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11.6 The Ratio and Root Tests

1. (a) Since lim F—Zﬂ = 8 > 1, part (b) of the Ratio Test tells us that the series > a,, is divergent.

(b) Since lim a:“ = 0.8 < 1, part (a) of the Ratio Test tells us that the series D an is absolutely convergent (and

therefore convergent).

(c) Since lim a—gﬂ = 1, the Ratio Test fails and the series ) a, might converge or it might diverge.
. 1 . 1 1 1 . .
2. lim = lim | ———| =|z| = = < 1 Thus, the series } , a,, is absolutely convergent (and therefore convergent)
n—oo | an n-+00 an/an+1 2 2
by the Ratio Test.
s e i [ [y L] 2
absolutely convergent by the Ratio Test.
. |Gns1 ) )t p? 1 .
4. 1 /= . = I mvt =
i |7t = i [ € | =t || =2 i e =200 =2 1 o oo

> (;22) is divergent by the Ratio Test.
n=1

"1)n3n+1 ) mnd
on+l(p 4 1)3  (~1)n—13n

3 1 3 . 3
= A Ay 2Tt

An41
Qn

5. lim

n—oco

= lim

n—oQ

= lim ———3« n®
T nSeo 2 (n +1)3

5 18 divergent by the Ratio Test.

so the series Z( n"- 1

@ lim

Gntt| o l (=3)"*  (@n+1)
Qn T e [2(n + 1) =+ 1]! (—3)"’

=3(0)=0<1

so the series Z (2(—4_1)’

. 1 . 1
= Jim 1(=3) @2n+3)2n+2)] 3 lim, (2n + 3)(2n +2)

is absolutely convergent by the Ratio Test.

. ar4+1 RT 1 li)_" T 1 . . > _]_._ . .
7. klggo = klingo -———( FFO T . = kl_l_,rgo P 0 < 1, so the series Z s absolutely convergent by the Ratio Test.

k=1

Since the terms of this series are positive, absolute convergence is the same as convergence.

~(k+1)
8 lim |2tt| o gy [BHDETR g (B ) L Ly, LR VR l(1) _ < 1, so the series
k—oo | aQp ko0 ke—k k00 k € k—oo 1
o<
Z ke™* is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the
k=1

same as convergence.
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= lim = lim

n—ro0

Hm
n—oo

[ 107+! (n+1) 42"“}

) 10 nt1l 5 2 10"
(n 1 2) 427+3 10

42.n+2 :—8-<1 SOthCSGIICSZW

an

is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the same as

convergence.
Gnp1| o (n+1)! 100" .. n+l
I = n]g& { o0+ | = nli'n;o 00" = o so the series ’;1 0 O" diverges by the Ratio Test.
. angi| (n+ e (=)~ L | on+l]_w 1+1/n 7w, .«
| | T | (-3 | = dim | T3 | = F dm, T = 50 =5 > Lsothe

series Z ( 3 —7 diverges by the Ratio Test. Or: Since hm lan] = oo, the series diverges by the Test for Divergence.

1 (n+1\"?
~10 n
10

so the series Z z—l%j? is absolutely convergent by the Ratio Test.

(n+1)*° (~10)"*

On41 ] _ R
(_10)n+2 nlo

lim =
n—oo | Qn

= lim

n—oo n—oo N~ 00

1. 1\ 1 1

cds[(n + 1)n/3]

Ont1] im c
N (n+1) cos(n7r/3) n—oon 41

an

lim

n—oo

= lim

n—oo

= 0 < 1 (where

cos{(n + 1)7/3] n! |
(n+1)! cos(nw/3)

O
0 < ¢ < 2 for all positive integers n), so the series SE—S-(—;ﬂi)-

n—eo

is absolutely convergent by the Ratio Test.

n=1
. laen (n+1)! a" (n+1)n™ . n" 1 _1
1 = ATl R im0 g D =<1, s0th
A | T | GF DT | A kD) A ) A @ 1n) e S bt

series Z — is absolutely convergent by the Ratio Test.

