17 [1 SECOND-ORDER DIFFERENTIAL EQUATIONS

17.1 Second-Order Linear Equations

1.

10.

1.

12.

. The auxiliary equation is 3r®> —4r =r(3r —4) =0 = r=0,r= %, soy = c1e% + cae

. The auxiliary equationis 72 —4r +13 =0 =

The auxiliary equationis 7> —r —6=0 = (r—3)(r+2)=0 = r=3,7 = —2. Then by (8) the general solution

isy = c1€3* + cpe 2%,

. The auxiliary equationis 7> —6r +9=0 = (r—3)>=0 = r = 3. Then by (10), the general solution is

y= c1€3® + coxe’®.

. The auxiliary equationis 72 +2 =0 = r = ++/24. Then by (11) the general solution is

Yy = e* (cl cos (\/533) + co sin (ﬂm)) = ¢1 COS (\/533) + co sin (\/5 )

. The auxiliary equationis 7> +r —12=0 = (r—3)(r+4)=0 = r = 3,7 = —4. Then by (8) the general

solution is y = ¢1€3% + coe 4%,

. The auxiliary equationis 47> +4r +1=0 = ((2r+1)?>=0 = r= —%. Then by (10), the general solution is

y= 01€7I/2 + 0293671/2.

. The auxiliary equationis 97> +4 =0 = 12 = f% = r= i%i, so the general solution is

y = €% [c1cos (3z) + casin (2x)] = c1cos (2x) + c2sin (22).

4x/3 4z /3

=1 + c2€e

. The auxiliary equationis 7> — 1 = (r —1)(r +1) =0 = 7 = 1,7 = —1. Then the general solution is

y=cie® +coe” ",

=24 34,50 y = e**(c1 cos 3z + ca sin 3z).

L 4£V/36
T2

—4£VR _ 2+VI3

The auxiliary equation is 3r*> +4r —3 =0 = r =

6 3
y = C16(72+\/ﬁ)z/3 + 626(727\/ﬁn/3’
The auxiliary equationis 2r> +2r —1 =0 = r= —2 :Z 12_-1 :5 \/§, soy = cre("1 VA2 | ) o(-1-VE)t/2,
The auxiliary equationis 72 + 6r +34 =0 = r= w = —3+5i,50 R = e *(c1 cos 5t + ca sin5¢t).
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U CHAPTER17 SECOND-ORDER DIFFERENTIAL EQUATIONS

—4+/-20

The auxiliary equation is 3r> +4r +3 =0 = r = — s - —% + T5i= S0
V = e 2t/3 [cl Ccos (%t) + co sin (%t)]
The auxiliary equationis 47> —4r + 1= (2r —1)°>=0 = r=1s0 8
9
the general solution is y = c1¢/2 + cowe™ 2. We graph the basic solutions f
f(z) = e*?, g(x) = ze™/? as well as y = 2%/? 4 3ze®/?, -0 4
y = —e*/? — 3ze®/2 and y = 4e¢®/% — 2ze”/2. The graphs are all
asymptotic to the z-axis as * — —oo, and as x — oo the solutions -8
approach +oco.
The auxiliary equationis 72 +2r +2 =0 = 60
9
—2++—4 .

r=——o — = —1 =+ ¢, so the general solution is {

-5 1
y = e~ 7 (c1 cosx + ¢z sinx). We graph the basic solutions
f(z) = e ®cosz, g(x) = e " sinx as well as 60

y=e " (—cosx —2sinz) and y = e~ (2cosz + 3sinz). All the solutions oscillate with amplitudes that become

arbitrarily large as * — —oo and the solutions are asymptotic to the z-axis as x — oo.

The auxiliary equationis 2r> +r —1= (2r — 1)(r +1) =0 = 8

r= %, r = —1, so the general solution is y = c¢1e®/2 + cze™®. We graph 9 f

the basic solutions f(z) = e®/2, g(x) = e~ as well as y = 2e*/2 + ¢~ 2, —3 4
y=—e"? —2¢7% andy = ¢”/2 — e~ *. Each solution consists of a single N
continuous curve that approaches either 0 or 00 as z — £o0. -8

P4+3=0 = r= :I:\/gi and the general solution is
y = €% [cl Ccos (\/396) + ¢ sin (\/gx)] = (1 COS (\/3:16) + co sin (\/§ m) Theny(0) =1 = ¢ = 1and, since
y' = —v3ecrsin (\/g;r) + V3¢ cos (\/3 ),y/(O) =3 = V3cw=3 = = % = /3, so the solution to the

initial-value problem is iy = cos(\/§ z) + V3 sin(\/§ )

r? —2r —3=(r—3)(r4+1) =0,s0r = 3, r = —1 and the general solution is y = c1€>*” + coe™ ™. Then
Y =3c1% —coe™®, s0y(0) =2 = c1+c2=2andy’(0)=2 = 3c; —c2 =2, givinge; = 1and ¢z = 1. Thus

the solution to the initial-value problem is y = €3* 4+ e~ %.

9®+12r+4=(3r+2)>=0 = r = —2 and the general solution is y = cre” 2% 4 cowe™®/3 Theny(0) =1 =

c1=1and,sincey’ = —2c1e” /3 + ¢y (1 - 22) e >/3,9/(0) =0 = —2c1+c2=0,50c2 = 2 and the solution to

the initial-value problem is y = e 2*/% 4 Zge=2/3,
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SECTION 17.1 SECOND-ORDER LINEAR EQUATIONS 01 721

3r—2r—1=3r+1)(r—1)=0 = r=—3,r =1and the general solution is y = c1e” /3 4 ce”. Then

/ 1 —x/3

Yy = —zcie +c2e”,50y(0) =0 = c1+co=0andy’ (0)=—-4 = f%cl + ¢c2 = —4, giving ¢; = 3 and

¢a = —3. Thus the solution to the initial-value problem is y = 3e~%/% — 3e®.

r>—6r4+10=0 = 7 =3+ and the general solution is y = €3"(c1 cos x + casinz). Then 2 = y(0) = ¢; and

3=9(0)=c2+3ci = ca=—3and the solution to the initial-value problem is y = ¢3*(2cos x — 3sin ).

47 —20r +25=(2r —5)>=0 = r = £ and the general solution is y = ¢1€*/? + coze®*/2. Then 2 = y(0) = c1 and

5x/2 5x/2

—3=19'(0)=32c1+c2 = c2 =—8. The solution to the initial-value problem is y = 2e — 8ze

r?—r—12=(r—4)(r4+3)=0 = r =4,7 = —3and the general solution is y = c1e*® 4 coe 3. Then

0=y(l) = cre* +cee P and1 = y'(1) = dcre* —3cae 3 s0c1 = %674, Co = 7%63 and the solution to the initial-value

(&

—4 4z %636—.% _

problemis y = %e e do—d _ %63731.

1
7

+ ¥2; and the general solution is y = e /2 (01 cos @x + ca2 sin gx) Then

4 +4r4+3=0 = r=-— o

1
2

0=y(0)=crand1 =y'(0) = Lz —2c1 = 2= V/2 and the solution to the initial-value problem is

y= e~%/? (0 +4/2 sin @x) =+v2e */?sin @x

74+ 16 =0 = r = +4jand the general solution is y = c1 cos 4z + c2 sin4z. Then —3 = y(0) = ¢ and

2 = y(m/8) = ca, so the solution of the boundary-value problem is y = —3 cos 4o + 2sin 4.

r®>4+6r=r(r+6)=0 = r=0,r=—6and the general solution is y = c1 + c2e™®". Then 1 = y(0) = c1 + c2

1 ¢ ‘ .
and 0 =y(1) =c1 + e ®soc; = T = 7 = 5- The solution of the boundary-value problem is
—e —e
S S R S S
Vo181 ef T1—e5  1—ef

r®’+4r+4=(r+2?2=0 = r=—2and the general solution is y = c1e™* + cawe™>*. Then 2 = y(0) = ¢; and
0=1y(1) = cie™2 + c2e”? 50 c2 = —2, and the solution of the boundary-value problem is y = 2¢™2* — 2xe™ 27,
> —8r4+17=0 = r =4+ iand the general solution is y = **(c1 cos 4 ca sinz). But 3 = y(0) = ¢1 and

4w

2 =y(m) = —cie = ¢ = —2/e", so there is no solution.

r?—r= r(r—1)=0 = r =0,r =1 and the general solution is y = ¢1 + c2€®. Then 1 = y(0) = ¢1 + c2

and2 =y(1) = c1 + ceesoc1 = Z%i, cp = i. The solution of the boundary-value problem is y = g + ei T

4 —4r+1=(2r—1)>=0 = r =% and the general solution is y = c1e”/? + caze™/?. Then 4 = y(0) = c1 and

0=y(2) =cre+2c2e = ¢ = —2. The solution of the boundary-value problem is y = 4e*/2 — 2ze®/2.
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722 [0 CHAPTER17 SECOND-ORDER DIFFERENTIAL EQUATIONS

3.7 +4r+20=0 = r = —2+ 4jand the general solution is y = e~ >*(c1 cos 4z + cz sin 4x). But 1 = y(0) = ¢; and

2m

2=y(r) =cre” = c1 = 2¢", so there is no solution.

