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7 [0 TECHNIQUES OF INTEGRATION

7.1 Integration by Parts

2T

1. Letu=z,dv=e**dz = du=dz,v=2e*". Then by Equation 2,

Jze* dz = tae®® — [1e* dz = ize®® — 1e* + C.
2 letu=Inz, dv=zdz = du= % dz, v = 222 Then by Equation 2,

1
/\/Elnmdazz%a:gﬂlnw—/ga::sﬁ-Edmz%:vsﬂlnm—/%ml/zdm:%ms/anm—%w3/2+C.

3. Letu = z,dv = cosdzdz = du = dz, v = §sindsz. Then by Equation 2,

f:z:cos/—la:da: = iwsiné&m — f%sinz}a:da: = %:csin4:1:+ 1—16-cos4a:—{—C.

4 letu=sin"te,dv=dz = du= = do, v = z. Then by Equation 2,

1
Vi—zx

— 2
/sin"lazdm: zsin”lmm/\/l_—ai_a?i—dm :msin—lm—/% (——;—dt) [di;ihzd;]

:a;sin_lzv—f—-é—ft_lﬂdt:a:sin_la:—f—é 24 C=zsintn+ VI~ 224+ O

Note: A mnemonic device which is helpful for selecting « when using integration by parts is the LIATE principle of precedence for w:
Logarithmic
Inverse trigonometric
Algebraic
Trigonometric
Exponential

If the integrand has several factors, then we try to choose among them a w which appears as high as possible on the list. For example, in [ ze®® dx

the integrand is 2:¢>, which is the product of an algebraic function () and an expenential function (€2*). Since Algebraic appears before Exponential,

we choose © = . Sometimes the integration turns out to be similar regardless of the selection of w and dv, but it is advisable to refer to LIATE when in

doubt.
5 Letu=1,dv=edt = du=dtv=}e" Thenby Equation2,
Jte?tdt = Lte® — [1e*dt = Lte* — e + C.
6. Letu=y,dv=e"Ydy = du=dy,v= —e Y. Then by Equation 2,
Jye¥dy=—ye ¥ — [—e Vdy=—ye ¥+ [eVdy=—ye ¥ —e ¥+ C.
@Let u=2a,dv=sinl0zdz = du=dz,v= ——1—15 cos 10z. Then by Equation 2,

Jasinl0zdz = —%a:colea:—f—Tla cos 10z dx = —~1-15mc0510w+ —llﬁfcosmzdm

= —l—locccolea:+ ﬁsinlO:z:—%—C
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8 letu=7n—z,dv=cosmzdr = du=—dz,v= 7}5 sin wz. Then by Equation 2,

/(w—m)cosvrzda: = ~]1(7r~—:r:)sin1r:1:— /-lsin'/rwda: = -1—(7r—a:)sin7r:c— -12—(:0371”1:-{—0‘
™ T ™ s

. letu=lhw,dv=wdw = du=

1y 1 o
/wlnwdw— 2w Inw /211)

10. Letu =Inz, dv = ;13 de=z"2de = du= :—lid:z: =g~ !dz, v = —z~. Then by Equation 2,

/ln:z: —lﬂ—m:—/—:c*l-:z:“lda:zmm—w+/mm2dm:—l—l—l—a-;—:v_l+0=—y—l+C.
z z z z

dw,v = %w Then by Equation 2,

gl g~

14 1 1. 1.,
dw—2wlnw 2/wdw—2wlnw i +C.

@First letu = 2® + 2z, dv = coszdz = du=(2z+ 2)dz,v=sinz. Then by Equation 2,

I= [(2® + 2z)coszdz = (z® + 2z)sinz — [(2z + 2)sinzdz. NextletU = 2z + 2,dV =sinzdz =

dU = 2dz, V = —cosz, so [(2z + 2)sinzdz = —(2z + 2)cosz — [ —2coszde = —(2z + 2) cosz + 2sinz.

Thus, I = (z* + 2z)sinz + (2z + 2) cosz ~ 2sinz + C.