n=1 T
cNanga | [+ 1)100% Al | 100 (n+1\' . 100 1\
nli»nolo an —nli»nt}o (n+ 1) nlo01p0n _nl»n;on—kl n —nllvlgon—i—l 1+n
=0-1=0<1

oo 1001 On

so the series ) is absolutely convergent by the Ratio Test.
n=1

n!
o anga| 2+ D)E (nl)? (2n+2)(2n+1) . (2+2/n)2+1/n) 2.2
A e | T A [ D @) AR D r D) A A m i) 11 b
so the series Z (2 '))2 diverges by the Ratio Test.
. e (—~1)*(n +1)! 1-3-5---- @n-1} .. n+1
A e | T A T3 @ D@ D) (—1)"1nl R
_ 14+1/n 1
_nll.oo2+1/ 2<1,
so the series 1 — 2 + 3 _ 4 +oe (-1)™? n! + -« is absolutely convergent b
137135 1357 1-3.5. - (@2n—1) Y convergent by
the Ratio Test.
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8 o R 2E8 L (3n—1)
77 3.5-7-9 Z 3579 (n+1)’

i |9t o g (20508 Bn-1)@Bn+2) 3:5-7--... (2n41)
nto| an | m0o|3:5- T (2n+1)(2n+3) 2-5-8-..- (8n—1)
= fim 22 g, 3F2m 3

so the given series diverges by the Ratio Test.

. ant1 . |2-4-6-----(2n)(2n + 2) n! . 2n+2 . 2(n+1)
19, 1 S . = = lim 212 —
nf.,u,,lo an ,}l,ool (n+1)! 2 4. Bee (2n) nl—-l-)ngo n+1 e n+1 2> 1,50
the series Z 2:4:6 "' - (2n) diverges by the Ratio Test.
n=1 ¢
. lan1 . 27+ (4 1) 5.8.11-.... (3n+2) . 2n+1)
. 1 = . — =
R . nll»ngo|5-8~11-~--(3n+2)(3n+5) 27l s 3<18°the
nol
series Z (-~ R 2 n ) is absolutely convergent by the Ratio Test.
. n?+1 . 141/m% 1 ® (n®+1\",
21. JLH;O Ylan| = nhngo P T 1 nllngo S ijnE 5 < 1, so the series Z (2 P 1) is absolutely convergent by the

Root Test.

= lim 2_ =0 < 1, so the series Z

n—oo 7 n—1

22. lim {/lan}= lim (_nQn) is absolutely convergent by the Root Test.

o

(=2)"

1yn—1 _1\yn—1
23. nlin;o Yan] = 7}31;0 r (_(B%)ﬁ)_': = nll»nolo l—n}; = 0 < 1, so the series n22 ( i 1) ) is absolutely convergent by the
Root Test.
—2n \*" 2°n® 1 1
i T ni = i e el = li D el i raE—— 2 1 e
(9 b vl= i 4| (7)== e =S
n

=32(1)=32> 1,

5n
i ) diverges by the Root Test.

so the series Z ( 1

2 2
1\ 1\" x 1\"
. lim Yla,|= lim {/{1+4+ = = li 14+=) = 1 [by Equation 3.6.6], he seri -
2. lim {/lan| = lim ( +n> ngl;( +n> e > 1 [by Equation 3.6.6], so t eserlesng1 <1+n)
diverges by the Root Test.
o0
26. lim 3/]as| = lim {/|(arctann)”| = lim arctann = I > 1, so the series ) (arctann)™ diverges by the Root Test.
n—oo n—oeo n—oo

n=0

i an = _(i_ln_n Z( 1)"b,. Now b, = 1———— > 0forn > 2, and {b,} is decreasing for n > 3 since
n=2 n=2 n=2
! X _hnz-t1 -
o)y _2e-02 0 _1-M2 guhening > Tore > e~ 27, Also, hmb,,_hml‘—‘ﬁihm-l-/-’fzo,
T 2 72 n—oo 1 n—oo
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so the series Z (—l——— converges by the Alternating Series Test. To determine absolute convergence, note that
n=2

1" ny 00

[(——1—)771—11—11 = lnTn — forn > 3, so Z (——1—)——— is divergent by direct comparison with > ;1;, which is divergent.
n=2 n=2
(- 1) . .
Hence, Z A2 BB conditionally convergent.
n=2

. on-—1 . 1—1/n_1 1-n\".
,}L"c}om nliw3+2/n <1, sotheserlesZ(2+3n) is

. 10\
28, nl_l_)m Ylan| = ILm (2+3n) =

absolutely convergent by the Root Test.

ne=1

9 .. 1 9 9

=0 T i/n 10 T 3p < bothe

(—-9)"+1 n10n+1

. (=9)n
(n+1)107+2 ~ (—9)"

Un41)
Qn

29, lim =

Td OO

n—»oo

n—oo

oo n
series Z 75;0?1) 7 Is absolutely convergent by the Ratio Test.
n=1}

lim

o0 2n
Z % diverges by the Ratio Test. Or: Since lim an = o0, the series diverges by the Test for Divergence.

