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To find gye, we first use Fubini’s Theorem to find that [ [¥ f(s,t) dtds = [? [7 f(s,t) dtds, and then use the
Fundamental Theorem twice, as above, to get gy= = f(2,¥). 80 gay = gy= = f(=, ).

15.2 Double Integrals over General Regions

1. [} [Z (8~ 2y) dyds = I} [Boy ~y o dz = [ Ba(z) - (2)2 — 8z(0) + (0)*)d=

= [{ et do = 12°]] = J(125 - 1) = &8
2 31 Sydedy = 3 o] du= [ b (07 - O] o
=4dy=1[{f)=3(32-0) =%
% Jo Jy oot dady = f3 (32" Doy = [y 4o [ - 0} oy
PR T

f(;'/zf: zsiny dydz =fo"/2 [m(—cosy)]zigdm—fg"/z (—a:cos:z:+:z:)da;::fo"/2 (z — zcosz) dz

= [32® — (zsinz + cos 7)) g/ 2 (by integrating by parts in the second term)

5. f) fo cos(s®)dtds = [ [tcos(s®)];c =" ds = o 5% cos(s®) ds = 4 sin(s?)], = & (sin1 —sin0) = sinl

v - 1
6 fo [ Vitedwdv=f, [w\/1+e"]:__; dv=[le'T+evdv = %(1+e")3/2]0
=2(1+e)? - 21+ 1) =21 +e)*? - 4/2

3Iz—z?

7. (a) We express the iterated integral as a Type I: / / 2y dy d=z. A Type Il would require the sum of two integrals.

®) f/:w 2ydydm=/02 [v"] ymseet m—/ (82 — 2%)? — (2)?] da:_—._—/: (80 62" + o) do

y=m

S e R

8. (a) We express the iterated integral as a Type II: fo f “¥(z + y) dz dy. A Type I would require the sum of two integrals.

(b fjlfyzw(w+y)dmdy=/01 [%ﬁ+wy]:z~y K(Z y)2 (2~—y)y) - (y;+y’>] dy
=2

= Jo @-2%) dy = [2y - %°]; i=4%

9. (a) We express the iterated integral as a Type II. A Type I would require the sum of two integrals. The curves intersect when
Vi=z-2 = z=2’-4d24+4 & O0=2"-523+4 & (z—-4)(z—1)=0 & z=1lorz=4 The

point for z = 1 is not in D, Thus, the point of intersection of the curves is (4, 2) and the integral is f: I ;’;'2 zy dzdy.
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2 py+2 2 22 T=y-+2 1 2 2 2u2 1 2 R 2 5

(b) / / wydwdy:/ yb—] dy=-2-/ y[(y+2)* - %] dy= 5/ ° + 4y + 4y — y°] dy

o Jy2 0 z=y? 0 0
=3[+ 50"+ 2 - 0= 30+ F 8- ) =6

10. (a) We express the iterated integral as a Type 1. A Type II would require the sum of two integrals. The curves intersect when

2

6—z=2> & 2°+2-6=0 & (z+3)(z—2)=0 & z=-3orz =2 Thepointforz = —3 isnot

2 6~z
in D. Thus, the point of intersection of the two curves is (2,4) and the integral is / / zdydz.
0 2

) Azfzz_mmdydz:/:m[y]z:m dm:/:x[(ﬁ_z)—zz]dﬂ:‘:/o?[ﬁw—mz—ms]dm

3 412
8 16
=32-2 -2 | =12-2-4=
[‘” 34, 3 3
4 VI 4 21U=VE 4
y - y - LN -1 z_
@//l)m2+1dA_/()/() m2+1dyd“’_/o [m2+1 QLZO dm_z/o Zr e

= ;}:[ln(m2+1)r = L(n17-1n1) = 1In17

0o

= 3[3m]e?+1]]]

12) [[p (e +y)dA = 7 [} (e +y)dedy = [7 [0 +ay];7, dy=[7 [1+y— (-1 —yly- 1] dy

a=y—1
@ [f, e ¥ daA

=22 +ay)dy = [-3° + 27 = (-2 +8) - (-2 +2) =14

3 B3 e dwdy = f3 [0 dy = f3 (ve —0) dy = [y " dy

213 _ _
e = b - ) = B e )

z y=z
W [y /AP dA = [} [y P dyda = 7[5 -y de= 7 [0+ 36" da

2 2
— [ etdo= 4 4ot} = 506 -0) = 4

15. (a) At the right we sketch an example of a region D that can be described as lying 4
between the graphs of two continuous functions of = (a type I region) but not as
lying between graphs of two continuous functions of y (a type Il region). The

regions shown in Figures 6 and 8 in the text are additional examples.

