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11 [0 SEQUENCES, SERIES, AND POWER SERIES

11.1  Sequences

1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers.

(b) The terms a,, approach 8 as n becomes large. In fact, we can make a,, as close to 8 as we like by taking n sufficiently

large.
(c) The terms a,, become large as n becomes large. In fact, we can make a,, as large as we like by taking n sufficiently large.

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a, exists. Examples: {1/n}, {1/2"}
n—o0
(b) A divergent sequence is a sequence for which lim a, does not exist. Examples: {n}, {sinn}

n—rod

3. an =n® — 1, so the sequence is {1 — 1,2° - 1,3% —1,4° - 1,5° —1,...} = {0,7,26,63,124,.. .}.

{ 1 1 1 1 1 } {1 1 1 1 1 }
, S0 the sequence is P E Ty TR BT TS

1
b=

314+1°324+1°334+1"34+1'35+1"

5. {2" + n}2,, so the sequence is {2° +2,2° +3,2* +4,2° +5,2° +6,...} = {6,11,20,37,70,...}.

n?-11%
6§ —5— , so the sequence is
n*+1),

{32—142—1 52-16°—-1 721 }_{815 24 35 48 }

P12+ +1'62+1 72 +17 10°17°26°37° 50"

_1\n—1
7. an = %——, so the sequence is
G I G Y S o O N G O M G Y 1111
12 22 32 42 52t 4’9’ 168725 )T
_ (=" LfEDTED? 1P Dt et oy _f 11 111
8. a, = o , so the sequence is YT TR R R T Sy A KRR 1'16° 64 256’ " 1094 [

9. a, = cosnm, so the sequence is {cos , cos 2, cos 3, cos 4w, cos b, ...} = {-1,1,-1,1,-1,...}.

@an=1+(—1)",sothesequenceis{1—1,1+1,1—1,1+1,1—1,...}:{0,2,0,2,0,...}.

(=2)
(n+ 1)V

(=2)' (-2? (-2° (=2)" (=2 _/_ 24 8 16 32 _Jqy2 12 2
T TR T - R T RRELRY Gl B A A7 S DT M GTIARREY Sl R K SE VAN -ARA &

2+1 4+1 6+1 841 1041 }

1. a, = so the sequence is

ntl 35679 11
nl+1 123 Tes 1o

12. a _ntl so the sequence is
P On = ’ 4 1+1'2+1'6+1°24+1°120+1°° "
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@al=1,an+1:2an+1.a2=2a1+l=2-1—1—1:3.0,3:2a2+1=2-3+1=7.a4=2a3+1:2-7+1=15.
as = 2a4 +1 = 215+ 1 = 31. The sequence is {1, 3,7,15,31,...}.

n a1 6 a2 6 as 3 a4 1
14, — n _ _———= = = i T —1 _—_—— =,
5] 6,(1 +1 iy ag 1 1 6 as 5 9 3 a4 3 3 1 as 4 4
The sequence is {6,6,3,1,1,...}.
15, g1 = 2. a - a a2 2 GW&_.—_%L:}_._?. g = 28 _ 25 _2
P T e T e P T T 142 3 T 14a 1423 5 YT 1+4as 14+2/5 7
a. 2/7 .
as = 1+4a4 :—1—;%-/—-,?=— The sequence is {2,%,%,%,2,...}.
16. a1 = 2,02 = 1, any1 = an — an—1. Eachterm is defined in term of the two preceding terms.
aszaz—a1=1—2=—l. a4=a3—-a2:~1~—1=~—2. a5=a4——a3:—2—(—1)=—

The sequence is {2,1,—1,-2,—1,...}.

17. {3, 1, % %> 35> ---}- The denominator is two times the number of the term, n, 50 @ =

'2—n.

1

18. {4, -1, %, —, &, ...}. Thefirst term is 4 and each term is —  times the preceding one, s0 an = 4(_%)71-1.

19. {-3,2,—%,%,—3%,...}. Thefirstterm is —3 and each term is —2 times the preceding one, 50 an = —3(——%)"*1.
20. {5,8,11,14,17,...}. Eachterm is larger than the preceding term by 3,s0 an = a1 +d(n — 1) =5+3(n— 1) =3n+ 2.

