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JJ 5 v/a® — 22 d A represents the volume of the solid region under the

graph of z = v/a? — 22 and above the rectangle D, namely a half circular

cylinder with radius a and length 2b (see the figure) whose volume is

1 wr®h = }ma®(2b) = wa®b. Thus

Ifp (az® + by® + va? = 22 ) dA = 0+ 0 + ma®b = ma®b.

80. By the Extreme Value Theorem (14.7.8), f has an absolute minimum value m and an absolute maximum value M in D. Then

by Property 15.2.10, mA(D) < [f, f(z,y) dA < M A(D). Dividing through by the positive number A(D), we get
m< T(l—ﬁ_). / /1; f(z,y)dA < M. This says that the average value of f over D lies between m and M. But f is continuous
on D and takes on the values m and M, and so by the Intermediate Value Theorem must take on all values between m and M.
Specifically, there exists a point (zo, yo0) in D such that f (2o, y0) = Z(ljﬁ) /D f(z,y) dA or equivalently
Jfp f(z,y) dA = f(zo,y0) A(D).

81, For each r such that D, lies within the domain, A(D,.) = 712, and by the Mean Value Theorem for double integrals there

exists (z-, yr) in Dy such that f (z,9-) = # / / f(=z,y) dA. But li%u+ (zr,yr) = (a, ),
Dy r—

so lim ! // flz,y)dA = 1i1(1)1+ f(zr,yr) = f(a,b) by the continuity of f.
Dy T

r—0t T2

82, To find the equations of the boundary curves, we require that the
z-values of the two surfaces be the same. In Maple, we use the command
solve (4-x"2-y”"2=1-x-y,y) ; and in Mathematica, we use

Solve[4-x"2-y"2==1-x-y, y]. We find that the curves have

1+ /134 4z — 422
2

equations y = . To find the two points of intersection

of these curves, we use the CAS to solve 13 + 4z — 422 = 0, finding that

T = 35@. So, using the CAS to evaluate the integral, the volume of intersection is

(1+ v Y2 (l+\/13+4z—-4z2 )/2

V= [(4—%‘2—1]2)—(1—a:—y)]dydw:igf.

(1-viay2 J(1- 13+ 42— 122 )/2 8

15.3 Double Integrals in Polar Coordinates

@'Ihe region R is more easily described with polar coordinates: R = {(r,8) | 0 < r < 4, 0 < 8 < 3n/2}.
Thus, [f, f(z,9)dA = 03"/2 f: f(rcos,rsing)rdrdf.

@The region R is more easily described by rectangular coordinates: R = {(z,y) | ~1 <2 <1, ~z <y <1},
Thus, [, f(z,9)dA = [1, [2, f(z,y)dyda.
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3. The region R is more easily described with polar coordinates: R = {(r,0) | 1 <r <3,0< 6 < 7}.

Thus, [[, f(z,y)dA = [ ff’ f(rcosf,rsin ) rdrdo.

The region R is more easily described by polar coordinates: R = {(r,0) |0 <r < 3,—-% <6< 3T},

Thus, [, £(z,y)dA = [*7)% [3 f(r cos 0,7 sin6) r dr dO.

5. The region R is more easily described with rectangular coordinates: R = {(z,y) |2y —2 <z < -2y +2,0<y < 1}.

Thus, [, f(z,y)dA = fol 2 f (2, y) da dy.

2y—2
@The region R is more easily described with polar coordinates: R = {(r,0) | 8 <7 < 10,0 < 0 < 27}.

Thus, [[, f(z,y)dA = f (rcos@,rsinf)rdrdf.

:1

@ The integral f 3m/4 J 12 r dr dO represents the area of the region =T’”

R={(r,0)]|1<r<2,m/4 <6< 3r/4}, the top quarter portion of a ‘b
ring (annulus). ‘

SSL 2 v ardo = (f37!* ao) (J7 var) SRS R

— [0 B = (- D) - =5 3= %

The integral ﬂ/g 25"‘9 7 dr df represents the area of the region R = {(r,0) | 0 < r < 2sin, 7/2 < 6 < 7}. Since
r=2sinf = r?=2rsinf & 224+4°=2% < )
22 + (y — 1)® = 1, R is the portion in the second quadrant of a disk of
radius 1 with center (0, 1).

f:/2f2sm6 drdQ:f [%Tg]r 2sin 6 o= [" 25111 0do

r=0

f_r/Q 2. —é(l—cosZG)dG: [9—§sin29]1r/2

=1—-0-Z+4+0=2

9. The half-disk D can be described in polar coordinates as D = {(r,0) |0 <7 < 5,0 < 6 < w}. Then

[f, 2*ydA = [ fo (rcos0)?(rsinf) rdrdd = (f; cos 9s1n0d9)( r dr)

= [ cos 0] (3175 = ~3(-1-1)- 025 = 232

The region R is % of a disk, as shown in the figure, and can be described by R = {(r,0) | 0 <7 < 2, 7/4 < 0 < 7/2}. Thus

[[zz —y)dA = f:/f J2(2r cos® — rsind) r dr df Y
2_

f"/2 2cosf — sin ) dO f02r2 dr

[2s1n€-1—cos€]7r/2 [37 3]

0

= (40— VI- (D) =¥ -4y

ol
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M. [fsin(z® +y*)dA = [ [ sin(r?) rdrdf = do [ rsin(r?) dr = [6] [—3 cos(r®)];

o

- (%) [—%(cosQ — cos 1)] = Z(cos1 — cos9)

2 27 b ‘ 2 27 b 27 b
12, // y dA:/ / Mrdrd(;:/ sin29d9/ rdr:/ l(1—-cos29)uu9/ rdr
R T2+ Y2 0 a 2 0 a 0o 2 a

= % [0— —511120] [%

0 =1(@r—-0-0) % (0* —a?) = Z(4* - a?)