0 X
(b) Now we sketch an example of a region D that can be described as lying between 7
the graphs of two continuous functions of y but not as lying between graphs of two
continuous functions of x. The first region shown in Figure 7 is another example.
0 x
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22, By inspection, the curves y = 22 + 4 and y = 2% intersect when 2 = 2z +4 <

z = 2, so the point of intersection is (2, 8). If we describe D as a type 1 region,

D={(z,9) | 0 <2 <2 2* <y < 2 +4} and the integral is

2 2wtd
// 622 dA = / / 62° dy dz.
D [s] z3

If we describe D as a type I region, the right boundary curve is z = {"‘/_ , but the left boundary curve consists of two parts,

z=0for0<y<4dandz=y/2—-2ford <y <8
In either case, the resulting iterated integrals are not difficult to evaluate, but the region D is more simply described as a

type I region, giving one iterated integral rather than a sum of two, so we evaluate that integral:

2 2244 2 y=2044 2 2
/ / 62> dy dz = / [6:1:23/} , dz= / 62°(2z +4 — )] dz = / (122° + 244® — 62°) dz
0 Jzd o 0 0

Y=

= [3a* +80° — 2°] =48+ 64 — 64 =48

folfomz zcosydydz = fol [msiny]zzzz dx = fol zsing? dx

= —%cosz’], = —3(cosl — cos0) = 1(1 — cos1)

ol Lo x

I (& +29)dA = [} [%(2® +2y) dyda = [ [s®y + y“‘]zj; dz

= fol(a:3 +2? —2® —ab)de = [$a* + 32 — }a° - %a:"](l)

2, I v?dA = [2 [1 P dudy = [ [wy?] 223 dy
= [2[(7T-3y) — (y — D]y2dy = [7(8y* — 4y°) dy
=[8 -y i=%-16-F+1=4

28.

Jfp aydA = [§ [ eydyde
= fol [%ng] v=Vi-e® g fol %:1;(1 — %) dz

y=0

= % fol(m‘— 1173)(1.’1: = %[%:ﬁ . %m‘;];
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The two bounding curves y = z° — z and y = 2* + « intersect at the origin and at z = 2, with #2 +2z>2° —zon(0,2).

Using a CAS, we find that the volume of the solid is

2 m2+w
o4, 2 13,984,735,616
v /o /:gs_m (@Y +ay) dyde = =20 535

Forjz} < 1and |y| < 1, 22% 4+ % < 8 — 2% — 2y®. Also, the cylinder is described by the inequalities —1 < z < 1,

—+/1 — 22 < y < /1 — z2. So the volume is given by

1—1:2
V= // — (8—:1:2~2y2)—(2x2+y2)]dydm=-1-?2)—7T [using a CAS]

The two surfaces intersect in the circle % + y? = 1, # = 0 and the region of integration is the disk D: z% + 3% < 1.

1 1—z2 T
Using a CAS, the volume is // (1-2%~y%)dA = / / (1—2* -y dyde = =
D —1J —4/1-22 2

The projection onto the &y-plane of the intersection of the two surfaces is the circle 2% + 32 =2y =
22 4+92 —2y=0 = 2%+ (y~—1)® =1, so the region of integration is given by —1 < z < 1,
— V1= 22 <y <141 - 22, Inthis region, 2y > x> + y? so, using a CAS, the volume is
Ty 2 2 ™
V:/ [2y-(:1: +y)dyde =
1—4/1— 2
Because the region of integration is

D={(z,9) |[0<2<y,0<y<1}={(z,9) |[2<y<1,0<z<1}

we have fol I3 f(zy)dedy = [f, f(=z,9) dA:fo1 f; f(z,y) dyd=.

Because the region of integration is
D:{(m,y)lm2§y§4,0§m§2}
={(z,y)|10<2< F,0<y< 4}

we have fo f flz,y)dydz = [[, f(z,y)dA= fo fo flz,y) dz dy.

