SECTION11.2 SEREES O

17. For the series S (——1— - l),
am1 \n+2 n
n 1 1
S"_i__.zl (i+2—?>
1 1 1 11 1 1 1 1 1 1 1
—(§‘Q+(Z'5>+(5‘§)+<a'z)+"+(;“n_2)*(n+1“n_1)+(n+2‘
1 1 1 . .
=-1- 3 -+ i S [telescoping series]
= 11 . e 1,1 1\ 1_ 3
Thus, 32 (M'E>—JLH;S"”JE‘.}O<1 st nti n+2>— =3+ Converges
For the serles;:;4 (—1; - n1+ 1)
L 1 1 1 1 1 1 1 1 1 1
Sy = — = ——= |t —=—-— )+ | —= — = e -
2(\/2 \/i+1) < 4 5) ( 5 6) ( n \/n+1> Vi Vil
[telescoping series]
! 1 1 1 1
Thus, — = lim s, = K —— =—-0==. C
w3 (Ve ) ==t (- 7)< 7 e
19. For the series i _3 Sp = i _3 (i 2 [using partial fractions]. The latter sum is
‘ Zinnt3) T A3 &A\T i+3 EPp '

A b
n—2 n+1
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n-+42

)+(
A
nt3
3

ThUS, z m—s—)

n=1

1 1 1

U SR S S 11
n-41 n+42 n+43

6

= lim s, =
n—o0

Jim (13 +4 - )=1+3+4

For the series 3 1 :
or the series ) ]

n=1

20

$n=(In1~mIn2)+(n2-13)+(m3~mnd)+ -+ Inn—In(n+1))=hl~In(n+1)

Thus, lim s, = —ox, so the series is divergent.
n—oo

21. For the series )

n=1

(el/n . el/(n+l)),

I
n—1

1
n42

1

n

)+

[telescoping series]

Converges

—In(n+1)

[telescoping series]

[telescoping series]

Sp = i (el/i - el/(”l)) =(e' —e?) ;- (e — e/ .. + (el/" - el/("“)) =e— !/t
i=1
o0
Thus, 3 (el/" - el/("+1)) = lim s, = lim (e - el/("“)) =e—e’=e—1. Converges
=1 n—t00 n-»oo
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1060 O CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES

@Usmg partial fractions, the partial sums of the series }: are

n—=2 nd—n

_ 1 _a(1,12 12\ _1a (1 2 1
i=2i(i-1)(i+1)—i§2< i+i—1+i+) 2,_2( ¢+¢+1>

1 2 1 1 2 1 1 2 1
+ — + + - += )+ -2+
n—3 n—2 n-—1 n—-2 n-1 n n—1 n n+1l
Note: In three consecutive expressions in parentheses, the 3rd term in the first expression plus
the 2nd term in the second expression plus the 1st term in the third expression sum to 0.

1/1 2 1 1 2 1 1 1 1
—a(i—fﬁ*;—;*m)—z—%*m
© 1 _ (1 1 1 1
T, £ = im o=l (3 50+ 5) =5

@3 —4+ 18 — 8 ... isa geometric series with ratio r = —4. Since |r| = % > 1, the series diverges.

@ 443+ 32+ Z 4 ... isageometric series with ratio %. Since |r| = 2 < 1, the series converges to Ti_r = m =16.

@ 10 — 2+ 0.4 — 0.08 + - - - is a geometric series with ratio — 2% = —%. Since |r| = } < 1, the series converges to
a 10 10 50 25

1—r 1-(-1/5) 6/5 6 3°

2 +0.5 4 0.125 + 0.03125 -+ - - - is a geometric series with ratio r = O—f = %4. Since |r] = ;1- < 1, the series converges
a 2 2 8

T 7 T1-1/a 3/4° 3

00
27. Z 12(0.73)™ ! is a geometric series with first term o = 12 and ratio » = 0.73. Since |r| = 0.73 < 1, the series converges

n=1
o % — 12 12 12(100)
1—r 1-073 027 27 9'
- 5 > (1Y - I 1 , 1 1 ,
28. Z —— =3 Z — | . The latter series is geometric with a = — and ratio » = —. Since |r| = = < 1, it converges to
by AT ™ s s
A -1 . Thus, the given series converges to 5 T D
1-1j/n n-1 & g 7-1) 7-1

