinity), wu < [—% %j .

u = tan” (x) when tan(u) = x and u ¢

(-33)

As x -> infinity,

For x in (-inf,inf), 4 u = inv tan (x) -> pi / 2
u = inverse tangent (x)
Locate x on the number line placed 3
vertically with the origin at point (1,0) .
2 2
x=3.33
u = tan"}(x) = 1.279 radians
1
tan (u) = x As x >0,
u u=invtan (x) >0
-4 -3 -2 -1 2 3 4

As x -> - infinity,
u=invtan (x)->-pi/2




u = inverse tangent (x) u = inverse tangent (x)

3 3

2
x=-3.18 x=1.73

u = tan-1(x) = -1.266 radi

tan (u) = x

tan (u) =

u = tan"1(x) = 1.047 radia

3 3

2 2

2 2
-1 -1
-2 2
-3 -3
X
Drawing the angle u = inv tan (x) when x>0 :
u = inv tan (x)
tan (u) = x = x/1 = opp/adj,
. Sagrt(1+x*2)=c
Make opp = x and adj = 1 art(1+x72) X
— H u
sec (u) = hyp / adj 1
sec (invtan (x)) = Sqrt( 1+ x"2)
Table of values: y=tan™ (x) y = inv tan (x) pii,
5pi/6 x =6.27
X y=tan™ (x) 203 5 y =inv tan (x) = 1.413
-10 -1.471 - ity ~
-5 -1.373 pif3; 1 |
N3 =-1732 -n/3 =-1.047 pi/G |
-1 -1 /4 = -0.785 |
~3/3 =-0577 -m/6 =-0.524 -10 - Y123 5 x 10
0 0 Ly
V3/3 =0577 m/6 = 0524 3y~
1 n/4 = 0.785 ~ 2 B
3 = 1.732 n/3 = 1.047 2pi3 | -2
5 1.373 5pif6
10 1.471 1,
-pi




Inverse Secant Function:

u=sec'l(x), Xe(—oo,—l]U[l,oo),lle{O,%j

u = sec” (x) when sec (u)

u = inverse secant (x)
x=-2.00 x| =2.00
u = 1.33r radians

sec (u) = x

sec! (x) = u

= x and ue{o,

N—

z
2

—
|
|98}

i
52 *

. For 1 =< x,
u = inverse secant (x)

x = 4.50
u = inv sec (x) =.1.347 radians

sec (u) = x '

As x -> infinity,
u = inv sec (x) -> pi/2
|
X

4
3
2

2 -1&
2

-2 1 2 3 4
As x -> 1+,
u=invsec(x)->0
u = inverse secant (x) u = inverse secant (x)
x =-3.33 [x] =3.33
u = 1.407 radians ) X =-226  |x| = 2.26 When x< -1,
sec (u) = x 1 1
B 1 u = 1.35x radians sec' x = n+sec(|x|)
sec’ (x) = u /“\ 2
u
X (N sec (u) = x
4 |3 2 4 —J1 2 1 Ix|
sec! (x) = u ﬁ‘
W/ - 4
4 3 |2 A 2 K

X /1




u = inverse secant (x)

x=1.16 u = inverse secant (x)

u = inv sec (x) = 0.532 radians

sec (u) = x 3

u = inv sec (x) = 1\347 radians

sec (u) =\x

™,
2

2 _1\-r J \

Drawing the angle u = invsec (x) whenx>1:

u = inv sec (x)
sec (U) = x = x/1 = hyp/ adj

Make hyp = x and adj = 1 . X b=Sqrt(x*2-1)

tan (u) = opp / adj u
tan (invsec (X)) = Sqrt(x*2-1) 1

Table of values: y = sec 1 (x)

X y=sec” (x)
3pil2
-10 4.612 y
-5 4.511
2 4n/3 = 4.189 . y = sec’ x
2 =-1414  5m/4=3.927 spi]
2V3/3 = -1.155  7Tn/6 = 3.665 i3]
-1 n = 3.1416 i
1 0 pilslli 1
2W3/3 = 1.155  7/6=0.524 Pie
\2 = 1414  7/4=0.785 0 S s A |1 3 xs 10
2 /3 = 1.047 pie
5 1.369
10 1.470



Inverse Cosine Function:

u=cos'(x), xel[-1,1],

lle[O,ﬂ].

u = cos”' (x) when cos(u) = x and u e [0,7].

For x in [-1,+1],
u = inverse cosine (x)

When xisin[-1,0],
u =inv cos (x) is in [ pi/2, pi ]

Locate x on the horizontal axis.
x = -0.82
u = cos 1(x) = 2.528 radians

cos (u) = x

When xisin[0,1],
u=invcos (x)isin[0, pi/2]

-2

Asx->1, uFinvcos(x) -> 0.

,u=invcos (x)->pil2.

u = inverse cosine (x)

“Ttx) = 2.880 radianjs cos (u) =

cos Ix) = 1.924 radian

cos (u) = cosIx) = 1.475 radian




u= inv7rse osine (x)

u y = inv cos (x)
pi

A2 X112 1 x=0.24
- 5pi/6
x = 0.41 y = cos}(x) = 1.330

) = 1153 radians ~ cos (u) = 3pila
2pi/3

pU2 >>§

pi/3

cos”

pil4
pi/6

u =inve

-pi/6
-pil4

-pi/3

cos™(x) = 0.341 radians cos (u) =

The figures below show that cos 1 (x) and sin™' (x) are closely related:

cos(x) = % — sin”'(x) . Similar arguments show that:
-1 T -1 -1 4 -1
cot” (x) = 7 tan” (x) and csc (x) = 7 sec (x) .
By construction,
u =inv sin (x) . u
v
1 . Flipping the triangle 1

around shows that angle
vis v=inv cos (x).

