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e
3. V(t) = nr?h(t) = 100mh(f) = 5‘% — 100 and id% - % % = 100n 2.
Diameter = 2.5 inches = radius = 1.25 inches = 3 - ;5 foot = & foot. Thus, iidlt/— =—a+2gh =
1007rig-tE = —W(%)zml‘—-%\/ﬁ = (fl—? = —% = [h7Pdh=[—rgdt =

2Vh =75t +C = Vh=—ghit+k = h(t) = (~ghgt+ k). The water pressure after ¢ seconds is
62.5h(t) Ib/fi%, so the condition that the pressure be at least 2160 Ib/f? for 10 minutes (600 seconds) is the condition
Z 96

62.5 - h(600) > 2160; that is, (k — £22)° > 280 = |k — 25| > 3456 = k> 2 + /3456 Now h(0) = k2,

s0 the height of the tank should be at least (2 + v/34.56 )" ~ 37.69 ft.

4. (a) If the radius of the circular cross-section at height A is r, then the Pythagorean Theorem gives 7% = 2% — (2 — h)? since
the radius of the tank is 2 m, So A(h) = 7r? = 7|4 — (2 — h)?] = w(4h — h?). Thus, A(h) % = —a+2gh =

dh

2
w(dh —h ¥7

= —7(0.01)2v2-10h = (dh— h?) % = —0.0001 v20h.

(b) From part (a) we have (4h'/2 — h3/%) dh = (—0.0001v/20)dt = &hr%/% — 245/% = (~0.0001 v20)t + C.
rO)=2 = §(2%2-2(2"2=C = C= (% - &) v2= 232 Tofind out how long it will take to drain all

the water we evaluate t when h = 0: 0 = (—0.0001v20)t +C =

C 56v2/15  11,200/10 .
0.0001v/20 _ 0.0001 v/20 3 min

9.4 Models for Population Growth

dP _
dt dt —

capacity is M = 1200 and the value of k is 0.04.

1. (a) Comparing the given equation a2 = 0.04P (1 - ﬁ%)) , to Equation 4, kP (1 - —;—}) , we see that the carrying

. . . M _ M-P
(b) By Equation 7, the solution of the equation is P(t) = T AR where A = 7

1200 - 60 1200
=gy = 19, and hence, P(t) = 1o~z

. . 1200
(c) The population after 10 weeks is P(10) = T T9e—000) ~ 87.

. Since P(0) = Py = 60, we have

A

2. (a) dP/dt = 0.02P — 0.0004P? = 0.02P(1 — 0.02P) = 0.02P(1 — P/50). Comparing to Equation 4,
dP/dt = kP(1 — P/M), we see that the carrying capacity is M = 50 and the value of k is 0.02.

(b) By Equation 7, the solution of the equation is P(t) = %, where A = M- PO‘ Since P(0) = Py = 40, we have
50 — 40 50
A= 10 = 0.25, and hence, P(t) = W
. . 50
(c) The population after 10 weeks is P{(10) = ———————>— = 42,

1+ 0.25e-002(10)
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@@ dP/dt = 0.05P — 0.0005P> = 0.05P(1 — 0.0LP) = 0.05P(1 — P/100). Comparing to Equation 4,
dP/dt = kP(1 — P/M), we sce that the carrying capacity is M = 100 and the value of k is 0.05.

(b) The slopes close to 0 occur where P is near 0 or 100. The largest slopes appear to be on the line P = 50. The solutions

are increasing for 0 < Pp < 100 and decreasing for P, > 100.

All of the solutions approach P = 100 as ¢ increases. As in
part (b), the solutions differ since for 0 < Po < 100 they are
increasing, and for Po > 100 they are decreasing. Also, some
have an IP and some don’t. It appears that the solutions which

have Py = 20 and Py = 40 have inflection points at P = 50.

(d)] The equilibrium solutions are P = 0 (trivial solution) and P = 100. The increasing solutions move away from P = 0 and

all nonzero solutions approach P = 100 as ¢ — oo.

@M =6000and k = 0.0015 = dP/dt=0.0015P(1 — P/6000).

(b) P All of the solution curves approach 6000 as ¢t — co.
b4 [ N N N NN
SIIIIIIITIIRNINNNLE

60004 =
40001
200032
0| 500 1000 1500 2000 !
(©) B0 ~ ~ ~ & St s The curves with Py = 1000 and P, = 2000 appear to be

concave upward at first and then concave downward. The curve
with Py = 4000 appears to be concave downward everywhere,

The curve with Po = 8000 appears to be concave upward

,,,,,,,,,

CCIIZIZZIIIIIIC z everywhere. The inflection points are where the population
O s00 1000 1500 2000 ¢

grows the fastest.

(d) See the solution to Exercise 9.2.25 for a possible program to calculate P(50). [In this case, we use X = 0, H = 1,

N =50, Y1 = 0.0015y(1 — 3/6000), and Y = 1000.] We find that P(50) =~ 1064.

