cec 4.2 Solwhoms

876 1 CHAPTER9 DIFFERENTIAL EQUATIONS

9.2 Direction Fields and Euler's Method
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(b) It appears that the constant functions y = 0.5 and y = 1.5 arc

equilibrium solutions. Note that these two values of y satisfy the
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given differential equation y' = z cos 7y.
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(b) It appears that the constant functions y = 0,y = 2, and y = 4 are
equilibrium solutions. Note that these three values of y satisfy the

given differential equation 3y’ = tan(%'/ry).
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@y’ = 2 — y. The slopes at each point are independent of x, so the slopes are the same along each line parallel to the z-axis.

Thus, I11 is the direction field for this equation. Note that fory = 2,3’ = 0.
’ = x(2 — y) = O on the lines # = 0 and y = 2. Direction field I satisfies these conditions.

@y' =z+y—1=0ontheliney = —z + 1. Direction field IV satisfies this condition. Notice also that on the line y = —z we

have y’ = —1, which is true in I'V.

@ y =sinzsiny = 0onthelines z =0andy =0,andy’ > 0for0 < x < 7, 0 < y < =. Direction field II satisfies these

conditions.
)
=35 (c) y10y=3.5
=25 = (b) y(0) =2.5
= fayy0)=1
/
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9. - Note that for y = 0, 4’ = 0. The three solution curves sketched go
S A R through (0,0), (0, 1), and (0, —1).
0 0 0
0 1 0.5
0 2 1
0 -3 -1.5
0 -2 -1 ¥
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17. yp =3 The direction field is for the differential equation y' = y® — 4y.
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NN L=®2forc=22and L=0for -2 < c< 2.
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4, For other values of ¢, L does not exist.
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18. y Note that when f(y) = 0 on the graph in the text, we have 3" = f(y) = 0; so we
[ T I B R UL I )
NNy get horizontal segments at y = +1, +2. We get segments with negative slopes only
EEESES;E S3333s for 1 < ly| < 2. All other segments have positive slope. For the limiting behavior
UL ofsouons
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e S e Ify(0) > 2. then lim y = occand lim y=2.
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AR R e [f1 < y(0) <2 then lim y=1and lim y =2
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o If—1 < y(0) < 1,then limy =1land lim y= —1.
t—oc t— —o0
e If -2 < y(0) < —1, then tlim y=-2 andt lim y=-1.
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e [fy < —2, then tlim y = —2and , lim y= —oc.

(a)y’=F(;v,y)=yandy(0)=1 = 20=0,y0=1
g
MDh=04andy1 =yo +hF(zo,50) = y»11=1404-1=14 21 =20+h=0+04=04,

soy1 =y(0.4) =14,

(i)h=02 = z1 =0.2andzy = 0.4, so we need to find yo.
y1 =yo+hF(zo,y0) =14+02yo=1+02.1=1.2,
y2=y1 +hF(z1,y1) =124+02y; =12+02-1.2 =144,

(i) h=01 = x4 =04, soweneedtofindys. y1 =yo + hF(zo,y0) =1+01yo=1+01-1=1.1,

y2 =y1 + hF(z1,91) = 1.1 +0.1y; = 1.1 +0.1- 1.1 = 1.21,
ys = yo + hF(zo,0) = 1.21 +0.1yo = 1.21 4+ 0.1 - 1.21 = 1.331,
ya =ys + hF(zs,ys) = 1.331 + 0.1y = 1.331 + 0.1 - 1.331 = 1.4641.

(b) y /y =e' We see that the estimates are underestimates since
5+ h=01
13 ) ’_‘:/z o2 they are all below the graph of y = €7,

=04
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(¢) (i) Forh =0.4: (exact value) — (approximate value) = e®* — 1.4 == 0.0918
(i) For h = 0.2:  (exact value) — (approximate value) = %4 — 1.44 ~ 0.0518
(i) For = 0.1: (exact value) — (approximate value) = ¢®* — 1.4641 ~ 0.0277

Each time the step size is halved, the error estimate also appears to be halved (approximately).

y As x increases, the slopes decrease and all of the

he=1 estimates are above the true values. Thus, all of

h=0.5 the estimates are overestimates.
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h=0.5,20=1,90 =0,and F(x,y) =y — 2x.
Notethatz; =20 +h=1+05= 15,29 = 2,and z3 = 2.5.
y1 =yo + hF{zo,y0) = 0+ 0.5F(1,0) = 0.5[0 - 2(1)] = —1.
yo =y + hF(z1,91) = -1+ 05F(1.5,-1) = -1 4+ 0.5(—1 — 2(1.5)] = —-3.
Y3 = y2 + hF(x2,y2) = =3+ 0.5F(2,~-3) = =3+ 0.5[-3 — 2(2)] = —6.5.
ya =ya + hF(zs,y3) = —6.5+ 0.5F(2.5,—6.5) = —6.5 + 0.5[—6.5 — 2(2.5)] = —12.25,

( 22} h =020 =0,y = 1,and F(z,y) = 2%y — 3y*. Note that z; = 20 + h =0+ 0.2 = 0.2, 22 = 0.4, z3 = 0.6,

23,

x4 =0.8, and z5 = 1.

v1 =yo +hF(xo,50) =14+ 0.2F(0,1) =1+0.2[0%(1) — $(1)*] =1+ 0.2(-3) =0.9.

Y2 = y1 + hF(x1,y1) = 0.9+ 0.2F(0.2,0.9) = 0.9+ 0.2[(0.2)*(0.9) — 1(0.9)*] = 0.8262.

ys = y2 + hF(z2,y2) = 0.8262 + 0.2F(0.4,0.8262) = 0.8262 + 0.2[(0.4)*(0.8262) — 3(0.8262)°] = 0.784377756.
Y4 = y3 + hF(z3,y3) = 0.784377756 + 0.2F (0.6, 0.784377756) ~ 0.779328108.

ys = ya + hF(z4,ys) ~ 0.779328108 + 0.2F(0.8,0.779328108) ~ 0.818346876.

Thus, y(1) = 0.8183.

h=0.1,20=0,y0 = 1, and F(z,y) =y + zy.

Notethat z1 =20 +h =04+0.1=0.1,20 =0.2,2z3 = 0.3, and z4, = 0.4.

y1 = yo -+ RF(0,50) = 1+ 0.1F(0,1) = 1 +0.1]1 + (0)(1)] = 1.1.

yo =y1 +hF(z1,51) = 1.1+ 0.1F(0.1,1.1) = 1.1+ 0.1[1.1 + (0.1)(1.1)] = 1.221.

ya = y2 + hF(22,y2) = 1.221 + 0.1F7(0.2,1.221) = 1.221 + 0.1{1.221 + (0.2)(1.221)] = 1.36752.

Y4 =y3 + hF(x3,y3) = 1.36752 + 0.1F(0.3,1.36752) = 1.36752 + 0.1[1.36752 + (0.3)(1.36752)]
= 1.5452976.

ys = ya + hF(z4,ys) = 1.5452976 + 0.1F'(0.4, 1.5452976)
= 1.5452976 + 0.1[1.5452976 + (0.4)(1.5452976)] = 1.761639264.

Thus, 4(0.5) ~ 1.7616.
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