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(d) We substitute the results from Exercises 55 and 56 into the result from part (c):

12"“_1' 3. 5.7 - (2n+1) im 2.-4.6-----(2n) 2. 4.6 (2n) 2
niseo Tan  meo 1-3-5....- (2n—1)7  nooo 357" @n+1)|{1-35----- (2n—1)

2.4.6..---(2n) 2
= lim gg&é.ﬁ.@.ﬁn—_—_zi_g [rearranetenns]
T 1'3'3' 557 Mm—1 n+l = g

(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by

2n

1
m , . These

and at the (2n + 1)th step, the area is increased from 2n to 2n + 1 by multiplying the height by 2”2:

1 _2n
2n+1)/(2n)  2n+1

two steps multiply the ratio of width to height by ani T and respectively. So, by part (d), the

limitin, ratiois2 2 é 4 § § I
€ 1’33557 "%

81. Using the formula for volumes of rotation and the figure, we see that
Volume = fo w2 dy — IN a2 dy — f wlg(w))? dy = wb?d — na’ec — fcd wlg(y)]? dy. Lety = f(=z),
which gives dy = f'(x) dz and g(y) = , so that V = wb%d — ma’c — « [* 2 f'(z) da.
Now integrate by parts with u = 22, and dv = f'(z)dz = du = 2zdz, v = f(z), and
f: 2? f'(z) dz = [2? f(z) ] f 2z f(z) dz = b? f(b) — a® f(a) — fb 2z f(z)dz, but f(a) =cand f(b) =d =

V = wb*d — maPc—w [bzd—a c—f 2z f(x) dw] f: 2rz f(z) dw.

7.2 Trigonometric Integrals

The symbols = and = indicate the use of the substitutions {u =sinz,du = cosz dz} and {u = cosz, du = —sin z dz}, respectively.

2

1. [sin®zcos’zdz = [sin®zcos’zsinzdr = [(1 — cos’z) cos’zsinzdz = [(1 — u?)u® (—du)

=f(u! —u?)du=3}u® — 2P+ C=tcosP s — LcosP 2+ C

@ J cos®ysin®y dy = [ cosPysin®ysinydy = [ cos®y(1 — cos®y)siny dy = [u(1 — u?) (—du)
=[(w®—v®)du=3u"—u"+C=}cos’y~ Lcosy+C

T e s "2 o 2,2 HANr 232
@/ cos sin a:d:v:/ cos’z (sin”z)” sinx dx :/ cos ¢ (1 —cos“z) sinz dz
0 0 0

0 1 1
é/ (1 —u?)? (—-du):/ ug(1-2u2+u4)du=/ (u® = 2u™ + u'®) du
1 0

]
= [iou'® — 3 + fqu]o = (% — 5 + %) — 0= 1%
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/4 /4 /4 1/v2
/ sin’zdz = / (sin’z)? sinz da = / (1 - cos’z)’ sinz dz = / (1 —u?)? (—du)
0 0 0 1

! 2 1 ]! 2 1 1 2 1
= 1— 2 + ot du:[u~——u3+—u5] :(1——+—>——(—————-—+—————
L4 ) CRER R I 3V5) 2 5E T v

_i_(ﬁ ﬁ+_fz) 8 _43v2

T15 2 6 T 40

15 120

5. [sin®(2t) cos®(2t) dt = [ sin*(2t) cos?(2¢) sin(2t) dt = [[1 — cos?(2t)]? cos?(2¢) sin(2t) dt
= [(1—v?)*v® (-3 du) [u = cos(2t), du = —2sin(2t) dt]

1 fut =2 + Dl du= -1 [(u® — 2u* +u?)du

=—1(3u" — 2u® + $u®) + C = — L cos”(2t) + £ cos®(2t) — L cos®(2t) + C

o et (£) i (£) = oo (£) s (£) con(£) = [ (1 (£) Yo () (L)
:/(1 ~w@du)  [umsin(f)du=2eos(2)
_2/(u —u)du=2 (;’u —%u‘:') +C=-§sin3(—;—> ~—§-sin5(—;—> +C