@ff e~ Y JA = f’rﬁ? 2T rdrd@*f"fr%d@ fire_rzdr

= (0], [-3] = n (- - = 50 -

4. [f,cos /22 +y2dA = f02 i f02 cosVr? rdrdf = 02 " dg f02 r cos dr. For the second integral, integrate by parts with
u=r,dv =cosrdr. Then [[ cos/2? +y?dA = [9](2)7r [rsinr + cosr)2 = 2m(2sin 2 + cos 2 — 1).
15. R is the region shown in the figure, and can be described

by R={(r,6) |0 <0 <m/4,1 <r <2} Thus

[/ arctan(y/z) dA = f’r/4 ff arctan(tan 0) 7 dr df since y/z = tané.

Also, arctan(tan0) = 6 for 0 < 8 < 7/4, so the integral becomes

f(;'/4f129rdrd9- 7"/491119 f1 rdr=[3 92]”/4 [%r2]2= . $ =272

1 32

16. //mdA~ // B // sl
22 1y2<a -1 +y%<1
z>0,y>0 y20
= (;'/2 OzrzcosﬁdrdO fw/z 20912 cos O drr df

= :/QI(BCOSH dé — f"/21 (8 cos® 6) do

]"/2 — & [cos® Osin + 2(9—&—31110c089)]7r/2

—3l0+5(5)] =15

= £[sin@

Wl

17. By symmetry, the area of the region is 4 times the area of the region D in the first quadrant enclosed by the cardiod

r =1— cos @ (see the figure). Here D = {(r,6) | 0 <r <1 —cos8,0 < 8§ < w/2}, so the total area is

T —cos T r=1-cos§
dAD) =4 [[dA =4[] [ rdrdo =4 [[/* [4r*]Z, do e 1—cos6 14 cos B

=2f07’/2(1~«cos())2d0:2]0"/2(1—2c089+c0829)d6 é

N

:2f(;7/2 [1—2cosf+ 3(1+cos20)] df e
=2[0—2sin0+ 16+ —sm29]7r/2

—2(3-249) =% -4

2
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18. The region D is described by D = {(r,6) | 0 < r < v6,0 < 0 < 27}, so the area is

om Vo 2w 12 r=v§ 2 g 621%™
A(D) = rdrdf = - do = Zdf = =7
0 0 o] 2 =0 0 2 4 0

19. By symmetry, the total area is twice the area defined by
D={(r60)|0<r<sinb, n/4 <8 < 7} (see the figure).

The total area is

r=0

2A(D) =27, i rdrdo=2-% [T, [P 125" do = [T, sin® 0 dO

= [7)45(1—cos20)df = %[9— —sm20]”/4

—3r -0~ 455 =% +3
20. By symmetry, the area of the region is 4 times the area of the region D in the first quadrant between the circle 7 = 1/+/2 and

2
the curve 7% = cos 20 = r = v/cos26. The curves intersect in the first quadrant when cos 20 = (%) =

cos20=1%1 = 20=2 = 0=2Z Thus, D={(r,0)]|1/v2<r < Vcos20,0 < 6 < r/6}, so the total area is

w/6 pvcos20 1 /6 v /6 1
4A(D) = / / rdrd9:4-§/0 [r]rw:/\/_ df =2 {cosze—ﬁ] do

2[ sin 26 — ]W/G—g——

C3E]

@ One loop is given by the region
D ={(r0)]|0<7<sin30,0 < § < 7/3}, so the area is

ff f7r/3 sin 38 rdrdf = l 7r/3 [7‘ ]rzsinSG do

r=0

=1 ["Psin?30d6 = 1 [/ 1(1 — cos66) df

[9— 551n69]7r/3 o

22, In polar coordinates the circle (x — 1)2+3° =1 & 2?+y* =2z is 7> =2rcosf = r=2cosbh,
and the circle ® + y? =1 is r = 1. The curves intersect in the first quadrant when
2cos0=1 = cosf= -% = 0 =/3, so the portion of the region in the first quadrant is given by

D={(r0)]1<r<2cos8,0 <8 < w/3}. By symmetry, the total area = m/3
is twice the area of D:

D) :2ffD dA_2f7r/3 ‘l'l?cosﬂ dee_wa/?,[ ]T‘:?cos@da

r=1

= fo"/3 (400829 — 1) df = fW/a [ ) % (1+ cos26) — 1] df

= foﬂ’/3(1 + 2co0s268)df = [9+sin20]g/3 =I4 @
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