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See 193

) (the curve C; in the first figure). The slope of the tangent line
to this parabola at (1,2, 8) is f»(1,2) = —8. Similarly the
plane z = 1 intersects the paraboloid in the parabola

2z =12 —y%, 2 = 1 (the curve Cy in the second figure) and

the slope of the tangent line at (1, 2, 8) is fy(1,2) = —4.

X

@f(w,y) =@4-2" 47" = falz,y) =-s(d-2" —4°) 2 and fy(o,y) = ~dy(4— 2" — 7)) =

f2(1,0) = — 7, fy(1,0) = 0. The graph of f is the upper half of the ellipsoid 22+ 2% + 4y® = 4 and the plane y = 0
intersects the graph in the semicircle 2 + 2% = 4, z > 0 and the slope of the tangent line T} to this semicircle

at (1,0,/3) is f=(1,0) = ~5- Similarly the plane z = 1

intersects the graph in the semi-ellipse 22 +4y% = 3,2 > 0

and the slope of the tangent line 75 to this semi-ellipse at

(1,0,/3) is £4(1,0) = 0.

9 flz,y) =c* +52y° = fule,y) =4a® + 5%, fy(z,y) =0+ 5z - 3y = 152y
) f<z,y>=m2y—3y4 = fal2,y) =20y —0=20y, fy(o,y) =a*-1-3 4" =2" — 1%
M. g(z,y) =2siny = go(x,y) = 3®siny, gy(z,y) =2’ cosy

@ g(@,t) =™ = gu(z,t) =™ -t =te™, gi(z,t) = ™ -z = ze™

@z:ln(m+t2) = %z 1 1= 1 Oz 1 o 2t

0z T+t st Bt ot Ty
U 1 1 ) — 2u
Bws=— = wu="1=— w=u (-2 3)=~-v3

15 f(z,y) =y = folz,y) =y ¥ y=ye", fylz,y) =y ¥ o+ 1=e" + zye™
16. g(z,9) = (2 +2y)° = ga(z,9) = 3(2% +2y)*(2z +v), 9y(z,9) = 3(c” + 29)* (0 + z) = 3z(z” + zy)*

17. g(z,9) = y(z+2%)° = g=(z,9) = Sy(z +2%y)*(1 + 2zy),

gy(z,y) =y -5z +2y)* -2 + (@ + 2%)° - 1 = 5a’y(z + 2°y)* + (z + 2%y)°

. @) - @Rty _sty-2_ y-s
18. f(a:,y) = m = fm(a")y) = [($+y)2]2 - (;c +y)3 - (:c+y)3’
_ (49?0 - @)@ (ty) 2
fy(z,y) = (= +v)?)? - (z +y)?
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9 1) = T o i) = WO e )G fad by,
_ (cz+dy)(b) — (az + by)(d) _ (bc—ad)x
fu(@,y) = (cz + dy)? = ez + dy)?
e dw _ O(u+1?)—e’(1) _ e ow _ e’(utv®) —e’(2) _ (utvP—2)
B ow= ure O Bu (u+v2)2 T (w22 G T (u+v2)2 T (u+t02)?

2 g(u,v) = (WPv —v¥)® = gu(u,v) = 5(uv — v¥)* - 2uv = 10uv(u?v — 0®)4,
gv(u,v) = 5(u?v — v®)*(u? — 3v?) = 5(u? — 30?)(uv — v%)*

22. u(r,8) = sin(rcosf) = wu.(r,d) = cos(rcosf) - cosd = cosdcos(rcos§),
ug(r, 8) = cos(r cos§){—rsinf) = —rsin  cos(r cos §)

1 2 q 1 2pg
. = , R, s S Yo J . i S
1+ (pg?)2 q R 4(P,9) 1+ (pg?)2 Pe=7 T p2gt

2. R(p,q) =tan"'(pg°) = R,(p,q)=
% fwy) =2 = fulo,y) =va*™, fy(o,0) =¥ Inc

25, F(z,y) = / cos(e’)dt = Fulz,y)= 29% / cos(e’) dt = cos(e”) by the Fundamental Theorem of Calculus, Part 1;
Yy Yy

Fy(z,y) = 9 /“’ cos(e') dt = L /y cos(e') dt| = _8 /y cos(e') dt = — cos(e?).
y\T, Oy v Oy ® By v
B
2. F(a, f) = / VBEr1ldt =
3 & o
FaleB) = o / VBT Ldt= o {_ / ) m] =2 / VA% 1dt = —+/a® + 1 by the Fundamental
‘S 2 8
. 8 [* 3
Theorem of Calculus, Part 1;  Fg(o, ) = 5,5 /a Vi3 1dt =4/6% +1.

