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(c) We have shown that {¢,.} is decreasing and that ¢, > 0 for all n. Thus, 0 < ¢, < ¢, = 1, s0 {¢,} is a bounded monotonic

scquence, and hence converges by the Monotonic Sequence Theorem.

nn n 1 el . . .
4a7. o' = (e b)l = (™ ”)l L — 21 b= ™ is a p-series, which converges for all b such that —Inb > 1 <
=

Inb< -1 & b<e' & b<l/e [withb>0)

48. For the series > (E %),
n=1 n n

I c 1
n n+1

=1
c ¢—1 e—1 ec—-1 c—1 1 1 1 1 1 1
=t _ - S D (TIPSR B
1ty Tyttt gt )(2+3+4+ +n> nt1
Thus, 52 (€= —2) = lim o0 = I Nyt Ll rant multiple of a divergent seri
us, =\ 5 ’I’L+1 —n_l_{& Sn _11,—1ﬁngo C P i n+1 . SINCE a constan 1y a divergent series

is divergent, the last limit exists only if ¢ — 1 = 0, so the original series converges only if ¢ = 1.

11.4 The Comparison Tests

@ (a) We cannot say anything about > ay,. If ay, > b, forall nand 3 by, is convergent, then 3 a,, could be convergent or

divergent. (See the discusssion preceding the box titled “The Limit Comparison Test.””)
(b) If a,, < by, forall n, then }_ a, is convergent. [This is part (i) of the Direct Comparison Test.]
@ (@) If a,, > b, forall n, then 3 a., is divergent. [This is part (ii) of the Direct Comparison Test.]

(b) We cannot say anything about 3~ an. If an < by, for all n and 3~ b, is divergent, then 3" a,, could be convergent or

divergent.
3 (a) i =L foralln > 2 i L converges because it is a p-series withp =2 > 1, so i " converges
nd+5 + 5 T n? =T n? £ P ) p= T = nd45 g
by part (i) of the Direct Comparison Test.
.. . . n 1
(b) Use the Limit Comparison Test with a., = and b, = —:
n® —35 n?
2 3 .
an n n . n 1 1
lim — = lim =] - bm — = " =150
n—oo by, n—oon®—5 1 o 73 n? (1 —5/n?) =A% 1-5/n* 1-0 >

. N . . n
Since Y — is a convergent (partial) p-series [p = 2 > 1], the serics Z also converges.
n=2 T -

2 2
1. > 1 . .. . . .
4 (a ) n” + LSS —3iL—~ > Z% = —forallm > 2. Y — diverges because it is a (partial) p-series withp = 1 < 1, so
-2 " n?-2" n n —Hn
Z n” dwerges by part (ii) of the Direct Comparison Test.

:
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2

(b) Use the Limit Comparison Test with apn, = :3 ;721

and b, = 1
n

lim 2 ’ n’—n n L n® —n? lim 1-1/n 1-0 1>0
im -— = lim ——— - — = llm —~———0— = —_—_— =
n—oo by, n—oo N3 +2 1 nooo N3 + 2 n—oo 1 + 2/77,3 1+0

n .
also diverges.

Since Z 1% a divergent (partial) p-series [p = 1 < 1], the scries Z e

5. An inequality can be used to show that a seties converges if its general term can be shown to be less than or equal to the

. . . . . e, . > 1,
general term of a known convergent series. The only inequality that satisfics this condition is given in part (¢) since b = is
n=1 N

a convergent p-series [p = 2 > 1].
6. An inequality can be used to show that a series diverges if its general term can be shown to be greater than or equal to the

general term of a known divergent series. The only inequality that satisfies this condition is given in part (¢) since

3> l is half of the harmonic series, which is divergent.
—_1n

n—=1

l\DI*—‘

= 1
Xon=

1 1 1 . . R .
@ poe - < — foralln > 1,50 Z s converges by direct comparison with Z ol which converges because it is a

n=1

p-series withp =3 > 1.

1 1
, — > — In> E
8\/5 1>\/_foraln_2,son2

p-series with p = % < 1.

. . . e 1 o o
—3 diverges by direct comparison with g % which diverges because it is a

1 1 .. . .
nt > = foralln > 1,s0 Z diverges by direct comparison th

_I_
nvn n\/— \f n=1nvn

ap-series withp = 1 < 1,

™\ n—1 n n 1 Zn—1
— = — foralln >1,s
ng—|—1<ng-}-1<n:‘1 n? oralln = '50;7L3+1

because it is a p-series withp = 2 > 1,

9.

which diverges because it is

HMS

T

. . . 1 .
converges by direct comparison with Z et which converges
n=1

. 3+L10’_‘ < 1% = <%) foralln > 1. n§1 (&)" is a convergent geometric series (Irl =5 <1).s0 nz::l E?—QW

converges by the Direct Comparison Tcst.

@ 576———1— > g; = (-g—) foralln > 1. 3 (§)" is a divergent geometric series (Irf=£>1).50 5n6 1 diverges by
- n=1 n=1 -

the Direct Comparison Test.

