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(the curve C1 in the first figure). The slope of the tangent line
to this parabola at (1,2, 8) is f.(1,2) = —8. Similarly the
plane x = 1 intersects the paraboloid in the parabola

z=12—192 z =1 (the curve Cs in the second figure) and

the slope of the tangent line at (1, 2, 8) is f,(1,2) = —4.

@f(z,y) ==z -4 = fulz,y) = -2(4—2" 47" and f,(z,y) = ~sy(d - 22 - )72
f(1,0) = ——;—5, J4(1,0) = 0. The graph of f is the upper half of the ellipsoid 2* 4+ 2% + 4y = 4 and the plane y = 0
intersects the graph in the semicircle 2® + 22 = 4, z > 0 and the slope of the tangent line T} to this semicircle
at (1,0,v/3) is f2(1,0) = ~%. Similarly the plane = = 1

intersects the graph in the semi-cllipse 22 + 44> = 3,2 > 0

and the slope of the tangent line 75 to this semi-ellipse at

(1,0,v3) is f,(1,0) = 0.

9 f(z,y) =a*+52° = fo(z,y) =42® + 5°, fy(z,y) = 0+ 5z - 3y? = 15zy?
f(%y) =2y —3y" = foloy) =20y -0=2zy fy(z,y) =2 1-3-4° =2" —12°
1. g(z,y) =2siny = g.(x,y) = 3a’siny, g,(z,y) = 2% cosy

@ gz, t) =€ = go(w t) =€t =te*, gi(x,t) =€tz = ge!

@z:ln(w+t2) = oz _ _1 1= ! 0z ——1—-2t- 2

dr  z+12 112 Bt s+ T 12
u 1 1 _ 2u
14.11.):;5 = ’wu_=v—2'1=1)—2.wv:u'(—2'u 3):-5

15 f(z,y) =ye™ = folo,y)=y- - y=y°e”, fy(z,y) =y e r+e¥ 1=e" + zye™?
16. g(z,y) = (@® +2y)° = g:(w,y) =3(2® + 2)* (22 + 1), gy(@,y) = 3(2? +29)*(0 + z) = 3w (2 + 2y)>

7. g(z,y) =y(z +2%9)° = go(z,y) = Sy(z + 2%)* (1 + 22y),

gu(7,y) =y - 5@ +2°y)* - 2% + (¢ + 2°y)° - 1 = 5a’y(z + 2%y)* + (z + 2%y)°

- - @O - @@ty _2t+y-22 _ y-=z
18. f(CU,y) = ($+y)2 = fa( >y) = [(z-}—y)?]z = (x+y)3 = (1:+y)3’
_@+9)’0-@)E+y) . 2
fy(m,y) = [(x +y)2]2 = (z +y)3
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_astby _ (ca+dy)(a) — (a2 +by)(e) _ (ad — bey
19. f(z,y) = ardy fo(z,y) = (cz T dy)? = i d)?
_ (ex+dy)(b) — (ax + by)(d) _ (bc— ad)z
Tolew) = (e + dy)? NCET
20, w = e’ ow _ 0(u+1%) —e’(1) _ e Ow _ e’ (u+1%) — ¥ (20) _e(u+0 — )
T TR = ou {(u+2)2 T (w022 v (u4v2)? N (u+v?)?

2. g(u,v) = (v —1%)® = gu(u,v) = 5(u*v — v*)* - 2uv = 10uv(uv — v3)4,
gv(u,v) = 5(u?v — v®)* (u? — 30?) = 5(u? — 30?)(uPv — v3)!
2. u(r,0) = sin(rcosf) = wu,(r,0) = cos(rcosf) - cosd = cosf cos(rcos ),

ug(r,8) = cos(rcos 8)(—rsinf) = —rsin § cos(r cos #)

1 2 ¢ 1 2pq
R,(p,q) = .
q (p q) 1+ (pq2 )2

— -1 2 —_— . = —4i
23' R(pvq) = tan (pq ) = Rp(p,q) - 1 + (pq2)2 q 1+p2q4s

U flz,y) =2 = [falz,y) =yz¥"", fylz,y) =2¥Inz
25 F(z,y) = / cos(e’)dt = Fy(z,y)= 62- / cos(e’) dt = cos(e”) by the Fundamental Theorem of Calculus, Part 1;
Yy z Yy

