Hw *0, See. 95 Seeutions
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o
InP= g t+ 4—]:_- sin(2(rt — ¢)) + In Po + 4% sin 2¢. Simplifying, we get
P k k. . f(t)
In— = -t + — [sin(2(rt — ¢)) + sin 2¢] = f(¢), or P(t) = Pye’'¥.
Po 2 47
(b) An increase in k stretches the graph An increase in r compresses the As in Exercise 23, a change in ¢ only
of P vertically while maintaining graph of P horizontally—similar to makes slight adjustments in the
P(0) = P,. changing the period in Exercise 23. growth of P, as shown in the figure.
P9 P9

Comparing values of k with Comparing values of r with Comparing values of ¢ with
Py=1,r=2,and ¢ = 7/2 Py=1,k=0.5,and ¢ = n/2 Py=1,k=05andr=2

() = k/2 + [k/(47)])[2r cos(2(rt — ¢))] = (k/2)[1 + cos(2(rt — ¢))] > 0. Since P(t) = Poe’®, we have

P'(t) = Pof’(t)e’™ > 0, with equality only when cos(2(rt — ¢)) = —1; that is, when 7t — ¢ is an odd multiple of Z.
Therefore, P(t) is an increasing function on (0, c0). P can also be written as P(t) = Poett/2e(k/4n)sin(2(rt—¢))+sin2¢]
The second exponential oscillates between e(*/47)(1+5in2¢) gnq g(k/4r)(~1+5in2¢) \while the first one, e*/2, grows

without bound. So tlim P(t) = 0.

. K L
25. By Equation 7, P(t) = 17 AcF" By comparison, if ¢ = (In A)/k and v = k(¢ — c), then
. ef—e ™  e'+e™™  e"—e™™ 2 e 2
1+ tanhu = 1+ et + e—u - et + e—u + et e~ - et fe~u e - 14 e-2u

and e»~2u — e—-k(t—c) — ekce-—kt — elnAe—kt — Ae——-kt, so

K K 2 K K
-l -1— — I e D e = = =
1K [1+ tanh(3k(t — ¢))] 3 (1 + tanhu) Y TT o = Tfe = T4 AcH P(t).

9.5 Linear Equations

@y' +z,/§ = 2 is not linear since it cannot be put into the standard form (1), ' + P(z)y = Q(z).

@y' —z=ytanz < y + (—tanz)y = z is linear since it can be put into the standard form (1), ' + P(z)y = Q(=).
t
3 uet =t+t % & Vid-eu=-t & u-— % u == —+/t is linear since it can be put into the standard form,
v + P(t)u = Q(b).
dR —t , —t. . L .
s +tcosR=c¢e < R’ 4tcosR = e™" is not linear since it cannot be put into the standard form

R+ P(t) R = Q(¢).
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5. Comparing the given equation, ¥’ + y = 1, with the general form, y’ + P(z) y = Q(z), we see that P(z) = 1 and the
integrating factor is I{z) = e JP@ds _ o [1dz — o= Multiplying the differential equation by I (z) gives
ey +efy=e® = (°y) =" = €y=[ede > fy=e&+C = %:ﬂ+_ =
y=14Ce™".
@y’ —y=e" & Y+ (-ly=¢> = P)=-1. Ix)=elP@d = /-1d2 — o== Muyltiplying the

original differential equation by I(z) givese ™"y —e "y =€ = (e™y) =1 = e "y=[ldz =

z+C
e—:z:

e Py=zc+C = y= = y=ze® + Ce”.

Ty=z—y = y+y=z (). I(z)=el P@ I = ¢/ 1= — o= Muyltiplying the differential equation (x) by I(z) gives
ey + ey =xze® = (Y)Y =z = e*y= [ze’dz = e“y=ze -+ C [bypats] =
y=z—1+Ce™® [divide by €”].