(=3~ 3)" U G- A o . . A 3 .
29, § =12 > ~1 . The latter series is geometric with @ = 1 and ratio » = —%. Since |r] = 2 < L, it
n==]

converges to 2. Thus, the given series converges to (1) (%) =

=3

1 —
1—(-3/4)
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o0 n4-1 0o
(3_—_—2—); =33 (—$)" is a geometric series with ratio r = — 2. Since |r| = £ > 1, the series diverges.
n= n=0
31 i e i ) _ 6 i < i is a geometric series with ratio r = _ei Since |r| = ig—2-[~ 1.23] > 1, the series
T2 BT T 2 6T e \ G 8 % T ’
diverges.
o . 92n—1 2\n - e n
32. nzz:l Q%—- = ,,2_:1 62”27 ) 2 nz::l ( ) is a geometric series with ratio r = % Since |r| = % > 1, the series
diverges.
33 1 + 1 + 1 + 1 + = § 1.1 {E 1 This is a constant multiple of the divergent harmonic series, so
"37679 12 15 2335 P & ’
it diverges.
34, % + % + % + %1 + % + g R nZ::1 - Z T This series diverges by the Test for Divergence since
lim a hm—n——-lim——1—'~19é0
n—l—poo n—n-—>oon+1 n-——»oo]_-{—l/’n_ ’
35, -g— + % + —-;5— + gg + 3—3% 4= 712::1 <§) . This series is geometric with a = % and ratio r = % Since
|r] = 2 < 1, it converges to 252
R gl T 95 T 3
B i+t +Etastrst =G+t tazt+o)+(2+&+ %+ ), which are both convergent
0 . 0 1/3 — 3 2/9 — 1 ) . . . 3 1 . 5
geometric series with sums T-1/5 " 3 and +—= 5T so the original series converges and its sum is £ + ¢ = 2.
o~ 2+ 24n . 2+l 1
@ 2 . dlverges by the Test for Divergence since hm n = nango o = nli»n;c n-2" 32 #0.
oo .2 2 1
38. ; PR T diverges by the Test for Divergence since hm N T oR T E klggo m =1#£0.
39, i grtigen — Z 3n =3 Z The latter series is geometric with a = 3 and ratio r = § Since |r| = 3 <1
—~ 4 4 4 ~ 7
. 3/4 . . }
it converges to T—3/4 = 3. Thus, the given series converges to 3(3) = 9.

40. i [(=0.2)" + (0.6)" ] = Z( 0.2)" + Z(O 6)~! [sum of two geometric series]
n=1

n=1

—0.2 1 1
=1-(<02) "1-06 &

DO Ot

7
3
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n n T z @

50. E —5 diverges by the Test for Divergence since hm an = lim Z—Z— = lim g— L lim B 2 lim 52— =00 # 0.
51. (a) Many people would guess that z < 1, but note that z consists of an infinite number of 9s.
(b) z=10.99999... = S + 2 + 9 + -—9— i 2 , which is a geometric series with a; = 0.9 and
= 099999 =76 700 T To00 " 10,000 T T & o 8 =0
. 0.9 0.9 .
7 =0.1. Its sum is T 01" 09— 1, that is, z = 1.

(c) The number 1 has two decimal representations, 1.00000. . . and 0.99999. . ..

(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. For

example, 0.5 can be written as 0.49999 . . . as well as 0.50000.. ..
52 a1 =lan=(5—n)an-1 = a=(0-2a1=3(1)=3, as=(5—3)az =2(3)=86, as = (5—4)az = 1(6) =6,

o0 4
as = (5 — 5)as = 0, and all succeeding terms equal 0. Thus, 3" an, = Y  an =1+3+6+6 = 16.