Z Yy Yy
Fy(z,y) = 5%/ cos(e') dt = % [—/ cos(e") dt:l = _6%/ cos(e’) dt = — cos(e?).
Yy x x

8
2. F(a,,B):/ Bridt =
& o o
Fola, B) = 63/ Vi3 +1dt = aﬁ [—/ \/t3+1dt} = _6%/ V13 +1dt = —+/a3 + 1 by the Fundamental
x f, (84 B a2
o [ 3
Theorem of Calculus, Part 1; FH(a’ﬂ)ZEB/a VB +1dt =14/5%+ 1.

@f<x,y,z)=x3yz2+2yz > folry2) =30 fylep.2) = 2% 4+ 25 fu(ay,5) = 20y + 2y
B f@y2) = e 2 fulrys) =yt o o) 1o 1) = (L aape ™, fy(ay, <) = 2rye,

fa(z,y,2) = zy’e ™ (—z) = —aPyle™""

29 w=1 2y+3z) = 2U_ L w2 _dw__ 3
- w=In(z +2y + 32 Ox  x4+2y+32° dy  x+2y+3z 8z z+2y+3z
ow 2 2 ow
0. w=ytan(z +22) = =Y [sec®(x 4 22)](1) = ysec?(z + 22), - tan(z + 2z),
67.0 2 _ 2
5 =Y [sec®(x + 22)](2) = 2y sec®(x + 22)
Op 14, 2 —1/2(4,3 2t?
M. p=+vtrFulcosv = =+ = 1i(¢ S 4t%) = ——oe—,
P + u?cosw Y 5 (t* + u® cosv) (4¢%) T e
op _ Lt + u? cosv) "2 (2ucosv) = oSV op _ L(t* + u? cosv) /2 [u?(— sinv)] = ___ u’siny
ou 2 Vt*+uZcosv’ Ov 2 2Vt FuZcosw
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1 x¥/* - o
2 u=x2"" = uzzgx(y/z)”l, uy:zy/zlnac-zz - Inzx, uzzzy/zlnm-—zyz yz Inz

~
~

33. h(z,y,2,t) = z’ycos(z/t) = hu(x,y,zt) = 2zycos(z/t), hy(z,y, 2,t) = 22 cos(z/t),

ha(z,y,2,t) = —zysin(z/t)(1/t) = (—2’y/t)sin(z/t), he(z,y, 2,t) = —2?ysin(z/t)(—=t"2) = (z2yz/t?) sin(z/t)

_ o + By° . 1 _ «
34, ¢(‘rzyazat)_m§_ = d)x('rsyvzst)_,yz_’_dtQ(a)—',yz_*_étzs
28y (v2 +6t°)(0) — (ez + By*) () _ —v(az + By?)
z = = z,t) = = ,
¢y(171y7 ; ) "/”+(§t2( B ) Z+(§t2’ ¢z($7y? ) ) (72+5t2)2 (’72+6t2)2
b2,y 2, 1) = (v2 +62)(0) — (o + By*)(28t) _ _ 26t(ox + By°)
t\ LY, 2, 1) = (vz + 6t2)2 (vz + 6t2)2
Bou=\af+ad+ +a2. Foremchi=1 .. ,nus, =@} +2d+ - +22)"7(2x) = i

N e ey

36. u =sin(z1 + 222 +--- +nx,). Foreachi=1,...,n, us, =icos(z1 + 23 + -+ + nzx,).
@ R(s,t) = te’/t = Ry(s,t) =1t es/t(—s/t2) +ei/t 1= (1 — -L:-) e’ s0 R:i(0,1) = (1 — —(12) et =1.