3 3

8. 42y + oty =sin’z = (2') =sin’z = z'y= [sin’zdz =

zty= [sinz (1 — cos’z) dz = [(1 — u?)(—du) [;;chssizdz]
=f(u?-1)du=34v*~u+C=3}u@w®—-3)+C=1icosz(cos’z—3)+C =

9

y= -——1-—cosa:(cos2m- 3)+ ey

3zt
@ Since P(z) is the derivative of the coefficient of y' [P(z) = 1 and the coefficient is z], we can write the differential equation

zy +y=Vz inthe easily integrable form (zy)’ = Vz = zy=2s24+C = y=2yz+C/a

S L. =1
0 2z +y =2z = y~{~2my—\/5 [z >0 = P(z)_zw.
I(z) = el P@ ds = o[1/(2a)de _ [(/DInlal _ (In2)1/2 — | /7 Multiplying the differential equation by I(z) gives

, 1 _ . _ . _z+C
\/a_:y+-—2\/5y—l = (Vzy)=1 = Voy=[lds = zy=z+C = y="r"

2
Wov-m=a* > v-2y=2 > P@=-2

I(z) = e/ P@ds — f=2/wdn _ =21z 55 (] =g7%= ;15 Multiplying the differential equation by I (z) gives
1, 2 1 1Y 1 1 1 1 o,
2V @BV 7 (m2y>—m = wzy—/mdm = z2y—lnm+C = y==z*(lnz+ C).

12.y' — 322y =a® = P(z)= -3z I(z)=el Pz = of =357 d= . o==° Myltiplying the differential equation by
I
I(z) gives e'zsy' - 3:v2e““’3y =z%"" = (e—m3y) =2%" = TV = fa:2e'“°3 dz =

—z3 e by substituti 3
ezyz_%ez_*_c [ysus u10r;:| = y:—%——l—C’em.

withu = —z

©) 2021 Cengage Leamning. Alf Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.




SECTION9.5 LINEAREQUATIONS 0O1 909
P ——d

d 3 1412 3
@t2£+3ty=\/l+t2 = y'+?y= t:_ = P(t):;.

I(t) = ef PO @ — of3/tdt — 3t [y 0] = % Multiplying by t® gives t°y’ + 3t’y =t V1 4+ =

By =t/I+E = By=[tVIT8dt = Cy=:1+)?+C = y=3 0+ +0

t
14.tlnt% +r=tet = %th"l'lﬁ’":ifﬁ' I(t) = e #/Ent) — onnt) — n¢ Multiplying by Int gives
dr |1 f ot i _e&+C
lntdt-i-tr—e = [(Int)r] =¢" = (nt)r=e'+C = r= o

15. ' +ycosz =& => P(z)=cosz. I(z)=el P®) 92 = ol coszds _ ¢sin= Myltiplying the differential equation by
I((I}) giVCS esinz yl + esinz cosz Yy = mesin:c = (esinzy)l —_ (EBSi“z = esinwy — fmesin:c dz + C =
y = e "% [ge¥"® dg + Ce™*%. Note: f(z) = ze*™® has an antiderivative F' that is not an elementary function

[see Section 7.5].

16. y' + 2zy = ° e = P (z) =2z I(z) = e/ P@ & = ef2mde — o? Multiplying the differential equation by I(z)

. 2 2 2 2 \/ 2 2 2
gives e ¢ + 2ze” y = z%e*® = (ez y) = 2% = " y= [’ dz =

®

@
i

Lo

2 222 1, 222 u
z%e [ sze** da [ 22

= 1z? dv = 43:52”2 dz
=
du =

)
zdz, v=e

[XI N

2 2 2 2
z2e?® -%fez(;i-dz) [z =24 dz = dzds] = €° yzimze% —%52“” +C =

®

g

1l
P

2 .2
y=1z%" — }1e® +Ce .

17 2y +y=32> = (zy) =322 = ay=[3%dz = ay=2"+C = y=m2+-§-.Sincey(l):4,

¢
1

3

4=1%24 = C=3,soy=a;2+;.

