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From the level curves, we see that increasing z (from 0) by a small
amount has a similar effect on the value of f as decreasing y by a small

amount. However, for larger changes, a decrease in y gives greater

142\ ®
4. The level curves of f(z,y) = (——> — lare ¥
L = —0.2

c=02

c=04
=06

values of f than a similar increase in x.

145 The Chain Rule

1. Find dz/dt using the Chain Rule: z = Py +zy, =3t y=1" =

L0 dn o dy
dl~ Oz dt oy dt

=3 [2(30)(t%) + (t*)%] + 2t [(31)* + 2(3t)(¢)] [with z = 3t and y = t?]

= 22y + yH)(3) + («? + 2ay)(20)

= 18% + 3t* + 18% + 12t* = 36> 4 15¢*
. Y 2,2 212 4 5 dz 3 4
Find dz/dt by substituting first: = (2(2), y(*)) = (3¢)*(t*) + (3)(t")" = 9" + 38" = i 36t° + 15¢
Yes, the two answers agree.

2. Find dz/dt using the Chain Rule: z = zye?, z=1> y=5t =

dz _ 0z dz 0z dy v .
E_Oz.dt+6y 7 Ve (2t) + z(ye¥ + e¥)}(5)

= (5t)(e™)(2t) + t2(5te™ + *)(5)  [withz = ¢* and y = 5t]

= 101265 + 25t%e% + 512" = 151%¢% + 25t%e™ = 517" (3 + 5t)

Find dz/dt by substituting first: = (z(t), y(t)) = (£*)(5t)e*" = 5t°e™ = %;: = 535 (5) + 15t%™ = 5t°e™*(3 + 5t)

Yes, the two answers agree.

@z:ry?’—ny, r=12+1 y=t!-1 =

dz Oz dr Oz dy 3 5 2 3 3 2
paiadidedivuiind -2 2t 3 — 2t) = 2t — 2 —
T mmd T = (y® — 2zy)(2t) + (Bzy® — 2*)(2t) = 2t(y° — 2zy + 3zy” — 27)

JU— rT—Y r=e"t — Tt
2= z+ 2y’ Y =
b oede ordy  (@r2)() (@90, o, @)D~ @ 0@),
dt Gz dt ' By a (z + 2y)? (me™) + (x+ 2y)? (=me™™)
— 3y 7t —3z —7t 3r it —nt
= —_(.1:4'23/)2 (’ﬂ'e )+ _( ) )2 ( e ) (I +'—2 )2 (ye + re )
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<
@: =sinzcosy, z =+1 y=1/t =
dz _ Ordx  dxdy

1 1
oot e dt (cos zcosy) (%t”lﬂ) + (—sinzsiny) (—t7%) = NG cosTCosy + - sinxsiny

18]

8. 2=+/14+my, x=tant, y=arctant =

dz Oz dx Oz ﬂ _

=L +2y) V() -sect t+ (1 + 2y) 2 (w) - !

1412

At~ dxdt ' Oy adt

yseczt—f———x—
1+1¢2

1
T 2/THay (

7. w=ze¥*, z=1°, y=1—4% 2=142t =
dw Owdr OJwdy Owdz v/ / 1 . y z  2my
e e Wi A s VLI ] vzl ). (-1 ,.y/~(___>.2= w/z{oy 2 _
dt ox dt+6y dt+6:: at ¢ + e z (1) + e 22 ¢ z 22

8.w:ln,/m2+y2-|-:32=%ln(x2+y2+z2), r =sint, y=cost, s=tant =

2y 2z

d_w—a_wd_w .a_.u}.é.y__}_.a_llgéz——l._ﬁ;-.cost+l.7.(_sint)+l.______.SecQt
dt ~ Bz dt  dydt Ozdt T 2 x2442+22 2 z24+y? 422 2 a2 4y 422

__ Tcost —ysint + zsec’ ¢
- .’If2+y2+32

9, First we find 8z /0sin two ways. = =2°+y®, z=2s+3t, y=s+1t =

Oz Oz Ox 0z Oy _
s = e s + oy B 22(2) + 2y(1)

= 2(2s + 3t)(2) + 2(s + t)(1) [withz = 2s+3tandy = s + ]
=85+ 12t 4 25 + 2t = 10s + 14¢

2(x(s,1),y(s,1) = 25+ 3)° + (s +1)> = gz =2(28+ 30)(2) + 2(s + t)(1) = 85 + 12t + 25 + 2t = 10s + 14¢

Yes, the two answers agree. Now we find 9z/0¢t in two ways.
0z 0z 0z 0y
ot~ Bz ot Oy Ot

= 2(2s+ 3t)(3) + 2(s + t)(1) [withe =25+ 3tandy = s + t]

= 22(3) + 2y(1)

=125 + 18t + 25 + 2t = 145 + 20t

(x(s,8),y(s,t) = 25+ 3 + (s +1)* = % =2(25+3)(3) + 2(s + t)(1) = 125 + 18t + 25 + 2t = 145+ 20¢

Yes, the two answers agree.