@ {3,-%,%,—-38,%, ..}, The numerator of the nth term is n” and its denominator is n + 1. Including the alternating signs,

we get an = (—1)"*!

n+1
22. {1,0,-1,0,1,0,—1,0,...}. Two possibilities are a,, :sinn—QTr and a, = cos (n_—21)£
3n
23. n | Gp= m Gn
1 0.4286 byt IR
2 0.4615
3 0.4737
4 0.4800 ] S e
5 0.4839
6 0.4865 It appears that lim a, = 0.5.
7| 04884 , e any/ , .
n . n)/n .
8 0.4898 nlglolo T 6n nl_.oo m = nan;o m =6~3
9 0.4909
10 0.4918
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21, a, =
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a,
n | an =2+ (_—_.1..)__ 34
n .
1 1.0000 27 . Lt
2 2.5000 o
3 1.6667
4 2.2500 o
5 1.8000
6 2.1667 It appears that nhngo an = 2.
7 1.8571 ' (1) . =) ‘ oy
8 2.1250 i (2+——n >=,};H;°2+n1;n;° —— =2+0=2since lim ~
9 1.8889 -1y
10 2.1000 and by Theorem 6, nl-l—»n(}o == 0.
Ay .
n an = 1 + (‘—‘% T .
1 « ® e o o o
1 0.5000 *
2 1.2500 .
3 0.8750
4 1.0625 5 P e
5 0.9688
6 1.0156 It appears that lim a, = 1.
! 0.22? lim (1+ (—3)") = lim 1+ lim (—3)" =140 = 1since
8 1. 9 n—oo N+ 00 N~ 00
9 0.9980 Jim_ (—=3)" =0by (9.
10 1.0010
a,
i3 an = 1 -+ 1—907-1— 4 .
1 2.1111 3 L o "
2 2.2346 21 *
3 2.3717 14
4 2.5242 o
5 2.6935
6 2.8817 It appears that the sequence does not have a limit.
7 3.0908 C10m ] 10\* _ ) ‘ o
8 3.3931 nl—l—»ngo o= nll’ngo (?) » which diverges by (9) since 4 > 1.
9 3.5812
10 3.8680
5 . 5/TL _ 5/'n, 0 _
nt2 (mi2)n 1H}_Q/n,soa,,—» T30 =(0asn — co. Converges

28. ap =5y/n+2,s0a, — coasn — ocosince lim y/n+ 2 =oco0. Diverges

n—o0
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29 a _4n2—3n_(4n2—3n)/n2_ 4=3/n soa —»4—-—0-2asn—-»oo Converges
T ekl @rE+D/nz 2+ 1/a 0 T 910 : g
4n® —3n  (n®-3n)/n  4n-—3 . . . . 1
30. an = I+l @n¥i)/n —2+1/n,soan—>ooasn—>oosmcenll’ngo(4n—~3)_ooandnli’n;° 2+ﬁ =2.
Diverges
N oan = n n'/n® = o S0 an — 0o asn — oo since lim n = co and
TP T —2n T W3 —-2n)/n3 T 1-2/n2°7 " e

n—oo

. 2 .
lim (1 - 5—2—) =1-0=1. Diverges
32, an =24 (0.86)" — 2+ 0=2asn — oo since lim (0.86)" = 0 by (9) with r = 0.86. Converges

371,

Boa, =37 "= =
a 37 7

(%) ,50 lim an, = 0by (9) withr = % Converges

_ 3@ __3/ajm_ _ 3 3 _
an_\/ﬁ+2_(ﬁ+2)/\/ﬁ—1+2/\/ﬁ—>1+0—3asn—>oo. Converges

35. Because the natural exponential function is continuous at 0, Theorem 7 enables us to write

lim an = lim e~1/V7 = YYD 0 _ 1 Converges
4" 4m/9" (4/9)™ 0 . , 4\"
. Qp = foad g = 1 - —
3. a 110~ @ +97)/on (1/9)n+1—>0+1 OasneoosnncenLn;o 9 0 and

n—+o0

_ [1+44n®  [(A+4n?)/n®  [(1/n?)+4 _ . . oy
3. an = T2 —\/(1+n2)/n2 =\ a/m) 1 —>\/AI—2asn—>oosmcenleg°(l/n ) =0. Converges