B. f(z,y) =ysin(@y) > fy(ey) =y ——e(2) + sin M oy) 1 = —=2E 4+ sin (ay),

1— (zy)? Ny

0fy (L3) = —F———=+sin" (1-3) =

—

—
— -
[ M)
—~
[
~—
N

i

1— /2?2 +y2+=
39. ,Y,2) = In
f@,y,2) T ,———m2+y2+~2

1

fyl@y,2) = 1= V2t g 22
1+ /2% +y2 + 22
(1+ 932+y2+z2>(—%(m2+y2+z2)_1/2~2y)~(1—m)(%( +y? 52712 9y)
2
(1+ m2+y2+z2)
1+ FTF TR W+ )T (14 IR 1 B R )
C1- R+ 2 (1+ /——*—m2+yz+zz)2
_ —y(e® +4° + 27712 (2) _ ~2y
(1—\/z2+y2+z2)(1+ ;r:Q—}—y?-}-z?) VE2 442 + 221 — (22 + 32 + 22)]
—2(2) —4 1
1,2,2 = -
so fy{ )= M2+22+92[1-(12422422)] /9(1-9) 6
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e it

f(ac,y,z) =z¥* = f.(z,y,2) = (¥ lnz)(y) = yz¥*Inz, 50 f.(e,1,0) = 1eV D Ine = 1.

o 0 9z Oz
2 2, 9,2 O 2 2 3.2y 9% 4 L 9% _ L 9% _
Mz +2Y°+32°=1 = ax(x + 2y* + 357) 6w() = 224+0+6 o 0 = 6 o 2r =
0z -2z z 0 , 4 2 2 0 0z Oz
— =—=——and — 2 32%)=— (1) = 0+4y+62-—=0 = 62— =-4y =
ox 62 3z an Oy (m Tt ) ay() Tt Oy Oy Y
O: _ 4y _ %y
Ay~ 6z 3
. 0 17} Oz 0z
2,2 .2 o, _ O 2 2., 2 _ 2 .- 0z 505 _
2. 2° -y ' +2°-2z2=4 = o ( —y*+2°—22) o 4) = 22-0+22 " 26m 0 =
6Z_ 62_ -2 _ T g 2 2 2 _g
(22 Z)Bx— 2r = el e 1_Z,anday(z v+ = 2z)—ay(4) =
020 _ O o:_ _m _ _y
0-2y+2:5-~252=0 = (-2 =% = % = 5o = Toq
. _ 9 iy O L 207 0
43. e =zyz = 6x(e)—6w(my~) = e 6w——y(w6$+~ ) = oo =yr =
» . Yz

—a—(ez)—g(x z) = e’%—‘x %-I-z-l = ez—a—z—w Loy = (ez—x)%—rz so
ay T oy Y Yoz o Yoy = Y) 5, =7
Qg xz
Oy  e*—uxy
0 0 0z Oz dz Oz
— .2 il — 2 (52 = = _— = —_——y —
M4 yz+zlny=22> = ax(yz+zlny) (')z(z) = yax-f-lny QZam = lny 226z yax =
_ 0z 0z  Iny
Iny =(2z—~y) 72 5 = ra—t
0 0,4 Oz 1 0z T z 2
%(yz+mlny)—a_y(z) = y8—y+z-1+m~§—2z8—y = Z+§—226—y~—ya—y =

z oz 0z _ z+(z/y) z4yz
2+ —-—=(22—-y)—,0 — = = .
y =y gy oy 22—y y(22-y)

6 @:=f@) o) > =0 F=g0)

B _ 9z _df Ou _ df
(b) 2= f(z+y). Letw=xz+y. Then dr  dudx  du

0 _dou_d |

3y:duay:E(l):f/(u)=fl(x+y)- \‘

|
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6 @:=f@ol) > =) T =)

_ _ ou ou @_ﬁ?ﬁ_df N
(b) z = f(zy). Letu—xy.Thena—x—-yand-a—y—ac.Hence % = dude v y=yf(u) =yf(zy)

O _dfou _df
gt =L e m o = of (o),

A _x ., Ou 1 ou oz 8z _dfou _ . 1 _ fz/y)
(C)Z—f(;) Letu—g. lhen%_-y-anda—y——-?.l"lenc a—aéz-—f(u)a——y—
d(’L_deu_ 7 x/y)
dy dudy

f(f,y) =o'y —22%° = fu(z,y) =428y — 6277, fy(w,y) = 2* — 4a®y. Then for(z,y) = 122%y — 12242,

fay(m,y) = 42° —122%y, fuo(e,y) = 42° —122%, and fy,(2,y) = —da®.

