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15 [0 MULTIPLE INTEGRALS

15.1 Double Integrals over Rectangles

1. (a) The subrectangles are shown in the figure. y

The surface is the graph of f(z,y) = zy and AA = 4, so we estimate

Vr E Z flza,y;) AA

i=17=1

= f(2,2) AA+ f(2,4) AA + f(4,2) AA + £(4,4) AA + £(6,2) AA + £(6,4) AA
= 4(4) + 8(4) + 8(4) -+ 16(4) —+ 12(4) ~+ 24(4) = 288

V= z z f(Z,7,) AA= F(1,1) AA+ F(1,3) AA+ f(3,1) AA+ f(3,3) AA+ f(5,1) AA + f(5,3) AA

i==1 j=1

= 1(4) + 3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144

é(a) The subrectangles are shown in the figure. Y

Here AA = 2 and we estimate

[ (=) A 35 5 f(ohus) AA s

i=1lg=

= f(2,~-1) AA+ f(2,0) AA+ f(2,1) AA+ f(4,-1) AA+ f(4,0) AA+ f(4,1) AA

= (D@ +12) + (D) + (=3)2) + U2 + (-3)(2) = -

b) fR (1_$y )dA Z Z f(a'w:yzg) AA

i=lj=1

= f(0,0) AA+ £(0,1) AA+ £(0,2) AA + f(2,0) AA+ £(2,1) AA + £(2,2) AA
=1(2) +1(2) + 1(2) + 1(2) + (—1)(2) + (=7)(2) = -8

@(a) The subrectangles are shown in the figure. Since AA=1. % = %, we estimate

2 2
Jlpze™vdAn 35 50 f(@h,ui) AA ’
i=1 j=1 1
=f(1,3) AA+ f(L1)AA+ F(2,3) AA+ f(2,1) AA i
2
=e V2(1) f e (3) + 271 (3) +2672(4) ~ 0.990
0 1 2 x
2 2
® [ ze ™ dAn L 3 [(@,7;) A4 ”
i=1 j=1 1
=1(3:1) A+ 1(51) A+ (5.1 AA+F(], ) A4 il i
2
aSAORS SREORE EREORS SadCIEE RE N N
1 2 x
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(a) The subrectangles are shown in the figure. 4
3..
The surface is the graph of f(z,y) =1+ 2” +3yand AA=1 -2 =2,
so we estimate
s 9 1.5¢
V= [[(1+2*+3y)dA~ f(=5,95) AA
i=1 j=1
=f(1,000A+f(1,2)AA+F(},0004+f(3,3) A4 5 G R
=2(HD+F G+ G+ R =F () =5 =14625
2 2
(b)V:ffR(1+m2+3y)dAz 2:1 z:lf(xl,yJ)AA ;
1= 1=
=f(3DAA+1(53)AA+f(5,3) AA+£(1,2)AA K
SRR B =B =8 154
0 1152 x

5. The values of f(z,y) = /52 — 22 — y? get smaller as we move farther from the origin, so on any of the subrectangles in the
problem, the function will have its largest value at the lower left corner of the subrectangle and its smallest value at the upper
right corner, and any other value will lie between these two. So using these subrectangles we have U < V' < L. (Note that this

is true no matter how R is divided into subrectangles.)

6. To approximate the volume, let R be the planar region corresponding to the surface of the y
water in the pool, and place R on coordinate axes so that z and y correspond to the 30
dimensions given. Then we define f(z,y) to be the depth of the water at {z, y), so the 20 et
volume of water in the pool is the volume of the solid that lies above the rectangle 10 "
R = [0,20] x [0, 30] and below the graph of f(z,y). We can estimate this volume using 5 . m : n
X

the Midpoint Rule with m = 2 and n = 3, so AA = 100. Each subrectangle with its
midpoint is shown in the figure. Then
2 3
Ve Y Y f(E47;) AA= AA[f(5,5) + f(5,15) + f(5,25) + f(15,5) + f(15,15) + f(15, 25)]
i=14=1

