SPECIAL NOTES ON INFINITE SERIES

When talking about the series Za,t , there are two different sequences being discussed.
k=1

One is the Sequence of Terms of the series = {a,} and

the other is the Sequence of Partial Sums = {s,} where s, = Za, .
k=1

Explanations:

{ax}:ay, ay, a;, 24,... isthe Sequence of Terms of the series.

Thus, for the series Zak = L. 1+ 1 + 1 + 1 + o, )
2 Pl 2 3 4
. 1 1 1
the sequence of terms is {ay} = {1/k}: 1, 33
Thus, the sequence of terms, {1/k}: 1, ;:, —;—_, %, ...... 2> 0 as k> o

o

1, . . . .
The series Z — s not converging to 0, but the sequence of its terms is converging to 0.
k=l

- > 1 1 1 1
For th i = — =14+ — 4 — + — + ... ’
or the series ;ak 2. 5 I
the sequence of terms is {a,} = {1/(k})}: 1 111
eq k o 1, 4, 9, 16, ......
2 11 1
Thus, the sequence of terms, { 1/(k")}: 1, T 2> 0 as k> o

0

The series Z ——12— converges (but not to 0) ; however, the sequence of its terms is converging to 0.
k=l




THE SEQUENCE OF PARTIAL SUMS

{Sa}:S1,828384,... isthe Sequence of Partial Sums of the series.

= = 1 1 1 1
Thus, for the series a — — 4+ =+ = + ...
?;; * ; k 2737 % ’
1 1 1 1 1 1
i = 1 $s=1+—-, s3 =14+ =+ = s =1+ -+ -+ -, andsoon...
o 2’ 7 2 3 231
Infact, s;=1, s, =372, s3 = 11/6, sg = 25/12, ...... > »
Whenever we say "The series Zak converges' , what we really mean is
k=l
"The sequence of partial sums {s,} > L for some limit L "
Whenever we say ""The series Za,, diverges'', what we really mean is
k=1
"The sequence of partial sums {s,} diverges and does not have a limit."
. = 1 1 1 1 . = 1
When we say theseries » — =1+ — + = + — + .. diverges or ) — > o,
il 1 2 3 4 =k

what we really mean is " The sequence of partial sums {s,} diverges." or

" The sequence of partial sums {s,} -> «. (Note that the sequence of terms % - 0.)

+ o converges or Z 1 = limit L,

When we say the series > R Ilg B
k=1

+
=0 &

;;.|._.
O |

what we really mean is " The sequence of partial sums {s,} converges." or

" The sequence of partial sums {s,} => limitL > 0. (Note that the sequence of terms }12- - 0.)



Example Exercises and Their Solutions:

Exercise #1: Consider the series Z = r 2z 3
e (k+1)' a+n! 2+n! 3+D!

v
.

a) Write down the first three entries in the Sequence of Terms {a,} of this series.

b) Write down the first three entries in the Sequence of Partial Sums {s,} of this series.

07)

¢) Determine whether the sequence of terms converges to 0 (Does a, = *+1)1

@

d) Determine whether the series Z k
= (k+1)!

converges or diverges.

Solutions to the ExalilplévExercise:
k

a) The entries in the Sequence of Terms are calculated by the formula: a, = x+D)!

1 1 1 1

a = =
(1+1)! 21 2x1 2

_ 2 2 2 1
@+D! 31 3x2x1 3

wo_ 3 _ 3 3 1
PB4 4x3x2x1 8

b) The entry in the n"™-position of the Sequence of Partial Sums {s,} is calculated
by adding together the first n t f th
y adding together the first n terms o es-.gez AL G {‘Zk}

1 1
8 = = T
a+n! 2

]

1 2 1
S = + = 1 + —
(1+)1  @2+D! 3

W&

1 1 3 1 1 1
= — = = — 4 —
2 3 4x3x2x1 2 3 8 24

1 2 3
83 = + +
A+  @+D! G+

k = k = L 20 as k2D o,

L G+DE ;=D () kDD k=D (1)

Yes, the sequence of terms converges to 0 .



d) Notice that the fact that the sequence of terms converges to 0, does not tell us whether or not

the series is convergent.

Solutions for Exercise #1:

an

We determine whether the series Z

converges or diverges by using the Ratio Test.

k=) (k+1)'
k+1
a, _  (k+2)!  k+l L (kDU kD! (kA1)
a, kT (k+2)! k T (k+2)! k
(k+1)!
1 k(”%] 1 1
= X (1+—) - L =0 <1 as k —» m.
k+2 k ( k+2 k

Since the sequence {fﬁ} — L <1 (here, L=0),

a,

= (k+1)!

the series

converges by the Ratio Test.

This means that the Sequence of Partial Sums {s,} converges to a number

and this number is greater than 0 since each ay term is greater than 0..

= k
Said another wa = 1 > 0.
IRy lim s,
However, the Sequence of Terms ay = k 3
» the Seq ST ’
. [ ] [ ] k
thatis, |im a, = lim = 0

=2 (k+D)!



Exercise #2: In the following exercises, for the given series Zak :
k=1

a) Write out the first three entries of the Sequence of Terms, {ay}.

b) Write out the first three entries of the Sequence of Partial Sums, {s,}.

¢) Determine whether or not the Sequence of Terms {ay} convergesto0.

(Does -ay >0as k> ?)

aa©
Exercise: Series Zak
k=]

= ]
2 ,,Z; (k+1D)(k+2)

3 i (k+2)

& (k+1)



Solutions for Exercise #2:

1 For the series Z 735

k=1

1-a) From the Sequence of Terms, {ay}: a, =1, 2, = 1/8, a3 = 1/27.

1-b) From the Sequence of Partial Sums, {s,}: s; =1,s8, = 9/8, s; = 251/216.

L

5> 0.

1-c) Yes,as k > oo , ag =

= 1
2 Forth i o
or the series ; IS

2-a) From the Sequence of Terms, {ax}: a, = 1/6, a, = 1/12, a3 = 1/20.

2-b) From the Sequence of Partial Sums, {s,}: s; =1/6, s, = 3/12, s3 = 18/60.

1

2¢) Yes,a8 k> @ , 8 = — > 0.
) Yes, as R P Y )

3 For the series 5: (k h 2)
= (k+1)

3-a) From the Sequence of Terms, {ay}: a, = 3/2, a, = 4/3, a3 = 5/4.

3-b) From the Sequence of Partial Sums, {s,}: 8, =3/2, s; = 17/6, s3 = 49/12.

e O s/ I U/

3-c) No,as k > o , ag (k+1) - k(“%) i (Hyk)

is divergent by the Divergence Test.

Thus, the series i (k * 2)
& (k+1)