@f(x,y)=ln(aw+by) > fz(w,y)=awiby=a(am+by)"1, fulz,y) =

— 3_ v blax + by)~*. Then
- _ a® _ _ _ ab
foa(@,y) = —alaz + by)*(a) = a1 o) fay(z,y) = —a(az +by)~%(b) = i
_ ab ¥
fya(@,9) = —blaz + by) "*(a) = T and fyy(z,y) = —blaz +by) "% (b) = ez T by
y _ —200y 2y
9. 5= - e =y(2r+3y)" = zo=y(-1)(2x+3y)73(2) = RCTFEmi
. (21+3y) 1-—y-3 _ 2z o e - _ _ 8y
= o +397 - Garagr e = —2(-2)(22+3y)7(2) = (2z + 3p)°”
(22 + 3y)*-2—2y-2(2z + 3y)(3) _ (22 +3y) 4z +6y—12y) = 6y —4x
e (22 + 3y)?)? - (22 + 3y)* T (e +3y)
_ (22 +3y)%-2-22-2(20+3y)(2) _ 6y -4z “agqy_ _ 12x
Zyx = (22 + 3y)2]2 2z + 3y 2yy = 22(—2)(2z + 3y) 3(3) = ————(21‘ FRCBER

5. T=e"cosf = T,.=-2e"*cosh, To =—e 2 sinf. Then T}, = —2e~2"(—2) cos § = 4e™ 2" cos 0,

Tro =2e"2"sinf, Ty, = —e~2"(—2)sinf = 22" sinh, Tho = —e~ 2" cosb.

51. v =sin(s® — %) = v, = cos(s® — %) - 2s = 2scos(s® — 12), v, = cos(s? — t?) - (~2t) = —2t cos(s® — t2). Then
vss = 25[—sin(s® — %) - 2s] + cos(s® — t%) - 2 = 2cos(s® — t?) — 457 sin(s? — ),
vst = 28[—sin(s? ~ %) - (—2t)] 4 cos(s® — t?) - 0 = 4stsin(s® — t?),
vis = —2t[—sin(s? — t?) - 25] + cos(s® — t2) - 0 = 4stsin(s® — 2),

vy = —2t[—sin(s® — 1%) - (~2t)] + cos(s? — t?) - (—2) = ~2cos(s? — ?) — 4t sin(s? — 12).
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z = ~2(x ~ 1) + 1 = —2z + 3. So the equation of the tangent line can be given by z = —22 + 3,y = 1 which has a
slope m = —2. Therefore, f.(1,1) = —2.

(b) Inthe plane z = 1, f(1,y) = 4 — 1% — 2y® = 3 — 24, 50 a vector equation for C is given by r(¢) = (1,1,3 — 2t?)

where the point (1,1, 1) corresponds to t = 1. Thenr'(t) = (0,1, -4t} = r'(1) = (0,1, —4) and parametric

equations of the tangent linearcz = 1,y =t + 1,2 = ~4t+ 1. Thus,y =t+1 = gy—1=t =

z=—4(y — 1) + 1 = —4y + 5. So the equation of the tangent line can be given by z = —4y + 5, x = 1 which has a
slope m = —4. Therefore, f,(1,1) = —4.

76. Foreachi, i =1,...,n, Ou/0x; = a;et®tto2metFansn  gnd 92y /902 = g2e1®1 o272t tanazn
2 2 2
Then .g_% + %.g + e+ g_’l; = (a% + a% 4+ ai)ea1x1+azzz+~-+anrn = ed1®1tazzattanzn w
Ty 5 2

sincea? +ad+---+a2 =1.

77 )(a) u = sin(kz) sin(akt) = u: = aksin(kz) cos(akt), urr = —a’k” sin(kz) sin(akt), u. = kcos(kz) sin(akt),

Upe = —k?sin(kz) sin(akt). Thus us = a®uas.
t (a%t? — 2?) — t(2a%t) a%t? + 2?
b u= 2 g2 o w= (a?2 — 22)2 = (a%12 — 22)2°

—2a°t(a’t* — 2°)? + (a®1® + 2 (2)(a®t® — 2?)(2d%t) _ 2a*° + 60>t
(o212 — z2)4 = a2z —z2)3

Ut —

— 2,2 2\-2( - __L
Ue = t(—1)(a*t® — 2*)7*(—2z) = @ =27
— 2t(a®t® — 2°) — 2tz (2)(a®t® — 2°)(—22) _ 2a°° — 2t2® + 8t2®  2a%t® 4 6ta?
xT (aQtQ — z2)4 - (a2t2 _ xz)s - (a2t2 _ x2)3 .