Because the region of integration is
D={(z,9)|0< 2 < /2 sina <y <1}

={(z,y)|0<z<sin " y,0<y <1}

we have

21 f(ey)dyde = [f, f@y)dA= [} [ ¥ f(z,y) dudy
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58. Because the region of integration is
D={(y|0<s< VI-32-2<y <2}
={(z,9) | -~VI—22 <y<Vi-2?,0<z <2}
we have
12 17 f(o vy dudy = [, fo,)dA= 2 [V5 (@) dyda,
59. My=Inxor x=¢ Because the region of integration is
2 \ D={(5,y)|0<y<hzl<z<2 ={(2y)|e! <c<20<y<n2)
x=2 we have
A I (@) dyde = [, f(o,9)dA = [ )7, £(a,0) dady

Because the region of integration is

D:{(m,y)[arctanmgyg {-,Ogmgl}
={(z,9) | 0<z <tany,0<y < T}

we have

Jo J2n F@,y) dyda = [f, f(z,y)dA= [/ [ f(2,y) dudy
1 p3 3 pz/3 3 =2 /3
/ / e du dy=/ / e dydz :/ [ez2y]y dx
0 J3y 0 JoO 0 y=0
3z =2 1 2213 e’ —1
_/0 (g)e de=35e ]0 T8

tort 1 rvi 1 B
// \/ﬂsinydydm:// \/ﬂsinyda:dy:/ \/ﬂsiny[m]:;(‘fj dy
0 Jz2 o Jo 0
fo1 (V¥ siny) (5 —0)dy = foly siny dy

= —ycosyly -f—fol cosy dy

fl

[by integrating by parts with u = y, dv = siny dy]

= [—ycosy—{—siny](lJ = —cosl+sinl—0=sinl-—cosl

63. y

1 p1 1 py? !
// r——ysﬂdydm:// ‘/——ysﬂdmdy:/ V1 2 dy
N o Jo 0

'y 2.3 3/2]1
=/0y\/y3+ldy=§(y +1) ]0
=3 (22 -1*7) =2 (2v2-1)

0.1 ¢
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2 pr1 ' 1 p2z
/ / y cos(a:3 —1)dzdy= / / yeos(z® — 1) dydz
6 Jy/2 o Jo

1 4T
:/0 cos(z® — 1) [%y2]:;2 dz

64.

1
= / 222 cos(z® — 1) da = %sin(a:3 — 1)](1)
0

=210 —sin(—1)] = —Zsin(—1) = Zsin1

1 pw/2
65. 4 y=sinx or / / cosz /14 cos? zdxdy
0 Ja

x = arcsiny resiny

= ;/2 ;inzcosa:\/1+cos2zdyda:
:fo"/zcosm\/1+cos2m [y]yssmz dz

y=0

/2 . Letu = cosz, du = —sinz dz,
:fo/ cosz 1+ cos?z sinzde [ :

dz = du/(—sinx)
4]

=f10 —uv1+uidu= _%(1+u2)3/2]
=3(v8-1) =3(2v2-1)

1

66. 7 8 r2 2 pa®
// e’ d:z:dy:// e” dydzx
o J ¥y o Jo
2 = 2 )
:/ ez‘[y}y ’ da:=/ e do
0 ¥=0 0

2
"_11_61:4]0 — -‘15(616 _ 1)

i

0

6. D={(2,4)|0<2 <1, —z+1<y<1}U{(&,y)|-1<z<0,z+1<y <1}

U{(z,9)10<2<1, —1<y<z-1}U{(z,9) | -1<a<0, —1<y<—z—1}, alltypel

1 1 0 1 1 z—1 0 —z—1
// a:2dA=// :nzdyd:c—i-/ / z2dydm+// a;2dyda;+/ / 22 dydz
D 0 1—= —~-1Jz+1 0 J—-1 —1J-1

1,1
=4 / / 2% dyda [by symmetry of the regions and because f(z,y) = =2 > 0]
0 Jl—=z

1

=4f01 z2 dz =4[-}ia:4]0 =1

@D={($,y)|~1§y§0, ~1<2<y -5} U{(z9) |0<y <1, H—1<z<y—y’} bothtypell.

0 y—y3 1 y—y3 0 U 1 PR
[[vaa=[ [T yaoays [ [ yavar= [ ]2 a0 d
D -1 J-1 0 T—1 -1 0

= 0@ -yt +y)dy+ [yt — P2+ y)dy

=(0-H+(HK-0=-2%
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