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SECTION10.2 CALCULUSWITH PARAMETRICCURVES [ 955

NS
10.2 Calculus with Parametric Curves
" dz dy dy dy/dt 4-10t
Jz =2t + 3¢, y =4t — 5t = = 6t? = =410t and == = 2L = —— =,
®‘” H3hy= A =5T = Gy =6, G = 0k ad = a6 3
- dx 1 dy ~ dy dy/dt  2t+2t7% 3 2t 42
—F — 2 _ 2 Pt 1 — = 3 s e =3 P
2o=t-lby=¢—t" > Z=l-ha=utuTad o =0 = S 5= G
. dz dy dy dy/dt 1+cost
o t o — t t: t — i e
.z=te, y=t+sint = 7 te* +ef =e'(t+1), pr l—l—cost,anddx dojdt = FET D)
42 2 dx 2 dy 2042
4 z=1t+sin(t*+2), y = tan(t* +2) = i 1+ 2t cos(t? + 2), % = 2tsec*(t* + 2), and
dy _ dy/dt _ 2t sec? (12 + 2)
de ~ dx/dt 1+ 2tcos(t?+2)
dy dz dy dyjdt 2'In2-2
_ 42 — ot _ . - t _ — = = =
5.z =1t%+2t, y=2*—2t; (15,2). o 2°In2 -2, o 2t + 2, and ds = dujdt 12
At(15,2), 2=t +2t =15 = t*4+2%-15=0 = (t+5)(t—3)=0 = t=—5ort=3. Onlyt =23 gives
. dy 2°mIn2-2 4ln2-1 1
= 2. ht=3,— = = =In2— = = 0.44,
y=2Witht =3 o = 2@ 12 1 n2-y=0
. dy dx .
6. & =t + coswt, y = —t + sinwt; (3,—2). i —1+ wcosnt, = 1 — wsinwt, and

dy dy/dt —1+wcosmt _ _ 2, 2 L
do = dujdi = 1= memnt .Whenz =3, wehavet +cosnt =3 = cos“nt=(3—1¢)° (1). Wheny = —2, we

have —t +sinmt = —~2 = sin’nt = (£ — 2)? (2). Adding (1) and (2) gives sin®>mt + cos®nt = (t — 2)> + (3 —t)> =
1=t 4t 4+44+9~6t+82 = 0=27~10t+12 = 0=2(t-2)(t~3) = t=2o0rt=23 Onlyt=2gives

. dy —1l+mcos2nr =147 N
y———2.W1tht~—2,%~. T —wesmor — 1-0 -7 1~2.14.

dy dz dy  dy/dt 43+ 1
. p—p 3 pred 4 M = —f, — = 3 —_— t2 — I puang . = — e
Tza=t4+1, y=t"+¢ ¢t 1 i 4° 4+ 1, pr 3t?, and & = dojdi 32 When ¢ 1, (z,y) = (0,0)
and dy/dz = —3/3 = —1, so an equation of the tangent to the curve at the point corresponding to ¢ = —1 is
y—0=—-1(z—0),ory = —=z.
dy dz 1 dy  dy/dt
Lz= =292 t=4 2L =2-2 — =— and -2 = = (2t — 2)2v% = 4(t — 1)vE. Whent =4
bo=viy=t-2 (=45 &t~ o/ M e = daja )2VE=4(t = 1)Vi Whent = 4,

(z,y) = (2, 8) and dy/dx = 4(3)(2) = 24, so an equation of the tangent to the curve at the point corresponding to £ = 4 is
y— 8 =24(z — 2), ory = 24z — 40.

d d
9. x = sin2t + cost, y = cos2f —sint; { = . Ti% = —2sin 2t — cost, _cg = 2cos 2t — sint, and

% = ZZ;?; = —22;1;122;:8(;28:. Whent =, (z,y) = (-1,1), and % = %, so an equation of the tangent to the curve at

the point correspondingtot = misy — 1 = [z — (1)}, ory = 3z + 3.
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=0 —3—% = 2¢*, % = e'(mcosmt) + (sinwt)e’ = e’(wcosmt + sin 7t), and

dy _ dy/di 2e2 2¢t

. _ _ dy 2 .
dr = dx/dt " et(wcoswt-+sinmt) mcosmt+sinwt’ Whent =0, (2,y) = (0,1) and dw @ SO 8nequation of

0. z = e’sinnt, y = 2}

the tangent to the curve at the point correspondingtot = 0isy — 1 = %(m —0),ory = %m + 1.

