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14+ 1/3
4. The level curves of f(z,y) = (1 - y) —1lare 4
c=-0.4 c=-02

1+2\3 1+ : -
(1+y> l=c = T4y (14+¢° = /
0.5 1
_ 1l+a .
y_‘ (1+C)3 . c=0.2
,/ y ': '

From the level curves, we see that increasing z (from 0) by a small

0/0“/
amount has a similar effect on the value of f as decreasing y by a small % 08
- 4 =0

%%

amount. However, for larger changes, a decrease in y gives greater

values of f than a similar increase in z.

14.5 The Chain Rule

1. Find dz/dt using the Chain Rule: » = Pytay?, z=3 y=t* =
da_ 0z dv 0z dy
dt 8z dt ' dy dt

=3 [2(3t) (%) + (¢7)] + 2t [(3)® + 2(31)(¢%)] [withs = 3t and y = ]
= 18t% + 3t + 18¢% + 12¢* = 36t + 15¢*

= (2zy + y*)(3) + (2% + 2azy)(2t)

dz

= 3643 4
7 = 36t° + 15¢

Find dz/dt by substituting first: z (z(t), y(t)) = (81)%(t*) + (3t)(t*)> = 9t* +3° =
Yes, the two answers agree.

2. Find dz/dt using the Chain Rule: z = zye¥, z=1% y=5t =

dz_ 0z dz bz dy _ o Y4y
w = os @ Ty @ v+ alyer +e)(5)
= (5t)(e)(2t) + t*(5te® + e¥)(5)  [withz = t* and y = 5¢]

= 10t%e5 + 251365 4+ 5125 = 15¢25 4 25t%e% = 5t%e%(3 + 5t)
Find dz/dt by substituting first: z (@(t), y(t)) = (t*)(5t)e** = 5t3e™ = % = 5t%*(5) + 15t%e® = 5t%e°*(3 + 5t)
Yes, the two answers agree.

@z:mys—-wzy, z=t24+1, y=t-1 =

d 0z d 0z d
T oed t oy = W~ 2w)(20) + (Bay? - a)(20) = 2t(y° — 2y + Bay” — o)

pogp— Ty — Tt = o~ Tt
bz=my s y=e ™ =
dz _0zdz  Ozdy _(@+2))—(@—9)(1), ny, E+W(D-(E-9)@), _n
& dcd toyd = @ezy 007 Gray )
— 3y t =3z Wty 37 it —xt
- (m+2y)2 (ﬂ-e )+ (m+2y)2( e )_ ($+2y)2 (ye + Te )
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<
@z = sinzcosy, z=+1 y=1/t =

dz Ozdz | Ozdy 1,-1/2 . . —oy 1 1
= B d +6y 3 (coszcosy)(gt )+( sinzsiny) (—t )—-mcosmcosy-%- sinzsiny

6. z=+/1l+zy, ==tant, y=arctant =

dz Ozdz 0Ozdy

gz _ 0zdz 1/2 -1/2 1
e e T Lt e st e (1) ).

1+

1
U S ¢
2./T+ zy (y sec” +1+t2)
Tw=ge¥? z=1, y=1-t z=1+2t =

dw Owdz  Owdy  Owdz vl . v/z /= _ /s z 2zy
H - ndt oyt T ema o Htee (el (~ ) 2=t (2= T - Y

. w=1In m2+y2+z2=ih1(m2+y2+z2), z =sint, y=-cost, z=tant =

dw _Owdzr  Owdy  Owdz 1 2z 1 2y 2z

=22 o t =T -~ 2
dt Oz dt+6y dt+6z dt ~ 2 a224y2 422 o8 +2 22 32 + 22 ( smt)+2 z2 + y? + 22 sect

_ zcost —ysint + zsec? ¢
2% + y2 + 22

9. First we find 8z/8sintwoways. z=a2°4+¢%, z=2s+3t, y=s+t =

\ or_ s ov 05 0y
) s~ 35 9 "oy 5s - 2D FTWO)

=2(2s+3t)(2) +2(s +t)(1) [withz =2s+3tandy = s+1]
=85+ 12t + 25 + 2t = 10s + 14t

Oz

A(z(s, 1) y(s, 1) = (2 +3t° + (s +1)* = o=

2(2s + 3t)(2) + 2(s + t)(1) = 8s + 12t + 25 + 2t = 10s + 141
Yes, the two answers agree. Now we find 8z/9t in two ways.