321 +4r+20=0 = r = —2+ 4iand the general solution is y = e~ >*(c; cos 4x + cz sin 4x). But 1 = y(0) = ¢; and

-2

e = y(n) = cre” "

= ¢1 = 1, s0 c2 can vary and the solution of the boundary-value problem is

y = e~ 2 (cos 4z + csin 4x), where c is any constant.

33. (@) Case (A =0): y" +Ay=0 = y" = 0which has an auxiliary equationr> =0 = r=0 = y=c1+cz
where y(0) = 0and y(L) = 0. Thus,0 =y(0) = c1and0 =y(L) = 2L = ¢1 =c2 =0. Thusy =0.
Case 2 (A < 0): 3" 4+ Ay = 0 has auxiliary equation 7> = —\ = ¢ = £+/—X [distinct and real since A < 0] =
y = c1e¥ ™ + ce” V" where y(0) = 0 and y(L) = 0. Thus 0 = y(0) = ¢1 + c2 (*) and
0=y(L) = creV A 4 cpem VAL M.
Multiplying (x) by eV=>L and subtracting () gives c2 (emL —e VAL ) =0 = c¢2 =0andthusc; = 0 from ().

Thus y = 0 for the cases A = 0 and A < 0.

(b) ¥ + Ay = 0 has an auxiliary equation r> + A =0 = r==4ivVX = y=c;cosVAz+ casiny/Az where
y(0) = 0 and y(L) = 0. Thus, 0 = y(0) = ¢; and 0 = y(L) = ¢z sin /AL since ¢; = 0. Since we cannot have a trivial

solution, ¢z # 0 and thus sinvVAL =0 = /AL = nrw where n is an integer = A = n?m?/L? and

y = cz sin(nmz/L) where n is an integer.

34. The auxiliary equation is ar® + br 4 ¢ = 0. If b* — 4ac > 0, then any solution is of the form y(z) = c1e™" + c2e™" where

—b+ V02 —14 —b— b2 —4 o .
= w and ro = %. But a, b, and c are all positive so both r; and r2 are negative and
a a

T1
lim, 00 y(x) = 0. If b> — 4ac = 0, then any solution is of the form y(x) = c1e”® + coze”™ where r = —b/ (2a) < 0
since a, b are positive. Hence lim, oo y(z) = 0. Finally if 5> — 4ac < 0, then any solution is of the form

y(x) = e**(cq cos fx + c2 sin fz) where o = —b/(2a) < 0 since a and b are positive. Thus lim, ..o y(z) = 0.

35. @) r*—2r+2=0 = r=1and the general solution is y = e” (c1 cosx + ca sinx). If y(a) = c and y(b) = d then
e?(c1cosa+casina) =c¢ = cicosa+casinag = ce ®and e’ (¢ cosb+czsinb) =d =
c1cosb+ casinb = de™®. This gives a linear system in ¢; and ¢z which has a unique solution if the lines are not parallel.

If the lines are not vertical or horizontal, we have parallel lines if cos a = k cos b and sin a = k sin b for some nonzero

cosa sina sina sinb .
constant k£ or =k=— = = = tana =tanb = b —a = nm, n any integer. (Note that
cosb sinb cosa cosb

none of cos a, cos b, sin a, sin b are zero.) If the lines are both horizontal then cosa = cosb=0 = b—a = nm, and

similarly vertical lines means sina =sinb =0 = b — a = nx. Thus the system has a unique solution if b — a # nm.
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SECTION 17.2  NONHOMOGENEOUS LINEAR EQUATIONS U 723

(b) The linear system has no solution if the lines are parallel but not identical. From part (a) the lines are parallel if

b — a = nn. If the lines are not horizontal, they are identical if ce™® = kde™® = E
de—? cosb

) (If d = 0 then ¢ = 0 also.) If they are horizontal then cosb = 0, but k = 51.n < also (and sin b # 0) so
d cosb sinb
we require g = e“_b%. Thus the system has no solution if b — a = n7 and g # ea_b% unless cosb = 0, in

c sina

hich = a—b

which case - F#e o

(c) The linear system has infinitely many solution if the lines are identical (and necessarily parallel). From part (b) this occurs

c _pcosa . . c
whenb — a = nrand = = e*° unless cos b = 0, in which case — = e —.
d cosb d sinb

17.2 Nonhomogeneous Linear Equations

1. The auxiliary equationis 7> +2r —8 = (r —2)(r +4) =0 = r =2, r = —4, so the complementary solution is
Ye(z) = c1€®™ + cae™**. We try the particular solution y,(z) = Az® + Bz + C, so y), = 24z + Band y = 2A.
Substituting into the differential equation, we have (24) + 2(2Ax + B) — 8(Az? + Bz 4+ C) = 1 — 2% or
—8Ax? 4 (4A — 8B)x + (2A + 2B — 8C) = —22* + 1. Comparing coefficients gives —8A4 = —2 =
A=4,4A-8B=0 = B=4¢, and 2A+2B—-8C =1 = C = —3;, so the general solution is

y(@) = 9o(@) + vp(a) = 1™ + c2e + 1o 4 Lo —

2. The auxiliary equationis 7> — 3r = r(r —3) =0 = r =0, r = 3, so the complementary solution
is y.(z) = c1 + c2e>®. We try the particular solution y,(z) = A cos 2z 4 B sin 2z, so
yp = —2Asin 2z + 2B cos 2z and y,, = —4A cos 2z — 4B sin 2z. Substitution into the differential
equation gives (—4A cos 2z — 4Bsin 2z) — 3(—2Asin2x 4+ 2B cos2z) = sin2x =
(—4A — 6B) cos 2z + (6A — 4B) sin 2z = sin2z. Then —4A — 6B =0and6A —4B =1 = A= ZandB = —.

Thus the general solution is y(z) = ye(z) + yp(z) = 1 + 26> + £ cos 2z — 5 sin 2.

3. The auxiliary equation is 97> + 1 = 0 with roots r = i%i, so the complementary solution is
ye(z) = c1 cos(z/3) + ez sin(z/3). Try the particular solution y,,(z) = Ae*”, so y,, = 24e** and y, = 4Ae*".
Substitution into the differential equation gives 9(4A62’C ) + (Ae2“”) =e?® or37A4e* =e?*. Thus37A=1 = A= 3—17

and the general solution is y(z) = ye(z) + yp () = c1 cos(x/3) + ¢z sin(z/3) + =€>*.

4. The auxiliary equation is r? — 27 4 2 = 0 with roots r = 1 & 4, so the complementary solution is
ye(z) = €”(c1 cosx + ¢z sinz). Try the particular solution y,(z) = Az + B + Ce”,s0y,, = A+ Ce” and y,, = Ce”.

Substitution into the differential equation gives (Ce”) — 2(A 4+ Ce”) + 2(Ax + B+ Ce®) =z +¢* =
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24z + (—2A + 2B) + Ce” = z + €*. Comparing coefficients, wehave 24 =1 = A=1,-2442B=0 =

B = %, and C = 1, so the general solution is y(z) = ye(z) + yp(2) = €*(c1 cosz + casinw) + 32+ 1 + €.

. The auxiliary equation is > — 47 4+ 5 = 0 with roots r = 2 = 4, so the complementary solution is

Ye(z) = €**(c1cosx + cosinz). Try y, (z) = Ae™,soy;, = —Ae “ and y,) = Ae™*. Substitution gives
Ae " —4(—Ae ") +5(Ae ") =e " = 104e * =e * = A= 15. Thus the general solution is

y(z) = e**(c1cosx + casinw) + 15e .

. The auxiliary equationis 7> —4r +4 = (r —2)2 =0 = r = 2, so the complementary solution is

Ye(z) = 1" + coxe®. Fory” — 4y’ + 4y = x try yp, (z) = Az + B. Theny;,, = A and y}, = 0, and substitution into
the differential equation gives 0 — 4A + 4(Az 4+ B) =z or4Az + (4B —4A) = x,504A=1 = A= 1and
4B—4A=0 = B=1.Thusyp (z)=3z+ 31 Fory’ —4y + 4y = —sinz try yp, () = Acosz + Bsinz.
Then y,, = —Asinz + Bcosz and y,, = —Acosz — Bsinz. Substituting, we have
(—Acosz — Bsinz) — 4(—Asinz + Bcosz) + 4(Acosz + Bsinz) = —sinz =
(34 —4B)cosz + (4A+ 3B)sinz = —sinz. Thus 34 —4B = 0and4A 4+ 3B = —1,

3

.. _ 4 _ 3 _ 4 . . .
giving A = —5z and B = — 35z, 50 yp, (¢) = —35z cosx — 5= sinx. The general solution is

Y(@) = ye(@) + Yp, (@) + Ypo (2) = 16 + c2ze® + 204+ 3 — 5t cosz — 2= sina.

. The auxiliary equation is 7> — 2r + 5 = 0 with roots r = 1 & 24, so the complementary solution is
ye(x) = €”(c1 cos 2z + ¢o sin 2z). Try the particular solution y,(z) = Acosz + Bsinz, soy, = —Asinz + Bcosz
and y, = —Acosz — Bsinx. Substituting, we have

(—Acosz — Bsinz) — 2(—Asinz + Bcosz) + 5(Acosx + Bsinx) = sinx =
(4A —2B)cosz + (2A+4B)sinz = sinz. Then4A —2B =0,2A+4B =1 = A= {5, B =  and the general
solution is y(z) = ye(z) + yp(z) = €”(c1 cos2x + c28in22) + $5 cosz + ssinz. Butl =y(0) =1+ & = =2

and1 =19y'(0) =2ca+c1++ = c2 = —35. Thus the solution to the initial-value problem is

y(x) = e” (35 cos 2z — 55 sin2x) + {5 cosx + + sinx.