1. (a) z =sint, y = cos’t; (&,2). @ 2cost(—sint), i"f = cost, and dy _ dy/dt _ —2sintcost = —2sint.
27 4 dt

dt ~ dz ~ dz/dt cost

At(3,3),z=sint=3 = t=%, s0dy/dec=—2sin% = —2(}) = —1, and an equation of the tangent is
y—-3=—1(z—3),ory=—z+%.

(b) z =sint = z?

=sin’t=1-cos’t =1-y,s0y=1—-2%andy’ =22 At (},2),9y'=-2.1 = -1, s0an

equation of the tangentisy — 3 = ~1(z — §),ory = —z + &.
dy 1 dz 1
Dr=iTd y=1/(t+4); (2,1). ¥-__1 e __ 1 .4
@()(D + Yy /(+)( 4) dt (t+4)2 dt 2/t+4an

dy dy/dt _ —1/(t+4)" _3/2 1
bt A = =—-2(t+4 A2, ),z =VI+4=2 = t+4=4 t=0and
de — defdt  1/(2yt+4) ¢+4 SEU " " - v

dy/dz = —2(4)™%/2 = —1, s0 an equation of the tangent is y —

P

=—1(z-2,ory=—1z+3

11 .2 .
1w oard = Y =g A(2),

y' = —2/2% = —1/4, so an equation of the tangentisy — + = ~1(z —2),ory = — 1z + 2

byz=vitd = 2>=t+4 = t=z2—4,soy:t

+ -

dy _ dyfdt _ 2t+1
de — dz/dt 21

value of t corresponding to the point (0,3), solvez =0 = (0/3)

1B x=t*—t, y=t>+t+1; (0,3). To find the 3

t2—t=0 = H{t—1)=0 = t=0ort=1. Onlyt=1 gives

y = 3. Witht = 1, dy/dz = 3, and an equation of the tangent is

-2 0 3
y—3=3(z—0),ory =3z +3. .
. dy  dy/dt 2t 41 6
_ __ 32 . - - —
14. z = sinnt, y =t° +t; (0,2). do = dojdi ~ moosnt To find the
value of ¢ corresponding to the point (0, 2), solvey =2 =
P4t-2=0 = (t+2Et—-1)=0 = t=-2ort=1 ©.2)
Either value gives dy/da = —3/, so an equation of the tangent is 4 )
y-2=-%@-0)ory =2z +2. 025
4(dy
dy dy/dt  2t+1 1 d*y  dt\dz —1/(2t%) 1
— 12 142 Jand - A — — — — = e e
Bae=titly=t'+t = B @@~ 2 Tu T T 3 Tl

2

The curve is CU when g—w% > 0, that is, when t < 0.
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@m:ta—St, y =t — 32 4y =3t2—6t=3t(t~2),sod—y =0 & 2 (0.0 =0
dt dt af P
da: 9 C
t=00r2 & (z,y)=(0,0)0r(2,—4). —==3t°-3=30¢+1{~-1), ~2,-2)
t=1
S0 %% =0 & t=-lorl & (2,y)=(2,~4)or(—2,—2). The curve

23.

24,

25.

26.

has horizontal tangents at (0, 0) and (2, —4), and vertical tangents at (2, —4)

—18
and (—2, ~2).
x = cosf, y = cos 36. The whole curve is traced out for 0 < 8 < 7. , 2 \
dy dy ("% 1) {1,1)
¥ = —3sin 36, SOEH- =0 & sin3d=0 & 30=0,m2mo0or3r < 6=2m/3 6=0
0= 03 ‘ga 237T:0r7r Aad (m:y):(l)l)’ (%a"l)a ("’“;1'5;1),01.('"11_1)' 2 /
- 2
d= :—sine,soi"f=o & sinf=0 & 6=0o0r7r &
de dé 1
dy -1,-1) (3.-1)
(z,y) =(1,1) or (-1, —1). Both ——-and 20 equalOwhenemOandvr \0=" §=mnf3 )

-2

To find the slope when @ = 0, we find hm dy _ = lim —3sin39 2 lim —9cos 36
odr 6-0 —sinf 60 —cosf

= 9, which is the same slope when 8 = .