18 oy —2y=22 = y — i—y =2 (x). I(z)=e 2/Y/zds  g=2Inlal ehnl=l ™ = |z]™2 = 2~2. Multiplying (%) by

2572

I{z) givesz™ 2y — y=2"2 = (%) =22 = z7%=[22"%dz = zl=-2""4+C =

y = —2x+ Cz? Since y(2) =0,0 = ~2(2) + C(2)* = C=1s0y=2" 2z

19. 2%y +2zy=Inz = (z%) =hz = 22y = Jlnzdz = z?y =zlnz —z + C [by parts]. Since y(1) = 2,

12(2)=1ln1—-14+C = 2=-14C = C=3,som2y=:vlnz~m+3,ory:%lnm—%—{—%.

20. % +3t%y =cost = (%) =cost = t’y= [costdt = t’y=sint+ C. Sincey(r) =0,

sint

7*(0) =sinTt +C = C’:O,sotay:sint,ory:?—_

© 2021 Cengage Leaming. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.




f;éiiilf Cir'zg~
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@t% =t +3u = u - %u =t (%), I(t)=ef ~3/tdt = g=3Mltl — (Mlth=3 — 43 15 ] = 215 Multiplying (x)

1 3 1 1Y 1 1 1 1 1 .
byI(t)glves——u—t—4u——t-2- = <§u> =5 = t—3u—/52-dt = t—au———g—t-C.Smceu@)_

1 1 1 1
e (4) = e feed p— o :_2 3.
wW=-5+C = C=Lsogu=—c+loru=—t"+t

2 2y +y=zhe = (zy) =zlhz = zy=[zhedr = zy=3iz’lnz-1iz>+C {w by parts } =

ithu = Inz
1 1 C 1 1 1 1 1
y—awlna:—zz%»;. y(1)=0 = O—O—Z—i-C = C—Z,soy—ﬁwlnx—zw—i—a—;.
I 2 o ' 1 : S(~1/z)d= —Inz Ing~?! 1
23. zy =y+zisinz = y — —y=gsingz. I(z)=e =e =e ==
. 1.1 1 1\ 1.
Multlplymgby;glves; ——y-smm = Sy ) =sinz = ;y=~cosm+0 = y=—zcosz+Cz.
y(n)=0 = 7w (-1)+Cr=0 = C=-lsoy=—zcosz—u.
24 (w2+1)§£+3m(y~1)=0 = @+1D)y +3y =3 = ¢y +———y= 3c
) dz 2241 z2 41"

’ 3/2
I(z) = ed 32/ (@) do _ o(3/2)m|=? 1] _ (eln(m2+1)> = (2 +1)*2. Multiplying by (2 + 1)*/2 gives
!
(22 + 1)y + 3x(z® + 1)/2y = 3z(=z2 + 1)'/2 = [(:z;2 + 1)3/2y] = 3z(z® + 1)*/? =

(2 +1)%2y = [3a(z® + 1)V2dz = (2 +1)*?+C = y=1+C(z®+1)"%2 Since y(0) = 2, we have
2=1+C(1) = C=1andhence,y =1+ (z2+1)7%/2,

T

2
25, oy +2y=¢® = y'—}-;y:%

Cc=3 c=3
;?5\ /‘EZ%
A 5 A

I(z) = eJ@/®) 4o — 2wmiel — (eln]z[)2 = |af? = 2.
c=1
Multiplying by I(z) gives 2° ¢ + 22y = ze® = (2%y) =ze® = -3 3
2y = Jze®dx = (x—1)e" +C [byparts] =
y = [(z — 1)e® + C]/=>. The graphs for C = —5,—3, ~1,1, 3,5, and 7 are __5’/ -5 \K\ = 5
Cc=-3
shown. C = 1 is a transitional value. For C < 1, there is an inflection point and C=-1 C=-1

for C > 1, there is a local minimum. As |C| gets larger, the “branches” get

further from the origin.