ThUS Uty = agum.

@u =(@-a)® +(@+at)® = wu=—6a(z—at)® +6a(x+ at)®, vy = 30a*(z — at)* + 30a*(x + at)*,

us = 6(z — at)® + 6(z + at)®, uee = 30(z — at)* + 30(x + at)™. Thus us; = a®ugs.

2
(d) u =sin(z — at) + In(z + at) = u;= —acos(z —at)+ ﬁ’ u = —a’sin(z — at) — (= jat)?’
ug = cos(z — at) + “_—1 s Ugg = —sin(x — at) — ; Thus us = a®uee.
T+ at (z + at)?

@u=2"49y" = U =22, Usa =2 uy =2y, uyy = 2. Thus uzs + uyy # 0and u = 22 + 42 does not satisfy
Laplace’s Equation.

<(b9u =% — % isasolution: uz» = 2, Uyy = —2 50 Uss + uyy = 0.

@, = 2% + 3zy? is not a solution: w. = 32% + 3y%, uer = 63; uy = 6zy, Uy, = 62.
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T

1 1 :
— T 7 ot . — ———~ (Y24, 2172 -
u_ln,/a: + y2 is a solution: u, = o (2)(9: + ) (2z) Z
_ @+ —a@s) _ 4o 2~y
= (=2 +42)2°

= . - =0.
(22 + 2)2 (22 1 42)2 SO Uzg + Uyy

By symmetry, wu,, =

(e) u = sinz coshy + cosx sinhy is a solution: u, = cosx coshy — sinz sinhy, u,. = —sinx coshy — cosz sinhy,

and uy = sinz sinhy + cosz coshy, u,, = sinz coshy + cosz sinhy.

(fYu=-e""cosy — e Ycoszisasolution: u, = —e cosy +e ¥Ysinz, Uy, =e “cosy+ e Ycosa, and
Uy = —e “siny+ e Ycosx, Uy, =—e Tcosy —e Ycosx.
1 _ -
U= ur = (—3) (@ +y* +27) 8/2(22) = —x(z® + 3> + 22)73/? and
/32 + yZ + ~2
222 — % — 22

Upy = _(xz +y2 +22)—-3/2 . .73(*%)((1,‘2 +y2 +Z2)—5/2(21:) —_

2% — 22 — 22 222 — 2% 2
By symmetry, uy, = W and u,. = _(xz + 2+ 2232

2x2_y2_z2+2y2_12_z2+232_IZ_yZ=

(22 + 2 + 22)5/2 0.

Thus, uzz + uyy + wzz =

22, . _ 2,2 2.2, . 22, .
80. u=e """ lginks = u,=ke * ¥ coskr, Uns = ke~ * 'sinkr, and u, = —olkZe”® * tgin k.

Thus, 0 uee = us.

81. c(z,t) = 41 = AL RSN
T
D¢ o L /D) a2 (_1)(Dt)2(AD)] + e~=/EPY . (1) (4nDt)~Y/? (4x D)
Ot \4rDt :
2 2
= -3/2 L E onp)etapy — 2D (a7 N _a2p00
(4w Dt) (47rDt ipE 2T ) e (D0 \ 3D l)e ,

aC 1 _ 2/(4Dt) -2z —2rz _ 2/(4Dt)
L LA , and
oz~ JinDi© ADt ~ (4nDt)*/?
620 _ —27 —:::2/(4Dt) -2z —22/(4Dt)
6_15 = W [1‘ e . m +e -1

w2 ey 2 (2N eejapy
(4nDt)*2 \ 2Dt (4nDt)*/* \ 2Dt ’

dc 27D z? -2 /(4D1) 27 a? —2%/(4Dt) e
Th“s’a‘m(m—l)e =P |Gy 2o )¢ ~Va

60 or 60(2z) 240 20
. T = —_— S —_—— e ————— 21 TI:———‘——=——.
82. (a) T'{z,y) 1+22 +42 oz (1+z2 +42)2° soat(2,1), 1+4+1)2 3
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