=100(3+ 7+ 10+ 3+ 54 8) = 3600
Thus, we estimate that the pool contains 3600 cubic feet of water.
Alternatively, we can approximate the volume with a Riemann sum where m = 4, n = 6 and the sample points are taken to

be, for example, the upper right corner of each subrectangle. Then AA = 25 and
4 6
Ve .Zl Zl flzi,y5) AA
1= 1=

=253+4+7+8+10+8+4+6+8+10+124+10+3+4 +5+6+8+7+24+2+2+3+444
= 25(140) = 3500

So we estimate that the pool contains 3500 ft® of water.
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7. (a) With m = n = 2, we have AA = 4. Using the contour map to estimate the value of f at the center of each subrectangle,

we have

o f(@y) dA 22:1 f;l (@ 7;) DA = AAIF(1L,1) + £(1,3) + £(3,1) + £(3,3)] = 427 + 4 + 14+ 17) = 248
i=1lj=

() fove = atmy SJp f(2,y) dA = 15(248) = 15.5

8. As in Example 9, we place the origin at the southwest corner of the state. Then R = [0, 388] x [0, 276] (in miles) is the
rectangle corresponding to Colorado and we define f(z,y) to be the temperature at the location (z,y). The average

temperature is given by

fos = 1775 [ H@) 44 = grms [[ @ aa

To use the Midpoint Rule with m = n = 4, we divide R into 16 regions of equal size, as shown in the figure, with the center

of each subrectangle indicated.

The area of each subrectangle is AA = 388 . 26 — 6693, 50 using the contour map to estimate the function values at each

midpoint, we have

[fuf@)da ~ 3 3 f(505,) A

i=1

~ AA[BL + 28 + 52 + 43 -+ 43 + 25 + 57 + 46 + 36 + 20 + 42 + 45 + 30 -+ 23 + 43 + 41]
= 6693(605)

6693 - 605
388 - 276

approximately 37.8°F.

Therefore, fay ~ ~ 37.8, so the average temperature in Colorado at 4:00 PM on a day in February was

@z = /2 > 0, so we can interpret the double integral as the volume of the solid S that lies below the plane z = /2 and above
the rectangle (2, 6] x [—1,5]. S is a rectangular solid, so [, VIdA=4.6-v/2 =24V2.
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z=2x+ 12> 0for0 < z < 2, so we can interpret the integral as the 2.0.5 z

volume of the solid S that lies below the plane z = 2z + 1 and above
the rectangle [0, 2] x [0, 4]. We can picture S as a rectangular solid

(with height 1) surmounted by a triangular cylinder; thus

Jfn@z +1)dA = (2)(4) (1) + 2(2)(4)(4) = 24

0,0,1)

M. z=4—-2y > 0for0 <y < 1, so we can interpret the integral as the

volume of the solid S that lies below the plane z = 4 — 2y and above
the square [0, 1] x [0, 1]. We can picture S as a rectangular solid (with

height 2) surmounted by a triangular cylinder; thus

[l —2)dA=1)D)2)+3(1DHA)(2) =3

@ Here z = /9 — 42, 50 2% + 4% = 9, z > 0. Thus the integral

represents the volume of the top half of the part of the circular cylinder

2% 4 4? = 9 that lies above the rectangle [0,4] x [0,2].