. The auxiliary equation is 7* — 1 = 0 with roots 7 = =1, so the complementary solution is y.(z) = c1e® + cze™". Try the

particular solution y,,(z) = (Az + B)e**, so yj, = (2Ax + A+ 2B)e*” and y) = (4Ax + 4A + 4B)e>*. Substituting, we
have (4Az + 4A + 4B)e* — (Az + B)e** = ze®* = (3Az+4A+3B)e* =ze*. Then3A=1 = A= 1and
4A+3B=0 = B =—4%,and the general solution is y(z) = yc(z) + yp(z) = c1e” + c2¢”* + (32 — 4)e**. But
0=y(0)=c1+cz—sand1=y'(0)=c1—c2—2 = ¢ =1,cz =—2. Thus the solution to the initial-value

problemis y(z) = e* — 2" + (32 — 4)e*".
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The auxiliary equation is > — r = 0 with roots r = 0, r = 1 so the complementary solution is y.(z) = ¢1 + c2¢”.

Try yp(x) = z(Az + B)e” so that no term in y,, is a solution of the complementary equation. Then

yp = (Az® + (2A+ B)z + B)e” and y)) = (Az® + (4A + B)z + (2A + 2B))e”. Substitution into the differential equation
gives (Ax? + (4A+ B)x + (2A +2B))e” — (Az® + (2A+ B)x + B)e® = xe® = (24z+ (2A+ B))e® =2 =
A=1 B=-1Thusy,(z) = (32 — z)e” and the general solution is y(z) = c1 + c2¢” + (22° — z)e”. But

2=y(0)=c1 +ceand 1 =y'(0) = c2 — 1,50 c2 = 2 and ¢; = 0. The solution to the initial-value problem is
y(z) =2e" + (32° —z)e* =" (32> — 2 +2).
Ye(z) = c1e” + coe " Fory” +y — 2y = x try yp, (z) = Az + B. Theny,, = A, y,, = 0, and substitution gives

0+A-2(Az+B)=2 = A=-1 B=-1s0y,(r)=—22— 1 Fory"+y —2y=sin2ztry

PN

Ypo (z) = Acos2z + Bsin2z. Then y,, = —2Asin 2z + 2B cos 2z, y,,, = —4A cos 2z — 4B sin 2z, and substitution

gives (—4A cos 2z — 4B sin 2z) + (—2Asin 2z + 2B cos 2x) — 2(Acos2x + Bsin2z) =sin2z = A= -—=—

20°
B = 723—0, Thus yp, () = 72—10 cos 2z + 72—30 sin 2z and the general solution is

y(z) = c1e” + coe™? — %1’ - % - 2—10 cos 2x — 2—3()sin2x. Butl=y(0) =c1+c2 — i - 2—10 and
0=9'(0)=c1—2c2—3— 13 = c =1t andcz = ¢. Thus the solution to the initial-value problem is

y(z) = %ez + %67205 — %m - i — 2—10 cos2x — % sin 2.

The auxiliary equation is 7*> + 3r +2 = (r + 1)(r +2) = 0,507 = —1,7 = —2 and y.(x) = c1e™® + coe ™.
Tryyp = Acosz + Bsinz = vy, = —Asinz + Bcosz, y, = —Acosz — Bsinz. Substituting into the differential

equation gives (—Acosz — Bsinx) + 3(—Asinz 4+ Bcosz) + 2(Acosx + Bsinz) = cosx or

(A+3B)cosz + (—3A + B)sinx = cos z. Then solving the equations 3
A+3B=1,-3A+ B=0gives A= 1, B = 2 and the general

solution is y(z) = cre™ " + c2e”** + 15 cosx + =5 sin z. The graph -3 8
shows vy, and several other solutions. Notice that all solutions are I

asymptotic to y, as  — oco. Except for y,, all solutions approach either co 3

or —ocoasxr — —0oQ.

The auxiliary equationis 7> +4 =0 = 7 = £2i, 50 yc(x) = c1cos2z + cosin2z. Try yp, = Ae™* =

y, = —Ae™", y, = Ae™". Substituting into the differential equation gives Ae™" + 4A4e™* =™ =

FBA=1 = A= %, SO Yp = %671 and the general solution is 2

1
y(x) = c1 082z + ¢z sin 2z + £~ . We graph y,, along with several
other solutions. All of the solutions except y,, oscillate around y, = %e’”, Y,
. -5 5
and all solutions approach co as z — —oo.

5
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Here y.(z) = c1€*® 4 c2e™ ", and a trial solution is y, () = (Az + B)e” cosz + (Cx + D)e” sin .

Here y.(x) = c1 cos 2x + co sin 2z. Fory” + 4y = cos4x try yp, (r) = Acos4x + Bsindz and for y” + 4y = cos 2z try
Ypo () = z (C cos 2z + D sin 2z) (so that no term of y,, is a solution of the complementary equation). Thus a trial solution

is Yp(2) = yp, (¥) + yp, (x) = Acosda + Bsindx + Cx cos 2z + Dz sin 2.
Here y.(z) = c1e®” 4 coe®. Fory” — 3y’ 4 2y = € try yp, (x) = Axe” (since y = Ae” is a solution of the complementary
equation) and for y” — 3y’ + 2y = sinz try yp, (z) = Bcosx + C'sinx. Thus a trial solution is

Yp(2) = Yp, (T) + ypo (x) = Aze® + Beosz + Csinx.

Since ye () = c1e” + cae™** try y,(x) = x(Az® + Ba? + Cxz + D)e” so that no term of y, () satisfies the complementary

equation.

Since y(x) = e~ (c1 cos 3z + ¢ sin 32) we try y, (z) = z(Az? + Bz + C)e " cos 3z + 2(Dx? + Ex + F)e " sin 3z

(so that no term of y,, is a solution of the complementary equation).

Here y.(x) = ¢1 cos 22 + c2 sin 2z. For iy’ + 4y = 3@ try y,, (z) = Ae3® and for v’ + 4y = x sin 22 try

Yps () = x(Bx + C) cos 2z + x(Dzx + E) sin 2z (so that no term of y,, is a solution of the complementary equation).

Note: Solving Equations (7) and (9) in The Method of Variation of Parameters gives

Gy
a (y1yh — y291)

and uh = Gy

!
uy = = —
a (y1ys — y2y1)

We will use these equations rather than resolving the system in each of the remaining exercises in this section.

19.

a)Here4r> +1 =0 = r=z41iandy.(x) = cicos(ix) + casin(ixz). We try a particular solution of the form
2 Y 2 2 tI’y p
yp(z) = Acosz + Bsinz = y, = —Asinz + Bcosz andy, = —Acosz — Bsinz. Then the equation
4y" + y = cos z becomes 4(—Acosxz — Bsinzx) + (Acosz + Bsinz) = cosz or

—3Acosx —3Bsinz =cosz = A= —z, B=0.Thus, y,(z) = —3 cosx and the general solution is

y(x) = ye(x) + yp(x) = c1cos(32) + casin(32) — 3 cosx.

x

(b) From (a) we know that y.(x) = c1 cos § + casin 5. Setting y; = cos 5, y2 = sin §, we have

cos sin

! r—1 2z 4 12z 1 r—_ 77772 1 . T)gipZ =_1 2z _ in &
Y1Ya — Y21 = 5 cos” 5 + 5 sin” 5 = 5. Thusuj = 11 = 2cos(2 2)sm2— 2(2cos 5 )sm2
2
€T
COS T COoS =
[ 2 _ 1 .z r _ 101 _9¢ipn2z z
and uy = 11 —2cos(2 2)c052—2(1 2sin Q)COSQ.ThCn
2
— 1 z 2z z _ z 4 2 3z
ui(z) = [ (3sing —cos® £ sin %) dz = —cos % + 2 cos® £ and
= 1 z _ z z T _ 2qpd32
uz(x)—f(2c082 sin” § COS2)d:L‘—SlIl2 5 sin” 5. Thus
— (— z 4 2 3z z inZ —2¢6in3&)gink = — 2z _gip?2z 2 4z giptz
yp(x) = (—cos £ + 2 cos® £) cos £ + (sin £ — Zsin® £)sin £ = — (cos® £ —sin® £) + 2 (cos” £ —sin® £)
I—COS(2-%)-‘r%(COSQ%-i-SinQ%) (COSQ%—Sin2%):—COSCB-F%COSI:—%COSI

and the general solution is y(z) = yc(x) + yp(z) = c1cos £ + casin £ — £ cosx.
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20. (@) Herer®> —2r —3=(r—3)(r+1)=0 = 7 =3, = —1 and the complementary solution is
ye(z) = c1®” + coe™". A particular solution is of the form y,(z) = Az + B = vy, = A,y, =0,and
substituting into the differential equation gives 0 —2A — 3 (Az + B) =2z +2or —3Ax + (—2A —3B) =z + 2,

s0A=—%2and —24-3B=2 = B=—% Thusy,(z) = —3z — 5 and the general solution is

Y(@) = ye() + yp(2) = 1™ + coe™® — Jo — 3.
(b) In (a), ye(z) = 1> + cae™ 7, soset y1 = €3®, ya = e~ ". Then y1ys — yovi = —€>"e " — 3e>7e™" = —4e” s0
2)e™ " ‘
e = 1@+2)e™™ = w@) =7 [(@+2)e > do=f[-F(z+2)e — 5e7*] [by parts]

—4e2=

vy = EFHE — de 4o = wale) = 4 [+ Dt de = [z + 2)e” — ) oy pars]
Uy = e = —ale e ug(z) = —7 [(z efde = —3[(x e’ —e y parts].