n=1 n=1
53, 0.8 = 18—0 -+ I%—z— + .+ is a geometric series with a = % andr = 110. It converges to I—i—r- = % = g
54. 0.46 = f—o();) + —1%?—)5 + .-+ is a geometric series with a = %106—0 andr = 1(1)0 It converges to ﬁ = T%%%‘o = g—g
55. 2.516 = 2 + ?;S + —5—(1)—6 + - --. Now —?—é—g + ?—(1)2 + .-+ is a geometric series with a = %S and r = 133 It converges to
T = i = daafis = o ™S 2=+ 55 = T = B0
56. 10.135 = 10.1 + 13—053 + Iﬁg + <+ . Now Tg()% + %Sg +--- is a geometric series with a = 13—(?3 andr = 1%5 It converges
o 1% = 1 i = 33?183 = o Thus 10,35 = 101+ o, = S50 = St = T
57, 1.234567 = 1.234 + ‘;’gz + io’z + .-+, Now —ilg—z + El)%g + -+ is a geometric series with a = ii()z and
r= 1_(1)3' It converges to 7 - r 1537{/1?;3 = gg;ﬁgz = 9959?(;700 = 37?300' Thus,
1234567 = 1.234 + 37?500 - 1(2)33 37?(}00 - g?:ggg 37?(}00 - ??Zggi
58) 5.71358 = 5 + 711’355 8 + 7;’03128 +---. Now 711’35 8 + 7;6:38 + -+ is a geometric series with a = ll’(:))’—sf—)g

r o L It converses fo % — 71,358/10°  71,358/10° 71,358 23,786 Thus
108 g 1—r  1-—1/10°  99,999/105 99,999 33,333 ’

— 23,786 _ 166,665 23,786 _ 100,451
' 33333 33333 ' 33333 33,333

ot
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-5tz = —5z)"™ is a geometric series with r = —5, so the series converges & |rj<1
g

60.

61.

62.

63.

64.

65.

66.

67.

|-5z] <1 < |z|< i, thatis, —1 <z < %.Inthat case, the sum of the series is : i - = 1__(5_$5m) = 1:_5;7:.

Z (z +2)™ is a geometric series with r = = + 2, so the series converges < |ri<1 & |jz+2/<1 &

n=1

~l1<z+2<1 <& —3<z<~1. Inthatcase, the sum of the series is - z+?2 = 1:—}—2.
1—r 1—{(z+2) -z-1

2 .
, 50 the series converges & [rj <1

E ("E . 2) =3 (:1: g 2) is a geometric series with r = z ;
n=0 n=0

mg2'<l &> —1<?;—2<1 & -3<z—2<3 & —1<z<5. Inthatcase, the sum of the series is
a 1 . 1 3
1—7'—1_115—2_3——(:1;——2)_5—:::'

3 3

E (—4)"(z — 5)" = 3 [~4(z ~ 5)]" is a geometric series with 7 = —4(z — 5), so the series converges <>
0

Irl<1l & |-4(z-5)<1 & |z—-5<} & —-i<z-5<}i & 21 <2< 2 Inthatcase, the sumof

1 1

a
he series i _ = .
the series is 1—r 1—[-4(z—5) 4dz—19

2n = (2Y\". . . . 2 . 2
Z — = > (=] isageometric series with r = =, so the series converges & |rj<1 & =<1 @
n=0 L™ n= T T x

1 T

2<|z| & >2orz < —2. Inthat case, the sum of the series is ——— = = .
1—-r 1-2/z z-2

o
3= Z ( ) is a geometric series with r = 5> 50 the series converges < |r|<1 <

E[ <1l &
n=0 2n n=0

g

-1< g <1l & —2<z<2. Inthatcase, the sum of the series is 1 a = =

o o0
> e™ = > (e”)" is a geometric series with r = €, so the series converges & |[rj <1 & [e®]<1 &
n=0 n=0 .

1

. .a :
—1<e® <1l & 0<e®<l & :c<0.Inthatcase,thesumofthesenesxs—ITT:TZF.

M8

sin™ z & (sinz . . . smz .
Z is a geometric series with 7 = ——, so the series converges <> ]r] <l &

n=0 371 3

<1 ¢ |sinz| < 3, which is true for all . Thus, the sum of the series is ¢ = 1 = 3_ .
l1—-r 1—(sinz)/3 3-—sinz

sin ¢

3

After defining f, We use convert (£, parfrac) ; in Maple or Apart in Mathematica to find that the general term is

3n?4+38n+1_ 1 1
(n2+n)d T nd  (n+1)3
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So the nth partial sum is