A /2 cos20df = "/ 21 3(1+ cos20)dp [half-angle identity]

=3[0+ $sin20]7" = 3[(5 +0) ~ (0 +0)] = §

/4 2 /4 1
@ / sin”(20) d6 = / 5(1 ~cos46)df  [half-angle identity]
o 0

i, 1. 177 1 ™
—5[""15‘“‘”}0 =2l(G-9-=3%
9. [o cos*(2t)dt = [ [cos®(2t)]? dt = [ [3(1 + cos(2- 2t))] [half-angle identity]

=3 J711 +2cosdt + cos®(4¢t)] dt = § [[L + 2cos4t + 3(1 + cos8t)] dt
:Zfo (%+2cos4t+50038t) dt:Z[§t§~[~§sm4t-i-—l—ésinSt];r [(37r+0+0) 0] g
10. [y sin®t cos* tdt =1 [ (4sin®¢ cos® t)cos® tdt = 1 [(2sint cost)® (14 cos2t)di
= 1 [(sin2t)*(1 4 cos2t) dt = % [ (sin® 2t + sin® 2¢ cos 2t) dt
=1 [y sin®2tdt + § [ sin® 2t cos2tdt = § [ (1 — cosdt)dt+ &[5 - §sin®2t]]

=&[t—isindt]] +3(0-0)= L [(r—-0)— 0] = &

@ foﬂ/2 sin®z cos®zdz = "/ 1(4sin® z cos® z) dz = OW/2 $(2sinz cosz)’dz = 1 O"/Q sin® 2z dz
= 7r/21(1—(:084:16)d:1:~— 7r/2(1—(:0s4$)d:1:—1[:1:—-sm4:/1:]"/ =13 =%
=ik 8 s\2 16

12. [7/*(2 —sin0)?do= [7/*(4 —4sin6 +sin®6)df = [7/* [4 — dsin6 + 1(1 — cos26)] df
= 0"/2 (~—4sm9———c0529)d9—[ 9+4cost9-isin20]g/2

=(£+0-0)—-(0+4-0)=32r—4
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13. [ VcosOsin®0d6 = [ vcosOsin?6 sinfdf = [(cos)*/*(1 — cos?d) sin b df
= [u!?(1 —w?) (—du) = [(©*/? —u!/?) du
= %u7/2 - §u3/2 +C = Z(cos§)"/% — %(0059)3/2 +C

14. / (1 + v sint) cos’tdt = / (1 + (sint)l/a) cos’tcost di = / (1 + (sint)l/s) (1 — sin®t) cost dt
= [L+u?) 1 - u?)du= [(1-u? +ul/®—u"/?)du
=u— Lu? 4 383 2000 4 ¢
=~ sint — 4 sin®t + 2 Vsint — 5 Vsinl0t +C
3 1 10

15, /sinmsecsmda:z/ Sin 2 dwé/ilg(—du)=“"1?;‘+C'=-—-1—-—+C=isec4z+0

cos®z 4u* 4costz
.2
16. /c5059 cos’0df = / c0359c s6df = / sm 9(: s6do é/ ! usu du = /(u_5 —u™) du
1, 1 _, 1 1
e — [ —— [ — C
T YOS T T e T

Alternate solution:

3
/ csc®0 cos®0do = / C—?—Sa—?- 12 db = / cot®0 csc29 do
sin*0 sin“@

= f u3 (—du) [u = cot 8, du = —csc28 de]

=—fu3du=—iu4+C=—i—cot40+C

17. /cot:c cos2:vdz:=/cosw (1 — sin’z) da

sma

é/l—uu du=/<%—u)du=ln[u}—%u2+0 In|sinz| — L sin’z + C

.2
/ tan’z cos’zdz = / 311;2:1: cos’zdx = /sinQ:B coszdz = /u2 du=3u®+C=Lsin’z+C
cos?z
19. [sin’z sin2z dz = [sin®z (2sinz cosz)dz = [2uldu = $u* + C = §sin'z + C