Hence yp(z) = 3 [(—32 — 3) e **] ¥ — 3[(x +1)e*]e * = —22 — § and

Y(@) = ye(x) + yp(z) = c1®” + c2e™" — ir-%.

2. @) —2r+1=(r—1)2=0 = r =1, so the complementary solution is y.(z) = c1e® + caxe”. A particular solution
is of the form y, () = Ae®®. Thus 44e®® — 44e*® + Ae® = e*® = A =" = A=1 = y,(z)=e>"
So a general solution is y(x) = ye(x) + yp(x) = c1” + caxe® + **.
(b) From (a), yc(z) = c1e”™ + coxe®, so set y1 = €°, yo = xe”. Then, y1yh — yovi = **(1 4+ ) — ze>® = €>” and so
up =—ze® = wui(z)=—[ze®dr=—(r—1)e” [byparts] andup =e® = wuz(z)= [e” dz =€". Hence

Yp () = (1 — 2)e** + 2e** = ** and the general solution is y(x) = y.(2) + yp(x) = c1e” + coze” + 7.
22. @) Herer® —r=7r(r—1)=0 = r=0,1andy.(z) = c1 + c2e” and so we try a particular solution of the form

yp(z) = Axe®. Thus, after calculating the necessary derivatives, we gety” —y' = e* =

Ae®(2+1z) — Ae®*(1+2) =e® = A=1.Thusyy(x) = ze” and the general solution is y(z) = ¢1 + c2e” + xe®.

(b) From (a) we know that y.(x) = c1 + c2€”, so setting y1 = 1, yo = €”, then y1y5 — Yoy = e — 0 = e*. Thus

up = —e**/e” = —e” and up = €”/e” = 1. Thenuy(z) = — [ e“dz = —e” and uz(z) = x. Thus
yp(z) = —e” + ze® and the general solution is y(z) = ¢1 + coe” — €” + xe” = ¢1 + c3e” + we®.
23. Asin Example 5, y.(z) = c1sinx + ¢ cos x, so set y1 = sinx, y2 = cosx. Then y1y5 — yoyj = —sin’z — cos® z = —1,

2
5C TP seca = ui(x) = [secadr =1In(secz + tanz) for0 < z < %,

U
SO Uy = —
-1
sec’z sinx
and up = ——7 = —sec tanz = wua(x) = —secx. Hence

yp(z) = In(secx + tanz) - sinx — secz - cosx = sinz In(sec z + tan ) — 1 and the general solution is

y(z) = cisinz + ¢z cosx + sinzx In(secx + tanx) — 1.
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25.

26.

27.

28.

[J CHAPTER17 SECOND-ORDER DIFFERENTIAL EQUATIONS
As in Exercise 23, yc(z) = c1sinx + ca cosz, y1 = sinz, y2 = cosz, and y1y5 — y2y; = —1. Then
, sec® z cosx 9 , sec® x sinz 9
=g =sec’z = ui(x) = tanz and uy = ——7 = se rtanz =
uz(z) = — [tana sec® z dz = —3 tan® 2. Hence

yp(x) = tanzx sinz — %tan2 T cosx = tanx sinx — %tanx sinx = %tan:): sin z and the general solution

isy(z) = cisinz + cocosx + % tan z sin x.

2x —x
oz 2z / / __ 3z !’ —€ _ €
y1 =¢€", y2 = e and Y195 — y2y1 = €”*. Souy = Ote )= ~ T+e= and
_ 67‘/17 _ . , _ e.’l} _ eil:
ui(z) = /771 e dr =In(l1+e ). uy= TFe ) — o oo S0

x x 1 _ _ _
uﬂx):/ﬁdx:ln(e e—: )—e “=1In(l4+e ") —e ”. Hence

yp(x) = " In(1 + ™) + e**[In(1 + e~ %) — e~ %] and the general solution is

y() = [c1 +In(1 4 e ®)]e” 4 [c2 — e 4+ In(1 4 e~ 7).

. T\, —2x
_ _ _ sine”)e .

y1=e ", y2 = e " and y1yh — Y2yl = —e 3" Souf = f% = ¢” sine”

H x —x

sine®)e . - :

and uy = % = —e*"sine”. Hence u1 (z) = [ e”sine”dz = — cose” and

-
uz(z) = [ —€** sine”dx = €” cose” — sine”. Then y,(z) = —e " cose” — e **[sine” — e” cos e”]

and the general solution is y(x) = (c1 — cose®)e™™ + [c2 — sine” + € cos e”]e ™27,

r?—2r+1=>r—-1)>%=0 = r=1s0y.(z)=cie” + coze”. Thus y1 = €”, y» = xe” and

T e /(] 2
pivh — oyl = (o e —aeer = Souf = -2 CHLET) L
x 1 o, /(1 +2?) 1 1

u1:—/1+$2dm:—§1n(1+x),ugz 27 =i T - 1+x2dx:tan z and
yp(z) = —3€"In(1 + 2%) + xe” tan~ ' z. Hence the general solution is y(z) = €” [c1 + coz — 3 In(1 + 2°) + ztan™" z].

, ) , , 4 , _ 721$€72I 1 1
y1=e¢ ", y2 =xe Tandyiys —yoy1 = e . Thenu) = —5——— = —— soui(z) =z~ and

roeT " T
—2z —2x —2z —2z —2z
1 1 Lo

uh = 7‘236?41‘ = so uz(x) = 5.7 Thus y,(x) = c o I;ﬂ = 6295 and the general solution is

y(z) = e [y + cax + 1/(22)].
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17.3 Applications of Second-Order Differential Equations

1. By Hooke’s Law k(0.25) = 25 so k = 100 is the spring constant and the differential equation is 5z + 100x = 0.
The auxiliary equation is 572 + 100 = 0 with roots = +2+/5 , so the general solution to the differential equation is
z(t) = c1cos(2v/5t) + c2sin(2v/5t). We are given that 2(0) = 0.35 = c¢1 =0.35and2’(0) =0 =

2v5c2 =0 = ¢z =0, so the position of the mass after ¢ seconds is z(t) = 0.35 cos(2 /5 ¢).

2. By Hooke’s Law k(0.4) = 32s0 k = % = 80 is the spring constant and the differential equation is 8z"' + 80z = 0.
The general solution is z(t) = ¢1 cos(v/10t) + c2sin(v/10¢). But0 = #(0) = c1 and 1 = 2/(0) = V10c2 =

c2 = —=, so the position of the mass after ¢ seconds is z(t) = —= sin(v/10t).

3. k(0.5) = 6 or k = 12 is the spring constant, so the initial-value problem is 2z"' + 14z’ 4+ 12z = 0, z(0) = 1, 2'(0) = 0.
The general solution is () = c1e ™% + cee™". But 1 = 2:(0) = ¢1 + ¢z and 0 = 2/(0) = —6¢; — co. Thus the position is
given by x(t) = —Le % 4 St

4. (a) k(0.25) =13 =k = 52, so the differential equation is (b) 0.07

2z" + 82" + 52z = 0 with general solution

x(t) = e 2 [cl cos(\/ﬁt) + co sin(\/ﬁt)]. Then 0 = z(0) = ¢1

and 0.5 = 2'(0) = v/22¢c2 = c2= 2—\}5, so the position is 0 ’ \/ 4
given by z(t) = 21%@’% sin(v/22t). —0.03

5. For critical damping we need ¢* — 4mk = 0 or m = ¢*/(4k) = 14%/(4-12) = 2 kg.

6. For critical damping we need ¢® = 4mk or c = 2v/mk = 2/2- 52 = 4/26.

2

7. We are given m = 1, k = 100, z(0) = —0.1 and 2(0) = 0. From (3), the differential equation is % +c Z—:f + 100z =0

with auxiliary equation 7% + ¢r 4+ 100 = 0.

If ¢ = 10, we have two complex roots 7 = —5 £ 5 V/3 1, so the motion is underdamped and the solution is
z=e " [c1cos(5V3t) + casin(5+/3¢)]. Then —0.1 = 2(0) = c1and 0 = 2'(0) =5v3c2 —bcx = co = — TRVEE
sox =e %t [70.1 cos(5 \/gt) — Tl\/g sin(5 \/§t)} .

If ¢ = 15, we again have underdamping since the auxiliary equation has roots r = —% + 57\/7@ The general solution is
T = e 15t/2 [cl cos(%ﬁt) + c2 sin(sT‘ﬁtﬂ ,$0—0.1=z(0) =c1and 0 = z'(0) = 57‘/702 — % c1 = ca3=— 103\/7.