@ flzy,2) =222+ 29z = fo(z,y,2) = 322922, fy(z,y,2) = 2%2% + 22, f.(z,y,2) = 22%y2+ 2y

8. f(z,y,2) =zy®e ™ = fo(z,y,2) = 9> [m ceT (—z) + e 1] = (1 - z2)y%e™"%, fy(z,y,2) = 2zye 2%,

fa(@,y,2) = mye™ (—z) = —2®ye™"*

ow 1 ow 2 ow 3
B ow=nl+2y+32) = Bx  z+2+32 8y z+2+32 0z z+2y+3z

30. w=ytan(z +2z) = g—: = y[sec®(z + 22)](1) = ysec?(z + 22), %Z—) = tan(z + 22),
%% =y [sec?(z + 22))(2) = 2y sec®(x + 22)
3
3. p= vt +uZcosv = % = 1(t* + u® cosv) "2 (4t?) = %,
9 _ 3 (t* + u? cosv) /2 (2u cosv) = __ucosv _Op_ L(#* + u? cosv) "2 [u? (—sinv)) = -——U2——Sgl—v———~
ou 2 V& +uZcosv’ Ov 2 215 + uZcosv
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Rou=g¥* = oy, = %x(y/z)—l, uy =z¥*Inz - S

33, h(z,y,2,t) = 2’ycos(z/t) = ha(z,y,2,t) = 2zycos(z/t), hy(z,y,z,t) = 2 cos(z/t),
ho(z,y, 2,t) = ~z?ysin(z/t)(1/t) = (—2?y/t) sin(z/t), hi(z,y,2,t) = —22ysin(z/t)(—2t"2) = (z2yz/t?) sin(z/1)

___l__( y=—2
et o\ Tz x et

M—yf- => ¢m(m7y, z)t) =
(y2 +6t2)(0) - (e + By*)(v) _ —v(oz + By?)

4. d(z,y,2,t) = Py
’ 1 2By
1) = 2 e g e

_ (2 +68)(0) — (am + By?)(26) _  20t(az + By?)
¢t(z1y;z)t) = (’Yz+(5t2)2 = ('yz+5t2)2
Ty
Vel +ad+- ok

3. u=/z?+aZ+ - -+a2. Foreachi=1,...,n,uz = %(w?—i—m%—%---—i—mi)*l/z(%i)=

3. u=sin{zy +2x2 + - +nz,). Foreachi=1,..., n, us; =1cos(z1 + 2z2 + - - + nxna).
R(s,t) =te’/t = Ru(s,t) =t-e/*(—s/t?) + e/t 1= (1 - —j—) e*/t, 50 Ry(0,1) = (1 - —) =1

31
3. f(z,y) = ysin"}(ay) = fy(m,m=y-m(m>+sin~l(my)-1=—;ﬁiT%ﬁsin-l(my),
+

ofs

S

—11
+sin™" 5

—
WOl
+
4]
44
=1
§
AR
—~~
il
Dofe
S
I
M
=

ST TE B
39, f(m,y,z):lnl C Ayt =
Y

1

z,Y,2)= :
fu(z,,2) 1— /—-————-——-—m2+y2+z2
L4 /22 + 42 + 22
) 2 2\ (_1(,2 2 2y-1/2 (1 - 2 2 2\ (1,2 2 2y-1/2
(1-{—\/&: Fii+z )( L(a® + 12 +22)~ 2y) (1 VP ¥z )(2(3: +9% +22) -Qy)
2
(1+\/m2+y2+z2)
1+/P 1R+ 2 —-y(:z:2+y2+z2)'1/2(l+\/:c2+y2+22+1—\/a:2+y2+z2)

_1—vw2+y2+z2 (1+\/m2+y2+z2)2
—2y

_ *1/(2?2 +y2 +z2)——1/2 (2) _
(1—-1/:1:2+y2+z2)(1+w/m2+y2+z2) Va2 +y? + 22 [1 - (2% + 42 + 22))

-2(2) -4 1
=z

s0 fy(1,2,2) = VIR LRl (124+2+22)) V3(1-9)
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f(a:,y,z) =z¥* = f.(z,y,2) = (a¥* Inz)(y) = y2¥* Inz, 50 f.(e,1,0) = 1eM O Ine = 1.

41,

42,

43,

44,

45,

0 7] Oz Oz
2 2 2 _ 9 2 2 2y . 9 oz _ 9z
22+ 222 +372=1 = 5m(:1; + 2y® + 32%) 5 1 = 2m+0+626z 0 = 6zaw 2z =
0z 2z i) o Oz Oz
9z _ 22 _ 2 49 (2 2 2 O 4 gz _ oz _
5 62 3, a0 By(m + 2y* + 32) ay(l) = 0+ y+6zay 0 = Gzay 4y =
Qz__—fly__ 2y
dy ~ 6z 3z
7] 0z Oz
2 _ 2,2 o, 92 .2 2 _ g - oz _
P -y +2*—22=4 = Gm(w Yy 42— 22) = (4) = 2z-0+2z F 26m 0 =
oz _ 8z  —2z =z _6_ 2_.2. 2 _onN_ 0
(2= 2)6‘33— 2z = az—Zz—Z——l——z’anday(z ¥+ z 2z)—-ay(4) =
0z Oz 0z Oz 2y y
2: 92 %% _ —Z 9z _ =Y
0-2y+ Oy Oy 0 = (2 )6y v = Oy 2z—-2 z-1