10. First we find 8z /0s in two ways. z = z%siny, z=s%, y=st =

Oz 0z Oz Iz Oy . 2
e 0 0 P o 25t) + : ;
ds Ox 0Os Oy Os wsiny(2st) +a” cosy(t)

= 2(s%t) sin(st)(2st) + (s°1)? cos(st)(t) [withz = s°t and y = st]
= 45°t2 sin(st) + s*t2 cos(st)

[continued]
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2(x(s,1),y(s,1)) = (s7t)"sin(st) = s**sin(st) =

QL_’_
Js

Yes, the two answers agree. Now we find 9z /0t in two ways.

oz _ o

) dxr Oz . oy
Ot or

Bt+6y

ot

= 2(5%t) sin(st)(s%) + (s7t)* cos{st)(s)

= 25 sin(st) + 5”12 cos(st)

2(x(s,1),y(s,0)) = (s%)?sin(st) = s'¢?sin(st) =
%% = 25t sin(st) + 5117 cos(st)(s) = 2s*t sin(st) + s°1% cos(st)

Yes, the two answers agree.

@z:(m—y)5, =38 y=s® =

= 5%12 cos(st)(t) + 45°1” sin(st) = 4s°¢? sin(st) + s't” cos(st)

Sec 145

= 2xsiny(s”) + 22 cosy(s)

[with z = s°t and y = s!|

S T 5o (1) et 4 5w~ ) £ = B ) (250 1)
= At e == 1)+ 5w - ) (1) -2t = (e~ )" (s~ 21)
12. z =tan 2?2 +42), z=slnt, y=te* =
= ma:f——{——y?? (zlnt + yte®)
Oz _0:0r  0z0y 2z 5 2y e
O T Gol oyt 14 (@ 4yr I 1+ (tye)
= e ()
13. z =In(3z + 2y)., « = ssint, y=tcoss =
5= e T B = T gt = S

z:ﬁezy, z=14+st, y=s—t2 =

0z _ 020z  0z0y _ = w0 1g=1/2 - _ by s e
5" Tp e ayas_(ﬁ ey) +e - g )(t)+ﬁe (z) (25) = ytﬁ+2ﬁ+2z s)e
dz 0z 0 0z & .

5= %a_f B—y_y = (\/aezv(y) + e %m"l/z> (8) + VT ¥ (z) (—2) = (ysﬁ+ 2—3\/—; ~ 2w3/2t> eV
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e
@z:(sin())/r, r=st, 6=8+1 =

Bz 0z Or 0z 00 sin 6 cos f tsinf 2scos@

ds  or ds+ 5;—77“2() (2)_———+_T_—

0z 0Oz Or 0Or 00 sinf cos 6 s sinf  2icosf

oAl T A T e

r2 r

16. = = tan(u/v), u=2s+3t, v=3s—-2t =

_(f)_z_@% QIEQU__Q 2 DN =2
83—0u33+6v63_5ec (u/v)(1/v) - 2 + sec” (u/v)(—uv™") - 3
_2 92 (U 3u ofU _21}*3’(1, o[ U
__;sec (—)——SCC (—)- sec (—)

2 v

0s _0zou | 0:0v _ 3 sec (/o)) (
o= sudt Tauar =5 2 (w/v)(1/v) - 3 + sec? (u/v)(—uv™2) - (—2)

= 3 sec? (P_) + 2u sec2(2> _ 2ut3v Seg(ﬁ)
v v v? v v2 v

dp 6fdac+6fdy Whent = 2,

17. Let = = g(t) and y = h(t). Then p(t) = f(z, ) and the Chain Rule (2) gives — - ordi oyl

z=g(2) =4andy = h(2) = 5,50 p'(2) = fa(4,5) ¢'(2) + £,(4,5) K'(2) = (2)(-3) + (8)(6) = 42.