38. a, = cos (E%—Tr_l-) = cos ((1%) = cos (ﬁ), SO an — cosT = —1 as n — oo since nli»nolo 1/n=0.

lim (%) =0by(9). Converges

Converges

n? nZ /n3 . .
S0 an — 00 asn — oo since lim /n = oo and

- _ __\n
T VnP+dn vn3 4+ dn/v/n3 G +4/n2’ n—oo
lim /1+4/n?=1. Diverges

39. an

2n . . 2n)/n . 2 2 . . ..
40. If b, = L then "121; b, = nli.n;o (15_+22_/)7; = nan;o m =31= 2. Since the natural exponential function is
continuous at 2, by Theorem 7, lim 2%/ ("+2) = glimn—cobn — 2 Converges
n—o0
1 .. 1

= = 1M -
2 n—oo nl/2

@ lim |an]= lim (;\;)_ = %(0) =0,s0 lim a, =0by(6). Converges
n—oo n—oo n n—oo

(© 2021 Cengage Leamning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.




42,

43 a

44,

45,
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n/n . 1 1 (=1)"*n
nli,oen+\/‘ Ji.oo(n+\/‘)/n_nll,n§o1+1/\/ﬁ‘1+0_1' Thus, an = = 7= n+n

that approach 1 and even-numbered terms that approach —1 as n — oo, and hence, the sequence {a,} is divergent.

has odd-numbered terms

N Cikad ) (2n—1)! = ! —~+ 0asn — oo. Converges
Tt @rtlEn)@n—1) (@rn+1)(2n) ' E
an = an___In __(mp)/lom 1 - 1 _ lasn — oco. Converges
"_ln(2n)_ln2+lnn—(ln2+1nn)/lnn_Tl-"ll%-i-l 0+1 ) g

o, = sinn. This sequence diverges since the terms don’t approach any particular real number as n — oo. The terms take on

values between —1 and 1.  Diverges

tan"ln . _ . - T .
. ay = . lim tan~'n = lim tan" 2z = = by (4),s0 lim a, =0. Converges
ke3 n—oo T 00 2 n—oo
2 2
n T 2z 2
. an =n%e™™ = —. Since hm R im ZE 2 = = (), it follows from Theorem 4 that hm an = 0. Converges
en oo e% z—oo ¥ z-r00 €% n—

. an =In(n+1) ~Inn= 1n<nT+1) =In (1 + %) — In (1) = 0 as n — oo because In is continuous. Converges

2 2
0 < cos < 51;; [since 0 < cos®n < 1], sosince lim %7; =0, {w} converges to 0 by the Squeeze Theorem.
n—oo

2n 2

50. an = V2TFn = (21F3m)/n = (glo3myl/n = 9l/n93 = g. 91/ g0
lim a, =8 lim 2!/ = g§. 2!imn—w(l/n) — g. 90 — g by Theorem 7, since the function f(z) = 27 is continuous at 0.
Converges
51. an = nsin(l/n) = Elil(—/l—én—) Since lim l(l/m) = lim T [where t = 1/z] = 1, it follows from Theorem 4
z—c0 t—0+
that {an } converges to 1.
52, ap =2 "cosnw. 0< lcosmr] < 51; = (%) ,80 lim |an| =0by(9),and lim a, = 0by (6). Converges
2\° 2
83.y={1+—- = lhmy=zln{l+=}, s0
z z
1 h\(2
. o Im(14+2/z) w oL, 1+2/z 22/
zli.lgolny_zlin;o 1/z —zlg{.lo —1/z2 T oo 142/
. 2 * . In 2 H 2 " 2
lim {14 2 = lim e™¥ = e® so by Theorem 4, lim {1+ ) = Converges
54, y = zt/* = lny——ln:z: S0 hm Iny = lim li::—;ﬂ lim 1/—7: = lim i————O =
lim 2'/% = lim e™¥ = e® = 1, 50 by Theorem 4, Jim Un =1, Converges
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