2. oy =22 +2% © zy —2y=2>

;2
@ y-—y=z

I(z) = e ~¥zde = g=2Mnlal _ (glnloly=2 — 15|72 = % Multiplying by

T

1., 2 1 1\ 1 1 1
I(z) gives 59"~ —y =~ #(w2y>— $m2y—/xdm =

% y=Inlz|+C = y=(In|z|+ C)z* Forall valuesof C, as |z| — O,
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@ y(0) =0kg. Salt is added at a rate of (0.4 1—%) (5 —Ii—> =2 Ek% Since solution is drained from the tank at a rate of

38.

39,

min

3 L/min, but salt solution is added at a rate of 5 L/min, the tank, which starts out with 100 L of water, contains (100 4 2t) L

y(®) kg Salt therefore leaves the tank at a rate of

of liquid after ¢ min. Thus, the salt concentration at time ¢ is —2-%— 1012 L

y(t) kg LY _ 3y kg
( 10012 L 3 i) = 100+ 9 min- . Combining the rates at which salt enters and leaves the tank, we get

dy —9__ %Y

gt “ 100+ 9t

Rewriting this equation as (23/ + <166§¥§Z> y = 2, we see that it is linear.

dt
1(t) = exp(/ Iagjr—ﬁ> = exp($ In(100 + 2t)) = (100 + 2¢)*/2

2 dy - +3(100+ 2t)/%y = 2(100 + 2t)/2 =

Multiplying the differential equation by I(£) gives (100 + 2t)%/
[(100 + 2¢)3/2y)" = 2(100+ 2t)>/2 = (100 + 2t)*/%y = 5(100 +2052+C =
y = 2(100 + 2t) + C(100 + 2t)~3/%, Now 0 = y(0) = 2(100) + C - 100~%/2 = 40 + 2=C = C = —40,000, s0

= [%(100 + 2t) — 40,000(100 + 2t) =%/ 2] kg. From this solution (no pun intended), we calculate the salt concentration

y(t)

at time ¢ to be C(¢) = 100598 =

—40,000 2| kg . —40,000 kg
(1001 2077 5] L In particular, C(20) = 110572 + ~ 0.2275 —= T

and y(20) = £(140) — 40,000(140)"%/2 ~ 31.85 kg.

Let y(t) denote the amount of chlorine in the tank at time ¢ (in seconds). y(0) = (0.05 g/L) (400 L) = 20 g. The amount of

liquid in the tank at time ¢ is (400 — 6t) L since 4 L of water enters the tank each second and 10 L of liquid leaves the tank

each second. Thus, the concentration of chlorine at time ¢ is ﬁ(i)—é? % Chlorine doesn’t enter the tank, but it leaves at a rate
y(t) g L]_ 10y(t) g_ 5y(t) g dy _ dy -5dt
of [400 60 L)% T q00—6cs  200-30 s nerefore, 5y = 200 3t 200 — 3t

Iny=3In(200-3t) +C = y=-exp(£In(200— 3t) + C) = (200 — 3t)*/3. Now 20 = y(0) = e . 200 =

c_ 20 (200 — 3¢8)%/°
e = 80 y(t) = W

00573 = 20(1 — 0.015t)%/% g for 0 < ¢ < 66% s, at which time the tank is empty.

=mg—cv = dv + v = gand I(t) = e/ /™ dt = o(/™)t and multiplying the last differential

@mZ =

dt

(epmye v veel/™"
dt

equation by I(t) gives e p

= gele/mt o [e<c/m)tv]' = ge(®/™* Hence,
u(t) = e~ (/M) [ [ gete/m™* dt + K] =mg/c+ Ke™(¢/™* But the object is dropped from rest, so v(0) = 0 and
K = —mg/c. Thus, the velocity at time ¢ is v(t) = (mg/c)[1 — e~ (/™).

(b) lim v(t) = mg/c
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