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SECTION 11.8 POWERSERES 0O 1111
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(b) The interval of convergence of a power series is the interval that consists of all values of  for which the series converges.
Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a}, (ii) all real numbers; that s,
the real number line (—o0, 00), or (iii) an interval with endpoints @ — R and a + R which can contain neither, either, or
both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of

convergence.
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the series 3, ~; converges when |z| < 1, so the radius of convergence is R = 1. Now we’ll check the endpoints, that is,
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z = 1. When = = 1, the series Z — dlverges since it is the harmonic series. When © = —1, the series Z (Vi
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converges by the Alternating Series Test. Thus, the interval of convergence is [-1, 1).
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series Y, (—1)"na™ converges when |z] < 1, so the radius of convergence R = 1. Now we’ll check the endpoints, that is,

n=1
z = %1. Both series ), (—1)"n(+1)" = > (F1)"n diverge by the Test for Divergence since lim |(F1)™n| = co. Thus,
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the interval of convergence is I = (—1,1).
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Test, the series Z /nz™ converges when |z] < 1, s0 R = 1. When = = 21, both series E V1 (£1)™ diverge by the Test

n=1

for Divergence since lim |/n {£1)"| = oo. Thus, the interval of convergence is (—1,1).
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the series ), = converges when |z| < 1,s0 R = 1. When z = 1, the series 3, ~—— converges by the Alternating
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Series Test. When z = —1, the series Z dlverges since it is a p-series (p = % < 1). Thus, the interval of convergence
n=1

is (—1,1].
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Ratio Test, the series E £ @" converges when ? <1 & |z| < 5,50 R=5 Whenz = +5, both series

n= 1
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> n(?ﬂS) = 3 (1)"n diverge by the Test for Divergence since lim |(£1)"n| = oo. Thus, the interval of convergence
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is (—5, 5)
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the Ratio Test, the series —577:1:" converges when 5z} < 1 & |z] < =, S0 R = g Whenz = — the series z ;z'
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diverges since it is the (partial) harmonic series. When z = — 5 the series 3 - converges by the Alternating Series
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Test. Thus, the interval of convergence is [——5—, 5)
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the Ratio Test, the series Z m3 converges when —I:;—‘ <1 & |z| <3,s0R=23. Whenz = 3, the series Y _ _71; diverges
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since it is the harmonic series. When z = —3, the series )

n=1

converges by the Alternating Series Test. Thus, the

interval of convergence is [—3, 3).
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By the Ratio Test, the series Z + T z™ converges when |z| < 1, so R = 1. When z = %1, both series Z 1

n=1

diverge by the Test for Divergence since lim L 1= 1#0and lim n(;l)l does not exist. Thus, the interval of
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the Ratio Test, the series 5, 7 converges when [z| < 1,50 R = 1. When = = 1, the series E 5 dwerges by

n=1 n=1
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direct comparison with Z 2 since o > 5 5 Z dwerges since it is a constant multiple of the harmonic
series. When = = —1, the series Z fg— ) ] converges by the Alternating Series Test. Thus, the interval of convergence
n=1
is{—1,1).
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[continued]
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By the Ratio Test, the series ) £_~n)__m_ converges when |z| < 1, so R = 1. When z = 1, the series Z ( ) converges

n=1 n=1
. . o1 . . . .
by the Alternating Series Test. When z = —1, the series o converges since it is a p-series with p = 2 > 1. Thus, the
n=1
interval of convergence is [—1, 1].
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13. Ifan, = =~ then lim = = lim
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'l”—[ | i 1 = |z|-0 =0 < 1 for all real z.
So, by the Ratio Test, R = oo and I = (—o0, 00).

14) Here the Root Test is easier. If an, = n"z", then lim /|a.| = lim nlz] = ccifz # 0,50 R =0and I = {0}.
n—co T OO

mn
15. Ifa,, = n—44—n‘, then

mn—{—l n4 4n
(n41)44n+t gn

. Ant1 n T
lim

n—od

= lim
- OO

4
o n lz| .4 lzl _ =]
—nhl‘éo<n+1> g =1 g =g Byte

11 oo
Ratio Test, the series ——— converges when I——‘ <1 < |z|<4,s0R=4. Whenz = 4, the series L
4 n=1 'n,4

an
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converges since it is a p-series (p = 4 > 1). When z = —4, the series ), %
n=1 T

converges by the Alternating Series Test.
Thus, the interval of convergence is [—4, 4].
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the series ) 2"n’z™ converges when 2|z| <1 & |z| < 3,50 R = 4. Whenz = +1, both series

n=1
Z 2"n?(+4)" = 3 (&1)"n® diverge by the Test for Divergence since lim |(£1)"n?| = co. Thus, the interval of
n=1 ne=1 N 00

convergence is (—3, 3
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By the Ratio Test, th Z_: Y- converges whend |z] <1 & |[z] < §,s0R= 3. Wh 3, thes
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converges by the Alternating Series Test. When z = — %, the series —= diverges since it is a p-series
n=1 \/ﬁ 4 n=1 n P
(p= % < 1). Thus, the interval of convergence is (—3, 5]
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By the Ratio Test, the series ﬁ—})—— 2™ converges when m <1 < |z| < 5,50 R =35 Whenz =5, the series
Y " n5n 5
=
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o (_1\n—1 . |
> L—i——— converges by the Alternating Series Test. When z = —5, the series > . diverges since it is a constant

n=1 n=1

multiple of the harmonic series. Thus, the interval of convergence is (—5, 5].
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By the Ratio Test, the series Y n