@fo x+3m2y2)dm—[ +3:y ]m= = [32° + 2y ]Z"Z [3(2)* + (2)%%] — [3(0)* + (0)%y%] =2+ 847,

z=0

[z +32%y?) dy = [my + 322 ;} yi = [ey +a%°] ] 3 = [2(3) + 22(3)%] — [2(0) + 2%(0)°] = 3z + 2742

=2
. 2 y/aTode = [y 2@+ 2] = 20— 3y = By — 43y = 44— VE)y,

3

y=3

ey = [LvaTa| = jerVETE- J0PVETE = 3VETE

y=0

@ff f02(6:v2y ~ 2z) dy dz = ff [32%y* — 2a:y]y =2 dg = fl [(122® —4z) — (0—0) ] d=

= [(122? — da) dz = [4a® — 2:,;2]‘1‘ = (256 — 32) — (4 — 2) = 222

16. fo fo (z+y)? dedy ”fo fo (2% + 2zy + o° )da:dy-*f0 (5 2® 4 y—l—:l.y] 1cly

= Gyt dy= [y + 3+ 3 =3+ 3+ -0=1
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p——pse.

1. fo i@+ e™)dudy = g [3o° +oe™] 7T dy =[5 [ +2e7) ~ (3 +e7)] dy

=fiG ey =[3y-e]g=(F-¢) ~(0-n=F-c

18 [1, )7 (@ +y7) dyda=[*, [Py -y VTS do = 1, [(22% — §) — (2 - 1)] do

y=1

=@+ o= (e + hel =+ D) - (-F-D) =%

() 1% 15 447 cosedody = [ [ou o sina] 57 dy = 2, (50 47)

= [0+ 0T, = [ +9) - (- 9)) =18

8 Py 31 SIny
20.[ / ~—=d dw:/ —d:c/ —d by Equation 11
A 1mlyy[yq 1
3
= ln[a:]] [%(Iny)ﬂi’ [substitute u =Iny = du=(1/y)dy]
1

=(In3—0)- [(In5)* — 0] = (In3)(In5)?

@/4/2 LAY da:—/4 shnfy)+ 1. 2y2 yzzdz—f 22+ ) do = [1a’ln2+ L Inje]
1 J1 \Yy = ver = 1 v T 2y A 2z G 2 !

y=1

=(8In2+3mn4) — (3Im2+0) =¥ m2+3Ind or LIn2+3In4"?) =2 m?2

22, folf(f ye* Vdzdy = folfOQ yee Vdrdy = f02 e dz fol ye~Ydy [by Equation 11]
="l [(~y l)e"y]:J [by integrating by parts]
= (& — %) [-2¢7" - (—®)] =(e* —1)(1—2e!) or e* —2e+2 71 —1

2. 27 2sin’pdpdt = [T sin®pdg [ 2 dt [by Equation 11] = [7/*(1 — cos®¢) sinpde [ 2 dt
= [Lcos’p —cos ]2/ [L°]2 = [(0-0)— (3 —1)]- L (27— 0) = 2(9) =6

0
=1
2 [y fy au/F P dydo = [ a3 0?2 de =1 [ ole® + 1Y 0 de = § [Ja(e® + 1)*/? - a'lda
1
=3[+ 177 - 4] = [ -D-(1-0)] = FVEi-Y)

25, fol fol v(u+v?) dudv = f01 [%v(u + vz)S]::(l) dv = éfol v [(1 +9%)° — (0+ 1)2)5] dv

1

=3 fo [+’ =] dv =3[} §(1+0)° — v,
[substitute t =14+ 0% = dt

=& -1)-(1-0)]=2(@63-1)=2

= 2v dv in the first term]

3

% [y fy ViFidsdt = [ [3(s+ 1))

=4[22 - 1) - (1-0)) = £(2%°~2) or £(2v2-1)

' 1
dt = 2 fol [(1+ t)3/2 — ta/z] dt = %[%(1 + t)5/2 _ §t5/2]0

8=
s=0

. 2 /4
27. fmesec2ydA:f02 :/4msec2ydydm:f02:vda: A " sec®ydy = [%9)2]0 [tany]:

=(2-0)(tan§ —tan0) =2(1 - 0) =2
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ffR(y+wy“2)dA = f Jo oy ) dody = [ [ay+ 5oy *) 150 dy = [T (2 +2y7%) dy