Thus, the curve has horizontal tangents at (3, —1) and (—3, 1), and there are no vertical tangents.

z =% y = ¢°*? The whole curve is traced out for 0 < 6 < 2. 3, N
dy cos d —_
Eé——smee , SO 20 =0 & sinf=0 & O=0o0r7r &

(z,y) = (1,e) or (1,1/e). gﬁ_cos&es“‘e so(—i—m—=0 & cosf=0 &
de do (t/e, 1) (1)
6=%Zor¥ & (z,y)=(e,1)or(1/e,1). The curve has horizontal tangents 0=3n/2 o=n/2

at (1,€) and (1, 1/e), and vertical tangents at (e, 1) and (1/e, 1). w1 o=m

From the graph, it appears that the rightmost point on the curve ¢ =t — %, y = &
is about (0.6, 2). To find the exact coordinates, we find the value of ¢ for which the
graph has a vertical tangent, thatis, 0 = dz/dt =1 —6t° & t=1/V6.

Hence, the rightmost point is

(1796 -1/ (6 ¥6) ¢/ ¥¥) = (5-67%/%,&7 ") m (0.58, 2.01).

From the graph, it appears that the lowest point and the leftmost point on the curve

z=t"—2ty=t+t*are (1.5,—0.5) and (—1.2,1.2), respectively. To find the
exact coordinates, we solve dy/dt = 0 (horizontal tangents) and dz/dt = 0

(vertical tangents).

[continued]
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29. z = cost, y =sintcost, dz/dt = —sint, Y

dy/dt = —sin®t + cos®t = cos2t. (2,4) = (0,0) & cost=0 <& tis

an odd multiple of £. Whent = £, dz/dt = —1 and dy/dt = —1,s0dy/dz = 1.

Whent = 3%, dz/dt = 1 and dy/dt = —1. So dy/dz = —1. Thus, y = « and

y = —2x are both tangent to the curve at (0, 0).

30. £ = —2cost, y = sint -+ sin 2f. From the graph, it appears that the curve

crosses itself at the point (1, 0). Ifthis is true, thenz =1 < [
—2.5

2
—2cost=1 & cost=—1 & t=%For¥ for0<t<2m . [\/\IC]Z-S
Substituting either value of ¢ into y gives y = 0, confirming that (1, 0) is the l b J
dy _ dy/dt  cost+2cos2t -2
dz ~ dz/dt 2sint
Whent = mody _ Z1/24 %(-1/2) = =372 _ ~L§, so an equation of the tangent lineisy — 0 = —@(m - 1),

37dr 2(V3/2) v3 2
V3 VB V3 V3

ory = ——2—91: + - Similarly, when t = %73, an equation of the tangent line is y = Tm -5

point where the curve crosses itself.

M. z=7r0—dsinb, y=r—dcosh.

dx dy . dy  dsin@
(a) o= dcosb, 20 = dsin8, so gt ey 1

(b) If0 < d < r,then|dcosf| < d < r,sor —dcos@ > r — d > 0. This shows that dz/df never vanishes,
so the trochoid can have no vertical tangent if d < 7.
32, z =acos® 0, y = asin® 0.

dr 2, . dy . 2 dy  sinf _
(a) i 3acos® fsin 6, 7 = 3asin® B cos b, so o= oosf = tané.

(b) The tangent is horizontal < dy/dz=0 ¢ tanf=0 & O=nr <& (z,9) = (La,0).
The tangent is vertical < cosf@ =0 < Oisanoddmultipleof ¥ <« (z,y)=(0,%a).
(©dy/de=+1 & tanf=+1 « OisanoddmultipleofZ & (z,y)= (i—{%a,i—{%a)

[All sign choices are valid.]