(n + 1)52n+2 10n+1
10n+2 " Thpen

An4-1
an

= lim

T OO

2
= lim 5(n+1) _5 lim (1—1—%) =-g-(1):§>1,sotheseries

n—oo 101’], n—oo 2

n—o0

3. HILH;O Yien| = lim l(f—n—)nl :nlim LI lim —— ac —ml_l.’rgoﬁ; :,IL“; T = 00, so the serlesZ(lnn)n

n—oo nn —oolnn  ooee Inx !
n—

diverges by the Root Test,

oo .
32. Trnvm | STF 1n \/_ 31 75250 the series nz::l S—F% converges by direct comparison with the convergent p-series
> 1 (p=3 follows that the given series is absolutel
> oy (p = 5 > 1). It follows that the given series is absolutely convergent.
— n 2 o n
33, (Z1)" arctann :2Ctann < e W/ , S0 since E / = = E — converges (p = 2 > 1), the given series Z (£1)" arctann zgctann
n=1

converges absolutely by the Direct Comparison Test.

34, ’E an ;::2 &lr)ln Ez(—l)“bn. Now bn, = 7_7%111— > 0 forn > 2, {b,} is decreasing for n > 2, and Jim b, =0,

so the series Z LT converges by the Alternating Series Test. Also, observe that )" -1 > 1 __1
% Ynlnn ' ’ volnn|  alhn = ay/n  n
for n > 2, so the series 3 (1) is divergent by direct comparison with l, which is a divergent (partial) p-series
n=2 \/’ﬁ Inn n=2 Tt
[p =1 < 1]. Thus, Z ( ) 1s conditionally convergent.
n==2
35. By the recursive definition, lim a2+1 2—2—{%! = Z > 1, so the series diverges by the Ratio Test.
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36. By the recursive definition, lim

Gntl| _ um 2+ cosn
Gn Tt OO \/7_1

= 0 < 1, so the series converges absolutely by the Ratio Test
by, cosnw
37. The series Z

= Z( 1)" O ,where b, > Oforn > 1 and lim b, = =
n=1 n=1 n—oo
) At (-1) ntipntl L 1 b2 cosnm ,
nll»n;o Qn n—foo l n -+ 1 ('—1)"’1)2 - nlinéo bnn + (1) < 1 S0 the serxes ,;1 n
absolutely convergent by the Ratio Test
N CIEEY B, (D)™ a1 ntbibyrba| (=D +n" | _ n"
n—oo | an n—oo (TL + 1)"+1b1b2 “bnbnia ( 1) n! n—oo bn+1(n + 1)""’1 n—oo bn+1(n + 1)"
TR S (LU TS N (D N | OO R =24
Tnheobapr \n+1)  aseobppr \14+1/n nroo bup1 (1 + 1/n)" le
- (-1)*n! .
so the series ) is absolutely convergent by the Ratio Test
n—1 n"bibobs - - by
3 3 0
39. (a) lim M@—-ta—l-)— im ————— = lim -————1—————3— = 1. Inconclusive for 3 }5
n—o0 1/’n, n—oo (n + 1) n—oo (1 + 1/'ﬂ) ne1 T
.|+ 27 . w41 (1 1Y 1 . & n
(b) nlLII;O ot —|= im ——— = Y}er;o 5 + 5 | = 5 Conclusive (convergent) for Y
(c) lim (=3)" =3 lim 3 lim /s~ =3. Conclusive (divergent) for i (=3)™ 1.
n—oo \/m ( )” i 00 n——ooo 1+1/ n=1 \/7—1,'
2
@ lim |—Y2HLIER g ,/1+1 Un” 41
n—oo |1 -4 (n + 1) \/ﬁ n—oo n

= 1. Inconclusive for i Vn
1/n% + (1+1/n)?
49.

ne1 1 + TL2 !
We use the Ratio Test for the series Z

(n)?,
n=1 (k )

fon Jansn | _ ([ DU/l o+ 1)

(n!)?/(kn)!