0:_ 0z ox 0z oy

8t oz Bt OBy Ot
=2(2s+3t)(3) +2(s +t){(1) [withz=2s5+38tandy = s+ 1]
=125 + 18t + 25 + 21 = 145+ 20t

= 22(3) + 2y(1)

2(z(s,1),y(s,1)) = (25 + 3)° + (s + 1) = % = 2(25+3t)(3) + 2(s +t)(1) = 125 + 18t + 25 + 2t = 145+ 20t

Yes, the two answers agree.

10. First we find 8z/8s in two ways. z = z°siny, z =&, y=st =

0z 0z 0z Oy _ . 2
%= B2 83 z 4 5y 35 2z siny(2st) + z* cos y(t)

= 2(s%t) sin(st}(2st) + (s°t)? cos(st)(t) [withz = s%t and y = st]
= 45°t? sin(st) + s*t® cos(st)

[continued]
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2(z(s,t), (s, 1)) = (s°1)* sig(st) = s’ sig(st) =

9z

e 442 cos(st)(t) + 45°t? sin(st) = 45°t? sin(st) + s*t3 cos(st)

Yes, the two answers agree. Now we find 8z /0t in two ways.

0z _0z 0z | bz By

8t 8z Ot By Ot
= 2(s%t) sin(st)(s?) + (s?t)? cos(st)(s) [with z = s*t and y = st]
= 2s*t sin(st) + s°t2 cos(st)

= 2 siny(s®) + 2* cos y(s)

#(xz(s,t),y(s,t)) = (s*t)*sin(st) = s*?sin(st) =>

% = 25"t sin(st) + s*t? cos(st)(s) = 2s*t sin(st) + s°¢* cos(st)

Yes, the two answers agree.

@z:(m—y)5, =35 y=st? =

% 0z 0x Oz ay
ds Oz Os By 85

0s _0:00 020y
ot~ Oz dt ' Oy bt

5(z — y)*(1) - 25t + 5(z — y)*(—1) - t* = 5(z — y) “ (28t — tz)
=5(z —y)*(1) - 8% + 5(z — y)*(~1) - 2st = 5(z — y)* (s* — 2st)

12, z=tan"(2? +¢?), z=shnt, y=te* =

_a——_ot 0z Oz Oz 6y 2z Ant + 2y tef
ds 0zds  Oyds 1+ (22 + y2)* 1+ (22 +42)°
2 (zlnt + yte®)

T 1+ (@)

0z _0z0z 020y _ 2z = 2y e
B8t Oz ot | Oy ot T 14 (22 +y2)? ¢ 1+ (22 +y2)°

s

=y ()

13. 2 =In(8z + 2y), == ssint, y=1tcoss =

Oz 020z 0208y 3 2 3sint — 2tsins
Bs 0z ds ' Byds 3z + 2y Tt oy t)+3:z:+2 (~tsins) = 3z + 2y
0z _0z0z  0z0y _ 2 __3scost+42coss
E_“@m-@.t*—*‘ay ot 3$+2 (s cos )+ +2y(coss)—- 3z + 2y

zz\/a—:e”, z=1+st, y=s2—t> =

0z 020z 020y Y oy 1,-1/2 oy _
85_6m63+6y85 (ﬁ e (y) + e gz )(t)—{-\/a—:e (z) (28) = (yty/zm+ -—=

+ 2%/ 2s) e”¥

f
9z 0z 0z _Q_%?_y. . BTV Ty | —-1/2 Ty _ _ s _ 3/2 2y
B 920t | By ot (\/5 e (y) +e - iz )(s)+ﬁe (z) (—2t) = ysﬁ+_2ﬁ 2037t | e

[

I
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8g Bf_a_a: Q—‘f—?—y— Then

Similarly, 7 8s OBxds Oyds’

9s(1,2) = f2(2(1,2),y(1,2)) 25 (1, 2) + fu(2(1,2),¥(1,2)) :(1, 2)

= fm(o, 0)(—1) + fy(O) 0)(4)

=4(—-1)+8(4) =28
21. u v= f(z,y), ¢=z(r,s,t), y =y(r,st) =
x/ \y Ou Oudx  Gudy Ou _Oulz Oudy
8r Oz dr  Oyor Os 0xds  Oyods
@ dudz | dudy
ot ~ Oz ot Oy ot

//T\\

(_92 dw Oz Bway
Bu Oz Ou 6y8u
NA N e s o
wv dv ~ 9z dv Bygg+
2. T
P I e
dr  Op Oz  0Oq Oz
/N /IN /IN
Xy z xyz xYy z ?_T_aTap aT 9q
Oy Op Oy Oq Oy
or _or'dp 0T 9q
8z Opdz  0Oq 0z
2, R R = F(t,u),