- dy dy/dt 3% ¢t . 1 t 1
— 942 — 3 — — — st .
@ c=3"+lL,y=t"-1 = do " dojdt " 60 2 The tangent line has slope 5 when = =

5 35 & t=1,s0the

point is (4, 0).

ds _

dt

2
6t, % = 6t2, so @ . =t [even where t = 0].

— 942 9.3
B ax=3t"+1Ly=2t"4+1, iz = 6t

So at the point corresponding to parameter value ¢, an equation of the tangent line is y — (2t* + 1) = t[z — (3t* + 1)].

If this line is to pass through (4, 3), we musthave 3 — (263 + 1) = ¢[4 — (3t* 4+ 1)] & 2*-2=3t-3t &
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SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES [J 963
45. x =t — 2sint, y =1 — 2cost, 0 <t < 4dm. dz/dt = 1— 2cost and dy/dt = 2sint, so
(dz/dt)® + (dy/dt)? = (1 — 2cost)? + (2sint)® = 1 — 4 cost + 4 cos®t + 4sin®t = 5 — 4 cost. Thus,

L= [°\/(dz/dt)? + (dy/dt)2 dt = [;" \/5 — dcostdt ~ 26.7298.

46. x = tcost, y =t — 5sint. dz/di = cost — tsint and dy/dt = 1 — 5cost, so

(dz/dt)? + (dy/dt)* = (cost — tsint)® + (1 — 5cost)?. Observe that whent = —, (z,y) = (, —) and when ¢t '= T,

(z,y) = (—m,x). Thus, L = f: V(dz/dt)? + (dy/dt)2dt = [T _\/(cost —tsint)? + (1 — 5cost)? di ~ 22.8546.

:c =28 y=1t>~2 0<t<3. dz/dt =2 and dy/dt = 2t, s0 (dz/dt)* + (dy/dt)® = 4t* + 4? = 4>(¢% + 1).
Thus,

=/b \/(dm/dt)2+(dy/dt)2dt=/3\/4t2(t2+1)dt=/32t\/t2+1dt

10 10
:/ Vidu [u=1t2+1,du=20dt] :[§u3/2]1 :§(103/2—1)=§(1o\/10—1)
1

a::et—t, y=4e’?, 0<t <2 d:z:/dtze‘—landdy/dt:Qetﬂ, S0

(dz/dt)? + (dy/dt)? = (' — 1)? + (2e/2)? = % — 2¢* + 1 + de® = e 4 2¢* + 1 = (&' + 1)°. Thus,

2 2 2 2 _
L:/ (et+1)2dt:/ let +1] dt:/ (@ +Ddi= [ +e] = (P +D -1+ 0) =+ 1.
0 0 0

d d
48, z =tsint, y=tcost, 0 <t < 1. —i—;— =tcost + sint and d—‘z = —tsint 4+ cost, so

2 2
(%) -+ (%) = t? cos®t + 2tsint cost + sin?¢ + t2 sin®t — 2t sint cost -+ cos®t

= t?(cos®t + sin’t) + sin®t + cos®t = % + 1.

Thus, L= [} VE T 1dt 2 [LtvB+ 1+ 1 ln(t+vVEF1)], = 3v2+ 1 In(1+V2).

50. £ = 3cost —cos3t, y =3sint —sin3t, 0 <t < 7. % = —3sint + 3sin 3t and % = 3cost — 3cos 3, sO

2 2
(%) + <%?—:-> = 9sin?t — 18sint sin 3t + 9sin? 3t + 9 cos®t — 18 cost cos 3t + 9 cos? 3¢

= §(cos®t + sin®t) — 18(cost cos 3t + sint sin 3t) 4 9(cos? 3¢ + sin® 3t)
=9(1) — 18 cos(t — 3t) +9(1) = 18 — 18 cos(—2t) = 18(1 — cos 2t)
= 18[1 — (1 — 2sin*t)] = 36 sin>t.

Thus, L = [ V36sin®tdt = 6 [ [sint|dt = 6 [ sintdt = —6[cost]; = —6(—1—1) =12.
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