_ - N (57
Thus z = e~ *5/2 [—0.1 cos(5—27t) - miﬁ sm(%t)]
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For ¢ = 20, we have equal roots 1 = ro = —10, so the oscillation is critically damped and the solution is

x = (c1 + cat)e % Then —0.1 = 2(0) = ¢; and 0 = 2'(0) = —10c1 +c2 = c2=—1,s0x = (0.1 —t)e 1%,

If ¢ = 25 the auxiliary equation has roots 71 = —5, ro = —20, so we have overdamping and the solution is
z=cire”® +ce ?” Then —0.1 = 2(0) = c1 + c2and 0 = 2/(0) = —5c1 —20c2 = 1 = —=2 andcz = o,
sox=—2e O 4 e 20

If ¢ = 30 we have roots = —15 & 5+/5, so the motion is c=10
overdamped and the solution is x = cle(fls +5V5)t + 026(715 —5VE)t 0.0’2 /*s/Kc — )

0 S 1.4

Then —0.1 = z(0) = ¢1 + c2 and [T
0=2/(0)= (~15+5V5) c1 + (~15—55) cs = ,,',':/ji;ozs
1 = 22235 and ¢y = BB oo 4
G C R G ) Ea Rl ol .

d? dx

. We are given m = 1, ¢ = 10, z(0) = 0 and =’ (0) = 1. The differential equation is 22 1102 4 kx = 0 with auxiliary

dt? dt
equation 7% + 10r 4+ k = 0. k = 10: the auxiliary equation has roots 7 = —5 = 1/15 so we have overdamping and the

1

(=5+VI5)t 4 ()e(=5 = VI5)! Entering the initial conditions gives ¢; = 2—\}E and c = — 57, 50

solution is x = c1e

__1 —5+15 )t 1 —5— /15 )t
x*z\/ﬁe( ) 7m6( .

k = 20: r = —5 + /5 and the solution is x = 016(75+ VBt + 026(75 ~V5)t 5o again the motion is overdamped.

The initial conditions give ¢; = 2—1/5 and c2 = —2—\1/5, sox = 2—1/5@(’5+\/5)t - ﬁe(** VBt

k = 25: we have equal roots 71 = r2 = —b5, so the motion is critically damped and the solution is = (c1 + cat)e ™",
The initial conditions give ¢; = 0 and ¢z = 1, s0 & = te ¢
k = 30: r = —5 + /54 so the motion is underdamped and the solution is x = e~ [cl cos(\/gt) + co sin(\/g t)]

The initial conditions give c; = 0 and ¢ = %, sox = % e *sin(v/5t). 0.1

k = 40: r = —5 £ /154 so we again have underdamping.
The solution is z = e~ [c1 cos(V15t) + c2sin(v15¢)],

and the initial conditions give ¢; = 0 and ¢ = —*

B

Thus = —=e ' sin(v/151).

. The differential equation is ma” + kx = Fp coswot and wo # w = 1/k/m. Here the auxiliary equation is mr? 4+ k = 0

with roots =1/k/mi = twi so x.(t) = ¢1 coswt + ca sinwt. Since wo # w, try z,(t) = A cos wot + B sinwot.

Then we need (m) (—w§ ) (A coswot + Bsinwot) + k(A coswot + Bsinwot) = Fy coswot or A(k — mwg) = Fo and
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B(k . mw%) =0. Hence B=0and A = Fo 5 = Fo 5+ since w? = E Thus the motion of the mass is given
k—mwd m(w? —wj) m

by z(t) = c1 coswt + c2 sinwt + cos wot.

m(w? — wi)
As in Exercise 9, z.(t) = ¢1 coswt + ¢z sin wt. But the natural frequency of the system equals the frequency of the
external force, so try z,(t) = t(A coswt + Bsinwt). Then we need

m(2wB — w? At) cos wt — m(2wA + w? Bt) sinwt + kAt coswt + kBtsinwt = Fy coswt or 2mwB = Fp and
—2mwA = 0 [noting —mw?A + kA = 0 and —mw?B + kB = 0 since w? = k/m]. Hence the general solution is

z(t) = c1 coswt + ez sinwt + [Fot/(2mw)] sinwt.

From Equation 6, z(t) = f(t) + g(¢) where f(t) = c1 coswt + c2 sinwt and g(t) = coswot. Then f

m(w? — wi)

is periodic, with period 2Z, and if w # wo, g is periodic with period 2Z. If <~ is a rational number, then we can say
w wo w0

Syl

o = a= Z—WO where a and b are non-zero integers. Then

st+a-Z) = f(t+a-B)tgt+a-Z) =) +g(t+22-2) = 10) +g(t+b-2) = (1) +9() = 2()
so z(t) is periodic.

(a) The graph of z = cie”™ + cote” has a t-intercept when cie”™ + cate™ =0 < e™(c1+c2t) =0 & ¢ = —cot.

Since ¢ > 0, « has a t-intercept if and only if ¢; and c2 have opposite signs.

b) For ¢ > 0, the graph of x crosses the t-axis when c1e™'! + c2e™? =0 < ™! = —cie"! &
grap
erlt
Cg=—C—— = —c1e( 7™ Butry >y = 1y —7g > 0andsincet > 0, e"1772)* > 1. Thus
e
lca] = |e1] €172t > |¢y], and the graph of & can cross the t-axis only if [c2| > |c1].

Here the initial-value problem for the charge is Q" + 20Q’ + 500Q = 12, Q(0) = Q'(0) = 0. Then
Qc(t) = e '%(c1 cos 20t + c2sin20t) and try @, (1) = A = 5004 =120r A = ;.
The general solution is Q(t) = e~ "**(c1 cos 20t + ¢z sin 20t) + 2. But 0 = Q(0) = ¢1 + 3z and
Q'(t) = I(t) = e '™ [(=10c; + 20c2) cos 20t + (—10c2 — 20c; ) sin 20¢] but 0 = Q' (0) = —10¢; + 20cz. Thus the charge
is Q(t) = —5e5e ' (6 cos 20t + 3sin 20t) 4 3= and the current is I(¢) = e~ '** () sin 20¢.
(a) Here the initial-value problem for the charge is 2Q" + 24Q" + 200Q = 12 with Q(0) = 0.001 and Q’(0) = 0.
Then Qc(t) = e~ % (c1cos8t + czsin8t) and try Qp(t) = A = A = 2 and the general solution is
Q(t) = e % (c1cos 8t + 2 sin8t) + . But 0.001 = Q(0) = ¢+ 3 so c; = —0.059. Also
Q'(t) = I(t) = e % [(—6c1 + 8c2) cos 8t + (—6c2 — 8¢1) sin8t] and 0 = Q'(0) = —6¢1 + 8¢ 50
c2 = —0.04425. Hence the charge is Q(t) = —e™®/(0.059 cos 8¢ + 0.04425sin 8¢) + 2 and the current is

I(t) = e~%(0.7375) sin 8t.
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(b) 008 0.35
of < 15
1.5
0 -0.05
charge, O(t) current, I(t) = Q'(¢)
15. As in Exercise 13, Q.(t) = e % (c1 cos 20t + c2 sin 20t) but E(t) = 12sin 10t so try

Qp(t) = Acos10t + Bsin 10¢. Substituting into the differential equation gives

(—100A + 200B + 500A) cos 10t 4+ (—100B — 200A + 500B) sin 10t = 12sin 10t =

400A + 200B = 0 and 400B — 200A = 12. Thus A = 250, B = 125 and the general solution is
Q(t) = e %(c1 cos 20t + 2 5in 20t) — 535 cos 10t + 3= sin 10t. But 0 = Q(0) = ¢1 — 525 S0 ¢1 = 555.
Also Q'(t) = £ sin10t 4+ = cos 10t + e~ "**[(—=10c1 + 20c2) cos 20t + (—10c2 — 20c1) sin 20¢] and

0=0Q'(0) = % — 10c1 + 20c2 s0 c2 = —z3=. Hence the charge is given by

Q(t) = e %535 cos 20t — =35 sin 20t] — 525 cos 10t + 5= sin 10¢.

16. (a) As in Exercise 14, Q.(t) = e % (c1 cos 8t + ca sin 8t) but try Q,(t) = A cos 10t + B'sin 10¢. Substituting into the
differential equation gives (—200A + 2408 + 200A) cos 10t + (—200B — 240A + 200B) sin 10t = 12 sin 10¢,
so B =0and A = — 5. Hence, the general solution is Q(t) = e~ (c1 cos 8¢ + c2 sin8t) — 5= cos 10t. But
0.001 = Q(0) =c1 — 2—10, Q'(t) = e ®*[(—6c1 + 8cz) cos 8t + (—6c2 — 8c1) sin 8t] — 4 sin 10¢ and
0 = Q'(0) = —6¢1 + 8¢z, s0 ¢1 = 0.051 and co = 0.03825. Thus the charge is given by

Q(t) = e %(0.051 cos 8t + 0.03825 sin 8¢) — = cos 10¢.
20

AN
JIVAYAY)

—0.06

(b)

17. 2(t) = Acos(wt +6) < x(t) = Alcoswtcosd —sinwtsind] < z(t) = A(% coswt + C—j sinwt) where

cosd =ci/Aandsind = —ca/A &  z(t) = ¢1 coswt + ¢z sinwt. [Note that cos?d+sin?d=1 = c2+ck=A42]

2

d-0
18. (a) We approximate sin 6 by 6 and, with L = 1 and g = 9.8, the differential equation becomes —

Pl +9.80 = 0. The auxiliary

equationis > +9.8 =0 = r = £+/9.84, so the general solution is 6(t) = ¢; cos(\/9.8t) +c2 sin(\/9.8t).
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Then0.2 =0(0) =c;and1 = 0'(0) = vV98¢cz = 2= ﬁ, so the equation is
0(t) =0.2 cos(\/9._8t) + ﬁ sin(@t).
(b) &'(t) = —0.2 \/_851n(\/_t) + cos(\/_t) =0or tan(\/_t) , so the critical numbers are
t= \/— tan™ (\/%) + \/% 7 (n any integer). The maximum angle from the vertical is
0(\/% tan~? (\/%)) ~ 0.377 radians (or about 21.7°).