13. Forn > 2,Inn < n, so Ell_ > l Thus, Z El~ diverges by direct comparison with }: , which diverges because it is a
n=2 n=1T

p-series with p = 1 < 1 (the harmonic series).
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ksin®k k E 1 % ksin’k o2
14, ls_:_nks < e < i forallk > 1, so :L;l ;m - converges by direct comparison with 1?;1 kiz which converges
because it is a p-series with p = 2 > 1.
vk Vi kV? 1 & vk
15, ————= < =y = forallk > 1,s0 —————— converges by direct comparison with
VES X4k +3 T VEP K% kTS - 2;\/ 544k +3 ges by P
2 L/ which converges because it is a p-series with p = % > 1.
16 (2k - D 1) < 26(k") Z—kB 2 5 foraltk > 1, s i 2k L 1) erges by direct comparison with
RS E T = (B + 1) (k7 1 42 CONVErEes by Girect comparison wi
Z . which converges because it is a constant multiple of a p-series withp = 2 > 1.
17. # < e% foralln > 1. ; ezn is a convergent geometric series (|r| = % < 1), s0 T; l+—;§§ﬁ converges by the
Direct Comparison Test.
18 L L 1 —75 foralln > 1, so Z converges by direct comparison with f
ARl A Vs r—-—_ 5 Y p X

which converges because it is a p-serics with p = % > 1.

19 an >—z£—'£-—4 : nforalln>1 §4 4 n—4§ 4 nieadiver ent geometric series (|r| = 5 > 1), so
BT R T =0 &=0N\3) T g) podveEeE R

n=1
oo 4n+1
> 33 diverges by the Direct Comparison Test.
n=1 -
1
20, — < iz foralln > 1, s0 E ~—— converges by direct comparison with Z n‘ , which converges because it is a p-series
nw ne1
withp =2 > 1.
21. Use the Limit Comparison Test with a,, = _1 and b, = 1
. n n2 + 1 n n
an . 7 . 1 . . =N
lim — = lim —=== = lim ——=—==—== =1 > 0. Since the harmonic series ¥ — diverges, so does
"h— 00 bn T— o0 nz + 1 n—oo 1 + (1/”2) ne1 T
&, 1
n; VT 4+ T
22. Use the Limit Comparison Test with a,, = 2 and b, = L.
' P T Un2 T n
a . 24/n 2 . > 1 . .
lim =2 =1 = lim —————= =2 > 0. Since —= is a divergent p-series [ p = 2 < 1], the series
nlﬁoobn, n,LIEo\/ﬁ+2 nﬂml_‘_g/\/ﬁ n;l = gent p [p 3 = ]
&, 2 .
3 is also divergent.
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23. Use the Limit Comparison Test with an, = 7;+ L and b, = —12—:
n® —+n n
_an . (n+lm® . nP4nm . 141/n - .
nlg]go = nlgxgo nE 1) nll)rgo T nll}rrolC> Ti/m 1> 0. Since n‘é} —5 s a convergent p-series
&, 1
[p = 2 > 1], the series :;1 % also converges.
2
24. Usc the Limit Comparison Test with a.,, = nhntl and b,, = i
nt 4 n? n2
. an . (nz+n+1)n2 L onf4n+1 1+1/n+1/n2 R > 1 .
— 1 _— . = — _— = . — C
g = Sy A T T Ty =1 0 Sinee X o isa comergen:
< n?+n+1

p-series [p = 2 > 1], the series > also converges.

= ont+n?

@Use the Limit Comparison Test with a,, = 1+n and b,, = -—L:
2+n N
n . /1 . y/n? vn? .oy 1+1 . = 1., . .
lim = = lim v1+nyn = lim vt An/vnt lim yiti/n =1>0.Since 3 —= is a divergent p-series
n—oo by, n—00 24+ n n— 00 (2 + n)/n n—oo 2/’)’L +1 ne1 \/ﬁ

[p=1 < 1], theseries > l_:_n
n=1 n

also diverges.

26) Use the Limit Comparison Test with a,, = —lﬂ— and b, = —:
(n+1)3 n?
. an . nf(n+2) . 142 . o 1, , .
nling.o P nlingo Ty nlgrolo (—l——lj)—g =1> 0. Since nga ~isa convergent (partial) p-series [p = 2 > 1],
X 2
the series (ﬁ—_?_——l—)g also converges.
{n
. 5+2
27. Usc the Limit Comparison Test with a.,, = oFin and b,, = —1~:
(1 +n2)? n3
3 3 4 4 5
. Qn . n°(5+2n) . 5n’ +2n 1/t =+2 . = 1.
Ay, =B T e I e T T Ty 2 O Sinee I g e convergent

p-series [p = 3 > 1}, the series ngl %2—;)3 also converges.
n+3" 3" 3* 313V = nH3 . . .
28. ™ > G = > From S 3.9n 3 (§> , so the series ; T diverges by direct comparison with

1 — SR o C . .
B Z (§> , which is a constant multiple of a divergent geometric series [|r| = % > 1]. Or: Use the Limit Comparison

n=1
Test with a,, = m and b,, = § .
7+ 2" 2
n n n o0 n
2. £ +1 > e +1 e 1 = L for n > 1. so the series Z —e— diverges by direct comparison with the
ne*+1 " ne*+n nler+1) n e + 1
. . =1 . . . . e +1 1
divergent harmonic series Z —. Or: Use the Limit Comparison Test with a,, = and b, = —
—n nen 41 n
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