12. First let w = %, dv = sin Btdt = du=2tdt,v = ——E; cosBt. Then by Equation 2,

I= ftzsmﬂtdt_~ cosﬁtwf—%tcosﬂtdt.NextletU:t, dV =cosftdt = dU =dt,

V= %sinﬁt, so [tcosftdt = ﬂtsmﬂt—/ﬂsmﬂtdt ﬂtsmﬁt—f—ﬂ2 cos Bt. Thus,

I= —~%t2 cos SOt + % (—;—tsinﬂt—{- b}i cosﬁt) +C= —%tzcosﬁt + %tsinﬁt + % cos Bt + C.
13. Letu = cos lz,dv =de = du= ——1:\/?_1—:11—2— dz, v = z. Then by Equation 2,

— o -
/cos“%dm::z:cos“%—«/ﬁdm:mcos"lm—/—\}—i (%dt) [dt;l_.hzd;]
:mcos—lm—~%-2t1/2+0=wcos_1x—\/1—:1:2-1—0

11
VAN

/lnﬁdm:xlnﬁ—/m-%dm:zlnﬁ—/%dmzmlnﬁ——é-w-}-a

14, Letu=In/z,dv=dz = du= d:z; v = z. Then by Equation 2,

Note: We could start by using In /z = £ Ina.
15 Letu = Int, dv =t*dt = du= %dt, v = %ts. Then by Equation 2,

1 15 1 1 1
t* t==tPInt— [ =t° - —dt = =t°1 t-/—t4dt Lt Ly
/ Intd 5t In /5t ; gt In 5 5 % +C.
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@First letu =sin36, dv = e**dd = du = 3cos30db,v = %629. Then
I=[e*sin30d0 = 1e*sin30 — 3 [€** cos30d0. Nextlet U = cos30,dV =e* df = dU = —3sin30df,
V= 1e*toget [¢* cos30df = e cos30 + £ [ * sin 30 df. Substituting in the previous formula gives
I = %ezo sin 36 — %ezo cos36 — 2 fe” sin36d0 = % ? 5in 36 — %628 cos 36 — %I =

81 =1e*sin30 — 2% cos30 + C1. Hence, I = £e**(25in 30 — 3 cos36) + C, where C' = £ C1.

First letu=e"? dv=cos20df = du=—e0df,v= % sin 26. Then

I=fe%cos20df =Le®sin20— [1sin20(—e®df) = 3e?sin20+ 1 e ?sin20d0.
NextletU = e®, dV =sin20df = dU = —e%d,V = —1cos26, s0
J e 9sin20do = —%e_e cos 20 — f(—%) cos29(—e—9 dG) = —~ cos20 — 1 f e% cos 26 db.
Sol = % 311129—}— [(—;5_9 c0520) - ;I] = %e—e sin26 — i—e_e cos 20 — iI =

%I: %e"asin%—ie“acos%—{»cl = I= %(% sm29~—e“9 cos29+01) = % 51n20—~e‘ec0329+0
2. Firstletu = 2%, dv=e’dz = du=3z"dz,v=¢”Thenl) = [2’e*ds = 2°¢* — 3 [ 2%e*dz. Next letu; = 77,

dvi = e*dz = duy = 2zdz, v1 = e*. Then I, = z%¢* — 2 J zedz. Finally, letug = z, dvg = e*dz = dug =dz,

vg = . Then [ ze*dz = 2z — [ e*dz = ze” — €* + C1. Substituting in the expression for I2, we get

I = 2%e* — 2(ze® — e + C1) = 2% — 2ze” + 2e* — 2C,. Substituting the last expression for I, into I; gives

Iy = 23 — 3(2%e” — 2ze” + 2¢* — 201) = 2%e* — 32%e” + 6z¢” ~ 6e* + C, where C = 6C).