(c) From part (b), the critical numbers of 6(t) are spaced \/— apart, and the time between successive maximum values

is 2 ( r) Thus the period of the pendulum is \/'_ ~ 2.007 seconds.

(d6o(t)=0 = 0.2cos(v9.8t) + msm(vQS )=0 = tan(v9.8t) =-02198 =
t= = [tan~'(—0.21/9.8) + 7| ~ 0.825 seconds.

(e) 0/(0.825) ~ —1.180 rad/s.

17.4 Series Solutions

733

1. Lety(z) = > cox™ Theny'(z) = 3 nc,a™ ' and the given equation, 3 — y = 0, becomes
n=0 n=1

o0 o0 o0 o0

ST neax™ = 3 cpa™ = 0. Replacing n by n + 1 in the first sum gives > (n + Depp1z” — 3 caz™ = 0, so
n=1 n=0 n=0 n=0

o0

> [(n+1)cny1 — en]a™ = 0. Equating coefficients gives (n + 1)cn4+1 — ¢n = 0, so the recursion relation is
n=0

Cn 1 Co 1 1 co 1 co

c =——n=0,1,2,.... Thency = cp,co = =1 = =—,C3 = =Co = = - =Co) = —, C4 — —C3 = —, and
n+1 n+ 1 y Ly &y 1 0, €2 2 1 2 3 3 2 39 0 3! 4 4 3 4]

. Co .. e n xS ¢, > x" -
in general, c, = —. Thus, the solutionis y(z) = > cna™ = —a" =co ) — = coe”.

n. n—=0 n—=0 T n—=0 T

o0 (o=} (o=}
2. Lety(x) = 3 chz™. Theny =azy = ¢ —azy=0 = 3 ncpz™ ' —z > cpa™ =0or

n=0 n=1 n=0

oo o0
Z neaz” "t — Z cnx™tt = 0. Replacing n with n + 1 in the first sum and n with n — 1 in the second

n=1 n=0

o0 oo oo o0
gives . (n+ 1Dept12™ — > cp—1z” =0o0rer + >, (n+1)cnp12™ — > cn—12™ = 0. Thus,
n=0

n=1 n=1 n=1

oo
c1+ > [(n+1)ent1 — en—1] 2™ = 0. Equating coefficients gives ¢; = 0 and (n + 1) ¢n41 — ¢n—1 = 0. Thus, the

n=1

. . . Cn—1 .
recursion relation is ¢p41 = "+ T n=1,2,....Butc; =0,s0cs =0andcs = 0 and in general cz,4+1 = 0. Also,
n
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ety (z) = D ™ = Yy (2) = 3 nenz™ tandy” (z) =
n=0 n=1

O CHAPTER17 SECOND-ORDER DIFFERENTIAL EQUATIONS
Cco = C—O, cq4 = 2 _ 46% 22CO2|, = 0—64 =35 .if. 7= 2;—.03! and in general c2,, = ﬁ Thus, the solution
2
) o ) 2
isy(x) = O cax™ = 3 copa® = Y <0 " =cp Z ( / ) = coe® /2.
— — — 2" -n'
n=20 n=20 n=0

Assuming y(z) = > cpa”, wehave ' (z) = > nc,x™ ' = 3 (n+ Depp1z™ and
n

=0 n=1 n=0

[eS)

18

(n+2)(n + 1)cnq22". The differential equation

n=0

18

becomes > (n+2)(n 4 Depp2z™ + 2 Y neaz™ P 4+ S ™ =0or
n=0

n=1 n=0 n=0

since Y nepz™ = Y nep,a™|. Equating coefficients gives (n + 2)(n + 1)cnt2 + (n 4+ 1)¢, = 0, thus the recursion
n=1 n=0
—(n+1)cn _cn
n+2)(n+1)  n+2’

relation is ¢p42 = n=0,1,2,.... Then the even

0 .
—,c4=—— =—,c5 = —— = ———— and in general,

coefficients are given by co = 1 3 5 546
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[(’I’L + 2)(77/ + 1)Cn+2 + nep + Cn]xn =0

—2?y=— 3 c,z""? = — 3 c¢,_22™. Hence, the equation y' = xy becomes 5 (n 4 1)cpp12™ — 3. ca22™ =0
n=0 n=2 n=0 n=22
orci +2cz+ Y [(n+1)cnt1 — en—2] 2™ = 0. Equating coefficients gives ¢1 = c2 =0 and ¢p41 = rin—il
n=2
forn =2,3,.... Butci = 0,50 ca =0 and ¢; = 0 and in general c3,4+1 = 0. Similarly c2 = 0 so ¢3,42 = 0. Finally
Co C3 Co Co Ce Co Co Co .
03:E,CG:E:m 37 2', :3:9.6.3:ﬂ,...,andc&l:ﬂ.Thus,thesolutlon
3n 3 n
: _ = n __ = 3n __ = Co 3n __ = T _ = ($/3) _ z3/3
isy(z) = nszo cnx”t = nz=:0 Cc3nx’" = nzzzo Er n!x =co nz::O Tl = Co nz=:o —y = coe” /7.
o0 o=} o0
ety (2) = D ™ = ¢y (2) = X neax™ ' = 3 (n + 1)cnr12™. Then the differential equation becomes
n=0 n=1 n=0
(o=} o0 o=} e} o=}
(z=3) Y (n+Depy12" +2 > cpz" =0 = > (n+ 1)cn+1$”+1 3> (n+1)chr1z" +2 > cpa" =0 =
n=0 n=0 n=0 n=0 n=0
OO o0
> onepz™ — Y 3(n+ L)epyrz™ + Z 2tn2™ =0 = Z [(n+2)cn —3(n+ 1)cpya]z™ =0
n=1 n=0 n=0
since Z nen T Z ncpx™ | . Equating coefficients gives (n + 2)c, — 3(n + 1)cn41 = 0, thus the recursion relation is
n=1 n=0
(n+2)c, 2co 3c1 3co 4co 4co 5c3 5¢o
i1 = e = 0,1,2,... Then ey = =2, 0y = ook = 20 o = =2 T 2B 290 g
R TN ) I Ma= 32 =3y T3S T3@E) T B 4T 3p) 3™
o0 o0
in general, ¢, = %. Thus the solution is y(z) = > cpz™ = co L + L ™.
n=0 n=0
n+1 9¢co
Note that co " = for |z| < 3.
5 Gy
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Con = (_1)"2 . o = (_Zi)n'co The odd coefficients are c3 = —0—31, cs = —%3 = %, cr = —0—75 = —%,

c1 _ (=2)"nla

= . The solution i
3.5.7-... (2n+1) (2n+1)! € solution 1s

cLety(z) = 3 cnx™ Theny(z) = 3 n(n— Depz™ 2= 3 (n+2)(n 4 1)cni22™. Hence, the equation y”/ =y
n=0 n=0

n=2

becomes > (n+2)(n+ 1)cpp2z™ — >, cpz™ =0o0r >, [(n+2)(n+ 1)cnt2 — cn]z™ = 0. So the recursion relation

n=20 n=20 n=0
. _ Cn _ . _ Co _ C2 _ 9 _ Cq _ C_o
IS Cpt2 = m,nfo,l,.... Given ¢g and ¢1, c2 = —2.1,64 =T3- 4!,06 =556 "
Co C1 C3 C1 C1 Cs C1 C1 .
n = —— d = —, = == = = = — T T Sy e n :7]‘1’1 ,th lt
o g M T T T 5. 4.3.2 50T T 76 q T gy s e solton
@ =5 2 e+ et —c 3 e 5T
isy(x) = cnx” = Conz" + Con+12°" T = ¢o +c ————. The solution can be written
n=0 n=0 n=0 2=o (2n)! n=0 (2n+1)!
T —z x _ -z _
asy(z) = cocoshz + ¢isinhz  |ory(z) = co ¢ +2€ +c ¢ 26 % ;— e + ‘o : O e
oo oo oo oo
ety (@) = Y ™ = ¢y (@)=Y neax™ = Y (n+ Depriz™ and y” () = 3 (n + 2)(n + 1)cpp22™. Then
n=0 n=1 n=0 n=0
o0 1 oo o0 oo
(2—1)y"(@) = 33 (n+2)(n+Densaz™ 1= 5 (n+2)(n+Densar™ = 33 n(n+1ensiz™— 35 (n+2)(n+1)cns2a™.
n=0 n=0 n=1 n=0
o0 o0
Since Y n(n + 1)cny1z2™ = > n(n + 1)cp12", the differential equation becomes
n=1 n=0
o0 oo o0
Snn+1enr1z™ — >, (n+2)(n+ 1epgez™ + > (n+ 112" =0 =
n=0 n=0 n=0

[(n+1)%cag1 — (n+2)(n+ 1)cnga]z™ = 0.

