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11.3 The Integral Test and Estimates of Sums
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1. The picture shows that ag = 55 < /1 i dz, Y

a3 = 1 < c1 dmandsoonsoi L < - dx
3= 318 , 1B P8 e nlE L zs

The integral converges by (7.8.2) withp = 1.5 > 1, so the series
converges.
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2. From the first figure, we see that [ 16 f(z)dz < 3 ai. From the second figure, we see that ), a; < [ 16 f(z) dz. Thus, we
i=1 i=2
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have Y ai < fls fHz)dz < Y as
i=2 i=1
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3. The function f(z) = =2 is continuous, positive, and decreasing on [1, co), so the Integral Test applies.
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Since this improper integral is convergent, the series Z n~3 is also convergent by the Integral Test.

n=1

4. The function f(z) = =3 is continuous, positive, and decreasing on [1, co), so the Integral Test applies.

o t 0.7t 0.7
/ z7%%dz = lim z7%%dz = lim [m } = lim (t ! ) = o0.
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Since this improper integral is divergent, the series Z n~ %2 is also divergent by the Integral Test.
n=1

@The function f(z) = 3172—-_1 is continuous, positive, and decreasing on [1, 00), so the Integral Test applies.
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/1 5m_1dm—tl~x_’x{.1° . 5m—1d$_tl-l-»lg>[gln(sg:_l)}l_zl—g& {gln(5t—1)—gln4 = o0.

Since this improper integral is divergent, the series Z —5n—2:—1— is also divergent by the Integral Test.
n==]

@ The function f(z) = (3—;—1)—4- is continuous, positive, and decreasing on [1, co), so the Integral Test applies.
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Since this improper integral is convergent, the series Z

n=1

Brno17 _1_ L is also convergent by the Integral Test.
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The function f(x) = 3L+i is continuous, positive, and decreasing (x) on [2, c0), so the Integral Test applies.
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Since the improper integral is divergent, the series Z

T is also divergent by the Integral Test.
n=2 T

g (B +1D(23) —2?(B2%) _ 2-2* z(z®-2)
) f'(z) = @+ 17 S @I @rie < 0forz > 2.

. The function f(z) = 22~ is continuous, positive, and decreasing () on [1, co), so the Integral Test applies.
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/1 e dz = tlig}o ) 2™ dz = tl_x_’ngo {—%e"”s] = ——:1,; tlg{’lo (e_t3 — e—l) = —% (0 — %) = %.
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Since this improper integral is convergent, the series ) nZe~" is also convergent by the Integral Test.
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() f'(z) = 2%~ (—322) + e~ (22) = e~ (—3z° + 2) = M <0 forz>1
et
. The function f(z) = m(Tl:cP is continuous, positive, and decreasing on [2, 0o), so the Integral Test applies.
e 1 Int du dz 1 2 Int
T = dr = i — [ = . = -—] = } ——
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Since the improper integral is convergent, the series Z (l is also convergent by the Integral Test.

n)?
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233 is continuous, positive, and decreasing (*) on {1, 00), so the Integral Test applies.

The function f(x) = tla z

o] i -1 tan~ 1t
tan~lz tan” 'z . d
dx = lim dz = lm udu [u:tan"‘z,du: —m——]
1 t—oo [, -+

14422 1+ 22 t—oo fo1g 1422
= lim l11,2 R = lim l(tan_lt)2 — —1—(tan"1 12 = l(2)2 _1 (1)2 = §7T—2
Ttooo |20 [y, t—oo |2 2 T 2\2 2\4/ 32
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Since the improper integral is convergent, the series E

n=1

5 is also convergent by the Integral Test.

(1+2%) (1 ¥ :1:2> ~ (tan™"2)(20) _ 1-2ztan"'z

-1
(1+22)2 = Tt 2y < Ofor2ztan™ "z > 1.

G f'(z) =

Both 2z and tan™ 'z are increasing functions, and when z = 1, 2ztan"'z = 2(1)tan™! 1 = 27/4 > 1, so it follows that

f(z) < Owhenz > 1.

[ead

1 is a p-series with p = v/2 > 1, so it converges by (1).
n=1 72»\/_
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12, S p709%0 o ;6% is a p-series with p = 0.9999 < 1, so it diverges by (1). The fact that the series begins with
n=3 .

n=3

n = 3 is irrelevant when determining convergence.

1 2L - .
13. 1+ = 8 + 5 + & + T2—5 +- n§1 3 This is a p-series with p = 3 > 1, so it converges by (1).
14. + - + . + = + = toe= 5”: L. The function flz) = is continuous, positive, and decreasing on [1, cc)
7 9 11 13 —n=12n+3. —2 3 > P gl g 3 N

so the Integral Test applies.
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/1 mdm—hm ——dxmtkngc [5111(22_*_3)}1—}—1»1& [§ln(2t+3)-§ln5]—oo,sotheserxes

t—oo [y 2x -+ 3
i ! diverges
s
@ H + 1 + L + L + L +oe= i 1 The function f(z) = ! is continuous, positive, and decreasing on
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[1, o0), so the Integral Test applies.

o t t
/ ! 4= lim ! - lim [% In(da — 1)] = Jlim [i In(4t —1) — L 1n 3] = 00, 50 the series
1 — 00 —00

4dz—1 t—oo fy 4z — 1
> .
nZ=:1 yr—] diverges.
1 1 1 1 e = 1 - N 3 .
m 1+ o7 + 3—\/—?; + 4—\72 + W/ Foee= Z_:l r E yx This is a p-series with p = 5 > 1, so it converges by (1).
> van+d4d & (vn 4 >® 1 > 4 @ 1 . s
@2_}1 = n}_::l o + 3= ;} ey 712::1 et 2::1 —a7s s a convergent p-series withp = 2 > 1.
4 el .
3= 45 is a constant multiple of a convergent p-series with p = 2 > 1, so it converges. The sum of two
n=1 n=1

convergent series is convergent, so the original series is convergent.

18. The function f(z) = ﬁ\/%/? is continuous and positive on [1, 00).
3/2y(1.,,—1/2\ _ 1/2(3 1/2 —1/2
f,(:IC)—(l+m )( ) i (2‘” )”; ! +2a:—%a: 120" <Oforz>1,s0fis
- (1 + z3/2)2 - 1+ Z3/2)2 2\/5(1 + 23/2)2 -

decreasing on [1, co), and the Integral Test applies.

\/— . \/— 3/2 ¢ substitution
/1 1+a3/2 dw = tligolo 1+ 2372 de = hm I: In(l+2 )]1 i 3/2

withuyu =1+

= lim [3 In(1+£/2) ~ 2In2] =

so the series Z —l/-——g—z— diverges.
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