Since u+v = pi/2 = 90 degrees,
invsin (x) + invcos (x) = pi/2.

Thus, invcos (x) = pi/2 - invsin (x) .




Differentiation and Integration with Inverse Trig Functions

The Inverse Sine Function: y = sin 1 (x)

)t 8

I — x X
For any positive constant a > 0:

I—ldx = sin(x) + C  and j—la’x = sin‘l(fj + C

The Inverse Tangent Function: y = tan ! (x)

d » 1 d . 1 du
—\ tan" (x = — and — |\ tan" (u = | —— || —
dx( ()) 1+ x° dx( ()) (1+u2 J[dxj
For any non-zero constant a:

.[—12 dc = tan'(x) + C and J-% i = L tan‘l(fJ + C

1 + x a + x a a
The Inverse Secant Function: y = sec ! (x)

i( sec”' (x) ) S S and i( sec”' (1) ) S (ﬂj
dx x4 x° =1 dx urut -1 dx

For any positive constant a > 0:
1
= — sec’ —j + C

1 _ 1
jTﬁdx = sec I(X) + C and J‘ﬁdx P e

Using the formulas relating the other three inverse trig functions with these three, the derivatives of
the other three functions are easily calculated:

%(cos_l(x)) = = —%(sin‘l(x)) ’



Derivation of derivatives for Inverse Trig functions

Derivation #1 : Proof that i( sin ™" (x) ) = !
dx 1 - x?
du d
Write u = sin"'(x) . Weseek — = —(sin"(x)) .
) dx dx( ( ))

Then, sin(u) = sin(sin"'(x)) = x ;  so, i(sin(u)) = i(x) =1
dx dx

so, cos(u)ﬁ = 1 , and thus du ! = ;_1 '
dx dx cos(u) cos(sin” (x))
Claim: cos(sin(x)) = 1 - x> forallxe[-1,1].
Proof of Claim:

The method of drawing u = sin”'(x) presented above shows that

cos(sin”(x)) = 41— x> forallxe[-1,1] suchthat x>0 .

Ifx<0,thenx=—|x

equality is a direct consequence of the fact that sin(—z) = —sin(z) forall z .

,and so sin”'(x) = sin‘l(— |x|) = —sin‘l(|x|) . This last

Thus, cos(sin”'(x)) = cos ( sin”' (— |x|) ) = cos( —sin”' (|x|) ) = cos( sin"1(|x|) ) ,

and so, cos(sin'(x)) = cos(sin_l(IxD) = 41 - |x|2 = J1-=x.

When x =0, the claim is true because sin'l(O) =0 and cos(0) =1, and the claim is proven.

Finally, i(sin*1 (x)) _ d ! = ;,1 = 1
dx dx cos(u) cos(sin™ (x)) 1 — x?

proof is complete.



Derivation #2 : Proof that di( tan ' (x) ) = !
X

1+ x>
Write u = tan'(x) .  We seek du_ i(tan‘1 (x)) .
dx dx

Then, tan(x) = tan(tan'(x)) = x ; so, di(tan(u)) = i(x) =13
X

dx
so, sec’(u) Z—Z = 1 , and thus % = seci(u) = o taln'l =
Claim: sec(tan'(x)) = m for all x ( — 00, ® ) .
Proof of Claim:

The method of drawing u = tan™'(x) presented above shows that

sec(tan”'(x)) = 1 + x> forall x suchthat x>0 .

,and so tan"'(x) = tan’l(—|x|) = —tan’l(}xD . This

If x < 0, then x=—|x
last equality is a direct consequence of the fact that tan(-z) = — tan(z) for all z .

Thus, sec(tan'(x)) = sec ( tan”' (— |x|) ) = sec( —tan™' (M) ) = sec( tan”' Qx|) ) ,

and so, sec(tan”'(x)) = sec( tan*IQx|)) =41+ |x|2 = 1+ x* .

When x =0, the claim is true because tan'l(O) =0 and sec(0) =1, and the claim is proven.

Finally,

du 1 1 1 1

d 0 _du _ _ _
E(tan (x)) C dx sec” (1) sec’(tan ' (x)) (m)z 1+ x>’

and the proof is complete.



Derivation #3 :

d 1
Proof that —( sec'(x = — —— forallxe(-o,-1) U (1,0) :
9w’ 0) = — e ratixe(-o.1) U (1,0)
du d
Write u = sec ' (x) . Weseek — = —(sec'(x)]) .
) dx dx( ( ))
. d d
Then, sec(u) = sec(sec (x)) = x ; S0, —(sec(u)) = —(x) =13
dx dx
du
so, sec(u)tan(u) — = 1 , and thus
dx
- 1 B 1 B 1
dx sec(u) tan(u) sec(sec” (x)) tan(sec” (x)) x tan(sec” (x))
Claim:

Jx' =1 forallxe [1,0)
Jx =1 forallxe(—oo,—l]

tan(sec” (x)) =

Proof of Claim:
If x > 1, then method of drawing u = sec”'(x) presented above shows that

tan(sec ' (x)) = 4 x° — 1

If x < -1, then x =

() -

This last equality is evident from the definition of u = sec™(x) presented above.

Thus, tan(sec™'(x)) = tan( m + sec” (|x]) ) tan( sin 1(|x|) ) and so,

tan(sec ' (x)) = tan( sec” |x| |x|2 Jx—-1.

When x = 1, the claim is true because sec ( 1)= 0 and tan(0)=0;
when x = -1, the claim is true because sec'(-1)= = and tan(z) =0, and the claim is
proven.

Thus, whenx > +1 or x < -1,

du 1 1

dx x tan( sec”'(x)) - w2 -1

and the proof is complete.