, | OR _0Rou 0RO | OR _oRou , 0RO
18. R(s,t) = G (u(s,1),v(s,1)) = 55 — Du s + 50 Oa and % = Bu o + 90 It by the

Chain Rule (3). When s = landt = 2, »(1,2) = 5and v(1,2) = 7.
Thus R.(1,2) = Gu(5,T)us(1,2) + Go(5,7) v4(1,2) = (9)(4) + (—2)(2) = 32 and
Ri(1,2) = Gu(5, ) us(1,2) + Go (5, T ue(1,2) = (9)(—3) + (—2)(6) = —39.

19. g(u,v) = f(z(u,v), y(u,v)) where & = e* +sinv, y = e +cosv =

Oz =c" Qgﬁ = cosv, @ =e" 6y — sinw. By the Chain Rule (3), —=
’M

af or Of dy
ED T v du * v - Then

= 920 By
9u(0,0) = fu(2(0,0),4(0,0)) . (0,0) + f,(x(0,0),5(0,0)) . (0,0) = fu(1,2)(c®) + fu(1,2)(e?) = 2(1) +5(1) = 7.

b _0fdw  Of y qy

Similarly, == Ju 87- 81) 6y 6

9:(0,0) = f=(2(0,0),(0,0)) 2, (0, 0) + f,((0,0),3(0,0)) %.(0,0) = fa(L,2)(cos 0) + f,(1,2)(—sin0)
=2(1) + 5(0) = 2

035_2 Ox Oy

— f — L oy =2 =7 = = —
20. g(r,s) = f(z(r,s),y(r,s)) wherex =2r — s, y = s" —dr = o " s " * Ba

By the Chain Rule (3) gr gi g: + g?’; gi Then

gr(la?‘) = fZ(x(]-) 2)! y(lv 2)) xr(lw 2) + fy(I(l, 2)7y(1v 2))yr(1,2) = fI(Oi 0)(2) + fL’(Oa 0)(_4)
= 4(2) + 8(—4) = —

[continued]
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. C = 14492 + 4.6T — 0.055T7 + 0.000207 + 0.016D, s0 9% = 4.6 — 0.11T + 0.00087T"2 :

T 6D = 0.016.

According to the graph, the diver is experiencing a temperature of approximately 12.5°C at ¢ = 20 minutes, so

%g = 4.6 — 0.11(12.5) + 0.00087(12.5)* = 3.36. By sketching tangent lincs at t = 20 to the graphs given, we estimate
dD _ 1, ar 1 dC _ 8CdT | 8C dD

. Then, by the Chain Rule, —

— & — — =~ (3.36)(— % . 1) ~ —0.33.
dt e v 10 dt -~ oT dl +0D dt (336)( 10)+(0016)(2) 0.33

Thus the speed of sound experienced by the diver is decreasing at a rate of approximately 0.33 m/s per minute.

2 dV _dVdr 8Vdh _ 27rh art 3 _ 3
V wr*h/3, s0 — Tl v + a3 1.8+ 3 (—2.5) = 20,1607 — 12,0007 = 8160x in°/s.
(a) V = fwh, so by the Chain Rulc,

v _oVdl oVdw  OVdh _ . dt dh 4
=t Tt g = +€}——+€ S =2:2:241-2:241-2-(-3) = 6ms.

(b) S = 2(4w + £h -+ wh), so by the Chain Rule,

ds 05dé  8Sdw | 98 dhw_ dh
N —-gza't"t'a—w%-l-ah 7 2(w +h) +2(£+h) +2(£4 )—

=202+ 2)2 +2(1 + 2)2+ 2(1 + 2)(—3) = 10 m?/s

@ LF=F+w*+h = 2LE —2£%+2 dw +2hd—£:2(1)(2)+2(2)(2)+2(2)(—3)=0 =
dL/dt = 0m/s.
1%

M7= =

B =

dI _8IdV 9IdR_1dV V4R _1dV _IdR 1 0.08

@ ovd "ORd Rdt R*dt Rdt Rd 400( 0.01) - 400 0o (0-03) = ~0.00003L A/s

apP _ dT 7 dV _ 831dT T dP

dv 0.15 (0.05)(320)] _

E_sm S0 100 ~ ~0.27L/s.

46. P = 1.47L°5° K35 and considering P, L, and K as functions of time ¢ we have

dP _OPdL 0P dK _ —0.35 0,35 4L 0.65 jo—0.65 4K
TR AT & T 1.47(0.65) L K pris 1.47(0.35) L K e . We are given
that %f— = —2and %If—— = 0.5, so when . = 30 and K = 8, the rate of change of production l—fg is

1.47(0.65)(30)™%-35(8)0-35(—2) + 1.47(0.35)(30)%-%%(8)~%-%%(0.5) ~ —0.596. Thus production at that time

is decreasing at a rate of about $596,000 per year.
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