—— h
LoD z™ converges when

12|<1 & |z] < 2,50 R = 2. When z = 2, the series

® (—1)"n

diverges by the Limit Comparison Test with b, = l When z = —2, the series ) -
n sy 241

converges by the

o n
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Alternating Series Test. Thus, the interval of convergence is [—2, 2).
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20.)Ifa,, = r_ ,then lim Il _ fim | 2 = lim |a: t = 0 < 1 for gll real z. So, by the Ratio Test,
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Ratio Test, the series > (

Wconvergeswhen|w—2l<l [R=1] & —-1<z—2<1 & 1<z<3 When
n=0

o0
z =1, the series , (—1)" converges by the Alternating Series Test; when z = 3, the series Z ———converges by

1
n==0 nZ + 1 n=0Tt + 1

direct comparison with the p-series E > [p =2 > 1]. Thus, the interval of convergence is I = [1, 3].
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series 5 —(~—-—1—):——(:1:~1)"convergeswhen!i:i[<1 < |lz—1]<2 [R=2] & -2<z-1<2 &
n=1 (2n — 1) n 2
—1 < z < 3. When z = 3, the series Z (_ )" — converges by the Alternating Series Test. When = = —1, the series
n-l

f: dwerges by the Limit Comparison Test with b, = % Thus, the interval of convergence is (—1, 3].
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2 (“’+ 2) convergeswhenl:%—?-[ <1 & |z4+2/<2 [R=2] & -2<2+2<2 & —4<z<0.
=2
When z = —4, the series E ( nl) converges by the Alternating Series Test. When @ = 0, the series E dxverges by
n=2 n—2

the Limit Comparison Test with b, = - (or by direct comparison with the harmonic series). Thus, the interval of convergence

is {—4, 0).
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By the Ratio Test, the series g (z 4 6)™ converges when |= <1l & |z+6/<8 [R=8] &
n=1

[e2]

—8<r+6<8 <« —14<x<2 Whenz =2, theseries Y \/n diverges by the Test for Divergence since
n=1

lim |an| = lim /n = oo > 0. Similarly, when z = —14, the series Y (—1)"+/n diverges. Thus, the interval of
n—oo n—oo n=1

convergence is (—14, 2).

25 Ifa, = gz—v——g;?)—, then lim Y/|an| = lim ]:13%2[ = 0, so the series converges for all z (by the Root Test).

R =ooand I = (—o0,00).
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By the Ratio Test, the series Z o \/_ converges when <l & 2z-1<5 & [m 2| <3 &
n=1
o
S <z-1<% & -2<=z<350R=2% Whenz =3, the series 21 -lT—L is a divergent p-series (p = £ < 1).
n=

oo _ n
When z = —2, the series Y, 1) converges by the Alternating Series Test. Thus, the interval of convergence
n=1

vn
is I = [—2,3).
27, ifan = 1“7” 2", then
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since nlgrolo = nll’uoxo /n = nlirrgo i gt lim T i/n = 1. By the Ratio Test, the series n§4 - T
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lim |22t = (n+1)lz] 2 (n nl) lim = +1 _|:~v_[ = 0. Thus, by the Ratio Test, the series converges for
n—oo | dn n—»oo Qntlint ]m[ n—oo 72
all real z and we have R = oo and | = (—o0, 00).
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n
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lim |22l g - =1 (2} =1 YT (-
Dol vl B PO RN cepmp e i e ) Bt Rt} wre y

34,
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|6z — 4] -1 = |5z — 4|

i 2 (bz —4)" _ 4l leg_4cl
By the Ratio Test, 5 — converges when |5z — 4| <1 & |m 5[ <g ® —g<z—3<3z &
n=1

oo
. 1., . .
% <zx<lLsoR= :l; When z = 1, the series n§-'1 o is a convergent p-series (p = 3 > 1). Whenz = 5.3—, the series

& (-1 . . . . 3
> 3 converges by the Alternating Series Test. Thus, the interval of convergence is I = [-5—, 1].

n=1

zn . . gnt? n (Inn)? 9 n (Inn)? 5

fan = e then lim == = i | S T O e | = L T D R
2n

By the Ratio Test, the series }: py R converges whenz® <1 <« Jz| < 1,50 R=1. Whenz = +1, 27" = 1, the

oQ
series 22 ;ﬁﬁ_n.)“i converges by the Integral Test (see Exercise 11.3.31). Thus, the interval of convergence is I = [—1,1].

Ifa, = , th
e 1.3.5.....(2n_1)ten
n+1

. | Gntl . x 1.3-5- -(2n—1) |z
1 = 1 . = I = .
nioo| an | nee|T-83.5- - (@n—D@n+1) o e R
the Ratio Test, the series Z o converges for all real x and we have R = oo and I = {(—o00, 00).

135 -(2n-1)

nlz”

fan = 1.3:5. ... '(Zn_l),then
. e (n+1)!oc"+1 1:3:5- -« -(2n=1| . (n+ls]
"11'120 QAn —nllvngo 1 3 5 (2n—1)(2n+ 1) ’I’L'{En _nl-l—»n;o 2n+1 - le[
By the Ratio Test, the senesz an converges when 1 |z} <1 = |z] < 2,50 R = 2. Whenz = %2,

n=1

_ nlon o [1-2:3.....m]2"  2.4.6-....2n . .

lan] = 135 (@n-1) [1.35 . - @-1)] 1.35 Bn=1) > 1, so both endpoint series

diverge by the Test for Divergence. Thus, the interval of convergence is [ = (—2,2).
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