=[-27i=(-1)-(1-2)=4

29, // dA // dydz —/1 dx ’ 2dy:[-1-ln(m2+1)]1 [l 3]3
a:2+1 o ©2+1 _3y 2 o 13Y 1,4

=1(n2—In1)- 1(27+27) =91n2

1/2 1 /3

tand Y2 (/% tand L q1/2 /3
%. dfdt = [ — tanfdb = |sin~ :l [
// 1 —t2 / o V12 o Vi A an [Sln t o In ]sec@[]o

= (sin”! § —sin™* 0) (lnlsec—’all —InjsecO]) = (£ —0)(In2 ~In1) = ZIn2

M. [ zsin(z+y)dA = f"/s 7r/3cr:sin(:z:—{—y)dyda:

=7~ wcos(z +y)]Y "/3 de = [;/° [zcosz — zcos(z + §)] da

- a:[sin:c — sin(:l: + %)]3/6 — OW/G [sin:z: — sin(m + %)] dz {by integrating by parts }

separately for each term

[3-1) - [-eosateos(a+ 5] =~ - [-F+0- (14 )] =B - 5

ol

//0 1+$ydydm=/01 pn(1+my>];;; dm:/ol [ln(1 +2) —In1]dz

= [yIn(l +2)dz = [(1 +2)In(l +z) - :v](l) {by integrating by parts]

[l

=(2In2-1)—(In1—0)=2mIn2—1

@ffR ye ™ dA = [§ [Zye™V dudy = [§ [~e™™]T) dy = [5(~e7 + 1) dy = [fe™* +y];
— 3t ha- (10 = de 4

1 y=2 3
34 /Ll—l—:c—l-y //1+$+ dyda,_f1 In(l +2+y))YZ; dz = [} In(z + 3) ~ In(z + 2)} dz

=[((@+3)In(z+3) ~ (+3)) - (z+2)In(z +2) — (z+2)) ]}

[by integrating by parts separately for each term]
=(6In6—-6—-5In5+5)—(4lnd—4—-3In3+3)=6mI6—5In5—-4n4+3In3

B.2=f(r,y)=4—2—2y>0for0 <z <land0 <y < 1. So the solid
is the region in the first octant which lies below the plane 2 =4 — z — 2y

and above [0, 1] x [0, 1].
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e ———

2=2-2>—3y2>0for0 <z <1land0 <y < 1. So the solid is the
region in the first octant which lies below the circular paraboloid

z =2 — 2> — y? and above [0, 1] x [0, 1].

3. 2=4—2>>0for-2< 2 <2and —1 < y < 3. So the solid is the '
region that lies below the parabolic cylinder z = 4 — #? and above

[~2,2] x [-1,3].

x 3 ¥y

38. (a) For any given value of z = k, 0 < k < 2, we have the curve z = k? \/5, z=k1<y<4

4 2
The area below the curve and above zy-plane is given by / 'S \/i dy = [%—ya/ 2
1

]’F‘* 2> 142
y=1 3 .
14(1%) 14 14(2%) _ 56

= —_ For k = 2, the area is 3

F =1, th i
or k , the area is 3 3

(b) For any given value of y = k, 1 < k < 4, we have the curve, z = z2vVk,y =k, 0 < z < 2. The area below the curve and

2 3 T=2
above zy-plane is given by / 2*Vkdz = [%\/l;] = ¥ For k = 1, the area is % = % For k = 3, the area
0 =0

1

is 8v3
=

4 p2 4 3 =2 4 4

8 16 16 112

(c)/ / a:"’\/z]dmdy=/ =V dyz/ Vydy= |2y =2(8-1)=3"
1 Jo 1 3 2=0 1 3 9 1

9 9

39. (a) The volume under the surface z = zy and over the square R = [0, 2] x [0, 2] is given by f02 f02 zydz dy.

