Hio €10 Spe 9.2 Sulutigns

SECTIONS.2 DIRECTION FIELDS AND EULER'SMETHOD O 879

p———rrern
17. The direction field is for the differential equation v’ = y® — 4.
L:tlim y(t) exists for —2 < ¢ < 2;
— OO
L=+42forc=d2and L =0for—-2<c<2.
For other values of ¢, L does not exist.
18. y Note that when f(y) = 0 on the graph in the text, we have ¥’ = f(y) = 0; so we
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//////j S S S
A4 A
e AR of solutions:
ALLLLIB Ll
NN & S e Ify(0) > 2,then lim y =occand lim y=2.
NNNNSANNNPNNSNNSNNN t— o0 Lot —00
NNNNNNN NNNNNSNNS
TITTTIIYITIYTTT .
] 1
! 1
1 1

If 1 < y(0) <2,thentlimy=1andtlim y=2.
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If-1<y(0) <1, thentlim Y = 1andt1im y = —1.

If -2 < y(0) < —1, then tlim y=-2 andtlir;n y=—L1.

Ify < =2, then tlim y=-—2 andt Iix_n Y = —00.

' =F(z,y) =yandy(0) =1 = zo=0,y0 =L
Dh=04andy: =yo+ hF(zo,p0) = 1n=14+04-1=1d z1=20+h=0+04=04,

soyr =y (04) =14,

(i{)h=02 = =z;=02andzs = 0.4, so we need to find ys.
¥ = Yo + hF(zo,0) =14+ 0290 =14+02-1=1.2,
ye =1 +hF(z,y) =12+02y1 =1.24+0.2.1.2 = 1.44.

(ii)h=01 = z4=04,s0weneedtofindys. y1 =yo+ hF(zo,0)=14+01yo=1+01-1=1.1,
y2 =1 +hF(z1,11) =114+01y; =1.1+01-1.1=1.21,
y3 = ya + hF(z2,y2) = 1.21 + 0.1y, = 1.21 + 0.1 - 1.21 = 1.331,
ya = ys + hF(@3,ys) = 1.331 4 0.1ya = 1.331 + 0.1 - 1.331 = 1.4641,

(b) y /)‘ =e" We see that the estimates are underestimates since
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they are all below the graph of y = €.
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(¢) (i) Forh = 0.4: (exact value) — (approximate value) = e®* ~ 1.4 ~ 0.0918
(ii) For h = 0.2: (exact value) — (approximate value) = ¢ — 1.44 = 0.0518
(iif) For h = 0.1: (exact value) — (approximate value) = e** — 1.4641 = 0.0277

Each time the step size is halved, the error estimate also appears to be halved (approximately).

20, Y

As z increases, the slopes decrease and all of the
estimates are above the true values. Thus, all of

1
=0.5 the estimates are overestimates.
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1. h=0.5,20 =1,y =0,and F(z,y) =y — 2z.
Note thatz; =20 +h =14+0.5 = 1.5, 22 = 2, and 23 = 2.5.
Y1 = Yo + hF(wo,¥0) = 0+ 0.5F(1,0) = 0.5[0 — 2(1)] = —1.
Y2 = 41 + hF(z1, 1) = 1+ 0.5F(1.5, 1) = —1 + 0.5[—~1 — 2(1.5)] = —3.
ya = Y2 + hF (22, y2) = —3 + 0.5F(2,~3) = -3 + 0.5[—3 — 2(2)] = —6.5.
Ys = y3 + hF(xa, y3) = —6.5 + 0.5F (2.5, —6.5) = ~6.5 -+ 0.5[—6.5 — 2(2.5)] = —12.25.
@h =02, 30 =0,y0 = 1, and F(z,y) = 2’y — 33°. Note that z; = zo + h =0+ 0.2 = 0.2, zo = 0.4, 73 = 0.6,
z4 = 0.8, and z5 = 1.
Y1 = yo + hF(o,50) =1+ 0.2F(0,1) = 1+ 0.2 [0*(1) — 3(1)*] =14+ 0.2(~3) = 0.9.
y2 = y1 + hF(z1,51) = 0.9+ 0.2F(0.2,0.9) = 0.9 + 0.2[(0.2)?(0.9) — 1(0.9)%] = 0.8262.
ys = y2 + hF(z2,y2) = 0.8262 + 0.2F(0.4,0.8262) = 0.8262 + 0.2[(0.4)*(0.8262) — 3(0.8262)%] = 0.784377756.
Y4 = Y3 + hF(x3,ys) = 0.784377756 + 0.2F(0.6,0.784377756) ~= 0.779328108.
ys = Y4 + hF(24,4) ~ 0.779328108 + 0.2F (0.8, 0.779328108) =~ 0.818346876.
Thus, y(1) =~ 0.8183.

23. h=0.1,20 =0,y0 = 1,and F(z,y) =y + zy.

Notethatzy =20 +h=0+4+0.1=0.1, 22 = 0.2, z3 = 0.3, and 24 = 0.4.

%1 = Yo + hF(z0,30) = 1 +0.1F(0,1) = 1+ 0.1 + (0)(1)] = 1.1.

ya =y +hF(z1,3) = L1+ 0.1F(0.1,1.1) = 1.1+ 0.1[1.1 + (0.1)(1.1)] = 1.221.

s =y + hF (22, y2) = 1.221 + 0.1F(0.2,1.221) = 1.221 + 0.1[1.221 + (0.2)(1.221)] = 1.36752.

ya = ys + hF(zs,ys) = 1.36752 + 0.1F(0.3, 1.36752) = 1.36752 + 0.1{1.36752 + (0.3)(1.36752)]
= 1.5452976.

ys = ya + hF (24, ya) = 1.5452976 + 0.1F(0.4, 1.5452976)
= 1.5452076 + 0.1[1.5452976 + (0.4)(1.5452976)] = 1.761639264.

Thus, y(0.5) ~ 1.7616.
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