1
26. First let u = (arcsinz)?, dv = dz = du = 2arcsin® - ———=dx, v = =. Then
( ) —
I = [ (arcsinz)?dzx = z(arcsinz)? — 2 zarcsinz dz. To simplify the last integral, let ¢ = arcsinz [z = sint], so
/ O e —— pity o [ = sint]

dt = e da, and / z arcsmm tsint dt. To evaluate just the last integral, now let U = ¢, dV =sintdt =

Ve
dU = dt, V = — cost. Thus,

/tsintdt:—tcost—l—/costdt:—tcost+sint+C

1
VT =22 x
= —arcsinx - —1-1--?— +ax + Cy  [refer to the figure]
¢
Returning to I, we get I = x(arcsinz)? + 2v/1 — 22 arcsinz — 2z + C, g

where C' = —2C4.

2. Firstletu =1+2% dv=¢**dz = du=2zdz,v= e’ Then
3z

I=[(1+2%e%dz=1e"(1+2%) — % [2e®dz. Next, letU =z, dV =¥ dz = dU =dz, V = 1,50

Jze®* dz = Lze® — 1 [ €% do = Lae® — 1e° + Ci. Substituting in the previous formula gives

3z 2y 2 3 3w 1,3z , 1.2.3c__ 2, 8z, 2 3z _ 2
I——e (1—{—9:)—5( ze e +C’1)_3e + 3z sze® + e 2Ch
= ;éesm — %:zve3JE + %(132631: + C, where C = ~—§-Cl
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28. Letu=6,dv=sin370dl = du=db,v= ~—§17; cos 376. By (6),

1/29 in 370 df ! 0 0 YA 0 do LT e

/0 sin 370 df = [~3—ﬂ_ cos 3 ]0 +§—7;/0 cos3mfdf = (0+0) + 53 [sm37r9]0
1 1

T 972 (-1-0)= T 9n?

29 letu=z,dv=3"dr = du=dz,v= 1—151—53:”. By (6),

1 x 1 a;l 1 ! x 3 1 1 :”1 3 ____1
/0 @3 dw = [i;;o;” ]“1;3:/ 3 dw—(m“")“m{m?’L"M‘(mg)z(f“”

-3 2

" In3 (In3)2
30. Letu = z¢e® dv= — do = du=(ze®+e”)dz=e"(z+1)dz v=——_ B (6).
' T (+ep - B T T Tre Y

1

)e”(l-i—a:)dm: (—523-—5—0) —l—/olemd:z::—%e—}- [em]o

1 @ z 71 1
Te ze 1
—dr= | ———| — -
/0 (1+x)? [ l—t—a:L /(; ( 1+z
=—dete-1=12e-1
3. Letu =y, dv =sinhydy = du = dy, v = coshy. By (6),
2 2 2 2
/ ysinhydy = [ycoshy](J -/ coshydy =2cosh2 —0— [sinhy]o = 2cosh2 — sinh 2.
0 0
@Let vw=Ilnw,dv=v?dw = du= ;Ul—dw, v = %ws. By (6),

ffw21nwdw= [%wﬁnw]?— f§w2dw:§ln2—0— [éwﬂfz §1n2— (—g——é) =8mo-1

1 1 1
33. Letu =InR,dv = _I—ZEdR = du= RdR,v =& By (6),

5 5 1 1 5
mﬂ1~[<fﬁdR=-ém5~0~fﬁ =—iIn5— (3 —1) =% - 15

N VIR =
R R R|,

*InR 1
y B2
34, Firstletu = t%, dv =sin2tdt = du=2tdt,v= —; cos 2t. By (6),
f(f" t?sin 2t dt = [—%t2 cos 2t] f)" + foh tcos2tdt = —2w? + foz7r t cos 2t dt.
NextletU =t,dV =cos2tdt = dU =dt, V = %sin2t. By (6) again,

fg"tcos%dt = [%tsin%]z" - 02” isin2tdt=0- [—i coszt]i’r =1 — 1 =0. Thus, fOZ" t?sin 2t dt = — 272,