2 2 2 [ 42 =2 2 92 0? 2 2
(b)/ / mydwdy:/ [?] ydyZ/ {?“‘g]yd&’:/ 2ydy = [ﬁ'ﬁ] =4
o Jo 0 =0 0 0 0

40. (a) The volume under the surface 2 = cos z cosy and over the square R = [—%, %] x [—%, §] is given by

/4 fvr/4

—rnjad—msa cosz cosydz dy.

(b) f:/rj‘; L/r‘;; coszcosy dz dy = fl/r;‘; cosmd:z:f:/r‘;4 cosydy  [by Equation 11]

4 e=r/4 . y=m/4 oo .
= [sm :7:] N [smy} _— = [sm - Sln(_%l:)]2

=[-8 ==
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41. (a) The volume under the surface z = 1 + ye®¥ and over the rectangle R = [0, 1] x [1, 2] is given by

f12 fol (1 +ye®™) dz dy.

2 p1 9 1 w1 . )
b Ndrdy = . g™y dy = AR _ y 2
()/1 /0 (L+ye™)dedy /1 [m+y e ] y /1 [(1+e¥)— (0+1)] dy /16 dy=e®—e

=0

42. (a) The volume under the surface z = 2 + y* and over the square R = [1,2] x [1,3] is given by [©° [? (2* + y?) dz dy.

@ty [ ar= [[(Geo) - (540)] = [ (G40)
®)A‘[ (= +y)wﬂy—ﬁ 5 Ty ml@w—x 5 T2 3ty dy—%j Ty ) dy

R L (7, 1\ _40
—l3y+3]1_(7+9) <3+3>_3

43. The solid lies under the plane 4z + 6y — 22+ 15=0 or z =2z + 3y + % SO

V= [[(2z+3y+ BYdA= f_l_l f31(2a:—l—3y+ Bydzdy = f_ll [a:2 + 3zy + 12§a:]1:2 dy

=]

=1 (9 +6y) — (=8 —3y)]dy = 1, (B +9) dy = [y + 3], =30 (-21) =51

4,V = ffR(3y2 — 2?4 2)dA = f_ll f12(3y2 — 2%+ 2)dydz = f_ll [y3 — 2y + 2y]y=§ dx

= f.l.1 [(12 —22%) — (3 - :1:2)] de = fil (9 - m2d:1:) = [9:1; - %:1:3]1

_ 26 4 26 _ 52
_1—3+3—

3

5.V =2, J1, (132" = §9°) dedy =4 [0 [; (1 - §2° — %) dady

=1 2
=4ff - fo - sl g dy =4[5 (- 5v) dy=4[Hy - 7'l =4 =
The solid lies under the surface z = z” + zy? and above the rectangle R = [0, 5] x [~2, 2], so its volume is

V= [fo(@® +oy?)dA = [§ [2,(® +ay®) dyde = [] [’y + 3ay®])7, da
= f05 [(2:1:2 + gw) — (—2x2 — %m)] dr = f()s(4ac2 + ¥2)dz

_ 4434 8,2]5 _ 500 | 200 _(_ 700
=[5 +§w]o”3+3 0=

47. The solid lies under the surface z = 1 + z%ye¥ and above the rectangle R = [—1, 1] x [0, 1], so its volume is

V = [[(1+2°ye’)dA = fol f_ll(l + 2?ye?)dzdy = fol [z + %m3yey]:zil dy
= fol (2+ 2ye¥)dy = [2y+ 2 (y— 1) Y] (1) [by integrating by parts in the second term]

=@+0)- (0-3¢) =2+ =3

48. The cylinder z = 16 — 2 intersects the zy-plane along the line = = 4, so in the first octant, the solid lies below the surface
z = 16 — 2% and above the rectangle R = [0, 4] x [0, 5] in the zy-plane.

V=f05f:(16—$2)da:dy:f;(lﬁ—mz)dm [ody

= [162 — 42°]; [y]; = (64 — % — 0)(5 — 0) = %2
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