Now if k = 1, then this is equal to hm } n

I = lim I (n+ 1)2
n-soo | [k(n + D] [k(n+ 1) —1].

(n+1)?

< lkn+1]
+1)

(n+1)°

= 00, so the series diverges; if k = 2, the limit is
n—»oo 2n+2)(2n+1)

_ 1
=7 < 1, so the series converges, and if k > 2, then the highest power of n in the denominator is
larger than 2, and so the limit is 0, indicating convergence. So the series converges for k > 2

4. (@) lim |2 = 1 2 |5 = |a| lin = |&| - 0 = 0 < 1, so by the Ratio Test the
C e an Tl (n+1)! an| neoe|n+1| - Y
series Y, —  converges for all z.
n=0 T
(b) Since the series of part (a) always converges, we must have lim —- = 0 by Theorem 11.2.6
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(a) Rn = Gnp1 4 Gni2 + Gnts + Gnid + - = Gnga (1 4 dnt2  Ontd | Gnbd )

Gn41 An41 An 41

It

Qn42 An43 Un4-2 Q44 Qn43 Ont2
Gny1 1 + N4 + n- n-4- + -4 -4 n-4- 4o
An41 An42 Gn41 An+4+3 Qn42 Gntl

= an41(1 + Tng1 + TngaTnil + PagsTogaTnpr + 00 ) ()

. . . a
< ant1 (1 + a1 T F TR+ ) [since {r,} is decreasing] = ﬁ‘:—“

(b) Note that since {ry, } is increasing and r, — L as n — oo, we have r, < L for all n. So, starting with equation (%),

Rn = ant1(1 4 Tng1 + Tniatnst +TngsTniamnir+ ) a1+ L+ L2+ L2+ ) = Antl

T 1-L
51 1 1 1 1 1 661 .
(a) S5 = P e + 3 + bV + 7l + 160 = 960 0.68854. Now the ratios

o= 224 n2” = L form an increasing sequence, since
" e, (n+ 12 2(n+ 1) € sequence,
_ n+1 n (n+1)’-nn+2) 1 .
T4l —Tn = Mnt2) 2ntD) A+ Dm+2)  2AnF)nED) > 0. So by Exercise 42(b), the error
ag _1/(6-2%) 1

in using s5 is Rs <

" Tmom 112 197~ 0:00521.

Ant1 = 2
-1 Grore

(b) The error in using s, as an approximation to the sum is Rn = We want R, < 0.00005 <«

FL-+_11_)—2—" < 0.00005 < (n+ 1)2™ > 20,000. To find such an n we can use frial and error or a graph. We calculate
‘ 11
(114 1)2" = 24,576,50 511 = 3 — 7 0.693109 is within 0.00005 of the actual sum.
n=1
'n 1 2 3 10 . Gny1 n+1 20 n4+1 1 1
. — — — — e —_— 1. . h n — —_— - — = = —_
44, 510 nz=:12" statst Y iom 1.988. The ratios . e a— 5 2<1+n>forma
11+1 12

6 . L .
= — < 1, so by Exercise 42(a), the error in using s10 o approximate the sum

decreasing sequence, and 73y = _2‘(?5 =3 =1

11

. S n . all D048 121
f th — is Rip < = =
of the series ’El o 15 R1o < 7— T T TS % 10240

~ 0.0118.

45. (i) Following the hint, we get that |a,,| < 7™ forn > N, and so since the geometric series Y o , r™ converges [0 < r < 1],
the series 3_°°_, |lan| converges as well by the Direct Comparison Test, and hence so does Yo7, |an], 50 > 27 | an is
absolutely convergent.

(ii) If im %/|an| = L > 1, then there is an integer N such that {/|an} > 1 foralln > N, so |a,| > 1 forn > N. Thus,

lim an # 0,50 3 oo | an diverges by the Test for Divergence.
T OO

1 1 .. .
(iii) Consider 3 — [diverges] and > 3 [converges]. For each sum, lim }/|a,| = 1, so the Root Test is inconclusive.
n n=1 n—oo

n=1
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