35. sin2z = 2sinz cos, s0 [j = sinz coszdz = § [ @ sin2zdz. Letu = z,dv =sin2zdz =
du=dz,v= —;cos2a:. By (6),

1w 171 LT 1 S P 1Ml T _T
2foa;sm2md:z:—~2[ 2:z:cosiZalc}O 2f0 2cos2:vd:z:- T 0+4[2sm2$]0— 1
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42. Letu =sin(t — s), dv = e’ds = du = —cos(t — s)ds, v = e°. Then
t
I= fot e®sin(t — s)ds = [es sin(t — s)] + fot e cos(t — s)ds = et sin0 — e®sint + I1. For I, let U = cos(t — s),
0

dV=e’ds = dU=sin(t—s)ds,V =¢°. Sol; = [e’ cos(t — s)]g —fot e® sin(t — s)ds = e* cos0 — e®cost — 1.

Thus, [ = —sint +e* —cost —I = 2] =e'—cost—sint = I= (e’ —cost—sint).

43. Lett = /7, so that t* = z and 2t dt = da. Thus, [ eV® dz = [ €*(2¢) dt. Now use parts with u = t, dv = ' dt, du = dt,

andv =e'toget2 [te'dt = 2tel — 2 [el dt = 2te’ — 2¢' + C = 2/TeY® — 2¢V" + C.

44, Lett = Inz, so that e’ = z and * dt = dz. Thus, [ cos(lnz)dz = [cost - e’ dt = I. Now use parts with u = cost,
dv=e'dt, du = —sintdt,and v = e’ to get [ €’ costdt = e’ cost — [ —e'sintdt = e cost + [ e’ sint dt. Now
use parts with U = sint, dV = e’ dt, dU = costdt, and V = e’ to get
Je'sintdt =e'sint — [ e costdt. Thus, I = e’ cost +e*sint —I = 2] = ¢e'cost+esint =
I=%e'cost+ 3e'sint + C = zcos(lnz) + szsin(lnz) + C.

JE

JF -
@ Let z = 62, so that dz = 20 d6. Thus, / 6 cos(@z) df = / 62 cos(92) - 3(260d6) = 1 / z cos z dz. Now use
Va2 V72 /2

parts with u = z, dv = cosz dz, du = dz, v = sin z to get

kg ks
1 — l 0 ks - . . i l . ™
3 //;z:cos:vda:- 5 ([zsm:v]’dz //2sm:1,dz> =3 [:1:sm:1:—{—cos:zt:]w/2
k1o T

= f(rsinm+cosm) — 3 (§sinf +cosE)=L1(r-0-1)—L4(2-14+0)=-%-2
46. Let = cost, so that dz = —sint dt. Thus,
Jo € sin2tdt = [ e°°°*(2sint cost)dt = ;l e” - 2z (—dz) = 2[_11 ze® dz. Now use parts with u = z,
dv = e® dz, du = dz, v = e” to get

2 [ ze®dz =2 ([:z:e"’]l_l - f_l1 e’ d:l:) =2 (el +et— [e“’]l_l) =2e+e - [l —e]) =2(2 1) =4/e.

Let y =1+ z, so that dy = dz. Thus, [ zIn(1+ z)dz = [(y — 1) Iny dy. Now use parts withu = Iny, dv = (y — 1) dy,

du:idy,v:%y2~ytoget

J—Dhydy=(3v* —y)Iny - [ (v - dy = 39y - DIy - 3" +y +C
=ll+z)(z—1)In(l+2)—1Q+2)’+1+2+C,

which can be written as (2 — 1) In(1 +z) — 32> + fz + 3 + C.

arcsin{ln z)

48. Lety = Inz, so that dy = —i—dm. Thus, / -

dz = / arcsiny dy. Now use

parts with v = arcsiny, dv = dy, du = dy, and v = y to get

S

V1 —y?

/arcsinydy = yarcsiny — / ——% dy =yarcsiny + /1 — 3?2 + C = (Inz) arcsin(lnz) + /1 — (Inz)? + C.
Y
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