N

w = f(wa yvz)’ T = (I)('I.L,'U), y= y(uy ’U),

z = 2z(u,v) =

Jw 0z
Bz Bu’

B 2
Oz v

T= F(p1 9, 7”), p= p(wv y,Z), q= q(:z:,y, z): r= T(m:y)z) =

or or
or 8z’
oT or.
or 8y’
oror
or 0z

t = t(w) m) y) z)’ U = u(w) m? y’ Z) ::>

; y OR _BR Ot  OROu OR 0RO, ORu
AN N dw Ot ow OHudw Hr Ot Oz Oudx’
§xy¥ @iy¥  oR_oRS OROu OR_ SRS | ORou

By~ Otoy Oudy 0z Otdz Oudz

@z=x4+w2y, z=8+2t—u, y=stu® =

bx _0z00 , 0:0y
8s 0z 0s ' OyOs
_8_;: Oz 0z  9z0y
ot oz ot 8 Bt
os _0:00 , 020w
u Oz bu ' Oydu

Whens =4,t=2,andu=1wehavex = 7andy = 8,

50 gg — (1484)(1) + (49)(2) = 1582, ‘9

ZZ = (1484) (2) + (49)(4) = 3164,

= (42® + 2zy)(1) + (=*) (tu?),
(4w3 + 2zy)(2) + (m2)(su2),

= (423 + 2zy)(~1) + (z°)(2stu).

0z
Bu
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= (1484)(—1) + (49)(16) =

—700.
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4. C = 1449.2 + 4.6T — 0.0557°2 + 0.000297°® + 0.016D, so %Q =4.6 — 0.11T +0.000877 2 and g% = 0.016.
According to the graph, the diver is experiencing a temperature of approximately 12.5°C at ¢ = 20 minutes, so
g—g = 4.6 — 0.11(12.5) + 0.00087(12.5)* = 3.36. By sketching tangent lines at t = 20 to the graphs given, we estimate
dD~1 dT _ dC _0CdT  8CdD 1 1N
o Mgad — 0 - Then, by the Chain Rule, —- = == — + =5 — =~ (3.36) (—15) + (0.016)(3) ~ —0.33.

Thus the speed of sound experienced by the diver is decreasing at a rate of approximately 0.33 m/s per minute.

dV oVdr 0OVdh 2nrh r?
v 2 . oVar  OVdh _ 21rh T (—95) = _ = in3
= mrh/3, so Ko d@ + 5 @ 3 1.8+ 3 (—2.5) = 20,1607 — 12,0007 = 8160m in%/s.

Y3 ¢a) V = twh, so by the Chain Rule,

dV _8Vde oVdw  8Vdh _ . dl |, duw dh _ o
_d? (98 dt+6w at E—Ea—whzi+€h-é?+£w-&?_22 2+1'2-2+1-2-(——3)—6m/s.

(b) S = 2(fw + £h + wh), so by the Chain Rule,

dS 8Sdé  0Sdw K 8Sdh dl
% o watem T = 2w +h) +2(£+h) +2(2+

=2(2+2)2+2(1+2)2+2(L +2)(=3) = 10 m?/s

dh
w) dt

L= 4w +h = 2L(—1—L—=23%+2w@+2h—d—h=2(1)(2)+2(2)(2)+2(2)(—3)::O =
dt dt dt dt
dL/dt = 0m/s.
14
dIl _8IdV OIdR _1dV V dR 1dV IdR 0.08
AW AT ORA R T - R4 R = 000~ o (008) = ~0000031 A/s
dP dT T .dV _ 831dT T dP
4. — =005, — =015V =8315 and — = —5=— — 8.315; —-. Thus when P = 20 and T = 320,
dv 015 (0.05)(320)] _
- =83 55 00 ~ —0.27L/s.

46. P = 1.471%65 K035 and considering P, L, and K as functions of time ¢ we have

dP _0PdL 0P dK _
dt ~ 8L dt ' 8K dt

that % = —2 and —(—g = 0.5, so when L = 30 and K = 8, the rate of change of production %1—:— is

= 1.47(0.65) L35 035 ‘ZL +1.47(0.35)L>-65 g —0-65 ‘ZK We are given

1.47(0.65)(30)7°-35(8)"-35(—2) + 1.47(0.35)(30)°-%°(8)~%-55(0.5) ~ —0.596. Thus production at that time

is decreasing at a rate of about $596,000 per year.
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