18
18

mn+1)cnyr — (n+2)(n+ 1)cng2 + (n+ L)epga]z™ =0 or

n=0 n=0
Equating coefficients gives (n + 1)%cni1 — (n 4+ 2)(n + 1)cuy2 = 0 forn = 0,1,2, . ... Then the recursion relation is
1)? 1 ‘
Cni2 = %cnﬂ = Z—Lcnﬂ, s0 given co and c1, we have ¢ = 31, c3 = 2¢2 = 31, ca = Sc3 = fe1, and
. C1 . . ) CB” .
in general ¢, = —,n =1,2,3,.... Thus the solution is y(z) = co + ¢1 Y, —. Note that the solution can be expressed as
n n=1 T

co —c11n(1 — z) for |z| < 1.

. Assuming y(z) = > cox™, () = 3 n(n — Depz™ 2 = 3 (n42)(n + 1)cnt22™ and
n=0

n=2 n=0

oo o0
—zy(z) = — ZO Crx™t = — 21 cn—12". The equation y" = zy becomes
n = n=
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736

10.

U CHAPTER17 SECOND-ORDER DIFFERENTIAL EQUATIONS

o=} o=} o0
S (n+2)(n+1)cnpez™ — Y cn—12” =00r2c2+ > [(n+2)(n+ 1)cnt2 — cn—1]z™ = 0. Equating coefficients
n=20

n=1 n=1
. Cn—1 . .
=0andcpio= ——F  forn=1,2,....S =0,csn42=0forn=0,1,2,....G ,
g1VeS C2 and Cn+2 (n+2)(n+1) orn 1mce c2 C3n+2 orn 1ven Cco
c QO =B ___% Cay = 0 Given c1, ¢4 = ——
27327765 6532 3nBn-DBn-3)Bn-4) - 6-5-3-2 VIRE
Cq C1 C1 . .
— G a9 = . The solut be writt
TTT6 7643 M T Bnr1)3nBn—2)(B3n—3)...7-6-4.3 = oonnoncanbe wilen
= (3n—=2)@Bn—5)----- 741 4, > (3n—1)Bn—4). - 8:5-2 5.1
as y(z) = co nZ::O Gl "+ a1 nz::O Gt 1) Tt
. Lety(z) = Y cpa™ Then —ay/(z) = —x Y neax™ ' = — 3 neaz” = — 3 neaz”,
n=0 n=1 n=1 n=0

y'(x) = 3 (n+2)(n + 1)cnt22", and the equation y” — 2y’ — y = 0 becomes

n=20
o=}
> [(n+2)(n+ 1)cnt2 — nen — cp]z™ = 0. Thus, the recursion relation is
n=0
Cnyz = —0 ton __clntl) _ on forn=0,1,2 One of the given conditions is y(0) = 1. But
T m+2)n+1) (m+2)(n+1) n+2 o me & ==
(O):ic(O)":c +0+0+4---=c¢ soc:lHencec:ﬂzlc:Cﬁ:Lc:%: L
Y= ° 080 = LA 2=y E AT Ty ® TG T 246
1 . e . &,
Can = g The other given condition is 3'(0) = 0. Buty'(0) = > ncn(0)" ' =c1 +0+0+--- =c1,50 ¢1 = 0.
. n=1
By the recursion relation, cs = %1 =0,c5=0,...,cont+1 =0forn =0,1,2,.... Thus, the solution to the initial-value
: - n - 2n - x2n = (x2/2)n z2/2
problemis y(z) = > cpz™ = > ozt = > T= 2 —— =e
n=0 n=20 n=02nn' n=20 n:

+2

o0 o0
Assuming that y(z) = 3. c,z", wehave 2’y = 3 ¢,2™"? and

n=0 n=0

y'(@)= > nn—1eaz™ 2= 3 (n+4)(n+3)cnpax™ ™ =2c2 +6czz + > (n+4)(n + 3)cngpar™

=2 n 2 n=0

Thus, the equation v 4 x*y = 0 becomes 2cz + 6caz + 3. [(n 4 4)(n + 3)cnra + cn] 2™ 2 = 0. Soca = c3 = 0 and
n=0

c
th i lation is ¢4 = ———————n=0,1,2,....Butc; =4’ (0) =0=c2 = d by th i
e recursion relation is ¢y44 Ry n ut c1 = y'(0) c2 = c3 and by the recursion
relation, can41 = Cant2 = Cany3 = 0forn =0,1,2,.... Also, co = y(0) = 1,50 cs4 = —40—03 = —4—13,

Ca (-1)° (-1)" . L
==, Can = . Thus, the solution to the initial-val
cs S 787 43 (i~ D@ — DA =5 13- Thus, the solution to the initial-value
oS} oS 4 o x4n

blem i = D" = nrtt =1 -1)" .
problem is y(x) ngoc T co+n;064 x +n;1( ) In(@n — )@ — 0@ —5) 13
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o0 oo o0 o0 o0
11. Assuming that y(z) = 3 cpa”,wehavezy = > chz” = Y. ozt 2% =27 3 ne,a™ ' = Y ne,a™
n=0 n=0 n=0 n=1 n=0

y'(@)= 3 nn—Depz" 2= 3 (n+3)(n+2)cnpsz™ ! [replace n with n + 3]

n=2 n 1

o]

=2c+ S (n+3)(n+2)cnizz™

n=0

and the equation 3 + 2%y’ 4 zy = 0 becomes 2c2 + > [(n + 3)(n + 2)cnt3 + ncn + ¢n] 2" = 0. So c2 = 0 and the
n=20

. Lo —NCn — Cn (n+1)cn
recursion relation is ¢, +3 = =— ,mn=0,1,2,.... Butcg = y(0) = 0 = c2 and by the
BT mt3)mt2)  (m+3)n+2) 0 =v(0) 2 ey
. . / 2c1 2
recursion relation, czp, = ¢zn42 =0forn =0,1,2,.... Also,c1 = y'(0) = 1,80 ¢4 = 13- 1.3
~ bes s 25 52252 B L2257 (3n —1)? o
7= = (-1) 643" (-1) e Candl = (-1) T . Thus, the solution is
o oo 2252 ... .. (3n — 1)2a3+1
z) = cpx”" =x + —-1)"
y(z) HX::O nX::I (-1) Gnt 1!
12. (a) Lety(z) = > cp2™ Then 2%y (2) = 3 n(n — Denz™ = 3 (n+2)(n + Denpax™ 2,
n=0 n=2 n=~0
zy'(z) = > nenx™ = > (n+ 2)cn+2$”+2 =caz+ > (n+ 2)cn+2x”+2, and the equation
n=1 n=-—1 n=20

2%y 4+ 2y’ 4+ 2?y = 0Obecomes ciz + > {[(n+2)(n + 1) + (n + 2)]cnt2 + cu 2" = 0. So ¢1 = 0 and the

n=0

C

_(n+n2)2_7n:0,1,2,....But61 :y’(U)=OSOan+1:()forn:(),l,Q,,,,,

recursion relation is ¢, +2 =

1

C2 — (— 2— = —— = (— 3__—
re - (Vagy o=~ = Dugyp -

1
Also, co = y(0) = 1,50 c2 = oA T T T (—1)?

1 . . oo o0
5- The solution is y(z) = Y7 cpz™ = 3

Con = (—1)”—22” T P n:O(—l)”—22n CIEk

(b) The Taylor polynomials Ty to 712 are shown in the graph.

Because T and 772 are close together throughout the

interval [—5, 5], it is reasonable to assume that 772 is a good

approximation to the Bessel function on that interval.
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17 Review
TRUE-FALSE QUIZ
1. True. See Theorem 17.1.3.

. False. y = Ae” is a solution of the complementary equation, so we have to take y,(z) = Aze®.

. False. The differential equation is not homogeneous.

. True. cosh x and sinh z are linearly independent solutions of this linear homogeneous equation.

x

EXERCISES

rl—dr+5=0 = r=2%4150y.(z) =e>(cicosz + casinz). Try yp (z) = Ae

. The auxiliary equationis4r* —1 =0 = (2r+1)(2r —1) =0 = r = £4. Then the general solution

sy = cleg”/2 + 02671/2,

. The auxiliary equationis 7> —2r + 10 =0 = 7 =1+3i,s0y = €”(c1 cos 3z + c2sin 3z).
. The auxiliary equationis 2 +3 =0 = r = 4+/34. Then the general solution is y = ¢; cos(\/g ac) + c2 sin(\/g )

. The auxiliary equationis 7> + 8 +16 =0 = (r+4)>=0 = r = —4, so the general solution is

y=cie 4 4 come .

ooyl =246

andy, = 4Ae** . Substitution into the differential equation gives 4A¢** — 8A4e®*® 4 5A4e** = €>® = A =1and

the general solution is y(x) = €2*(c1 cos & + co sin ) + 7.