@fsinm cos(3z) de= [sin(2- 1z)cos(3z) dz = [2sin(3z) cos®(3 )d:z:
S f 211,2 (—2 du) [u = cos(%a:), du = —3% sm(zz) dz]
= —§u3 +C = —% cos3(%m) +C

21, [tanw secdzdz = [tanz secw sec’zdr = [u?du [v = secx, du = secz tanz dz}

= §u3+C’= %secscv-%—C

22. [tan®0 sec*0df = [ tan® sec®d sec’0df = [ tan® (tan®0 + 1) sec®6 d
= f‘ll.2(’u.2 -+ 1) du [u = tan 8, du = sec? 6 df)
= [(u* +v®)du = 1u’ + 10 + C = L tan®0 +  tan®0+ C

2. [tan’zdz = [(sec’z — 1)dz =tanz — 2+ C
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@ [(tan®z + tan*z) dz = [ tan’z (1 + tan’z)dz = [ tan’z sec’z dz = fu?du  [u=tans, du = sec’w da]
=2u’ +C=}tan’z +C
25, Let u = tan . Then du = sec?z dz, so
Jtan*zsec®zdz = [ tan'zsec'z (sec’zdz) = [ tan*z(1 + tan®z)? (sec’z dz)
= fut(l+u?)?du= [(u® +2u® +u*)du

= éug + %u7 + %us +C = %tangm—l—%tan”z—%— %tansw—i-c

26, fo"/4 sec®d tan®0dh = foﬂ/'; tan®0 sec*d sec?0df = ;/4 tan®d(1 + tan?6)? sec?d df

_ri.s 232 u == tané,
_fo u (1+u ) du [du:sec29d6]

= [Tub(ut + 202 + Ddu = [} ut® + 208 + 48 du
0 0

1,11, 26, 1,711 _ 1 , 2 1 _ 631154499 _ 316
_[1"' +9u+7u]0—n+9+7-— 693 = 93

27. ftan3a: secrdr = ftan2:1: secz tanzdx = f(seczz — 1) secz tanzdz

=[(u®-1)du [u=secz,du=secz tanzdz] =3iu®—u+C=}sec

3z —secx 4+ C

28. Let u = sec z, $0 du = sec z tan x dz. Thus,
Jtan®zsec’z dz = [tan'zsec’z (secx tanz) dr = [(sec’z — 1) sec®z (sec 2 tan z dz)
= [(u® —1)*?du = [(u® — 2u* +u?) du

:%u7~§u5+%u3+0=%sec7m—§sec5m+§sec3m+0

29) [tan’z sec®zdz = [ tan®z sec'z sec’z dr = [tan®z (1 + tan’z)? sec’z dz

= [u?(1+u?) du [““a”: ]

du = sec’z dx
= [u¥(u* +2u® + 1) du = [(u" +2u® + %) du
= éus + éus + iu‘* +C = étansa: + —é—tan‘sm + i tanz + C

30. fo"/4 tan'tdt = fo’f/‘i tan®t (sec®t — 1) dt = (;r/4 tan’t sec’t dt — f0"/4 tan®tdt

/4

Il

fol u?du [u=tant] - fo’r/4(sec2t —1)dt = [%u:i]: - [tant - t}
-9 -0=

31. [tan®zdz = [(sec’z — 1) tanzdz = [sec’z tanzdz — 2 [sec’z tanzdz + [tanzdz

™
0

Il

W=
IS

wind

= fsec3:c secz tanzdr — 2 [tanz sec’z dz + Jtanzdz

= Lsec's —tan’z +Injsecz|+ C [or 1sec’s —sec’z + In|seca| + C]

@ [tan®z seczda = [(sec’z — 1) seczdz = [sec’vda — [seczdz
= 2(secw tanz + Insecz + tanz|) — In|secz + tanz| +C  [by Example 8 and (1)]

= 2(secz tanz — In [secz + tanz|) + C
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