?_f_
Oz

z

e =zyz = -Q—(ez):p—(myz) = ezQizy x
’ z Oz Ox

9z _ vz

9z e* —xzy’

—6-(32 = — (zyz) = ezé- —a—z—+z'l = ez?f—:z: o =5z = (e —zy)-— =1zz50
oy /T oy Y 5 Yoz 5y Yoy Yoy~
os _ _as
By e*—umy
17} 0 Oz Oz Oz Oz
= 22 [ = — (22 —_— = _— = e o
yz+zlhhy=2° = am(yz-{—mlny) 6z(z) = y6$+lny 2z6w = Iny 2z¢9m e
. Oz 0z  Iny
lny——(Zz——y)am,soaz_%_y
0 0z 1 Oz z 0z Oz
o +zln -—z = —tz- 14 =22 o z4+ — =2z —
(yz zlny) = - (%) Y3, ” oy ” % Yoy

0z _z+(zfy) _ =z+yz
Oy 22—y y(2z—y)’

T Oz
2+ —=(2z~y) =, s0
” ( y)ay

@==fE@)+a6) > =) F=d)

0z df ou

(t) z = f(z+y). Letu==z+y. Then o duaw—g—i(l)zf’(u)=f’(:c+y),

O _dfBu _ dl y_ iy p
By dudy -~ du (1) = f'(u) = f'(z+y).
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46. (a) z = f(z)g(y) = gé = f'(z)g(y), g—;‘ = f(z)g'(y)
(b) z = f(zy). Letw = ay. Then g% = y and %;f = «. Hence % = gfﬂ% = % sy =yf (u) = yf (zy)
= =T ar ) =af o)
(c) z=f<§). Letu = 5— Then—g—g = i— and% = ——Z;E—Q.Hence—g—:; = g{;—g—;— :f’(u)i- = ii-%ﬁﬁ

f(a;,y) =gty —22%% = folz,y) =42’y — 6677 ful(x,y) = a* — 428y, Then foo(z,y) = 122%y — 12242,

fay(@,y) = 42 — 128y, fyo(z,y) = 42° — 122%y, and fyy(z,y) = —4a®.

@f(z,y)=ln(am+by) = fm(m,y)=;;%;=a(aw+by)"l, fy(z,y) =

b _ -1
presr i b(az + by) ™. Then
fuu(,9) = —aaz 4+ b)2(2) =~ fuy(e,8) = —alaz + b)) =
zx\TyY) = Y = (am+by)2> zy\L, Y} = Y - (am—&—by)”
- ~2¢y___ @b — —20y b’
fy=(z,y) = —blaz + by)™*(a) = (az + by)2° and fyy(z,y) = —blaz + by) ~*(b) = (az + by)?’
_ Y _ -1 i —-270y _ _ 2y
49, z = preTvh y(2z + 3y) =z =y(-1)(2z+3y)7?(2) = ot
_(2z4+38y)-1-y-3 _ 2z o 3\ 8y
zy = O+ 392 = Grt ) Then zz. = —2y(—2)(2z + 3y)~°(2) = _—_(Zm rEmEE
. _(2z+ 3y)% -2 — 2y - 2(2z + 3y)(3) _ (2z + 3y) (4= + 6y — 12y) _ by—4a
" [(22 + 3y)?)? (22 + 3y)* (2z + 3y)*°
(2% + 3y)? - 2 — 2z - 2(2z + 3y)(2) By — 4z 3 122
o == = s = 2x(~2 = e ———————
> (2o + 397 ot agy v = 2R W0 =

5. T=e ?"cosf = T,=—2e"2"cosf, Tp=—e 2 sinf. Then Tr, = —2e~2"(—2) cosf = 4e~2" cos b,

T =2e" %" sind, Ty = —e'2r(~2) sinf = 2e~*" sinf, Toe = —e~ 2" cosé.

51, v = sin(s® — t?) = o, = cos(s? —t?) - 2s = 2scos(s® — t?), v; = cos(s? — 1?) - (—2t) = —2t cos(s? — t2). Then
ves = 25[—sin(s® — %) - 2s] + cos(s® — %) - 2 = 2cos(s? — t2) — 4s? sin(s? — ?),
Vet = 28[—sin(s® — %) - (—=2t)] + cos(s® — %) - 0 = 4stsin(s® — t?),
vis = —2t[—sin(s® — %) - 2s] + cos(s? — t?) - 0 = 4stsin(s? — t2),

vy = —2t[—sin(s® — 1?) - (=2t)] + cos(s® — t?) - (—2) = —2cos(s> — %) — 4t sin(s? — t?).
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