. . . M 6000
Usmg Bauation 7 with M = 6000, k = 0.0015, and Po = 1000, we have P(£) = 1= = {05075
where A = M —F _ 8000 — 1000 = 5. Thus, P (50) = ___booo____ = 1064.1, which is extremely close to the

P 1000 ~ 1+ 5¢~0.0015(50)

estimate obtained in part (d).
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(f) 8000 The curves are very similar.
0 2000
d ' M . M —y(0) .
@2 =kw(l-L) = =17 o With A = “““““y(éj)( ). With M =8 x 107, k = 0.71, and
8 x 107 8 x 107
y(0) =2 x 107, we get the model y(t) = T3 3e-07i0 soy(l) = T30 ~3.23 x 107 kg.
b) y(¢) =4 x 107 8x107 4 x 107 9 — 1 4 ge—0Tit 071t _ 1
®) y(t) =4 x = Ty ge-or — X = 2=1+3e = e =z =

In3 = 1.55 years

—07t=In} = t= 071

@(a) %1; = 0.4P — 0.001P? = 0.4P(1 — 0.0025P) [%%! =0.0025] = 0.4P (1 - 4‘?6) [0.00257" = 400]

Thus, by Equation 4, & = 0.4 and the carrying capacity is 400.

(b) Using the fact that P(0) = 50 and the formula for dP/dt, we get

P0)= %1;- = 0.4(50) — 0.001(50)% = 20 — 2.5 = 17.5.
=0
(c) From Equation 7, A = ‘M; R = 40058 50 =T7,50 P = 1—;%%(20—“. The population reaches 50% of the carrying
o }
400

capacity, 200, when 200 = -——"—55 = 1+ Te 0 =2 = %=1 = —0d4t=hi =

t=(In1)/(—0.4) ~ 4.86 years.

. . _ M-—P 10,000 — 1000 _ 10,000 3
@Usmg Equation7, A = P 1000 = 9,50 P(t) = 11 00— P(1) =2500 =
10,000 kL e 5 _ 1 1 _
2500—m = 14 9e =4 = Qe =3 = e =3 = —-k——hlg = k =1In3. After
10000 10,000 10,000 _ 10,000 10,000
another three years, t = 4, and P(4) = T30 ~ Tyg(emay® ~T19@)< 141~ & — 9000.
8. (a) 705 § (yeast cells) From the graph, we estimate the carrying capacity M for the yeast
] L ) population to be 680.
wot . '
0 5 10 15 f
(hours)

. e . . 1dP 1 39-18 7 =
(b) An estimate of the initial relative growth rate is Ba#& -1 2-0 "12° 0.583.
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800 800 259 3 259 3.141

= —_— = 2D LY ekt 2 207 -kt e

(d) P(t) =500 < o 500 & 200 1+ it ® = =14e © TToEg ¢ &
—kt =In 423 < t=10 (423/1295) == 77.18 years. Our logistic model predicts that the US population will

1295 1n(23,077/26,677)
exceed 500 million in 77.18 years; that is, in the year 2077.

11. (a) Our assumption is that dy = ky(1 — y), where y is the fraction of the population that has heard the rumor.

dt
. . . dP P P dP dy
(b) Using the logistic equation (4), pri kP( ]V[) we substitute y = Vi P = My, and =M —= e
. dy dy .
to obtain M i EMy)(1-y) < i ky(1 — y), our equation in part (a).
. . _ M _ M-PF

Now the solution to (4) is P(t) = T AcF where A = N

We use the same substitution to obtain My = M = y= SR | E—

1 M — Mye okt yo + (1 — yo)e—kt
+ Myo

Alternatively, we could use the same steps as outlined in the solution of Equation 4.

(¢) Let ¢ be the number of hours since 8 AM. Then yo = y(0) = 1ho5 = 0.08 and y(4) = £, so
1 0.08

3 =¥ = 5ot 00z

0.08 2

S0y = = . Solving this equation for ¢, we get
Y 0.08+092(2/23)7F 2+ 23(2/23)* g this eq g

2 \*/* 2\7/* 2-9y 2\/4 2 1-y 2\ 1y
wem(p) =2 = (x) = (B) 55 - B) -5

_ - )/y]’sot:4{1+ n((1 y)/y)}

hlﬁ In

Thus, 0.08 + 0.92¢ ™% = 0.16, e™** = 208 = Z ande™* = (Z)"/*,

It follows that L 1
4 23

©

Wheny=0.9,—1—;—g=l,sot=4<1— In

11155

O

) ~ 7.6 hor 7 h 36 min. Thus, 90% of the population will have heard

the rumor by 3:36 PM.

@ (2) P(0) = Pp = 400, P(1) = 1200 and M = 10,000. From the solution to the logistic differential equation

3 PoM _400(10,000) 10,000 B
P = B - Bye "o & P = qo0 1 (9600)e = — 11 oae—m [ (1) =1200 =
10,000 10,000
-k }_Q_Q k 2§§_ — QQ — y — t]
1+24e™ =95 = =% = k—lnu'SOP'—1+24e_t1n(36/11)—1+24,(11/35)t-
10,000 t
(b) 5000 = I——_}-—W 24(%) =1 = tln% = 111%; = = 2.68 years.

dP P d*p 1 dP P\ dP dP{ P P
13'(‘1)?1?"“13(1”_1\4) = W_k[P(—M—E?)+(1—_M>E}_kﬁ(—ﬁ+l—_M>
- ___1 _35 — 2 __}i _2._1
‘k[kp(l M)Kl M) =k P(l M) (1 M)
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