P4 r—2=0 = 7’=l,r=—2andyc(x)zclex—l—ch*Z””.Tryyp(x):Ax2+Bx+C = y,=24z+B

and y,, = 2A. Substitution gives 2A + 2Az + B — 2Az* —2Bx —2C =2> = A=B=—-1,C=—3sothe

. . _ x —2x 1,2 1 3
general solution is y(z) = c1e” + cae” ** — 52" — 52 — 3.

2 —2r+1=0 = r=1andy.(z) = cie” + c2xe”. Try yp(x) = (Ax + B)cosz + (Cx + D)sinz =

yp = (C — Az — B)sinz + (A+ Cx + D) cosz and y, = (2C — B — Ax) cosz + (—2A — D — Cz) sin z. Substitution
gives (—2Cz + 2C — 2A — 2D) cosz + (2Ax — 24+ 2B — 2C)sinz = zcosz = A=0,B=C=D= -1

The general solution is y(z) = c1e” + caze” — 3 cosz — 1 (z + 1) sina.

.2 4+4=0 = r==+2andy.(z) = c1cos2x + c2sin 2z. Try yp(z) = Ax cos 2z + Bz sin 2z so that no term

of yp is a solution of the complementary equation. Then y,, = (A 4+ 2Bx) cos 2z + (B — 2Ax) sin 2z and
yp = (4B — 4Ax) cos 2z + (—4A — 4Bx) sin 2z. Substitution gives 4B cos 2z — 4Asin 2z = sin2z =

A = —1% and B = 0. The general solution is y(z) = ¢1 cos 2z + ¢z sin 2z — 1z cos 2z.
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17.

CHAPTER17 REVIEW O

r?—r—6=0 = r=-2,7r=3andy.(z) =cie > + c2e*. Fory” —y' — 6y = 1, try yp, (xr) = A. Then
Yy, (¥) = yp, (x) = 0 and substitution into the differential equation gives A = —%. Fory” — 3y — 6y = e >* try

e 2% and

Yps (z) = Bxe " [since y = Be *" satisfies the complementary equation]. Then y,, = (B — 2Bxz)
Yy, = (4Bx — 4B)e”**, and substitution gives —5Be”** = e~ ** = B = —1. The general solution then is

y(@) = cre” > + 26 + yp, (¥) + Ypo (2) = c17 > + 26* — 2 — Lz

Using variation of parameters, y.(z) = c1 cosx + casinz, uj(z) = —cscxsinz = -1 = wui(x) = —z, and

up(z) = W =cotx = wuz(x)=In|sinz| = y, =—xzcosz+sinzxln|sinz|. The solution is

y(z) = (c1 —x) cosz + (c2 + Insinz|) sinz.

The auxiliary equation is > 4+ 67 = 0 and the general solution is y(z) = ¢1 4 coe % = k1 + koe 8= But
3=y(1) = k1 + k2 and 12 = /(1) = —6k>. Thus k2 = —2, k1 = 5 and the solution is y(z) = 5 — 2~ 5(=~1),

The auxiliary equation is 72 — 67 + 25 = 0 and the general solution is y(x) = €3¥(c1 cos 4= + c2 sin 4x). But

2 =y(0) = c1 and 1 = y/(0) = 3c1 + 4cz. Thus the solution is y(z) = €>* (2 cos 4z — 3 sin4x).

The auxiliary equation is > — 5r + 4 = 0 and the general solution is y(z) = c1e” + c2e*®. But 0 = y(0) = ¢;1 + c2

and 1 = y/(0) = c1 + 4c, so the solution is y(z) = £ (e** — €”).

ye(x) = c1 cos(z/3) + casin(z/3). For 9y" + y = 3z, try yp, (x) = Az + B. Then y,, (z) = 3z. For 9y" +y = e~ %,

try yp, (z) = Ae™". Then 9Ae™" + Ae™* = e~ " or yp, (x) = 75¢~ . Thus the general solution is

y(z) = c1cos(x/3) + czsin(x/3) + 3z + e *. Butl=y(0) = c1 + 5 and 2 = ¢/ (0) = 22 +3 — 5, 50

c1 = 15 and c; = — 2% Hence the solution is y(z) = 5[9 cos(z/3) — 27sin(z/3)] + 3z + 15e .

739

> +4r +29=0 = r = —2= 5iand the general solution is y = e~ >*(c1 cos 5x + ¢z sin 5z). But 1 = y(0) = ¢; and

27

—1=y(r)=—c1e” = ¢, = €™, so there is no solution.

r?4+4r+29=0 = r=—24 5iand the general solution is y = e~2*(c; cos 5z + c2 sin 5z). But 1 = y(0) = ¢; and

27

—e =y(m) = —cie” = c¢1 = 1, s0 ¢z can vary and the solution of the boundary-value problem is

y = e~ 2"(cos 5z + csin bx), where ¢ is any constant.

Lety(x) = > cpz™ Theny” (z) = 3 n(n — Depz™ 2 = 3 (04 2)(n + 1)caq22™ and the differential equation
n=0

n=0 n=0

becomes Y [(n + 2)(n + 1)cnt2 + (n+ 1)c,]a™ = 0. Thus the recursion relation is ¢p42 = —c¢n/(n + 2)
n=0
) 1 (—1
forn=0,1,2,.... Butco = y(0) = 0,80 capn =0forn =0,1,2,.... Alsoc; =4'(0) = 1,s0 c3 = —5,05 =3
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cr = ?)(_51)37 = (_1)73!233! ey Conpl = % forn =0,1,2,.... Thus the solution to the initial-value problem
isy(z) = ni::g crx = ni::O % ntl
18. Let y(z) = ni::() cnz". Theny” (z) = ni::()n (n—1)cpz" 2 = ni::()(n + 2)(n + 1)cn422z™ and the differential equation
becomes ni::() [((n+2)(n+ 1)cnt2 — (n+ 2)cp]a™ = 0. Thus the recursion relation is ¢, 12 = C: 7 for
n=20,1,2,.... Given ¢o and c;, we have c3 = 0—10,64 = %2 = %03,06 = %4 = 1.0;.5,...,
Cop = c = co 2n*1(n — 1)!. Similarly c3 = 2, cs = & i,
1-3:5-----(2n—1) (2n —1)! 2 4 2.4
cr = %5 =3 Zl R Cont1 = 51 60-1- Ton = 2:1n!' Thus the general solution is
y(z) = nio cnz™ =co+co nil % + Cnio % But HZO 22:;1 = xnio (%Z?)n = 2e” /2,

co 9n—1 _ | 21

19. Here the initial-value problem is 2Q" + 40Q" + 400Q = 12, Q (0) = 0.01, Q’(0) = 0. Then
Qc(t) = e7'%(c1 cos 10t + co sin 10t) and we try Q,(t) = A. Thus the general solution is
Q(t) = e "% (c1 cos 10t + 2 sin 10t) + 13- But 0.01 = Q'(0) = ¢1 + 0.03 and 0 = Q" (0) = —10c1 + 10c2,
s0 c1 = —0.02 = c2. Hence the charge is given by Q(t) = —0.02¢'%*(cos 10t + sin 10¢) + 0.03.

20. By Hooke’s Law the spring constant is k = 64 and the initial-value problem is 22" + 16z’ + 64z = 0, z(0) = 0,

2'(0) = 2.4. Thus the general solution is z(t) = e~ **(c1 cos 4t + c2 sin4t). But 0 = x(0) = ¢; and

2.4 =2'(0) = —4c1 +4c2 = 1 =0, co = 0.6. Thus the position of the mass is given by x(t) = 0.6e™*" sin 4t.

21. (a) Since we are assuming that the earth is a solid sphere of uniform density, we can calculate the density p as follows:

p= Iriass offarthh = M 5 If V.. is the volume of the portion of the earth which lies within a distance r of the
volume of eart] 3TR
3
center, then V. = 37r® and M, = pV,. = ]\é—z Thus F, = _G]\f;m = —G]I\%imr.

(b) The particle is acted upon by a varying gravitational force during its motion. By Newton’s Second Law of Motion,

d? M M M
m Wg =F, = fGR—gm y, 50y (t) = —k*y (t) where k? = %—3 At the surface, —-mg = Fr = fGR—Qm, $0
GM g

g= e Therefore k> = ik
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(c) The differential equation i’ + k*y = 0 has auxiliary equation 72 4+ k? = 0. (This is the  of Section 17.1,
not the r measuring distance from the earth’s center.) The roots of the auxiliary equation are +ik, so by (11) in
Section 17.1, the general solution of our differential equation for ¢ is y(t) = ¢1 cos kt + c2 sin kt. It follows that
y' (t) = —c1ksinkt + cok cos kt. Now y (0) = Rand 3'(0) = 0, so c1 = R and cok = 0. Thus y(t) = R cos kt and
y'(t) = —kRsin kt. This is simple harmonic motion (see Section 17.3) with amplitude R, frequency k, and phase angle 0.
The period is 7' = 27 /k. R a2 3960 mi = 3960 - 5280 ftand g = 32 ft/s%, so k = \/g/R ~ 1.24 x 10~* s~ " and
T =27 /k ~ 5079 s ~ 85 min.

(d) y(t)=0 & coskt=0 < kt= 3% +mn forsomeintegern = y'(t) = —kRsin(§ + mn) = £kR. Thus the

particle passes through the center of the earth with speed kR ~ 4.899 mi/s ~ 17,600 mi/h.
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